No. 981

Counting the Number of Renewals during a Random
Interval in a Discrete-Time Delayed Renewal Process

by

Hideaki Takagi and Ramon M. Rodriguez-Dagnino

March 2002



Counting the Number of Renewals during a Random Interval in
a Discrete-Time Delayed Renewal Process

Hideaki Takagi* and Ramén M. Rodriguez-Dagninof

*Institute of Policy and Planning Sciences, University of Tsukuba
1-1-1 Tennoudai, Tsukuba-shi, Ibaraki 305-8573 Japan
E-mail: takagi@shako.sk.tsukuba.ac.jp

fCentro de Electrénica y Telecomunicaciones
Sucursal de correos “J” C.P. 64849, Monterrey, N.L., México
E-mail: rmrodrig@campus.mty.itesm.mx

Abstract

In the setting of a discrete-time delayed renewal process, we study counting
the number of renewals during a random interval. An example is the number
of appearances of a specific pattern in a random number of repeated trials. We
obtain closed-form mathematical expressions for the probability mass function and
the binomial moments of this number for various distributions of the interrenewal
times and the length of the random interval.
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1 Introduction

This paper is concerned with counting the number of renewals in a discete-time random
interval. Let N(n) be the number of renewals in a fixed discrete-time interval (0, n],
where n is a positive integer. The interrenewal times occur according to a sequence
of discrete random variables { X7, Xo,..., X, ...}, where X is started at time 0. Let
T be a random variable representing a discrete-time interval, which is independent of
{X1,Xs,...,X;,...}. Hence N(T) is a random variable which represents the number of
renewals occurring in the random interval (0, 7. For the sake of convenience, we call T
a session time in this paper.

The problem of finding the probability distribution of N(7) in the continuous-time
setting has been treated for several specific cases by Cox in his monograph [2, sec. 3.4]
under the title “the number of renewals in a random time.” Most of the results presented
by Cox are based on the ordinary renewal process, i.e., all the random variables X;, 7 =
1,2,... come from the same distribution [2, p. 25]. Thus it is more general to consider
the case in which X;,i = 2,3,... come from the same distribution as X, while only
X1 may come from a different distribution. Such a case is called the delayed renewal
process [2, p. 28]. As a special case of the delayed renewal process, if X; is a residual
life of Xy, we have the equilibrium renewal process [2, p. 28]. These are the three types
of a renewal process introduced by Cox, and often considered by others subsequently.



However, as a further generalization of the delayed renewal process, we may assume that
each interrenewal time Xi, Xs, ... can have different distribution.

The discrete-time renewal process is dealt with in several textbooks, including Feller
[3] and Hunter [4], where it is called the recurrent event process. They present a theory
for counting the number of renewals in a fixed time interval. As an application, Koutras
[5] discusses the number of appearances of a specific pattern in a fixed number of repeated
trials. More applications of this type can be found in [1]. However, none of them consider
the number of renewals in a random time interval. Thus the theory in this paper extends
the previous treatment.

The rest of this paper is organized as follows. In Section 2, we derive the gener-
ating function for N(T') when both session times and interrenewal times have general
distributions. We also obtain a useful expression when the session time is negative bi-
nomially distributed. Based on the general results of Section 2, we obtain in Section
3 the probability mass function and the binomial moments for N(7") when the session
time is geometrically distributed while the interrenewal times are general. In Section 4
similar results are obtained when the session times are generally distributed while the
interrenewal times are geometrically distributed. Our results in Sections 2 through 4 are
valid for the delayed renewal process in the sense defined by Cox [2]. In Section 5, we
extend the results to the case of a generalized delayed renewal process such that some
or all of the interrenewal times can have different distributions.

2 General Session Time and (General Interrenewal
Times in a Delayed Renewal Process

In Sections 2 through 4, we assume a delayed renewal process, i.e., a sequence of interre-
newal times {X;;7 = 1,2,...} such that X;,i = 2,3, ... come from the same distribution
as Xo. In Section 2, we present a framework for handling the case in which the session
time 7" and the interrenewal times X; and X, have general distributions respectively.
In particular, we derive the generating function for N(7') when the session time has
negative binomial distribution.

