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SUMMARY

Regression analysis is one of the most useful statistical methods on which users
rely. A variable selection problem for regression analysis must be concretely for-
mulated and scientifically, statistically and data-analytically solved. A regression
equation must be consistent with the scientific knowledge, including natural logic
and correct common sense, related to research at hand and then statistically and
data~analytically best. Scientific knowledge is used for meanings or roles of explana-
tory variables in a regression equation and the signs and/or magnitudes of their
regression coefficients, including the Schur stability condition. Typical statistical
tests consist of hypothesis testings about normality, regression coefficients, serial
correlation, residual outliers, equal regression coeflicients in different sample sub-
groups and homoscedasticity. Data-analytic investigations are standardized residu-
als, turning points and fitting. These depend on types of data, lagged dependent
variables and structural changes during an estimation period. The j-th OLS-best
subset problem is formulated as a standard variable selection problem for regression
analysis and a knowledge-based variable selection method is proposed to solve it in a
run of a computer, where integer j depends on user’s scientific, statistical and data-
analytic knowledge and experience in model-building. The software OEPP can
handle knowledge-based variable selection methods for various estimation methods.
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1 Introduc;tion

Even if a user is not familiar with linear programming, he or she can always obtain

the optimal solution by solving a linear programming problem by the symplex or
Karmarkar method and use it to accomplish the research. On the other hand, users
of regression analysis or econometrics are not so fortunate. Theoretical statistics
has been advanced and computational environments have been drastically improved.
Despite them, defining a standard variable selection problem for regression analysis
and how it can be solved in a run of a computer have not been thoroughly discussed
in the literature. Users of the variable selection methods such as stepwise regression,
forward selection, backward elimination, ¢- or F-directed search and mini-max regret
principle obtain statistical models as the solutions which are different from each
‘other in most cases and often cannot be interpreted scientifically. As a result,
they may become confused or disappointed or even endanger their jobs. At the
. same time, lots of resources, especially brain labor, are wasted everyday, everywhere
in the world. All possible regressions are not efficient and effective for variable
selection. The principle of regression analysis is easy to understand. However, it is
more difficult than expected to search for a scientifically reasonable and statistically
and data-analytically best regression equation. Therefore, every user has to load
the data and variables of regression equation candidates into a computer one at a
time, cites percentiles of various statistical tests from a statistical book, compares
the test statistics with them and scrutinizes the results or predictions. He has to
repeat this process until he can find the best regression equation. It is of great
importance to stop this absurd primitive procedure and offer a method to search
for the best regression equation, although a statistical estimation problem is much
more complicated than a mathematical programming problem.

The purpose of this paper is to concretely formulate a standard variable selection

problem for regression analysis, develop a standard knowledge-based variable selec--
tion method to solve it by taking advantage of present high speed, large memory
‘and cheap calculation cost of a computer, install the algorithm in the Intellectual
Statistical System OEPP! and demonstrate an example. It must be kept in mind
that the phrase ”a run of a computer” implies that once a user inputs all neces-
sary information in a computer, he can be released from his inessential, laborious
and time-consuming work subject to the computer and use his resources for more
creative work.

In Section 2, statistical philosophy is discussed. In Section 3, a standard variable
selection problem is formulated. In Section 4, remarks on a solution, diagnosis and
prediction are addressed to.  Processing of professional knowledge is described in

. ! The OEPP is software which can handle the Onishi knowledge-based variable selection meth-
ods for (C}OLS, (C)GLS, {(C)ADLR, (C)BCT, (C)2SLS, (C)2SPC, LIML, LIPC, etc. and consists
of about 90,000 lines of algorithm in total written in FORTRAN 77. The "C” of (C) implies con-
" strained. It is available for FACOM or IBM-compatible main frame machines, UNIX workstations
-and personal computers.
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Section 5 and a demonstration is made in Section 6. Section 7 draws up concluding
remarks.

2 Statistical Philosophy

2.1 Some Definitions

Let us call the knowledge established in the science(s) related to research in ques-
tion, including the information about the situation covered by the research at hand
(for example, commercial customs in the economy at hand), natural logic and cor-
rect common sense, professional knowledge. The method to be proposed
searches for a practically best regression equation which is defined
as not only scientifically reasonable but also statistically and
data-analytically best on the condition of the appropriate scientific, statisti-
cal and data-analytic criteria specified by a user. It must be kept in mind that it is
impossible to impeccably formulate a variable selection problem for any kind of es-
timation or, in other words, to perfectly define the best regression equation, as long
as we follow the Neyman-Pearson approach to statistics. For instance, the optimal
or correct significance levels for statistical tests are usually unavailable, although a
solution to a variable selection problem depends on the significance levels. Further-
more, we define the following terms: a meaningful subset as a subset which
includes all necessary explanatory variables for a dependent variable but excludes
any unnecessary, redundant and/or contradiction-causing explanatory variables from
the viewpoints of professional knowledge or, in other words, a subset which consists
of only explanatory variables representing a behavioral, institutional, technical or
natural-law-based relation to a dependent variable and a regression subequa-
tion as the regression equation of 2 meaningful subset in the j-th OLS-best subset
problem. Thus, a subset which does not include at least one necessary explanatory
variable or includes at least one unnecessary, redundant or contradlctmn-causmg
explanatory vanable is meaningless.

2.2 Mission of Statistics

Sciences are divided into pure and applied sciences. Furthermore, applied sciences
may be classified into substantial and methodological sciences. Substantial sciences
are directly related to achieving or improving human desires or goals. Economics,
business science, sociology, environmental science and engineering are examples of
substantial sciences. On the other hand, methodological sciences are not directly
related to achieving or improving human desires or goals but support substantial
sciences and help to yield useful achievements for them. Statistics, mathematical
programming, queueing theories and fuzzy method belong to methodological sci-
ences. Substantial sciences can advance by themselves but in a much faster, broader
and deeper way with methodological sciences. Strictly speaking, methodological
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sciences become useful and then valuable, only when they are used for substantial
sciences, that is, they fulfill the missions for substantial sciences. New methodologies
may be able to shed light on veiled or unexplored areas of substantial sciences which
the substantial sciences cannot unveil by themselves. Accordingly, both substantial
and methodological sciences are needed. One cannot choose between substantial and
methodological sciences just like between pure and applied sciences. Econometrics
is a branch of statistics in which regression analysis is highly advanced to cope with
difficult situations in which some of the assumptions made in regression analysis are
not met. Statistics and econometrics are not pure but applied mathematics to ana-
lyze the data of substantial sciences. Data analysis is made with a finite number of
data. Since expectation and asymptotic theory are based on mathematics of infinite
numbers of sampling and data, their concepts help data analysis not directly but
maybe for conscience’ sake, because no data-analytic method has been so far discov-
ered to deal with infinite numbers of sampling and data. The stepwise regression,
forward selection, backward elimination, ¢- or F-directed search and minimax regret
principle methods are not methodologies but mathematical exercises. Informatic
econometrics which covers theories, methodologies and algorithms of both econo--
metrics and professional knowledge must fulfill the mission to solve socio-economic
problems. :

An outcome is determined by a research purpose, whereas factors or causes be-
lieved to affect the outcome are observed through the mechanism or structure covered
by the research in question. A dependent variable represents an outcome and must
have its own data set. Also, an explanatory variable represents a factor and must
have its own data set. For simplicity, we assume that the unique data set of an
outcome is available. Usually, all factors have their own respective unique data sets.
However, various data problems have been encoutered in actual research. There is
a case in which the data of some factor are not available at all. In this case, some
appropriate proxy factors with the data sets may be introduced through trial and er-
ror, because a user cannot collect or measure the needed data from the viewpoints of
time, cost, privacy, etc. There is another case in which a factor is well known and the
observations of its components are available but it is difficult to uniquely determine
a suitable data set for the factor. For instance, let a factor be agricultural labor rep-
resented by a data set L, Ly=working hours of farmers, Ly=working hours of their
wives, Lz=working hours of their parents and L,=working hours of their children.
It is easy to calculate L, = Ly + Ly + L3 + Ly. Should we define L, as L? In-this
case, the working efficiencies of farmers’ wives, parents and children are evaluated
to be as efficient as the farmers but the farmers with strong responsibilities for their
families and rich experiences in farming work more efficiently and effectively than
the others. Let Ey, B3 and Ej be relative efficiencies in comparison with the farmers,
where 1 > Fy > E3 > Ey > 0. We can define L,, = Ly + EyLy + EzLs + By,
Unfortunately, it is not easy to measure E,, E3 and E4 which are easily improved
by mechanization, electrification, computerization and/or automation of equipment
capital (rice planters, tractors, harvesters, driers, storage equipment, etc.) and the
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nationwide data of Fj, E; and Ey are unavailable. E,, B3 and F; may be guessed
from experimental samples or local surveys. In this case, this factor is treated by
letting an explanatory variable assume each of the alternative data set candidates
L, and L,, or introducing four explanatory variables with componentwise data sets
Ly, Ly, Ly and L4 each through trial and error. Furthermore, the observation dates
of many kinds of data used in a regression equation are often not consistent or the
same. For instance, in a cross-sectional regression equation of a certain year, the
populations in prefectures (or states) of the census data may be unavailable for that
year, because the census is conducted every 5 years. Data of different years may be
used. ‘

A mathematical relation between an outcome and factors is expressed as an equa-
~ tion of a dependent variable with possible explanatory variables (candidates). A
hypothesis (or a set of hypotheses) is set up on the basis of the equation by a user.
When the hypothesis is substantiated, the possible explanatory variables are deter-
mined as explanatory variables and a structure, law, rule or theory is established
through the estimated equation. Suppose that 25 possible explanatory variables
are taken into consideration for a dependent variable. Then, 33,554,431 possible
nonempty subsets exist. It is easy to mechanically estimate all of the 33,554,431
regression subequations by the all-possible-regressions method. However, it is quite
laborious for a user to distinguish the regression subequations of meaningful subsets
from those of meaningless subsets. Eventually, a best one must be selected from
among the regression subequations of all meaningful subsets.

The starting point of a user’s research is to obtain a regression equation which
approximates the true function between a dependent variable and explanatory vari-
ables as closely as possible. Then, he can promote the research by using it. It is not
easy to obtain such a regression equation but possible by realizing computational
techniques to be referred to in this paper. For instance, it was observed in Japan
during the high economic growth period that many farmers gave up agriculture, left
villages for cities and became factory workers so that the number of farmers has
been drastically reduced. But the agricultural production changed but did not de-
crease, due to more use of equipment capital, fertilizers, insecticides and herbicides
in addition to more R&D for agriculture. As a result, a simple correlation coefficient
between agricultural production and labor was revealed to bé negative. If this sim-
ple correlation coefficient is superficially interpreted, it may be concluded that the
harder farmers work, the less the agricultural production will be. Unless a regression
equation for agricultural production is well estimated and carefully scrutinized, the
regression coefficient of agricultural labor assumes a negative estimate. In reality,
the labor of farmers increases the agricultural production ceteris paribus. Thus, a
contradiction occurs between regression analysis and reality. The estimated regres-
sion. coefficient of labor must be positive. This is an important point. Statistics
and econometrics does not require a positive regression coefficient as a scientifically
reasonable condition but professional knowledge about agriculture does.

Suppose that a dependent variable Y with its data y’s of |1 3> 0 for all or most
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t is well estlma,ted but we purposely add a new explanatory variable X, with its
artificial data y; + (— 1)¥s for all ¢ to the estimation, where the correlation between
Y and X, is extremely strong. The true regression coefficient a, of X, must be
zero, i.e., a, = 0, becasue there is no such a factor in the system or structure in
question that X, represents. If a perfect estimation method is available and applied,
we must have the estimate @, of @, = 0. However, if one of the proposed estimation
methods, say, ordinary least squares, is applied, @, # 0 (@. > 0 in this case) is
estimated and becomes significant. This is a contradiction. Even an explanatory
variable X which actually represents a factor and whose regression coefficient was
significant in the previous estimation may be rejected in the new estimation, if there
is some degree of the correlation between X, and X and the correlation between
Y and X is weaker than that between ¥ and X,. It is impossible to reject this
regression equation by statistics. Only the way to reject it is to evaluate it with the
professional knowledge that such a factor does not exist in the system or form the
structure. For instance, it is clear that the economies of all countries in the world are
strongly or weakly connected with each other through international trades. Even if
the Japanese consumption is explained better with the income of a third country
than with the Japanese income, such a consumption function is not trusted, because
the Japanese cannot use the income of that third country, although the economic
relation between Japan and the third country exists. It must be rejected by the
professional knowledge or information about the international economy. Thus, in
general, professional knowledge is needed to search for a best regression equation
in addition to statistical tests and data-analytic investigation. The words “data-
analytic investigation” implies here checking how well the partial-test (and final-
test) estimates fit the observations of a dependent variable and track the turning
points of the observations of a dependent variable. .

Let Y = XA 4 U be a true regression equation where ¥ =dependent variable
or a (T x 1)-vector of its data; X =set of a constant term and all X explanatory
variables or a {T' x (K + 1)}-matrix of their data; 4 = {{X + 1) x 1}-vector of the
regression coefficients of X; U = (T x 1)-vector of disturbances; and T =sample
size. Many principles of minimizing objective functions representing total effects
or indexes of all residuals with respect to regression coefficients can be considered.
For instance, minimizing >, ozt|Y; Yilt (or even I, 1Y - it ) with respect to
A for any integer £ of £ =1,2,3,- - - is reasonable, where ¥; = X 1A, X! = t-th row

of X and a; = ¢-th known pos1t1ve weight. This means that unless multicollinear-
ity occurs, many regression equation candidates for Y = XA 4 U are estimable,
even if X is meaningful and uniquely correct. The cases of £ = 3,4,5, - lead to
complicated calculation of A so that the statistical properties become amblguous
and statistical hypothesis testings become almost impossible in the present state
of the arts. The case of £ = 1 is rarely used in actual applications and does not
yield better performance. The principle of ordinary least squares, abbreviated as
OLS hereafter, is the case of £ = 2 and a; = 1 for all ¢ and has advantages of
simple calculation of A and easy applications of statistical tests. The Gauss-Markov
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theorem, i.e., BLUE (Best Linear Unbiased Estimator) of OLS has a weak point.
Minimum variance (best) and unbiasedness are statistically desirable characteristics
and have no problems. How about linearity? Even when a regression equation is
linear with respect to regression coefficients, an estimator for A does not need to
be linear with respect to Y for a best regression equation. However, both minimum
variance and unbiasedness deeply depend on the linearity about Y. If the theorem
holds regardless of any functional forms of Y, it may be used confidently and lead
to a best regression equation.

