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Abstract.
‘In this paper the author considers the exponential distribution with density

£{x]0)= [(1/b)e” ¢x-227b  For §xm
o, otherwise

where —w;:0<m and b>0,

Based on i.i.d. observations X,, ...,X, froam above density with b=1 she
constructs the unbiased two-sided test based on Tagrange’ s method for testing
the hypothesis H,:§=0, versus the alternative hypothesis Hy:0#8, with some
constant. §,, and derives the one-sided test for testing H, 028, versus H, :0<f,.
For §<§, the powers of our tests are equal to §*{a,;) with a,, a, and b there
replaced by 4, 8, and 1, respectively shown in Problem 3(ii) of page 112 of E.
L. Lehmann[l].

The author also comments on another two-gided test when b is unknown.



2.
§l. Introduction.
The author has been considering goodness of the two-sided test with the

acceptance region derived from inverting the shortest interval estimate for
the parameter of the underlined distribution. The shortest interval 'estimates
are constructed by using the method of Lagrange’ s multiplier. (See e.g. [2], ‘
[33, [41, [5], [6].) This paper is on the same line as such researches. The
author would like to call these tests as the tests based on Lagrange’ s method.
Let T.(x) be an indicator function so that for a set A I,(x)=1 if x€A; =0
if x§A, In this paper we consider as the underlined distribution the exponen-
tial distribution with the density

(1) F(x]8)={1/b)e- =0 /vT . (x)

where —w<f<» and b>0. In Section 2 we assume b=1 and introduce an unbiased
two-sided test based on Lagrange’ s method for the problem of testing the hypoth-
esis Hy,:0=, versus the alternative hypothesis H, :0#f, for some constant f,.

In Section 3 we consider the uniformly most powerful (IMP) two—sided test shown
in Problem 3(i) of page 112 of E. L. Lehmann[l] and compare its power with that
of our test. We see that when §<), ouxr test has the same power as his and also
his test is not useful for constructing one-sided test for testing H,:020,
versus H,:0<«§,. We also see that when b is unknown deviding our test by the
same divisor as the UMP test in his Problem 3(iii) leads to the same UMP test.
In Section 4 we propose the one-sided test for testing H,:028, versus H, :0<0,
and see that this test is UMP unbiased.

$2. An unbiased two-sided test.
In this section we let X,, ...,%, be a random sample of size n taken fram

f{x|¢) given by (1} with b=i. We consider the problem of test,ing Ho:0=0, versus.
H;:0#0,. To construct the test we first find the shortest interval estimate For
¢ using the Yagrange’s method and them construct the acceptance region derived
from inverting this interval estimate for 4,.

To get an estimate for § we take Y=%X-1 where X=§|.,X,/n. We can easily
check E(Y)=f. Let X(,, be the i-th smallest cbservation. Then, X ;, $X (2 $...8
X(ny- We First find the joint density of variables W=X ,, +X () +o .. X () (=X ..

Xn)y V=X, Zo=K(zy, +.. ;and Z,_(=X.,_,, as Follows:
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g(w, vV, Zz, ... ,zn;1)={n!e‘ {(w-no) for fsviz,s ... szn_lsw-z?:.llz,

0, otherwise,

Integrating out the above density with respect to z; through z,_, we get the

marginal density of (w,v) as follows:

(2) g(w,v|6)=[(n/l‘(n—1))E“ tw=n0) (w-nv)2-2, for fEviw/n<m

0, ctherwise.
Taking the marginal density ggx{(wl|0) of W we cobtain
(3) gw (W 8)=(1/T(n))e” ¥ 2 (W )" 1T (14, ) (W).
Furthermore, letting t=2n(n"'w - ) we héve the density of T so that
(4) he (L)=(1/T(n))e t72tr~ 12734 o, (L)
which is the Chi-square distfibution ' with 2n degrees of freedom.

Let ¢ be a real number such that 0<e<l. We call a random interval (U,,U,)
as a (l-¢) interval estimate for ¢ if P, (U, <§<Uz)=1-g. Let r, and r, be real
numbers such that r;<r;. To find the shortest (1—¢) interval estimate for 1§
we want to minimize r;-r, subject to
(5) Py{r, <¥—8 <y ]=1—1.

But, it follows by a variable transformation t=2n(y+1-§) that
(6) the left hand side of (5)=P,{2n({r,+1)<T<2n(zr;+1)]=1—¢.
Hence, we want to minimize t,-t, with t;=2n(r;+1) (i=1, 2) subject to the condi-
tion (6). Let y be a real number and define
‘ t,

LéL(tlrtziT)étz_tL'T{f hr(t) dt —1+a1}
t.



where h;(t) is defined by (4). Then, by the Lagrange’s method we have that

(1L/3t,= -147hy (t, )=0
7)
aL/at.2= l_ThT(t2)=0.

By (7) we get
{8) he(ty)=hr(tz) (=r"1).

Taking t, and t, which satisfy (8) and (6) and noticing that t,<T=2n(¥+i—{)«t,
we obtain the (l-g) interval estimate (Y+l-t,,¥Y+l-t;) for ¢ with t;=t,/(2n) and
ty=t, /{2n}.