2.1 Generating function

Let us define the sum of m interrenewal times {X;, Xs, ..., X,,} as
Sm::ZXZ-; m=1,2 ... (1)
i=1

and let Sy := 0. Let N(n) be a random variable representing the number of renewals
in a fized interval (0,n], where n is a positive integer. Thus, the event {N(n) > m} is
equivalent to the event {5, < n}, i.e., the number of renewals by time n inclusive is not
fewer than m if and only if the mth renewal occurs before or at time n. Thus we have

P[N(n)=m] = P[N(n)>m]—P[N(n)>m+1]
P[S,, <n] — P[Spmi+1 < n). (2)
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Hence
P[N(n) =m] = Fs,,(n) — Fs,,.,(n); m=0,1,2,..., (3)

where Fg, (n) := P[S,, < n] is the cumulative distribution function (cdf) of the random
variable S,,. Note that Fg,(n) = 1. We define the probability generating function (pgf)
for N(n) as

Gnry(n, z) = iOP[N(n) = m|z". (4)
Substituting (3) into (4), we get
Gnry(n,z) =14 (2 —1) i Fg, (n)z™ L. (5)

m=1

Now, let us define the following generating function
G (Y, 2) E:GN@ (n,2)y™ |yl < 1. (6)

From (5) and (6) we have

. y o~ me1 N n
m:l n=1
By substituting Fy,, (n) = >7_; P[S,, = j] into (7), we obtain
. Yy z2—13& = o
Gy (Y, 2) = —— + Zm 1 > P[S, = jly. (8)

-y 11—y o j=1
This holds for a general renewal process.

For a delayed renewal process, the relationship between the pgf of S,, and the pgf's
Gx,(y) and Gx,(y) for the interrenewal times X; and X, respectively, is given by

5 Plsn =y’ = G, 0) (O, )} )

Then, by substituting (9) into (8), we obtain

. oy (z = 1)Gx,(y)
Ovn 82 = T Y T T = 2O )] (10

2.2 Probability mass function and binomial moments

Let Gn(1y(2) be the pgf for N(T'), the number of renewals in a random interval (0, 7). It
is given by

Gny (2 ZGN(T n,z) P[T = n], (11)



where

Gnmy(n, 2) ::E[ZN(T)|T:n} Z n) = j|T = n]’.

Note that this is equivalent to (4).
Once Gnr)(2) is obtained, the pmf of N(T') is given by

. 1 .
PIN(T) = j] = ﬁ@GN(T)(Z) R j=0,1,2,... .
The ¢th binomial moment of N(T') is given by
N(T) 1 d _
EK ), )] = EWGN(T)(Z) 2:17 (=0,1,2,....

2.3 Negative binomially distributed session time

(12)

(13)

(14)

Let us consider a special case in which the random interval T" can be fitted by a negative

binomial pmf, say

—1
PIT =n] = <Z_ 1>prq"_r; n>r

where p4+q=1,0 <p,q <1, and r is a positive integer. Hence

n—1
Gy (2 Z Gry(n, 2) <7, B 1)1)’“6]”"”.
On the other hand, we have

GN(T .- n—l

Hence the (r — 1)th derivative is given by

1 o1 GN(T n—1 n—r
(r—1)! oy™1! [ Y Z r—1 Gy 2)y™

Thus we can obtain

o Gy (s 2)
Gnry(2) = P lN(T; ]

(r— 1)l oy

y=q

This is the discrete-time version of Equation 4 in Section 3.4 of [2].

(15)

(18)

(19)



3 Geometrically Distributed Session Time and Gen-
eral Interrenewal Times

As a special case of the general setting in Section 2, let us assume that the session time
T is modeled by a geometric pmf, say