Suppose that (1) K+1 = T holds, (2) all regression coefficients of A are significant
and (3) there are many other minor factors which affect ¥ slightly. A perfectly-fitted
regression equation is always estimated by (1) so that ¥ = ¥, though disturbances
exist by (3). Needless to say, A cannot be estimated, if | X’'X| = 0. This may state
that OLS has inherently an odd characteristic. Many statistics like an adjusted or a
doubly adjusted coefficient of determination, AIC, SIC and BIC have been proposed
for the principle of parsimony but it has not been knewn which one is perfect or best.
If the number of explanatory variables is one or two, OLS works well, because it is
possible to plot the data of a dependent and one or two explanatory variables in a
two- or three-dimensional diagram, see the degrees of correlation between them and
guess even a functional form. Such a case is often seen in an engineering field where,
for instance, temperature, pressure, mositure and inputs of the other materials can
be fixed at certain levels, the inputs of one or two materials are changed and then
the output is measured. Although OLS works well in a simple case, it should not
be overestimated as a perfect estimation method. In social sciences like economics
for free market economies in which most factors cannot be controlled except by laws
or regulations and the observations result from a general equilibrium or situation,
many factors are usually taken into consideration in regression or econometric anal-
ysis. In a case of many possible explanatory variables, it is not easy to uniquely
specify a single regression equation which definitely becomes best after estimation
and evaluation. Nonetheless, the authors of a considerable number of positive eco-
nomics papers of regression analysis and econometrics issued in refereed journals for
social sciences have introduced single regression equations without examining other
possible regression equation candidates and have drawn up their conclusions. They
insist that their conclusions are correct and criticize others’. However, their different
and conflicting conclusions 1mpIy that the truth is still in the dark.

A statistically desirable characteristic of unbiasedness does not say anything about
what the true values of A are and even the ranges in which the true values of A
must exist, if X is not proved to be a best subset. In actual research, a user usually
estimates A only once. Unbiasedness £{A) = A does not mean A = A. Many
people, even well—educated people, unconsciously start to believe that 4 is A. It
is quite mistaken. Let ¢ = 1,2; X; = i-th alternative meaningful subset for agri-
cultural production Y; ay, =true regression coefficient of the common: explanatory
variable of “labor” in X;; @, =estimate of ay, with @, > 0 and @, < 0 which
are both significant in the hypothesis testing of Hy: ar, = 0 against Hy: ay, # 0;
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§; =estimate of the standard deviation ¢; of a disturbance term U corresponding to
X;; and ?; =two-tailed percentile of a t-distribution of the same significance level
corresponding to X;. The confidence intervals for a, and ay, are as follows:

0 < Qg, — 1514/ (X’I'X-l)]_c_llln <ag, <8 +6H5 (X;Xl)—;lki (2.1)

and

Bk, — 12529/ (X5 X 2)ik, < Gk < Bk, + 12800/ (X3 X))k, < 0 (2.2)
where (XiX:)gi, = (ki, k:)-th diagonal element of (X} X ;) for 4 = 1,2. In which
confidence interval (2.1) or (2.2) is the true value of the regression coefficient of
the explanatory variable “labor”? Can a confidence interval provide the.range in
which the true value of the regression coefficient of the explanatory variable “labor”
exist without knowing which subset of X; and X becomes best? Unfortunately,
all terms of @y,, ¢;, § and (X ‘:Xl)l:;:]lc, in both the upper and lower bounds of each
confidence interval depend on X;. Only when X; is determined as a best subset,
can the upper and power bounds of a confidence interval make sense. Unless a priori
known knowledge or information about ay, is available, a confidence interval does
not provide a condition to determine a best subset. Users are quite interested in and
sensitive about the signs and magnitudes of estimated regression coefficients, because
an opposite sign of a regression coeflicient completely changes the interpretation of
a regression equation. If a priori known knowledge about az, > 0 for i = 1,2 is
available, then X; should be kept with the confidence interval (2.1). X, is regarded
as misspecified and ignored. ag, > 0 becomes an important condition to determine a
best subset. Consistently speaking, if ax, > 0 for all ¢ is a priori known, a one-tailed
i-test should be applied to the hypothesis testing of Hy: ay, = 0 against Hy: ay, > 0,
where an F' test cannot be used. The confidence interval for ay, is

aki - t:gz (X:X"')]::}h < ak‘. (23)

where ¢ =one-tailed percentile of a t-distribution. If @, > #}8;1/(X[X;)i},, then

H; should be adopted and X; survives. If @y, < £78;4/(X[X )5k, then Ho should be
maintained so that X; should be regarded as misspecified and ignored. Suppose that

Y_; =previous time’s agricultural production in X; for ¢ = 1,2 and a,, =regression

coefficient of Y_;. Y_; affects Y, because the crops harvested in the previous time
absorbed lots of mold nutrients and minerals from plots and reduce the current
agricultural production ceteris paribus. If a5, > 0 is true, no fertilizers are needed.
g, < 01is clear. It is natural to perform the following hypothesis testing: Hp: ap, = 0
against Hy: ag; < 0. The.confidence interval of ay, is

Cag < 8 + 485/ (X X (2.4)

If Gp, < ,——t;"s‘ﬁ/(X.’iX,')[i}i, then H; should be adopted and X; survives. If @, >
—1184/(X X )75, then Hy should be maintained so that X; should be regarded as
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misspecified and ignored. In general, if a priori known knowledge for 4 is available,
it must be used to determine the confidence intervals for A.

All test statistics are calculated by the partial-test estimates ¥ and used for hy-
pothesis testing. If at least one lagged dependent variable is an explanatory variable,

a user is interested mainly in the performance of the final-test estimates ¥. Test

statistics are not calculated by ¥. When all turning points of the observations of a
dependent variable Y are not well tracked by the partial-test estimates % of ¥ for
some t, a slight departure of a final-test estimate §; from the first turning point ob-
servation y; of Y tends to promote the departure of §, from y; after ¢ through a lagged
dependent variable in a regression equation. This is serious from the viewpoint of
prediction. Thus, this discrepancy between uses of partial-test and final-test esti-
mates may yield unsatisfactory results. Estimation problems may occur from the
reasonable but not-necessarily-perfect characteristics of OLS, multicollinearity or
strong correlation of the data of explanatory variables and incompetence of OLS to
determine the true values of regression coefficients without knowing the best subset.
Thus, it is of great importance to recognize.that a "statistically best” regression
equation selected solely by statistics or econometrics is not always "scientifically
reasonable”. Occurrence of some of the data and estimation problems and/or dif-
~ ficulty of uniquely specifying a single regression equation which definitely becomes
best usually incur a variable selection problem, i.e., a practically best regression
equation problem. :

Whenever the Neymann-Pearson approach is taken to hypothesis testings of vari-
ous statistical tests (normal test, ¢-test, F test, x® test, Durbin-Watson serial correla-
tion test, Jarque-Bera normality test, Chow equal coefficients test, Goldfeld-Quandt
heteroscedasticity test, etc.), a regression equation always becomes subjective, be-
cause optimal or best significance levels for them are not known and appropriate
significance levels are subjectively set by a user. We cannot say that a regression
equation is absolutely best. A best regression equation can be subjectively selected
by using professional knowledge, statistical hypothesis testings and data-analytic
investigation and can make contributions to-substantial sciences. Such a best re-
gression equation is not guaranteed to be absolutely best or globally optimal so
that it is called the “practically best regression equation” under the scientific condi-
tions, significance levels for statistical tests and data-analytic conditions inputed by
a user. In the process of variable selection, meaningfulness of explanatory variables
must have priority over the principle of parsimony and, furthermore, scientific rea-
sonableness of regression coefficients must be investigated before the applications of
statistical tests and data-analytic conditions. Subsequently, the meanings or roles
of explanatory variables for a dependent variable in a practically best regression
equation are guaranteed.
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3 A Standard Variable Selection Problem for Re-
gression Analysis

3.1 Notation

- We introduce the following notation for time series, cross-sectional and longitudi-
nal {or panel or time-series-and-cross-sectional-pooled) data but explain the notation
of criteria in Subsection 3.2 and some in the j-th OLS-best subset problem in Sub-
section 3.4 ‘

, ~ =indicators for partial and final tests, respectively;
S = number of all cross-sectional units where s =1,2,---,5 for § > 1;

-~

T' = number of all estimation times where ¢ = 1, 2, ThoxT > 1;

P = ST = sample size or number of all data of each variable? where P > 1;

p=S(t — 1) + s for all s for each of all ¢t where p=1,2,-- -, P;

K = number of all possible nonconstant explanatory variables where k = 1,2,---,K;

Yot = {S(t — 1) + s}-th datum® of a dependent variable for all s and #;

Y = dependent variable or ¥ = (¥/,Y, -, ¥})) = (P x 1)-vector of its data ys’s
for all s and ¢;

Y_y = {-th time lagged dependent variable or Y., = (V1,1-6, Y218, "+, Ys,1-¢,
Y1,2-6,Y2,2-8 " 5 Ys,2- s YLr—8 Y278, Ysr—e) = (P x 1)-vector of
its data y,;_¢'s for all s and ¢ where £ =1,2,3,..;

Xo = constant term or Xo = (1,1,--+,1)" = (P x 1)-vector of 1’s;

y =arithmetic average of Y, i.e., y = X5, 57 4,,/ST = Y' X,/ P;

T = known time lag number of a lagged variable of the k-th possible explanatory
variable (candidate) if 7, = 1,2, 3, - - - or 7, = 0 for the k-th current explanatory
variable; :

28y 7, = {S(t—1)+s}-th datum of the k-th possible explanatory variable concerned
with cross-sectional unit s and time ¢ — 7, where x’;,t_o = z%;

2 Time series data are characterized by § =1 and T > 1, cross-sectional data by & > 1 and
T =1 and longitudinal data by S > 1 and T > 1. In the System OEPP, longitudinal data are
read in the order of S(¢ — 1) + s for all s for each of all ¢ by the parameter FTCD=@ of the ESTI
command, while those in the order of T'(s — 1) + ¢ for all ¢ for each of all s by the parameter
FTCD=S. '

3 Let Z be a variable with its observations zy’s and ¥ be a dependent variable whose data y,'s
are transformed by ¢s¢ = In(2;;) for all s and ¢. Thus, ¥ = In(Z). Here, ¥ is called a transformed
dependent variable concerned with Z, whereas Z is called the original dependent variable
of Y. The partial-test and/or final-test estimates of Z are eventually desired in most research.
The inverse transformation means the calculation of y; = exp (Tst) and/or Zss = exp (Fqr) for
all 5 and ¢ to seek the partial-test estimates Z,;’s and/or final-test estimates Z,’s of the original
dependent variable Z from the partial-test estimates 7y’s and/or final-test estimates ¥ 's of the
transformed dependent variable Y, respectively.
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K, h = (zf i VB eyt 88y ) = (S x 1)-th vector of its data ¥, s, where
Xio = X5

X, = k-th possible explanatory variable or X; = (X} ,rk,X2 - R ) =
(P x 1)-vector of its data 2, 's;

X = {Xo,X1,Xs,--, Xk} = set of all possible explanatory variables or X =
(Xo, X1, Xo,+ -+, Xg) ={P x (K +1)}-matrix of their data where if Y_, € X,
then one of X}’s for all k¥ must be Y_g;

1 = number assigned to a subset or submatrix of X where:=1,2,3,:--, ok _ 1.
X, =i-th subset of X or i-th {P x (K; + 1)}-submatrix of X, composed of their
data :cst T, 'sfor k; = 0,1,2,-- -, K; where Xy € X; for all ¢ if X, € X;

K; = number of nonconstant explanatory variables in X;

ay = true regression coefficient corresponding to Xj;

A = (ag,a1,0a9, -, ax) = {(K + 1) x 1}-vector of true regression coefficients
corresponding to X;

A; = (aoiy 014, Q23 -+, ki) = {(K; + 1) x 1}-vector of true regression coefficients
of Xy;

o = (Goi, @14, Goi, - -+, Gx,i)) = OLS-estimate of A; which is estimated, if X; is
meaningful;

C(4;) = estimated covariance matrix of Aj;

V(@) = estimated variance of @, i.e., the (k; + 1, k; + 1)-element of C(4;);

5k = estimated standard deviation (or sta.ndard error) of Gg,;;
l?k g = t-ratio of ak‘.i;
yst = partial-test-OLS estimate of y, based on X;;

Y = (Tbr g+ + &)’ for all 2;
Y, = (Y, V..., V#) = partial-test-OLS estimate of ¥ based on X;;

“;t = Yt — @“:t = partial-test residual of y,; based on Xj;

El = (é\ltt: ezg, % Mty égt), for all [ 2
= ( E » ‘,E%)' = (P x 1)-vector of partial-test residuals based on X;;

yst = final- test estimate of y,; based on X, if at least one Y_, € X for some ¢;

Y” = (ylt! thJ z ,—yvgt)i fOI‘ a].l t;
= (V¥ Y, -+, Y#) = final-test estimate of Y based on X;

el = ys — ¥, = final-test residual from yg; based on X;;

f.:ﬁ

Ef = (&, 8, &) for all t;