Hence, our test is to reject Hy if ¥Y<f,+t;-1 or ¥28,+t,~1 or V<f, and to °
accept H, if f§,+t;-1<¥<J,+t,~1 and V2),. Here, we emphasize on the necessity
of having the set {V<i,} in the rejection region. Using a test function we
can write this test by

1, if y€ho+t;—1 or §y+t,~1<y or v,
by, v)=
0, A€ §o+ty-ley<do+t,~1 and vid,.
To check unbiasedness of this test we obtain the power function as follows:

£{0)=E, ($ (T, V))=P, [¥$0,+ta—1 Or §,+t,~1SY O Vef,1

(1-(1-a)e ™ % -0, for 0 <,

ti—2n(i—-b, )\ o
(9) =1 hy(t) dt +f hy(t) dt, for f,80<0o+t;

¢ te—2n{d-9,)
e

§ hr(t) dt, for fot+taSf<io+t,
t:-2n({0-0¢)

1 for fo+L,80.
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Hence, dr(8)/d§<0 for §<fo; dr{8)/di=2n{hr (t:~2n(8~0o))-hy (L, ~2n(0-6,))}>0
for #,<f<pot+t; because of (8) and the form of h;(t); dx (8)/dd=h; (to,-2n(0-0,))
>0 for f,+t;<8<ho+t,. Since x’ (§,)=0 by (8) and #(05)=a, we have that x(§)2n
for real 4. Thus, unbiasedness of the test is proved.

Furthermore, we note that (9) for §«§, is equal to §*(a,) with a,, a, and
b replaced by §, 6, and 1, respectively in Problem 3(ii) of page 112 of K. L.
Lehmann[1].

In the next section we compare our test with the UMP test proposed in
Problem 3(i) of page 112 Of E. L. Lehmann{1] when b=1 and see that when b is
unknown deviding our test by the same divisor as the UMP test in his Problem
3(iii) leads to the same UMP test.

§3. Comparison with the UMP tests in E. L. Lehmann[lj.

In this section we consider the UMP tests in Problem 3{i) and (iii) of page
112 of E. L. Lehmann[l]. We assume a, and a, there to be § and 0,, respectively.
We also assume the density determined by (1). Based on a random sample X,, ...
%, from the density (1) we test the hypothesis H,:§=0, versus the alternative
hypothesis H;:0#0,. Let V=X(,, as in Section 2.

We first consider the solution of Problem 3(i). Assume b=1 until the 4-th
line from the top of page 6. Let ¢ be a real number such that O<g<l. Since e-=
has the uniform distribution on [0, e ?] we obtain the UMP two-sided test as '

follows:
1, when Vi, or §*sv
0, otherwise
where §*=f,—n " 'ln g. Hence, the power function of this test is given by
K. (0)=E, ($(V))=P, [V<t, or §*5V]
fl-(l—u)e—nf% -or, for §<o

=.cge "9 -0, for fo80¢<0*

1, for §*£0.



For §<iy, 2.(0) is equal to (9), but, for #:>0,, x.(0) is higher than (9).
However, we cannot construct the cne-sided test for testing Hy:§2f, versus
H; it <)o from this approach, which is because the test takes the probability of
size ¢ from upper tail only.

Secondly, we consider Problem 3({iij). Here, we assume b to be unknown. The
two~-sided test introduced in Problem 3(iii) is to reject Hy if

UE(V-0o)/{3".,X,-0V) $ C, or 2 C,

where C, and C, are some constants. From Section 2 we can propose another
two-sided test which rejects H, if

(10) SE(Y+1-0,)/{37-1X,—nV) £ C,* or 2 C.*

where Y:X~1 as in Section 2 and C;* and C,* are some constants. Since, from the
definition of ¥, S=(%-f,)/(I1-,X,-nV), we have the relation S=Usn-!. Therefore,
from Problem 3(iv) of page 112 of E. L. Lehmann[1l], the two—sided test(10) is
also UMP level-y test of Hy:f#=f, versus H,:0#0,.

In the next section we introduce the UMP unbiased one-sided test for testing
Hy:020, versus H, :0<f, when b=l.

§4. The UMP unbiased one-sided test.

In this section we consider the problem of testing H,:026, versus H,:§<8,
based on a random semple X,, ... ,X, from the density (1) with b=1. ILet Y and
V be as defined in Section 2. Let ¢ be a real number so that 0<g<l and h;(t)
be defined by (4). Our test is to reject H, when ¥$§,+ts—-1 or V<j, where t,=
ts/(2n) and t; is determined by

t‘ﬁ
§ h(t) dt=q.
0

Let

1, if yEho+ts=1 or v<i,
(11) ¢ (v, v}=

0, if fet+te—1<y and f§,5v.
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From (2), we can easily get the joint density of (¥, V) as follows:
(n?/T(n-1))e~n **+1=® (n(y+l-v)}*~%2, for f<«vey+lcn
gly,vit)=
0, ctherwise.

Thus, we can easily compute the power function of above test{1ll) as follows:

t{(1)=E, (4 (Y, V))

(1-(1-q)e "% -9, for §<h,
ts-Zn(ﬂ-ﬂo)
(12) =4 | he (L) dt, For €0 <fo+ts
0
. 0, for #,+tssd.

Hence, drx(6)/ds<0 for §<fo+ts and sup, s, z(f)=0. Since x(§)2a=x(0,) For d<b,,
the test (11) is unbiased and furthermore UMP because from (12) x(#) For §<4,

is equal to §*(a,) with a,, a, and b there replaced by §, f§, and 1, respectively
" in Problem 3(ii) of page 112 of E. L. Iehmann[l].
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