P[T=n]=p¢" " n=12,... (20)

with mean E[T] = 1/p, where p+ ¢ =1, 0 < p,q < 1. This is a special case of r =1 in
(15). Then the pgf of N(T') is given by

p (2 —1)Gx,(q)
G z) = =G, ,2) =1+ : 21
N(T)( ) q N(T)(q ) q[l—zGX2(q)] ( )
The jth derivative of this pgfis given by
&’ _J1Gx (@1 - G, (@]Cxe (@
deGN(T)(Z) = Q[l—ZGXQ(Q)]j—H )= 1727"‘ : (22)
Substituting (22) into (13), we obtain the pmfof N(T') as
q | . (23)
—GX1 (@1 - Gx(@lGx.(@P " 5 j=12,...
Substituting (22) into (14), we obtain the fth binomial moment of N(7') as
(T)ﬂ Gx, (9)|Gxa ()]
= (=1,2,.... 24
e[(* - Cr(0)] 2y
In particular, we have the mean
GXI (Q>
ENT)] = ———— 25
O G )
and the variance
2Gx,(9)Gx,(9) 2
Var[N(T)| = + E[N(T)] — E*[N(T)]. 26
[N (T)] o= Gr(q) [N(T)] [N (T)] (26)

4 General Session Time and Geometrically Distributed
Interrenewal Times

In this section, we consider a general pmf for the session time 7T and geometrically
distributed interrenewal times as follows:

P[XZ k] pqu la k= 1727"'7 (27)



where p; + ¢; =1, 0 < p;,q; < 1; i =1,2. The pgf of X; is then given by

Gx,(y) = T+ zy i=12 (28)

Substituting (28) into (10), we obtain the pgf for N(n) as follows:

. Y (z =D — @y)p1y
Y,z) = + . 29
MWD = T T = )l — (e + 2] 2
Expanding (29) in partial fractions in y and then inverting, we obtain
Gnery(n, z) = (1= 2)A(2)q + B(2)(g2 + p22)", (30)
where B
A)i= 278 pry.=_ 7% (31)
g2 — q1 + P2z G2 — 1 + P2z
Substituting (30) into (11), we get
GN(T)(Z) = (1 — z)A(z)GT(ql) + B(Z)GT(QQ +p22), (32)

where Gr(z) is the pgf for T
We need the jth derivative of Gn(ry(2) in order to find the pmf and the moments of
N(T). It is given by

1 Gy (2) _ (=1)7p1(g2 — q1)p2’ Grlagr)

Jbded (2 — q1 + p2z)it! '

+ pilge — q)pa’~ 1] . (_1)j_i_1G¥)(Q2 + p22)
= Mg — @+ paz)i !

Pipye )
+ - G (g +poz); j=1,2,... 33
i@ — ¢ + p22) 7 (@2 + p22) (33)

where GY(y) = diGp(y)/dyi.
From (33), we find the pmf for N(T') as

PIN(T) = j
Gr(q1) ' =0
= (& pa \’ =1 " .: )
P2 (CIl—CJz) GT (h ; ' (q )] 7=12 ...

The ¢th binomial moment of N(T') is given by

()] = 5 () e - S )




For example, the mean is given by

:CI2—Q1

BV = %

[1 — Gr(qu)] + p2E[T]. (36)

We remark that the corresponding pgf for the ordinary and equilibrium renewal pro-
cesses can be obtained by making ¢ = ¢» = ¢ and p; = ps = p. In such a case, we get
Gn(ry(n, z) = (¢+pz)", which is the pgf of a binomial random variable. Thus we simply
have

Gn(r)(2) = Gr(q + p2), (37)
which leads to ,
PWGF@=%G%% j=012.. (38)
and
EKN(KT))] :%G&%); (=0,1,2,.... (39)

5 Generalized Delayed Renewal Process

Let us generalize the delayed renewal process so that each interrenewal time X7, X, ...
may have different distribution.

Suppose that the first R interrenewal times X7, X, ..., Xg may have different distri-
butions for which the pgfs are given by Gx, (v), Gx,(y), ..., Gx,(y), respectively, and
that the subsequent interrenewal times Xgy1, Xgio, ... have the same distribution as
Xpr. As special cases of this process, we have an ordinary renewal process for R =1, a
delayed renewal process for R = 2, and the case in which all interrenewal times can be
distinct for R = oo.