E;= (E", EY, .- Ei) = (P x 1)-vector of final-test residuals based on X;;

ug = disturbance of cross-sectional unit s and time ¢;

U = (g, Uat, - -+, uge) = (S x 1)-vector of disturbances u,:’s at time ¢;

U = disturbance term or U = (U[, U3, --,Uz)’ = (P x 1)-vector of disturbances

ug's for all s and ¢;
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0?,0 = unknown true variance and standard deviation of ug for all s and ¢, re-
spectively, where V(uy) = o2 for all s and #;

&7,8; = OLS-estimates of 0% and ¢ based on X, respectively; N
R? = (unadjusted) coefficient of determination of i
R? = (Theil) adjusted coeficient of determination of ¥;;

2

IC; = (Theil) inequality coefficient of ¥;

0, = (n X 1)-zer0 vector for any positive integer n;

I, = (n x n)-identity matrix for any positive integer n;

T™* =possible nearest time lag number (known) of all possible lagged dependent
variables Y_,’s if they are in X where T* is a positive integer, for example,
T" =1 for annual times series or longitudinal data and 7* = 4 for quarterly
times series or longitudinal data;

T™ =possible farthest time lag number (known) of all possible lagged dependent
variables Y_,’s if they are in X where T** is a positive integer and T™ > T™;

i =possible nearest time lag number of all lagged dependent variables Y_,’s in
X;ifY_, e X; so that Y"'Ti* € X; where' T* > T* > 0
T} =possible farthest time lag number of all lagged dependent variables Y.,’s in
X;ifY_ e X; 50 that Y—T,.** € X; where T™ > T > TF > T,
N =number of aggregate linear constraints imposed on A;

C = {N x (K +1)}-matrix of known coefficients of N aggregate linear constraints
related to A;

¢ = (N x 1)-vector of known values of N aggregate linear constraints;

N; = rank(C;) = number of (individual) linear constraints imposed on A; which
are automatically derived from N aggregate linear constraints? where N; = 0
unless constraints are imposed on A;;

C; = {N; x (K; + 1)}-submatrix of C, composed of known coefficients of N;
constraints; |

¢; = (N; x 1)-vector of known values of N; linear constraints;

F; =P~ K; — 1+ N; = number of degrees of freedom where F> 1.

4 Let us introduce some examples of linear constraints on regression coefficients dk,i's to be
estimated. (1) Zﬁ‘:l @x.i = 0 for no money illusion in a Cobb-Douglas-type demand function
estimated with nominal prices and income and (2) Ei‘;;l @r,: = 1 for constant returns to scale in

a Cobb-Douglas-type production function.
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3.2 Ciriteria for Scientific Conditions, Statistical and Data-
Analytic Tests

A user has to specify the following criteria, if needed, for scientific conditions,
statistical and data-analytic tests to solve the j-th OLS-best subset problem® :

o}, = a priori known lower bound of the h-th magnitude condition about regression
coefficients due to the professional knowledge related to the research at hand;

a? = a priori known upper bound of the h-th magnitude condition about regression
coefficients due to the professional knowledge related to the research at hand;

B = significance level (10083 %) of a one- or two-tailed t-test for testing hypotheses
about regression coefficients (0 < f < 1);

v = significance level (100 %) of the Durbin-Watson serial correlation test or the
Durbin h-test (0 < v < 1);

€ = tolerance level for standardized residual test;

7n = significance level (100 %) of a x3-distribution for the Jarque-Bera normality
test (0 < n <K 1);

v = significance level (100~ %) of a two-tailed t-test for a residual outlier (0 < v <
1);

1) = significance level (100% %) of an F' distribution for the Chow equal coefficients
test (0 < 9 < 1);

w = significance level (100w %) of an F distribution for the Goldfeld-Quandt
homoscedasticity test (0 < w < 1);

¢y = value (100¢; %) to define a turning point at ys # 0 in a partial test (0 <
goe 1)

ij = value to define a turning point at y,; = 0 in a partial test;

(; = value (100¢; %) to define a turning point at ys; # 0 in a final test (0 < (; < 1);

Cfc = value to define a turning point at y;; = 0 in a final test;

§ = minimum tolerance level of an adjusted coefficient of determination (0 < 6 <
1);

§ = maximum tolerance level of the inequality coefficient (0 < § < 1);

Q = {a}’s, a’s, B, 7, 6, €, (3, &y (5 €7 1y 0, v, b, w} = criterion set where if
some of the scientific conditions and statistical and data-analytic tests are not
employed, the corresponding criteria must be eliminated.

5 The percentiles of normal, x? t-, F tests and the lower and upper limits of the Durbin-
Watson serial correlation tests of appropriate degrees of freedom at specified significance levels are
automatically obtained and compared with the corresponding test statistics in the System OEPP.
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Unfortunately, there are no optimal or best criteria to be specified for statis-
tical and data-analytic tests. A user has to use subjectively-most-appropriate or
conventionally-used criteria for them. Lower bounds a}’s and/or upper bounds od’s
of magnitude conditions depend on the professional knowledge related to the re-
search in question. For example, empirically often used criterion values, which may
be of course not absolutely appropriate, are 8 = significance level 0.01 ~ 0.1 (1~10
%) for a t-test; v = significance level 0.01 or 0.05 (1 or 5 %) for the Durbin-Watson
serial correlation test with subjective acceptance of an inconclusive case; € =1.65,
2.65 and 2 for standardized residual tolerance levels for times series, cross-sectional
and longitudinal data, respectively; n = significance level 0.01 ~ 0.05 (1 ~5 %) for
the Jarque-Bera normality test; v = significance level 0.05 ~ 0.1 (6 ~ 10 %) for an
outlier ¢-test; 1 = significance level 0.01 ~ 0.05 (1 ~ 5 %) for the Chow equal coef-
ficients test; w = significance level 0.01 ~ 0.05 (1 ~ 5 %) for the Goldfeld-Quandt
homoscedasticity test; ¢,, (; = slope 0.005 (0.5 %) to define a turning point in par-
tial and final tests, respectively; ¢2,(? = values depending on the data of ¥: 8 =0.8
'~ 0.9 tolerance level of an adjusted coefficient of determination for ordinary time
series or longitudinal data, respectively, where “ordinary” implies that the data of
a dependent variable are neither ratios nor rates; & =0.7 ~ 0.8 tolerance level of
an adjusted coefficient of determination for ordinary cross-sectional data, or 8 =0.5
~ 0.6 tolerance level of an adjusted coefficient of determination when the data of a
dependent variable are measured by ratios or rates, regardless of the type of data;
and 6 = 0.3 tolerance level of an inequality coefficient for ordinary time series or
longitudinal data or § = 0.5 tolerance level of an inequality coefficient when the
data of a dependent variable are measured by ratios or rates, whether time series or
longitudinal data.

3.3 Assumptions

(1) A user must have not necessarily perfect but sufficient professional knowledge
about the science related to his research at hand. He must be able to introduce
the set X of all possible explanatory variables for the dependent variable ¥
through the professional knowledge and then classify X to make a computer to
generate only the meaningful subsets from X for his research (see Section 5).
Furthermore, he must have the professional knowledge about the signs and/or
magnitudes of regression coefficients and the nature (for example, stability and
structural change or difference) of the system or mechanism focused on, if any.

(2) The functional forms of the regression subequations of all meaningful subsets
are linear with respect to the regression coefficients.

(3) The sample size must exceed the number of the constant term and the possible
explanatory variables in the smallest meaningful subset of X. It is desirable
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that the sample size exceeds sufficiently the number of the constant term and
the possible explanatory variables in the largest meaningful subset of X.

(4) The disturbance term U is normally distributed as LR (Op,UzIp),
regardless of 7.

(5) abs(|X!X;|) > € or r(X) = K; + 1 for at least one meaningful subset X;
where e=preset or user-specified inverse-matrix-existence criterion value .

(6) X is nonstochastic or independent of U if X is stochastic.

(7) The principle of minimizing the sum, (Y-X AYY-X i A;), of squared errors
with respect to A; is suitable for the research, regardless of i. i

3.4 The J-th OLS-Best Subset Problem as a Standard Vari-
able Selection Problem

So far, the best regression equation estimated by OLS has not been defined in the
literature. A variable selection problem for OLS has not been concretely proposed
yet. Onishi (1983) proposed a procedure to search for the practically best regression
equation for OLS in a run of a computer. However, the effectiveness of the proce-
dure was limited. We reformulate the j-th OLS-best subset problem for regression
analysis, where a solution is called the j-th practically best regression subequation
as follows.

The J-th OLS-Best Subset Problem

Obtain the j-th practically best regression subequation ¥, = X, A, as a solution in
a run of a computer by searching for subset X ; from set X of all possible explanatory
variables specified for the dependent variable Y and estimating the true regression
coefficient vector A; of X; and the true variance o? and standard deviation O’A()f the
disturbance term U and calculating the standard deviations and t-ratios of A; and
other important statistics under the criterion set Q, i.e., {ol’s, ai’s; B, 7; 6, € (5
¢2, ¢}, ¢4 m, 0, v, ¥, w} specified by a user such that

[ I ] X; is meaningful for ¥ from the viewpoints of the professional knowledge
related to the research at hand;

F

—~ —~

[ II ] A;, (A, V(ar.), Yi, Ei, 62, 6, Sks and ty,i are calculated as follows:

. B & E!E;
Y;::XiAi; Ei':y_yi: afz ;D )
1

6 If abs(| X X;|) < € for a preset or user-specified small ¢, the computer regards X; as
having multicollinearity, ignores X'; and goes to the next meaningful subset. The total number of
occurrences of multicollinearity is printed by the System OEPP, if multicollinearity happens.
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“ ~ —~ 2 - akii
Gi =6}, Bhi=4V(Bh:) and B = 5L

Sk
(i) in a case where no constraints are imposed on A;
A= (X)X, 8 - k(XX
or (ii) in a case where a linear conétraint set C;A; = ¢; is imposed on A
A= (X1X) 7 [XIY 4 CUO(XIX ) O e - Cy(XIX ) XYY
C(A) =5} [(XiX)™ = (XX CHOUX X ey XX )Y

[ IIT ] A; must satisfy all or some of the following scientific conditions (8}, (%)
and/or (#4) concerned with regression coeflicients, if required from the view-
points of the professional knowledge related to the research?

(¢) in a case where the following a priori known lower and/or upper bounds of
arithmetic expressions of regression‘coeiﬁcients must be met:

o, < fro(Ai),  Frldp) < o or oy < fu(d) < o, for hy=1,2,--, H,

where fj,,(A4;) which denotes a function of A; (which is linear with respect to

A; in most cases) and o}, < fi,(4)), Fu(A) < o}, and o}, < fu, (A;) < @ are

generated from aggregate magnitude conditions a) < fu(A), fu(d) < o} and

-~

of < fu(d) < of for h=1,2, -, H loaded into the computer, respectively;

" The Schur stability condition (i) and the concavity or convexity (ii4) can be eventually ex-
pressed by (i). However, it is clear and convenient to introduce them in an easily usable way.
In the System OEPP, the a priori known sign conditions are inputed in a functional form in
which a dependent variable and all possible classified explanatory variables with /without the pos-
itive or negative signs, i.e., + or —, of their regression’ coefficients are entered. For instance,
Y=FXo <2< +X,~-X, >2><0< X3, +X4, X5 > 3 >5<< Xe, X7, X35, X9, +X10 > 1 >)
where the a priori known signs of the regression coefficients of X3, X4 and X4 are positive, that
of X, is negative and those of Xo, X3, X5, Xg, Xy, Xg and Xy are unavailable, implying that
they can assume either positive or negative real values. To be logically interpreted, a regression
subequation with some or all of Xj, Xa, X4 and X1p must have the corresponding a priori signed
regression coefficients. It is regarded as unsatisfactory, otherwise.

To load the regression coefficients related to magnitude conditions into a computer, their vari-
able notation are used. Only aggregate magnitude conditions corresponding to A are loaded into a
computer through f,(X) and the individual magnitude conditions corresponding to 4; needed
to evaluate regression subequations are automatically derived by the computer. Accordingly,
fn:(4;) is recognized through fri(X;) which is derived from f; (X') which implies f(4) for
h=1,2,---,H. For instance, in consumption function ¥ = ap +a; X + @ Xp +-- -+ U, marginal
propensity to consume 9Y/0X; = q, is positive but less than 1, if consumers behave rationally,
where ¥ =consumption in value and X1 =net income. Subsequently, 0 < X; < lor 1> X1 >0
is inputed. Hence, 0 < @;; < 1 must be met in the j-th practically best regression subequation.




Statistical Philosophy, Computational Techniques and Practically-Best Regression Equationl?

(%) in a case where the following Schur stability condition® consisting of T3
strict inequalities must be met, if (i) Y_, € X; for some integer £ > 1, (ii) X;
is expressed as (3.14) in Case 2 of [ XI ] defined below and (iii) it is known
that ¥ does not diverge by itself’ as ¢t — +oo0, i.e., the absolute values of all
T eigenvalues of the characteristic equation of the 7}*-th order of ¢

7 4 B T b e TR Bl 4 B =0 (3.5)

for (3.14) in Case 2 of [ XI ] must be less than 110 :

—— ekl
|Apsl = | 28 28 | >0 for k;=1,2,---, TP
Ak.;z' Akgi
for . R
1 bT**—I,?. bTi**—2,z bk,z
0 1 brye -1, bi; 41,
—— ~
ki = 0 0 1 . bk,'+2,'f.
0 0 0 1
and o~ - -
boi b by rr breg
0 by by - brrver-14
ik T T

Api = 0 0 by -+ brpoi-ng

0 0 0 - By
where BT.-**—k.-,i =0for ky =1,2,---,TF=-1iHTr > 2 Eki,: = —0Og,—,,; for
ki =0,1,2,- -, TP =T and Az, = {2(T — ki +1) X 2(T0 — k; ++ 1) }-matrix
for k; =0,1,2,.--, T - T%

and/or
(#41) if the regression subequation ¥ = X;A4; + U is expressed as Y = ag; +

)

® The Schur stability condition is related to a difference equation, while the Routh-Hurwitz
stability condition is related to a differential equation. The author was not able to get the Schur’s
original paper but learned his stability condition in Hibino (1962). Needless to say, £T¢ ", 7" ~T
£57=T{-1 ... ¢ and the constant term bo; in (3.5) correspond to Yops Yst—Try Ysit-Tr 1y ***
Ys,t—Tp++1 and Y7+ in (3.14), respectively.

® Suppose, for example, that the current real consumption Y is affected by the current real
income X and the past consumptions Y_; and Y_; as an inertia effect of eating habit and real
incomes are kept constant over time where V= do + 81X +dY_y +@3Y_5. It is unrealistic and
impossible that the consumption becomes unlimited as time passes.

18 A solution part to the difference equation (3.14) converges to zero.
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Z ¥, 2+ Z;%;+ U™ and must be concave or convex with respect to before-
transformation explanatory variables Z; from the viewpoints of research ‘at
‘hand, then the estimated ¥; must be positive definite or negative definite,
respeciiilrely, depending on the scientific knowledge of the research,

where ¥, is positive definite, if all eigenvalues or the determinants of all princi-
pal submatrices of ¥; are positive and 7, is negative definite, if all eigenvalues
of T; are negative;

[ IV ] the Jarque-Bera normality test statistic JB; must satisfy the following in-
- equality in order to maintain the null hypothesis Hy : U is normally distributed
with the expectation £ (U ) = Op at a 100n % significance level of a x*
testl? 13

=5 8 (Ki-3) 5
JBi_P{_(S"+_§4— < x3(n)

for

82 = {Zoe ;3::1(551: IPY o R et ;3%1 (E)/P
“ (BLE:/P)? * (BiEi/P)®
where x%(77) = n percentile of a x? distribution with 2 degrees of freedom;
[ V] the following inequality must be satisfied to adopt the specified alternative

hypothesis Hy or maintain the specified null hypothesis Hy at a 1008 % signifi-
cance level of a ¢-test, depending on the purpose of the research, if necessary!*

1 For instance, an average cost function is concave. Suppose that ¥ = Go; + 81:.X1 + 82:.X5 +
33 X5 +845 X7 +05: Xo +8siX11 +87:X12+8g:.X13 for X; = {Xo, X1, X3, X5, X7, Xp, X11, X12, X13}
means Y; = @p; + 31,:Zi? + 62,-23? + &3,-Z§ L8481 25 + 6512375 + ae_iZ1 + @725 + d5; Z5 and must
be concave, then '

. @ du/2 0
v = ( G2 Qo @sif2 )

0 @5/2 @

must be positive definite with respect to Z; = {Z1, Z3, Z5}, that is, ¥; must satisfly the following
conditions: (i) @3; > 0, (ii) Tz > 0, (i) @3 > 0, (iv) 14t — aﬁ,-/4 > 0, (v) Qg3 — ag,-/d.: > 0 and
(vi) @14@ails; — B2:G3,/4 — G1482;/4 > O, where &; = (Gas, G, dn:)’. X is actually used to estimate
Y = X;A; + U but a user must know the following relations: X1 = Zf, X3 = 22, X5 = Z2,
Xy = 2123, Xo = Z325, X11 = Z1, X12 = Z3 and X13 = Z;. ,

12 8; and K; ~ 3 correspond to skewness and kurtosis, respectively. For instance, x3(0.1) =
4.60517; x2(0.05) == 5.99147; x2(0.025) = 7.377776; and x3(0.01) = 4.605170.

*3 The Shapiro-Wilk normality test is alternatively available (Shapiro and Wilk, 1965).

Y If the null hypothesis Ho is expected to be maintained, GLX = gy for g5 =
(g8,gd,e8,---,8%) # Ox,q with known elements gd’s for all k = 0,1,2,---,K is loaded
into a computer from which G}, X; = gy, is derived, implying Giy, Ai = gq;, where gfX,’s of
cnly nonzero'g,f’s are actually inputed and then G4 is formed. The alternative hypothesis H; :
Gig,Ai # 84, is recognized through Gig, X784 which is derived from G X #g, loaded into
a computer. It is ruled in the System OEPP that if G, X > gy, GLX < ggor G X #g, is
loaded into a computer, the corresponding d;-th alternative hypothesis H; for A; is expected to be
adopted for the j-th practically best regression subequation, whereas if G} X = g is loaded, the
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15 16 . ford,-=1,2,---,D¢,

(i) to adopt H, for Hy : Giy 4; = g4, against Hy : Giy A; # gu,,

IG;d;Ei - gd;l

id;

> tPi(IB/2):

(ii) to adopt Hy for Ho : Gy, A; = g4, against Hy : Gjy 4; > ga,,

,
Gid,-Ai — Bd;

id;

> tP,' (ﬁ):

(ili) to adopt Hy for Hy : Gl A; = gg, against H : Gjy A; < g,

= QL A
Bd; _ id; > tp, (,B);
Sidi

or
(iv} to maintain Ho for Hy : Gj; A; = g4 against Hy : Gjy A; # gy, where at
least 2 elements are usually not zero in Gy,

;)
;: .Az‘ — .
IG'f-d; _ gdl | S tPi (ﬁ/z),
Sid;

corresponding d;-th null hypothesis Hy for A; is expected to be maintained for the j-th practically
best regression subequation, depending on the purpose of the research.

15 For instance, the hypothesis testing of Hy: ag,; = 0 against Hy: a,; # O concerned with
regression coefficient ay,; can be made by Gig; = (0f,, 1, 0%, +.)' and g4, = 0. Since Sy, =

\/ G14 C(Ai)Gia, = y/V(@ris) = Biss, we have (Gly, & — gail/Sias = [Buidl /Bt = (B
the condition [ II ].

As explained in Section 5, the hypothesis testing for each regression coefficient is closely tied up
with the sign attached to the corresponding (possible) explanatory variable in a functional form for
estimation in the System OEPP. Suppose that ¥ = F(Xo,< 3 < X1,+X2,~X3 > 3 >,-+) for
variable selection or ¥ = F(Xg, X1, +X2, — X3, - ) for estimation of a single regression equation is
inputed. Each of all meaningful subsets or a meaningful set always has the non-signed variable X;
and the signed variables +X» and —X; and the others like X; or X = {Xy, X3, +X3, - X5,-- '}
In variable selection, it is expected to adopt H; for (i) Hp : a1; = 0 against Hy : a;; # 0 set up by
X1 € Xy, (i) Ho : ag; = 0 against H; : ag; > 0 set up by +X» € X; and (iii) Hp : as; = 0 against
H; : a3 < 0 set up by —X3 € X;. In estimation of a single regression equation, it is expected
to adopt H; for (i) Ho : a3 = 0 against H; : a3 # 0 set up by X1 € X, (ii) Ho : as = 0 against
Hi :as > 0 set up by +X> € X and (iii) Hp : ag = 0 against H; : a2 < Oset up by —=X5 € X. The
command RCHT with the parameter of a significance level (or a percentile) conducts all necessary
hypothesis testings for the regression coefficients of all (possible) explanatory variables (and a
constant term).

1% It is possible to use a different significance level 1008; % for each hypothesis testing. In
this case, tp,(3/2) and tp,(8) must be replaced with ¢p, (84, /2) and tp,(Ba,), respectively. Thus,
Q= {ai’s, aﬁ’s, Ba’s, 7, 6, €, C;’ Cga (}, C?& n, 8, v, 9, w}'

= t-ratio in




Statistical Philosophy, Computational Techniques and Practically-Best Regression Equation20

for
(5ia,)* = Gig,C(Ai)Gig; and  Sig, = /(Si,)?

where Gy, = {(K; + 1) x 1}-vector of known coefficients of the d;-th hypoth-
esis concerned with A;; g4, = a priori known value of the d;-th hypothesis;
tp,(B8/2) = percentile of a two-tailed ¢-test of a 1008 % significance level with
P; degrees of freedom; ¢p, (8) = percentile of a one-tailed ¢-test of a 1008 % sig-
.nificance level with F; degrees of freedom; and Gj; A; # gq;, Gj;. 4; > gy, and

i Ai < gq; are generated from aggregate hypothetical relations G4A # gg,
-GhHA > g; and GLA < g4 loaded into the computer for d = 1,2, .-, D, respec-
tively;

[ VI ] the Durbin-Watson serial correlation test statistic DW; defined below must
satisfy the following inequality at a 100y % significance level, if time series
data are used, i.e., S =1 (Durbin and Watson,{l%o, 1951, 1971):

(i)  if no lagged dependent variables are included in X; for T' > 6, then
DW;>diy) if DW;<2 or 4—DW;>diy) if DW;>?2
for annual data (m = 1) or for quarterly data (m = 4) (K. F. Wallis, 1972)

e Eg;1+m (alit - Eli,t-—m)z

DW, = —
):f;l (&1;)?

or
(i) fY.,eX;andT-(5},)* < 1_(Durbin, 1970 and Godfrey, 1978), then

| zg;1+m éftgf t—m| T
|hs| = - =5 < h(7)
te10m (B1:)? 1-T(5g,)?

where d;(y) = d} x,11-n,(7) if an inconclusive case is regarded as subjectively
unacceptable or di(7y) = df k.., (7) if an inconclusive case is regarded as
subjectively acceptable; df x .1.n,(7) = upper limit of the Durbin-Watson
serial correlation test of a 100y % significance level with (7', K;+1~N;) degrees
of freedom; d& x. 11, () = its lower limit; (5%,)% = estimated variance of the
regression coefficient of the /-th time lagged dependent variable Y_, (often
£ =1 for annual data and { = 4 for quarterly data); and h{y) = percentile of
a normal test, for example A(0.05) = 1.645 and A{0.01) = 2.325;

[ VII ] the Chow equal coefficients test statistic C; must satisfy the following in-
equality at a 100¢ % significance level of an F test, if (i) it is considered that
structural changes (e.g., oil crises) may have happened M, times or structural
difference (e.g., cold versus hot areas) may have existed M, cross-sectional
subgroups, (ii) the Chow equal coefficients test needs to be applied and (iii)
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all regression coefficients (@;m for m = 1,2,-++, M, + 1, expressed in col-
umn vectors) estimated with M, sample submatrices of (¥, X;) satisfy the a
priori known sign and/or magnitude conditions'” like [ III | when they are
available!® :

o _ (BB~ BYEN/UMG 1= M)} sy
k E;"IE;I'/{P _ (Mc + 1) (Ki 4+1-= N;.)} = 4 P—{M:+1)(Ki+1-N;}

where (i) if it is considered that structural changes which affect A; may have
happened M, times, then the estimation period of T times must be partitioned
into (M, + 1) T™-subperiods for ST™ > K; +1— N; and T = LM T for
m =1,2,.++,M,+ 1 or (i) if it is considered that structural changes which
affect A; may have happened in M, cross-sectional-unit subgroups, then all
data y.'s and :cfff_fki ’s for all s, t and k; must be rearranged in Y and X; by
the ordering rule T'(s — 1) +¢ for all s and ¢ and, furthermore, S cross-sectional
units must be partitioned into (M, + 1) S™-cross-sectional-unit subgroups for
TS™ > K;+1—N;and § = oMt 8™ form =1,2,---, M, + 1; P™ = ST
or S™T for all m; (¥, X;) is partitioned into (M, + 1) {P™ x (K; + 2)}-
submatrices (Y™, X7*) forall msothat Y = (YV, Y%, .-+, Y (MDY and X; =
(X%’:Xz?’: o '=X£Mc+1)’)’; E:!_ = (Egriﬁgr’ s ’E‘i(Mc-i-l)!)’; Elzm = (Pm X 1)'
vector of residuals resulted from regressing Y™ on X" with/without constraint
set C;A;™ = ¢; for each m; and F&Eﬁﬂ;‘;hl_ wy(¥) = ¢ percentile of an
F distribution with {M.(K;+1— N;), P — EMG + 1){(K; -+ 1 — N;)} degrees of
freedom;

®)

[ VIII ] the Goldfeld-Quandt homoscedasticity test statistic GQ; concerned with
variance ¢? of the disturbance term U must satisfy the following inequality
at a 100w % significance level of an F test, if (i) it is considered that struc-
tural changes or differences may have affected o2, (ii) the Goldfeld-Quandt

17 These sign and/or magnitude conditions are not necessarily the same as those in the above
[ III ]. It is sometimes observed that the regression coefficient of the variable “real income” for the
consumption of interior goods is positive while the economy is poor. However, it becomes negative,
after the people become rich because they have a tendency to buy the superior substitutes. This
can be explained as follows. Let the P samples be partitioned into two sample groups ST! and
ST? such as P = ST} + ST? and a};, af¥; and ay,; be the above regression coefficients for the
ST!-, ST2- and P-sample groups, respectively. The sign conditions are aj,; > 0 in the first ST}
samples, ag}; < 0 in the last STZ samples and ag;; # 0, i.e., no sign condition on ay;; in the whole
P samples. As far as hypothesis testing is concerned, Hp : af,; = 0 against H; vap,; > 0 in the
first ST samples, Ho : af; = 0 against Hy : aif; < 0 in the last ST? samples.and Hy : ag;; = 0
against Hj : ag,; # 0 in the whole P samples may be plausible. For instance, the rice consumption
in Japan before and after around 1962 is an example. If one of the a priori known sign and/or
magnitude conditions is not met in one of (M. + 1) regressions, the Chow equal coefficients test
should not be applied. The same logic is available for the condition [ VIII ].