For this process, we have

. [T oxw 1<m<R-1
ZP[Sm =jly = r=1 , (40)
i—1
’ Gry)[Gx, ()™  m>R
where we have introduced for notational convenience
R
Gr(y) =[] Gx.(v). (41)
r=1
Then, by substituting (40) into (8), we obtain
\ y L z-1E 0 (z = 1)2"'Gr(y)
G Y,2) = —— + 2™ Gx, (y)+ . 42
e T D | T e )



5.1 Geometrically distributed session time

If the session time 7T is geometrically distributed with mean E[T] = 1/p as in (20), we
have the pgf for N(T') as

P s
Gnry(z) = 5GN(T)(Q7Z)

z—181 oom (z — 1)21GRr(q)
= 1+ TG +
2 A Ox @+ = r—=a

It is straightforward as before to obtain the pmfand moments of N(7') from (43). As
the coefficient of 27 in the expansion of (43) in powers of z, the pmfof N(T') is given by

GXl (Q)

(43)

1-— ;3 =0
q
‘ GX .
PIN(T) = j] = 1= Gxnl0) HGXT ; 1<j<R-1. (44)
GRq(q’ 1 G [Coxnl@V ™ j> R

As the coefficient of (z —1)* in the expansion of (43) in powers of z — 1, the £th binomial
moment of N(T') is given by

é ri @ ) HGXT )+ Gr(q g( ! )[1 [—ng(q()]]ﬁl] |

= j=0 ] —1
B[(*7)] -
Grlg) «— ( R-1 [Gxp(@)
q j:;R (ﬁ —J- 1) [1 - Gxu(gPt (= h
(45)
In particular, the mean is given by
1R Gr(q)
EIN(T)) = - [Z TG0+ =5 o | (40)

All the above expressions reduce to those in Section 3 when R = 2.
For R = oo, by assuming that limg ... Ggr(q) = 0 for ¢ > 0, the pgf of N(T) is given
by

—1 &
GN(T)(Z) = =

1 Gx,0) (47)

m=1



Thus we have

. q ’
PIN(T) = j] = GXM HG‘ L (48)
x-\4 s =42,

and

EKN(ET))] 1%@:31_[@)“ (=1,2,.... (49)

5.2 General session time and geometrically distributed inter-
renewal times

As an extension to the case of Section 4, we can consider a general session time and
geometrically distributed interrenewal times as

Gxly) =72~ r=12.R (50)

where p. + ¢, = 1, 0 < p,,q, < 1. Let us assume for simplicity that all p,’s (thus all
q,’s) are distinct.
Substituting (50) into (42) and expanding in partial fractions in y yields

G*N(T)(y7 z) = -1+ (1 _ Z) Z_ AT(Z) + B(Z)

m1-—qy 1—(qr+pr2)y’

(51)

where
R—2 ) J R—1
(gr— - +pr2) D_ 27| TIwi| | TI (i — )| + 2" 20 — p&) I ps
j=r i=1 i=j+1 =1
AT(Z) = R_1 )
pr(ar — a4 +pr2) [ (05 — 1)
J=1(j#r)
r=1,2,...,R—1 (52)
and
R—1 P
B(z) =" ][] ————. (53)

Substituting the inversion of (51) into (11), we obtain the pgf of N(T') as

R-
Gnry(z) = (1 -2 Z 2)Gr(q-) + B(2)Gr(qr + pr2), (54)

where Gr(y) is the pgf of the session time 7.



It is possible to derive the pmf and moments of N(7T') from (54). For example, the
mean is given by

BIN(T)) = - X2 A, (0Cr(a) + R + pr (Em -3 pi) , (55)

where

R-1
+ (pr — PR) H Dj
j=1

R-2| j R-1

pr2 H (pj - pr)

J=1(j#r)

These results reduce to those in Section 4 when R = 2.

6 Conclusions

We have obtained several closed-form formulas for the pmf and the binomial moments
of the discrete random variable N(T') which counts the number of renewals in a ran-
dom discrete time interval (called a session time). These results are valid for both the
conventional delayed renewal process and our generalized delayed renewal process.

We have also derived the generating functions of N(T) for the case of a generally
distributed session time and generally distributed interrenewal times as well as for its
special case of a negative binomially distributed session time. Based on these results we
have obtained the pmfand the binomial moments when the session time is geometrically
distributed while the interrenewal times are general and when the session time is general
while the interrenewal times are geometrically distributed.
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