18 A case may happen in which some of the regression coefficients in A; are affected by structural
changes but the remaining are not. Chow also referred to this case. However, it may be difficult to
a priori know in actual research which regression coefficients are affected by the structural changes
and which regression coefficients are not.
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homoscedasticity test needs to be applied and (iii) all regression coefficients
(A; and A* are expressed in column vectors) estimated with A, sample sub-
matrices of (Y, X;) satisfy the a priori known sign and/or magnitude conditions
like [ III | when they are available:

=Va E?’E? —K;=14+N;
GQ’L = - "'z S FQQ—K;—l"rN: (w)

where it is considered that structural changes may have happened and af-
fected the variances V(us:) of the disturbance term; (Y, X;) is rearranged into
(Yx, X.:) by the order of the unknown but user-properly-guessed magnitudes
of variances V(uq)’s and then partitioned into three submatrices (Y, X*),
(¥, X%) and (Y™, X}") in such a way that the dimension Q of (Y*, X ;) is
equal to that of (Y**, X*) for user-specified @ such that Q@ > K;+1—N;, P =
20+ Q. and Q; > 050 that Yy = (Y™, ¥¥,Y*) and X,; = (X7, X, XY,

- B = (@ x 1)-vector of residuals resulted from regressing ¥* on the first Q

- samples X7 of X,; with/without constraint set C;A} = ¢;; E* = (Q x 1)-
vector of residuals resulted from regressing ¥** on the last Q samples X;* of
X with/without constraint set C;A}* = ¢ (Y*, X7} =central submatrix
to be omitted; (). = first dimension of dim(Yy, X %) = {Q, x (K; +2)}; and
Fg_"é{j_”fi'ﬁ‘ (w) = w percentile of an F distribution of (Q — K; — 1+ N;, Q —
K; — 1+ IN;) degrees of freedom;

[ IX ] (i) E; must satisfy the following residual outlier #-test!® 20 (Sawa, 1979) at
a 100y % significance level for a rather small sample size, if necessary:

max 57’; <tp-1{v/2P) for s=1,2,---,S and t=1,2,---,T

‘ for

I eLl/ /1~ gi |
OT,, = ——= lﬁ_t,/ jp - for p=S(t~1)+s
VEIE; — (85 /(1- g,)/vE = 1

9 B = {Ip— Xy(X[X ) XU ~ N (0p, 0%{Ip — X;(X)X:)"X}) in an uncon-
strained case or Ei=[p— X(X: X)X + Xi( X X)) WCH{C (X X)) ey ey
X(X{X)TIXQU  ~ N (0p,0% [Ip - X,(X|X,)1 X, — X( X X:)1C
x{Ci(X;X)TC} T Ci( X X)) X)) in a constrained case. It turns out that g, =
gi /o /1 — i ~ N(0,1) for p=S(t ~ 1) +s. .

20 The larger S and/or T' become, the smaller will v/2P become. Hence, tp,_1(¥/2P) becomes
larger so that the outlier ¢-test becomes weaker and a real outlier cannot be detected, even if it

exists. One remedy is to use the number of residuals exceeding a user-specified appropriate £ in
(ii) of [ IX ] as a substitute for the P of /2P in ().
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and/or .
(i5) all standardized residuals &.,’s defined below must not exceed the user-
specified criterion value ¢ | if necessary? :

rrﬁxrézt[gs for some s =1,2,---,Sand t=1,2,---,T
for L
'e:f,t&“—g“— for p=S5{t—-1)+s

. i/ 1~ Gy

where tp,1(v/2P)=v/2P percentile of a two-tailed t-test with P, — 1, ie,,
P — K+ N;—2 degrees of freedom; §;, = (p, p)-, i.e.,, {S(E—1)+s,5(t~1)+s}-
diagonal element of X ; (XX ;)~ 1X in an unconstramed case or X;(X;X;)™
x X! — X;(XX;)1CHC; (X,X) 1C}1C:(X(X;)"* X} in a constrained
case;

[ X 1 ¥ must satisfy the following turning point test defined by user-specified &
and (2, 1f () time series or longitudinal data are used (T > 3) and (ii) it is
necessary>> '

if
(yst —Ys t—n) (ys t4n — yst) <0 (36)

nEL ~ N(O 1). Pr{|e“| < 1} = 0.6827; Pr{E,,| < 1. 6449} = 0.9000; Pr{[e,| < 1. 9600} =
0. 9500 Pr{[e,,| <2} =0. 9545 and Pr{[estl < 3} =0.9983.

22 In regression analysis, an outlier test to identify an outlier in ¥ before estimation is less
important than an outlier test through residuals. If an outlier-like y,: is well tracked with outlier-
like @{%_,, s, it is not regarded as an outlier.

Bt is qulte important to track turning points of y;’s by ¥a's (and ¥i’s) in appli-
cations, especially, in prediction. A turning point at time ¢ can be mathematically de-
fined by the inequality (3.6).. However, from the practical viewpoint, (3.7) and (3.8)
should be introduced. Let us consider 2 cases: 3 annual data (dollars) of consumption
(US e—1: V5 Yo spa) = (999990999, 1000000000, 999999998) and 3 annual data (%) of unemploy-
ment rate (¥5 1,35, ¥ ,11) = (3,2,4) for some s where n = 1. Both y%’s and 35’ satisfy (3.6),
because (y% ~ y5,—1) (¥ s+ — V&) = —2 < 0 and (5, — yg,t-—l)(yg,t-{-l ~yb) = -2 < 0. However,
the A-turning point indicated by ¢%’s is so flat that the impact of such a turning point on the
economy is not serious. Empirically speaking, it is almost impossible to well track such a ﬂa.t
turning point by a regression equation. On the other hand, the V-turning point indicated by y,'s
is s0 steep that the impact on the society is large. In order to disregard a flat turning point, (3.7)
and (3 8) are introduced. For instance, if {1 = 0.01 (1 %) is specified, only the V-turning point
of y2,'s is required to be tracked well by the j-th practically best regression subequation, because
mm{ll ~ 8, ya ) 1 = 92 /ys|} = 0.000000001 < ¢; = 0.01 (disregarding the A-turning
point by y&’s) and min {|1 -2, /ud|. |1 = 98,01 /9%]} = 0.5 > ¢ = 0.01 (regarded as the
V-turning point by y®,’s).

It is easy to find the j-th practically best regression subequation, if the data, ys, ¥, -, ¥sT)
of a dependent variable increase or decrease monotonically over time for each s, implying that ne
turning point exists. However, it is quite difficult to search for the j-th practically best regressmn
subequa,tmn if there are many A- and/or V-turning points. The final-test estimates 7%, ¥, - -
Jor 8O away from yg, Ys2) ) YsT after the time of the first turning point which the pa.rt:a.l-test
estimates 7%y, 5, - -+, §ip failed to well track, if Y_; € X;.
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min{l——%&t’l,l—&ﬂ'—”}zg for 1s # 0 (3.7)
Ust Yst
or
min{lys,t\_—nla IyS,t+n|}_ 2 Cg for YUst = 0: (38)

then _ _

(Ust — Ys,0-n) (Tsp = Tapen) > 0 (3.9)
and ‘ _ '

(Ys,ttn — Yst) (g.:,t+n —Fg) >0 (3.10)

fors=1,2,--.,8,t= 1>+n,2+n,---,T—nandn=T}*,i}*-}-l,---,i‘}*”‘ when
Y_rr € X; and Yo € X; or n =1 when no lagged dependent variables are
in X.i;

and

[ XI ] one of the following three cases must be met with respect to a fitting
measure®® specified by the user:

(i) Case 1 in which no lagged dependent variables are included in
X: the specified adjusted coefficient of determination '72? of ¥; defined below
is greater than or equal to # and the j-th largest among the specified adjusted
coefficients of determination of the subsets which satisfy (i) all those applied
from among the conditions [ I ]to [ X ] and (47) (3.11) in [ XI ], depending
on the type of data (time series, cross-sectional or longitudinal data):

_ p2 _
R? = max {1 _a ‘ R*})D_(P 1),0} > ¢ (3.11)
or —~
’ .
R=1- iy >0, (3.12)

(Y — yXo)' (Y — yXo)

(ii) Case 2% in which at least one lagged dependent variable is an

Mo<R2<1, Ri=1 1mp11es perfect fitting of ¥; (partial-test estimate) to ¥, whereas R2 = 0
implies the worst ﬁttmg As '}Z’,2 — 1, the degree of fitting monotomcally increases.

The Akaike information criterion statistic ATC; = = P{In2r + 1+ In(EE;/P)} + 2(K; — N; + 2)
can be used ingtead of ’R,z and the phrase “the j-th largest” must be replaced with “the j- th
smallest” (Akaike, 1973). P In2m + 1) + 4 is not essential, because it is constant where € Go; and o?
are counted as parameters to be determined in K; — N; + 2. —co < AIC; < +00. AI Ci=—x
implies perfect fitting of i to Y, whereas AIC; = +oo implies the worst fitting. As AIC; = 00,
the degree of fitting monotonically increases.

25 Quppose that Y is a transformed dependent variable, Z is the original dependent variable of ¥
with its observations zy’s and Z; is the i-th final-test estimate of the original dependent variable
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important variable?® in X so that all meaningful subsets include such a
lagged dependent variable where we assume that, without loss of generality,

i = {Xoy Xuiy Xosy -y Xipiy Yorr, Yo(rgny, + oy Yoque} for T > T >
1 Xii = 'ki-th explanatory Varla.ble in- X; or X;“ = (Xf”,’,k‘,xéf;k .

len'f,,k ) = (P x 1)-vector and X, k_,sz = (:)3"ftz - ,m’;‘f_.,k R “’Sfi—'rk,-)’ (S x
1)-vector of its data x?’t’_fk sfor ki =1,2,-- K} Ki = K} + TP —-TF+ 1;
Ty, = known time lag number if 7, >0o0r0 othemlse (Xk,s is a current

var1ab1e) k= K —TF+1; by = =g, g, for ks = 0,1,2, -, T — T; and
the i-th estimated regression subequation is

Ki K* T‘il’* . .
i o ~ ki ~ )
Yse = Goi T+ E akizxs:tﬂfk Goi + Z Ok, Ixs t—-r;c + Z ak;+t¢,zys,t—t;(3-13)
- k=1 k=1 t;=Ty
Ki T*t
— kit .
= doi + Z % _r,, — ) bree Yo mt; (3.14)
i=1 t,-—-T

the inequality coefficient® IC; of Y; defined below to measure the degree of
fitting of the final-test estimates Y¥; to ¥ must not exceed the criterion value
d and is the j-th lowest among the inequality coefficients of the subsets which
satisfy (z) all those applied from among the conditions [ I ] to [ X ], ()
(3.11) in [ XI ], (444) (3.15) in [ XX ] and (4v) a turning point test for ¥;
characterized by (3.16) to {3.20), depending on the type of data (time series
or longitudinal data):

IC; = min { \/({—}7’;)'(}/ _ ?")/P, 1} <3 " (3.15)
JYY/P+Y'Y/P

Z with its final-test estimates Zi,’s where Y = f(Z) and y5; = f(2s) so that 2 = f~1(¥) and

Zst = f yst). The performance of Z; is often more interesting than that of ¥;. In this case, ¥V,

’yst, Ys,t—ny Vs tbm y,t, ys t—n and ¥, ys ton Can be replaced with Z, zg, Zst—n, Zs,t4n, Zop :»:s ¢y, and
s o in (3.15) to (3.20), respectively.

% As explained in Subsection 5.2, a set of all possible nonconstant explanatory variables spec-
ified for a dependent variable can be always classified into some sets of combinatorial {explana-
tory) variables and/or some sets of sequential {explanatory) variables. When at least one of the
variables in a set must be selected in all meaningful subsets, the variables in this set are called
"important variables”. On the other hand, if it is possible to generate all meaningful subsets
even when none of the variables in a set is sclected, the variables in this set are called “op-
tional variables”. When all possible lagged dependent variables Y 1., Y_ (7+41), -++ ¥Yoree in
X are sequential and important, they are classified as < m < Y_7+,Y_(pey1), -+, Yorer >> or
<< Y_peo,Y_(pev1y, o, Yo > m > for some m of m = 1,2, -, T* — T* + 1. When all pos-
sible lagged dependent variables Y_p+, Y_(7¢11), -+, Yo+« are sequential and optional, they are
classified as < 0 < Y Te, Yo (Tog1)stty Yores >3 O << Y oo, Y_ (pee_yyy -y Yorre >0 5.

Po<IC;i<1. IC;=0 implies perfect fitting of Y; (final-test estimate) to Y whereas IC; = 1
implies the worst fitting. As IC; = 0, the degree of fitting monotonically increases.
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for ¥; satisfying the following turning point test defined by user-specified ¢} K

and Cf
if ‘
(yst - ys,t—n)(ys,Hn - yst) <0 (3-16)
. Yst—n Ys t+n 1
mm{l——,l— }zgf for yu: #£ 0 (3.17)
Yst Yst -
or
minﬂys,t—nl: |ys,t+nl} 2 C? for yu = 0, (3.18)
then . .
(Yst — Ys,tmn) (Tl — Pgsom) > 0 (3.19)
and o _
('ys,t+n — Yst) (@'.:,H-n' ~Fu) >0 (3.20)

fors_=1,2,---,5',tml+n,2+n,---,T—nandﬁ:I}*,CI}*—r-l,---,Q}**,

where ¥; is calculated as follows:

K* T** .

o~ -

yst, - yst - aOz + Z a’kﬂums t-—‘rk Z bT**—t,,zyst —t;
k=1 ,_T.

for s=1,2,---,8 and t=1,2,--- 77,

K* t—-l Tﬁ*

=1 E : T ~1
Y = a'(lt + Qk; 'r.ms t—'rk E : bT;**-—-t,' ,iys,t—f,, E : bT**—t;,zys t—1t;
: ki= 4L=TF ti=t

for 3—1,2,---,5' and t=T74+1,TF+2,---, T if TF <T™
1 1 1 ) T

and
. K:‘ 1111_**
‘ﬁ;t = Goi+ Z a’“iixffti—fk,- - Z Bﬂ**—ti,ig:,t—t,-
k=1 t=T7
for s=1,2,---,8 and ¢t =T} + 1,17 +2,---,T
or \

(iii) Case 3 in which all lagged dependent variables are optional vari-
ables in X so that some meaningful subsets include at least one lagged de-
pendent variable but the others do not include any lagged dependent variables:
the specified adjusted coefficient of determination 'R of ¥; is greater than or
equal to ¢ and the j-th largest among the spemﬁed adjusted coefficients of
determination of the subsets which satisfy (i) all those applied from among
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the conditions [ I ] to [ X ] and (¢) (3.11) in [ XI ] and, furthermore, (i)
(3.15) in [ XI ] and (iv) a turning point test for ¥; characterized by (3.16)
to (3.20) only if the subsets include at least one lagged dependent variable,
depending on the type of data (time series or longitudinal data). O

A standard variable selection problem for regression analysis or OLS is defined
as the (first) OLS-best subset problem under an appropriate criterion set Q where
J = 1. In the usage of time series data, a standard variable selection problem is
. characterized by the conditions [ I ] to [ XI ]. In the usage of cross-sectional data,
a standard variable selection problem is characterized by the conditions [ I ] to
[ V], VII Jto[ IX ] and Case 1 in [ XI ]. In the usage of longitudinal data, a
standard variable selection problem is characterized by the conditions [ I |to[ V ]
and [ VII Jto [ XI .

If a user has a new scientific condltlon(s), statistical test(s) and/or data-analytic
test(s) which are not cited in the j-th OLS-best subset problem, he can add them
to a standard variable selection problem before the last condition [ XI | and then
develop software.

4 Remarks on a Solution, Diagnosis and Predic-
tion

One should not offer users unsatisfactory regression equations as the best. A dis-
trust against statistics and econometrics may be instilled in users’ minds. Therefore,
thorough scrutiny is needed to search for the practically best regression equation.
Although many statistical tests have been proposed, there is no guidance on how
systematically they should be applied for regression analysis. There is no compre-
hensive evaluation function of various statistical tests. If a user has not only suffi-
cient professional knowledge about his research but also rich experiences in model
building and knows appropriate criterion values, then a solution to the (first) OLS-
best subset problem (5 = 1) should be adopted as the practically best regression
equation. However, if he has a new test not cited here or does not know appropri-
ate criterion values, he should solve, for example, the first 3 or 5 OLS-best subset
problems (7 = 1,2,3 or j = 1,2,3,4,5) in a run of a computer and determine the
practically best regression equation by using the new test or comparing the selected
(at most) 3 or 5 practically best regression subequations together with their calcu-
lated test statistics with each other. This may be an easy job because the selected
regression subequations have already passed all of the conditions in the third or fifth
OLS-best subset problem. Of course, if a severe criterion value is set for a statistical
or data-analytic test, no practically best regression subequation may exist. In this
case, good software automatically gives a user a message about the condition up
till which at least one regression subequation has passed all early conditions and
the next condition in which all regression subequations failed to pass. The message
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becomes a good diagnosis for him. It is suggested to solve the first j OLS-best
subset problems under rather weak criterion values at first. Then, if he comes to
notice more appropriate criterion values, he should resolve the (first) OLS-best sub-
set problem (j = 1) with new criterion values. Thus, he must be an expert in the
field of his research. _

If a user or programmer wants to develop software to solve the j-th OLS-best
subset problem, he should enable it to handle more flexible criteria in addition to
the criteria in the j-th OLS-best subset problem. For instance, software had better
have the function of being able to apply a #-test of a 1008, % significance level or a
directly loaded percentile {critical point value) tﬁ to the k-th regression coeflicient for
allk=1,2,---, K where 0 < f; < 1. Furthermore, the software should be designed
to solve the first § OLS-best subset problems for each of A different dependent
variables (for instance, consumption, investment, import, production, etc. in an
economic system) for any 7 and M where M kinds of the j-th OLS-best subset
problem are solved in a run of a computer.

Needless to say, the estimated regression coefficients, the estimates and pre-
dicted values of a dependent variable, residuals, t-ratios and even test statistics
are functions of the criterion values set by a user, i.e., G = f2,(Q), T4 = F5(Q),
& =-F8(Q), thi = fL:(Q), DW; = FPY(Q), ete. Accordmgly, if one of the crite-
rion values is altered, a different j-th practically best regression subequation may
be obtained. Conventmnal criterion values are usually specified. It must be kept in
mind that the phrase “practically best” is used in this sense.

The conditions [ I ] and [ III ] stem from scientific requirements, the conditions
[II],[ IV Jto [ IX ] and [ XI | are statistical and the condition [ X ] is rather
data-analytic. With respect to each of all meaningful subsets, all conditions are
sequentially investigated in the order of the conditions { I ] to [ XTI }. The order
of the conditions [ I ] to [ XI ] in the j-th OLS-best subset problem seems to be
plaugible. First of all, the condition [ I | must be satisfied for any kind of research.
Then as the second condition [ II |, the regression coefficients and their variances,
standard deviations and ¢-ratios, variance and standard deviation of a disturbance
term and important test statistics should be calculated only for the subsets which
were judged meaningful for the research. The condition | III ] handles hypotheses
about regression coeflicients which cannot be put or are difficult to be put under
statistical tests and should be cleared before all statistical and data-analytic tests are
applied. The order of the conditions [ IV ] to| X ] does not matter. However, the
condition [ IV | should be applied before the conditions [ V ], [ VII |, [ VIII ]
and | IX ], because they are related to a normal distribution. It is convenient
to apply the condition | VI ] before the conditions [ VII ], [ VIII ] and [ IX ],
because a serial correlation test is always used for time series data. The conditions
[ VII | and [ VIII | are usually used when the external information is available
for structural changes or differences. The condition [ X ] is optional and should .
be used whenever at least one lagged dependent variable is an explanatory one. If
the condition.[ X ] is not met by the partial test, the turning point(s) will not be
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tracked well in the final test and the prediction will fail.

The condition [ XTI ] for fitting must come at last. It must be noted that the
conditions [ I ] and [ III ] to [ X ] are used to simply judge whether or not cal-
culated values or test statistics satisfy specified criteria (simply, pass or failure) but
not to see how good they are. The condition { XI ] examines how relatively good
a degree of fitting is if it satisfies a certain level indicated by & and/or § and is used
to rank the regression subequations of the subsets which have passed all conditions
applied prior to it, of course depending on the type of data, the presence or absence
of a lagged dependent variable, etc. Needless to say, a prediction must be made by
the practically best regression equation.

If a subset is meaningless, the computer ignores it. If the regression subequation of
a meaningful subset does not satisfy a condition, then the computer checks whether
or not it has ever satisfied most conditions, memorizes the aborted condition if so,
and indicates until which scientific, statistical or data-analytic condition was satisfied
as part of a diagnosis in the printout if the practically best regression subequatlon
does not exist.

Whenever a t-test for hypothesis testing on regression coefficients, the Chow equal
coefficients test, the Goldfeld-Quandt homoscedasticity test and/or an outlier ¢-test
are employed, the Jarque-Bera normality test should be applied, because they are
based on a normal distribution. Roughly speaking, if a 100n % Jarque-Bera normal-
ity test, a 1008 % hypothesis testing, a 100y % Durbin-Watson serial correlation
test or Durbin A-test, a 1009 % Chow equal coeficients test, a 100w % Goldfeld-
Quandt homoscedasticity test and a 100v % outlier ¢-test are applied, the practi-
cally best regression equation comes to be obtained with the total significance
level 100¢ %, where ¢ = 1 - (1 —n)(1 - 81 —v)(I - )1 - w)(l —v). If
n=8=qv9=1%=w=v = 005, then the total significance level ¢ or 100¢ %
becomes 0.2649 or 26.49 %, respectively. In other words, there is a 26.49 % risk that
the practically best regression equation was actually not best.

5 Processing of Professional Knowledge

5.1 A Priori Known Signs of Regression Coefficients

So far statistics has not been able to solve the j-th OLS-best subset problem.
We need informatic statistics or econometrics to solve it in which not only statistics
but also professional knowledge or information are systematically interwoven. It is
decisively important to create a methodology and algorithm to satisfy the conditions
[ I}and [ III ] in the j-th OLS-best subset problem, no matter what research is
conducted. Fortunately, it is possible. The information about the signs of some
regression coefficients is often available from the professional knowledge related to
the research at hand. A user may want to test hypotheses about the signs of some
regression coefficients. For instance, it is unrealistic that production becomes op-
timal ceteris paribus, when people do not work at all if the estimated regression
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coefficient of the variable “labor” is negative in the production function or the de-
mand quantity for personal computers is drastically increased, when the price is set
extremely high ceteris paribus if the estimated regression coefficient of the variable
. “price” is positive in the demand function. There are many situations as above in
which ‘the signs of the regression coefficients of some explanatory variables are a
priori known. In these situations, it is convenient to attach the a priori known or
to-be-hypothetically-tested signs, + or —, to the fronts of such explanatory vari-
ables in loading a dependent variable together with explanatory variables into a
computer. Let { denote +, — or nothing and braces { and } stand for a set or
subset of variables. Therefore, ¢X implies +X, =X or X.

5.2 Scientific Variable Classifcation

Double variable classifications needs to be applied to all possible nonconstant
explanatory variables. They are (i) single or grouped variables and (i) combinatorial
or sequential variables and must be employed to solve the j-th OLS-best subset
problem for regression analysis.

5.2.1 Siﬁgle or Grouped Variables

A single variable is defined as one which has its meanings or role by itself
in interpreting the regression equation in which it is included. Most explanatory
variables are usually treated as single variables. On the other hand, a grouped
variable is defined as one which cannot have its clear meanings or role by itself
but can have it only when it is used together with the other appropriate variables.
Such grouped variables are called a set of grouped variables. The grouped
variables in a set usually represent (i) complementary relations such as a pair of
patients’ expenditures on medical doctors’ services and prescribed medicines bought
in pharmacies or (#) a choice of an aggregate variable or all componentwise variables
such as a total score, X, of an entrance examination (single variable) versus scores,
X1, Xa, -+, Xk, of K individual subjects (grouped variables) like mathematics,
economics, biology and literature where X = YK | X;.

In order to distingunish a single variable with/without the sign from a set of
grouped variables with/without the signs of their regression coefficients, we postu-
late that the latter is enclosed within parentheses (and } like (¢ X1, X2, -+, $Xk)
and, furthermore, in variable selection, it is treated just like a single variable and the
parentheses are ignored in the subsets which include the set of grouped variables.

Let A represent a single variable with/without the sign of its regression coeffi-
cient, ¢X, or a set of grouped variables with/without the signs of their regression
coefficients, (¢X3,0Xs, -, 0Xk), for some K = 2,3,---. X is called a con-
densed variable and introduced to compactly express variable classifications.
For instance, if X = +X, then A’ means variable X whose regression coefficient must
be positive, implying that it is a priori known or to be hypothetically tested that
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an increase in X increases the dependent variable, ceteris paribus, and vice versa.
Furthermore, if a user wants to apply a ¢-test, then +X requires a one-tailed ¢-test
but not a two-tailed ¢-test, implying that an Ftest is inappropriate. If ¥ = X, then
A means variable X whose regression coefficient can assume a positive or negative
value and requires a two-tailed ¢-test or an F' test.

Example 1:
Ay, Xy, A, Xy, X = — X, (44X, +X3), + X4, X, (— X, X7, +X5)

implies that X = —-X;, A& = (+X,, +X3), Ay = +Xy, Ay = X5 and X =
(—Xs, X7, +Xs). There are 8 explanatory variables X; to Xs, consisting of 3 single
variables and 2 sets of 2 and 3 grouped variables so that there are 5 condensed
variables &) to A5. The a priori known signs of the regression coefficients of X; and
X are negative and those of X;, X3, X; and X are positive but those of X5 and
X7 are unavailable.

For instance, if A}, i.e., the single variable X is selected in a meaningful subset
of variables X; to Xj, the estimated regression coefficient of X; must be negative
for the regression subequation to become scientifically reasonable with respect to
sign conditions. If A3, i.e., a set of the grouped variables X; and X3 is selected
in a meaningful subset, then the signs of the estimated regression coefficients of
X, and X3 must be positive for the regression subequation to become scientifically
reasonable with respect to sign conditions. Since X, and Xj; are not single but
grouped variables, any subsets which include only X, or X3 become meaningless.
If A3, ie., the single variable X; is selected in a meaningful subset, the estimated
regression coefficient of Xy must be positive for the regression subequation to become
scientifically reasonable with respect to sign conditions. If X}, i.e., the single variable
X5 is selected in a meaningful subset, it does not matter whether the estimated
regression coefficient of X5 is positive or negative for the regression subequation
to become scientifically reasonable with respect to sign conditions. Finally, Aj,
ie., a set of grouped variables Xg, X7 and X3 must be in a meaningful subset, if
selected, and the estimated regression coefficients of X and X3 must be negative and
positive, respectively, for the meaningful subset to become scientifically reasonable
with respect to sign conditions. : .

If Xp fork=1,2,---,8, i.e., X for s = 1,2,---,5 must be selected in a combi-
natorial way, the number of all nonempty meaningful subsets concerned with X,
X, +++, and Xy becomes 31 (= 2° — 1), which correspond to all possible nonempty
subsets concerned with & for k = 1,2,---,5. Since the number of all possible
nonempty subsets concerned with X}’s is 255 (= 2% — 1), that of all meaningless
subsets becomes 224.

If Xi for k= 1,2,---,8 must be selected from the left-hand side in a sequential
(and additional) way, the number of all nonempty subsets is 8. However, the number
of all nonempty meaningful subsets is 5, corresponding to X fork = 1,2, ---,5 which
are sequentially (and additionally) selected from the left-hand side. They are {—X;},
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{-X3, +X2,+X3} {—X1,+Xa, + X35, + X4}, { X1, + X0, +X, +X4,X5} and {—-X1,
+X2: +-X3: +X4: XS; Xﬁ: -X'Ts +X3}

Needless to say, if X for ¥ = 1,2,--.,8 must be selected from the right-hand
side in a sequential way, the number of all nonempty meaningful subsets is also 5,
but the meaningful subsets differ from those selected from the left-hand side. They
are { XG)X’?a +X8} {XS: XG:X'?)_"XB} {+X4:X5: X63X7:+X8} {+X25 +X3:
+X4a XE; _XG; -X'?: +X8} and {_Xl: +X2) +X3a +X4: X5: _'Xﬁ: X73+X8}-

5.2.2 Combinatorial or Sequential Condensed Variables

Here general variable classifications are referred to. However, basic variable
classifications which are the simplest of general variable classifications are mainly
used in actual applications.

® Generalized Combinatorial Condensed Variables

K condensed variables A1, A3, - - -, Xk are focused on. Let L be a positive integer
not exceeding K so that 1 < L < K, My and N, for £=1,2,---, L be nonnegative
integers not exceeding K for all £ such that (i) M; + N, > 0if L = 1 and (ii)
[M;, NXIN (Mg, Nf] = 0 for M} = min{M,, Nz}, N; = max{M,, N;} with allowable
My =Ny =0if 2 <L < K. We postulate that the classification form

<M <My < - <M, <X, Axg>Np>-->No>N > (521)

(i) generates 1%, Zﬁi*:M; ( T!}fg ) meaningful subsets of @ (if some M} = 0) and

{Xonss Xy -5 Xmg} for my,ma, -~ ,my = 1,2,--, K, m; % my, 5 # 7, 4,5 =
My, M;+1,---,Nfand £ = 1,2, -+, L and, furthermore, (71) investigates whether or
not the estimated regression coefficients of the variables in all meaningful nonempty
subsets meet the + or — signs, if included in A%’s for k = 1,2,--+, K, when (5.21) is
used for estimation, where Xy, Aa, - -+, Xx are called & set of combinatorial
condensed variables or simply a set of combinatorial variables.

A user introduces condensed variables X}, X, - - -, X’x and knows the appropriate
integers for M, and N for all £ from the viewpoints of the proféssional knowledge. It
is impossible for him to implement his research well, otherwise. It must be noted that
the positions of &j’s in (5.21) do not matter. Needless to say, if M; =0 or Ny =0
for L=1or M; = 0and/or Ny =0for L =2,3,---, then an empty subset becomes
meaningful with respect to these condensed variables. Case L = 1 in (5.21), that
is, < My < A, &%, -+ -, Ax > N1 >, which is called basic combinatorial variable
classification, is used in most research. If 0 < My, Ny < K for all £, then X, X,
+++, Xy are called combinatorial and important condensed variables. If M, = 0
or N; = 0 for some £ (usually, £ = 1), then X}, X%, - - -, X are called combinatorial
and optional condensed variables.
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Example 2: Case of K =3, L=1, M =1, Ny =2, X = X;, X = +X, and
X3 ="-X3:
<1< Xy, +X0,-X3>2>

(¢) generates the following 6 meaningful subsets with respect to X;, +X, and —Xj:
1) {Xl}; 2) {+X2}; 3) {—X3}; 4) {X}_, +X2}; 5) {.Xl, —Xa}; and 6) {-I‘Xz, —Xg} and
(#%) investigates the signs of the regression coefficients of these meaningful subsets,
where ( 2 ) + g = 3 + 3 = 6. For instance, the regression coeflicients of X,
and X3 in {+X,, — X3} must be positive and negative, respectively, as preconditions
for application of statistical and data-analytic tests. The integers 1 and 2, the -+
sign (of the regression coefficient) of variabe X3 and the — sign of variable X; reflect
professional knowledge. On the other hand, the a priori known sign is unavailable for
X so that the regression coefficient of X; can assume a positive or negative value.
Therefore, the other subsets @ and {X;,+X,, —X3} are regarded as meaningless.
Needless to say, the following 11 classification forms are equivalent to the above:
(1) <1 < X,-X3,+X2 > 2> (2) <1 < +X0,X,-X3 >2>, 3) <1<
+Xo,~X3,X1>2>, (4) <1< —X3,X1,+X2 > 2>, (5) <1< ~X3,+Xs, X1 >
2>,(6) <2< X, +X5,-X3>1>,(T) <2< X1,-X35,+X>1>, (8) <2<
+X2, X1, X5>1>,(9) <2< +X5,—X3, X1 > 1>, (10) <2< —X3, X, +X; >
1> and (11) <2< —X3,+X2, X3 > 1>,

Example 3: Case of K=3,L =2, M; =1, M, =3, Ny=1and N, =3:
- <13 < (=X, X)), + X3, + Xy >3>1>

(¢) generates the following 4 meaningful subsets: 1) {-X1,X2}; 2) {+X3}; 3)
{+X4}; and 4) {—X;, X5, + X3, +X4}, which are obtained as < 1 < 3 < Xy, Ab, X >
3 > 1 > generating {X; }, {A,}, {45} and {A), Xs, A5} and (42) investigates the signs
of the regression coefficients of these 4 meaningful subsets, where &; = (- X, Xs),
Ay =+X3 and A3 = +X,.

® Generalized Sequential Condensed Variables
Let M, L, K, J, I, H, G and F be nonnegative integers not exceeding K and

K =number of condensed sequential variables. The two kinds of a sequential variable
classification form are introduced.?® .

28 For example, R&D for improving the breed of a fruit like apple or orange measured as expen-
ditures on R&D usually starts contributing the production in a society after a certain time period
(say, after 10 to 12 years), continues contributing during some period (say, a period of 15 to 20
years) and then terminates its role when the new breeding technology is completely settled into
plant capital and widely disseminated or replaced with the latest technology. Lagged R&D expendi-
tures may be treated by a sequential variable classification. Since R&D is consecutively conducted,
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(i) Case of Sequential and Important Condensed Variables for 1< M <K

The classification form

<M< L<J<I<H<GLX, Xy Koy, K> >>>>>>
or _
<K<K <KL,y Aty Xy, >G> H>T>J>L > M > (5.22)

for0< M<K, 1<L<(K-M)/H+1,
ISHSK,0§I<K,1§J<Kand1§G<K

(¢) generates at most JL meaningful subsets {Xy, Xer1, Xy, -+, Ao} for £ =
1+GE -1 +I(¢{-1), \=min{M+ G -1)+(H+){¢{-1),K},£=1,2,-++,L
and j =1,2,.--,J and, furthermore, (i) investigates whether or not the estimated
regression coefficients of the variables in all meaningful subsets meet the + or —
signs, if included in A}’s for k = 1,2,--+, K, when (5.22) is used for estimation.
Five pairs of the underlined parts are omissible orderly from the @ side toward the
L side together with the corresponding underlined <’s or >’s in the opposite side,
‘the number of <’s must be equal to that of >’s,and L=K —-M+1,J=1,1 =0,
H =1 and G =1 are set as defaults, if not inputed.

Let us derive the JL meaningful subsets of < M < L < J < X, A, -+, Xy, -+,
X >>>> or <<<< X, Ay, Ao, &1 > J > L > M >inacaseof 1 <
M<K, L=K-M~-J+2and 1< J < K. They are (1-1) {X], X, - -+, Xpr}, (1-2)
{A, Xy, Xagaa}, ooy (L) { X1, X, - o+, Xpger—1} corresponding to j = 1; (2-1)
{XZ; X3: Ty XM+1}: (2'2) {X2; "Y3; Tt XM-}-?}; Y (2'L) {X% X37 Tt XM-}-L} corre-
sponding to j = 2; ey, (J-—l) {XJ, XJ.’.]_, ey, XM+J_1}, (J-2) {X‘], XJ+1, ey
X}ty +o 0 (J-L) {X;, Xypa, - - -, Xx} corresponding to § = J. If J = 1, then only
(1-1) to (1-L) are derived as the meaningful subsets with L = K—M+1. &), Xa, « -+,
Xx in (5.22) are called a set of sequential and important condensed
variables. |

Example 4: Case of K =4, M =2, L=3 and J = 2,

<2<3 <2 <HXy,+ X, — X3, Xy >>>>,
or
<<<L< Xy, = X3, + X, + X1 >2>3>2>

the above example can be expressed as < 15 < 5 < 3 < +X_19,+X_11,--,+X 01 >>>> or
<K< A+ Xeg, o+ X0, +X 30 > 3 > 5 > 15 > where X_; =R&D of ¢ years ago for t = 10,
11,---,21 and the + sign in front of X_; indicates that the regression coefficient of X_, must be
posttive, implying that the R&D of ¢ years ago brings a good effect on the current production.
R&D for agriculture, forestry and fishery (say, tuna breeding) should be evaluated in a longer term.
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(¢) generates the following 5 meaningful subsets: 1) {+X1, +X5}; 2) {X1, +Xs, —X3};
3) {+X1, +X2,‘—'X3,X4}; 4) {+X2, —X3}; and 5) {+X2, -'Xg,X4} and (’&Z) inves-
tigates the signs of the regression coefficients of these meaningful subsets. I = 0,
H =1and G =1 are set as defaults. '

(ii) Case of Sequential and Optional Condensed Variables

The classification form

<0< L J<I<H<G<E <K, Aoy, AR, o, Ax>>>>>>>>

or .
<< << < << <Xy, Xpy o X, i F>G>H>I>J>L >0>

(5.23)

fori1<LL(K-F)/H+1,1<H<LK,
0<I<K,1<J<K,1<G<Kandl<F<K

(i) generates at most (JL + 1) meaningful subsets § and {X, Xei1, Xeta, - - X0}
for e = 14+ G -1)4+I(f-1), » = min{F + G — 1) +(H + I){¢ — 1), K},
£=1,2,---,Land § = 1,2,---,J and, furthermore, (7¢) investigates whether or
not the estimated regression coeflicients of the variables in all meaningful nonempty
subsets meet the + or — signs, if included in X}’s for k = 1,2,- -+, K, when (5.23)
is used for estimation. Six pairs of the underlined parts are omissible orderly from
the F' side toward the L side together with the corresponding underlined <’s or >’s
in the opposite side, the number of <’s must be equal to that of >’s, and L = K,
J=1,I=0,H=1,G=1and F =1 are set as defaults, if not inputed. (5.23)
corresponds to (5.22) but accepts @ as meaningful.

Exémple 5: Caseof K =4(and L =4,J=1,I1=0,H=1,G=1and F=1):
<0< +Xy, =X, X35, + Xy >> or << +Xy, X3, -X5,+X1>0>

(¢) generates the following 5 meaningful subsets: 1) @; 2) {+X1}; 8) {+X1, —Xz}; 4)
{+X1, —X3,X3}; and 5) {+X1, —X», X3, +X4} and, furthermore, (i) investigates
the signs of the estimated regression coefficients of the nonempty meaningful subsets.

Nonnegative integers M, L, J, I, H, G and F in (5.22) and (5.23) reflect part
of the professional knowledge needed in research. The simplest case of < M <
Xy, Moy oo, Xie >> o1 << Xy o, Xay Xy > M > for M =0,1,2,--+, K for (5.22)
or {5.23), which is called basic sequential variable classification, is often used
in actual research. For instance, consecutively lagged variables or power variables in
a polynomial are classified as basic sequential variables. The positions of sequential
condensed variables Xy, Ay, -+, Xk in (5.22) and (5.23) are decisively important.
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X1, Az, -+, g in (5.23) are called a set of sequential and optional
condensed variables.

Finally, let us give an example of a combination of sets of combinatorial and
sequential variables.

Example 6:
<1< 4+X,—Xo, (+X1,X35), (X2, 4+ X)) > 1> <0< X5, X >>

First of all, < 1 < +X1,-X,, (+X;,X3),(—X2,+Xy) > 1 > generates the fol-
lowing 4 partially meaningful subsets: a-1) {+X1}; a-2) {—Xz}; a-3) {+X;, Xz};
and a-4) {—X»,+X,;}. Secondly, < 0 < X5, X >> generates the following 3 par-
tially meaningful subsets: b-1) §; b-2) {X;}; and b-3) {Xs, Xs}. Finally, we have
the following 12 (=4x3) meaningful subsets derived from the combination of a-1)
to 2-4) and b-1) to b-3): 1) {+X1}; 2) {—X2}; 3) {+X1, X5}; 4) {—Xa, +X4}; 5)
{+X1, X5} 6) {—Xo, X5} 7) {+X1, X3, Xs}; 8) {—Xa, + X4, X5 }3 9) {+X1, X5, X6 };
10) {"-*Xg,X5,X5}; 11) {+X1,X3,X5,X5}; and 12) {—Xz, +X4,X5,X5}. Further-
more, it is checked whether or not the estimated regression coefficients of the above
12 meaningful subsets coincide with the corresponding specified signs. It must be
noted that although variables X; and X, with their signs appear twice, all 12 mean-
ingful subsets do not have two X;’s and/or X>’s so that there are no redundancies
in the meaningful subsets.

5.3 Standard Functional Form

All meaningful subsets generated by the forms (5.21) and/or (5.22) or (5.23) are
equivalent to each other before evaluation for their regression subequations. Let X,
be a constant term. We postulate that Xy is not enclosed within any symbols, a
dependent variable is expressed as a function of a constant term, if needed, and a
set of all possible classified explanatory variables and X is automatlcally included

in all derived meaningful subsets.
It is convenient for users to introduce a standard functional form ¥ = F(X[X])

for regression analysis where ¥ =dependent variable and [X] =set of all possible ex-
planatory variables classified with the professional knowledge related to the research

in question. Let us give an example:

Example 7: With the Schur stability condition concerned with Y, Y_;, Y., and
Y_3:
Y = F(Xp <2<+X,-X2>2> <0<X3>1>
<< Y 3, Y, +Y 1 >2>2> 1) (5.24)
which is equivalent to ¥ = F(X, < 2 < +X,—- X >2><1<2<?2c<

+Y1,Y2,Y3>>>><1<X3>0>)&I’ldy F(X0<2<+X1, X2>2>
<0< Xa>1><1<+Y 1, Yo, (Yoo, +Yy), (Yo3,Yop) > 1 >).
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< 2 < +X1, =X > 2 > yields only one partially meaningful subset (i) {+X;, - X3}
with respect to +X; and —X5. < 0 < X3 > 1 > yields 2 partially meaningful subsets
(ii-1) @ and (ii-2) {X3} with respect to X;.

It is clear that M =1, L = 2 and J = 2. The defaults are [ = 0, H—l G=1
and FF = 1. Thus, jm12and£—12 k=14+1-(j—1)+0-(—1) =,
A= 1+1-(j—1)+(1+0)(£—1) =j+4—1. Accordingly, =1 and £ = 1 lead to
k=1and A =1 and yield (iii-1) {+Y_;}. j=1and {=21lead to k =1 and A = 2
and yield (iii-2) {Y_5,+Y_1}. j =2 and £ =1 lead to 5 = 2 and A = 2 and yield
(iii-3) {Y_2}. 1 =2 and £ =2 lead to £ = 2 and A = 3 and yield (iii-4) {¥Y_3,Y_,}.
All 8 meaningful subsets consist of [1] {Xo}, (i), (ii-1) and (iii-1); [2] {Xo}, (i),
(ii-1) and (iii-2); [3] {Xo}, (1), (ii-1) and (iii-3); [4] {Xo}, (1), (ii-1) and (iii-4);
[5] {Xo}, (i), (i-2) and (ifi-1); [6] {Xo}, (i), (i-2) and (iii-2); [7] {Xo}, (1), (ii-2)
and (iii-3); and [8] {Xo}, (i), (ii-2) and (iii-4). Finally, we have the following 8
meaningful subsets: [1] {Xo, +X1,—Xo,+Y1}; [2] {Xo,+X1, — X2, Y0, +Y 1 )
[8] {Xo,+X1,—Xa, Yoo}; [4] {Xo,+X1,—X2, V3, Yo}; [5] {Xo, +Xi, — X, X,
+Y_ 1} [6] {Xu, +X;,— X, X5, Y_ 2,+Y 1} [7] {Xo, +X1, ~Xo, X3,Y_2}; and
[8] {Xo, +X1, —Xa, X3, Y_3,Y_2}.

- The estimated regression subequations Y, for k = 1,2,-+-,8 of the above 8 mean-
ingful subsets can be expressed as follows:

(1] 5;}1 = Qo1 + 811 X1 + B Xo +Am Y,

[2] Y, = Gop+ 12Xy + Gpa Xy + 8a2Y o + GeY

3] Y3 = Qo3 + 813X + a3 Xy + 833,

[4] Yy = Gog + U1 Xy + G4 Xy + 83 Y 3 + 044Y 2

[5] Yy = g5 + 015Xy + 025 X5 + B35 X5 + GasY 1,

6] Yo = s+ G16X1 + 826 X5 + Q36X + GasYo2 + Gz Y,
[7] Y: = Qo7 + 817 K1 + 8o Xs + Bar X5 + BurY g,

8] Yy = Qog + G X1 + GpaXp + 838X3 + TaaY_3 + Gss ¥ 2.

As preconditions for the applications of statistical and data-analytic tests, these 8
regression subequations must satisfy the following sign conditions specified in the
functional form (5.24): (i) @, > 0 forall s = 1,2,---,8 by +X;, (ii) @ < 0 for all
x=1,2,---,8 by —X, and, furthermore, (111) dgr > 0, G4z >0, @45 > 0 and @55 > 0
by +Y_;. Suppose that the Schur stability condition must be met by solutions
of the characteristic equations of the regression subequations. For example, the
characteristic equation of the second regression subequation in [2] (x = 2) becomes

2 — Ggpl — Ty = 0,

derived from ¥ — 6.421’_1 — 632}’_2 = () where 312 = —-342 and 302 = —632. We have
Ty =1, T3 = 2 and ky = 1,2. The following Schur stability condition must be
satisfied for the second regression subequation before statistical and data-analytical
tests are applied:
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for k2=1
| U L =Gy —Gn 0
"A“‘ _ A-12 A12 0 1 —Q4z —d32 0
I 12’— —ck ) | = —~ — -3 )
12 Ay —O32 —Gp 1 0
0

—G32 —Gg2 1

which leads to 1 — 2632&32 - 2&%2 - aﬁz + 'd%z - 6‘322&32 = (1 -+ 332)2(1‘ - 632 - 642)(1 —
Qap + 642) > 0,

and for ky = 2
—— ek )
| 22| = | ek et - ) i >0,
z A 82

which leads to 1 — @2, > 0.

Then, the estimated regression coefficients @3, and @4, must satisfy (i) —1 < @sp <
Oor 0 <@g <1and (ii) —(1 —@33) < G42 < 1—asp from the viewpoints of the Schur
stability condition. Finally, if the regression subequation of the second meaningful
subset {Xg,+X1,—X2,Y_2,+Y_1} has (1) G2 > 0, (11) foo < 0, (11) —1 <@z <0
or 0 < @3 < 1and (iv) 0 < G4g < 1 — @32 which are required from both the sign
and Schur stability conditions, it becomes scientifically reasonable and ready for
statistical and data-analytic tests. The cases of all other regression subequations
are omitted.

Unless variable selection is needed, a single regression equation is estimated by
Y = F(OX(), <>X1, <>.X2, ey OXK) IfOXk = +Xk-01‘ —Xk fOI‘ some k = 0, 1, 2, o ',K,
then the estimated regression coeflicient @ of X} is examined whether @, > 0 or
ar < 0, respectively and a one-tailed #-test for its regression coefficient a; is con-
ducted, if requested. On the other hand, if Xy = X for some k, then @ of X, can
be either positive or negative so that a two-tailed ¢-test for its regression coefficient
ax is conducted, if requested.

5.4 Sufficiency of Scientific Variable Classification

In Subsection 5.2, double variable classifications were proposed to efficiently gen-
erate only all meaningful subsets from a given set of all possible explanatory variables
specified for a dependent variable. They are regarded as necessary conditions for an
efficient generation of only all meaningful subsets. However, we have to prove that
double variable classifications are sufficient to always generate only all meaningful
subsets but not any meaningless subsets in a run of a computer, no matter what
research is conducted.

Suppose that a user wants to estimate and evaluate the following I possible re-
gression equation candidates one at a time to search for the practically best one:

Y=q0p+X;A+U fori1=12..--,1 (525)
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where ag; =true regression coefficient of a constant term in the i-th regression
equation candidate; X; =set or row vector of (nonconstant) explanatory variable
candidates, which he knows concretely, in the i-th regression equation candidate;
A; =column vector of true regression coefficients of X;; and U =disturbance term.
Then all I possible regression equation candidates can be generated and estimated
and, furthermore, the signs of all estimated regression coefficients are checked by
the following functional form in a run of a computer:

Y=F(0X; <1< (0X,1),(0Xa),-, (X)) >1>) (5.26)
which generates
{<>X07 OXI}: {<>X0: OXZ}a Tty {OXO; OXI} for K . (527)

estimates R o '
}fi=60z+XzAz fOI‘?::].,2,"',I, (5'28)

and investigates whether or not all A;’s coincide with the corresponding a priori
known signs where ¢X, = constant term with/without the a priori known sign of
its regression coefficient and ¢X; = X; with/without the a priori known signs of
* their regression coefficients. Although the entry becomes long, the variable sets of
all I regression equation candidates which correspond to all I meaningful subsets
can be generated by (5.26) and estimated as (5.28) in a run of a computer. It is
clear that all ¢X;'s for i = 1,2,..-,I are treated as combinatorial and grouped
variable sets.

We conclude that scientific variable classification characterized by double variable
classifications, single or grouped and combinatorial or sequential, is not only nec-
essary but also sufficient to generate only all meaningful subsets from a given set
of all possible explanatory variables specified for a dependent variable in a run of a
computer, no matter what research is conducted. :

5.5 Derivation of Individual Magnitude Conditions from an
Aggregate Magnitude Condition

It is unrealistic that consumption with constant income over time becomes in-
finitely large or negative or oscillates between positive and negative values, as time
passes or a rice production becomes treble, if all inputs which can be bought with
money are doubled under the same weather condition, implying that increasing re-
turns to scale in the rice production are unusually high. Thus, there are sitvations
in which the a priori known -+ or — signs of the regression coefficients of explanatory
variables are not sufficient and the regression coefficient of an explanatory variable
or the sum of the regression coefficients of some explanatory variables must exist
in a certain range. Such a range is called a magnitude condition. It is convenient
to express a regression coefficient with the notation of the corresponding possible
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explanatory variable {and a constant term), when an aggregate magnitude condi-
tion is loaded into a computer. The individual magnitude condition for each of all
meaningful subsets can be easily derived from an aggregate magnitude condition.
An aggregate magnitude condition corresponds to a set of all possible explanatory
variables for a dependent variable. Let us denote an aggregate linear magnitude
condition®”® by

CX>a', CX<ad® or o' <CX <a? (5.29)

where o' =known lower bound, a? =known upper bound and C' = {1 x (K +1)}-
vector of known coefficients. Since the explanatory variables having zero coefficients
can be removed from the above, we can rewrite the above aggregate magnitude
conditions as follows:

C*X*>at, C'X*"<co? or o' <C*X*<o? (5.30)

which is actually loaded into a computer where all elements of C* are non-zero.
It should be noticed that an aggregate magnitude condition does not usually make
sense as a magnitude condition but each derived individual magnitude condition
must make sense. If the ¢-th meaningful subset X; is derived, it is possible to select
the elements corresponding to X; from C* and enter zeros into the explanatory
variables which are in X; but not in X*. Let us denote such a magnitude condition
by :
C; X > O!l, C:X; < a? or al< Ci X < o?. (531)

Then X; is replaced with estimated 4; in the process of evaluation. C;4; can be
easily calculated and is compared thh ot and/or o,

If C;A; > of, CiA; < o® or ot < GiA; < o?, then the regression equation is
regarded as satisfactory with respect to this magnitude condition and furthermore
examined with the other magnitude condltlons if any, statistical and data~analytic
criteria. On the other hand, if C;4; < o' or C;4; > o2, then the regression equation
is regarded as unsatisfactory and cannot become a candldate to solve the j-th OLS-
best subset problem.

This technique can be easily used for the derivation of all individual hypothetical
relations and constraints of regression coefficients from an aggregate hypothetical
relation and constraint, respectively.

5.6 Reviewing Function

Sometimes a user thinks before estimation and evaluation that some special or
his favorite meaningful subset may be best and feels uneasy whether or not the
software really solved the first j OLS-best subset problems, when his prediction was

29 Division, multiplication, square root, cubic root, absolute value, logarithm, exponentlal and
power can be used for a magnitude conchtlon in the System OEPP.

P
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wrong. It is user-friendly to install a subsystem in software by which he can see the
estimated regression subequations of his favorite meaningful subsets and all reasons
why they were not satisfactory. We would like to introduce the function reviewing
the estimated regression subequations of his favorite meaningful subsets X,’s for
£=1,2,---,L and L > 1 installed in the System OEPP. The following referential
functional forms are inputed:

Y=F(X,) for £=1,2,---,I,

then ¥, = X, 4, is printed together with important test statistics and all unsatisfac-
tory reasons, if this regression subequation was unsatisfactory. He can be convinced.

6 Demonstration by Intellectual Stat1st1cal Sys-
tem OEPP

The numbers of civil servants in the tax divisions in 46 prefectural governments
except for the Tokyo metropolitan government are focused on. The administrative
functions of the Tokyo metropolitan government differ from those of the other 46
prefectural governments. Thus, the sample size is 46 and cross-sectional data in
1996 are used. We use the following variable notation:

Y =number of civil servants in the tax divisions (unit: persons); Xy =constant term;
X1 =population registered in basic residence census (1,000 persons); X, =number of
households registered in basic residence census (1,000 households); X3 =administrated
area (km?); X, =habitable area (=administrated area minus mountainous and la-
custrine areas) (km?); X5 =population in the third industrial sector (100 persons);
Xs =number of vehicles (1,000 vehicles); X7 =number of inspections of newly-
built structures of houses, buildings, etc. (cases); X3 =number of canvassers who
persuade tax payers to pay their taxes to local governments by credit systems (per-
sons); Xy =number of restaurants and cafeterias (restaurants or cafeterias); and
X0 =number of business offices (offices). :

To search for the statistically and data-analytically best regression equation through
all possible regressions only by statistical and data-analytically tests without using
the professional knowledge about the local administration, the following functional
form was inputed:

Y= F(Xo <1< Xy, Xz, X3, Xy, Xz, Xg, X7, X3, Xo, X190 > 10 >) (632)

together with the following statistical and data-analytic criteria:

B = significance level 0.1 (10 %) for a t-test for the regression coefficients of all
non-constant explanatory variables;

n = significance level 0.05 (5 %) for the Jarque-Bera normality test;

¥ = significance level 0.05 (5 %) for the Chow equal coefficients test with the Kantou
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(Eastern) cultural area group (27 prefectures) versus the Kansai (Western) cul-
tural area group (19 prefectures);

w = significance level 0.05 (5 %) for the Goldfeld-Quandt homoscedasticity test
with northern 15 prefectures (snowy area) versus southern 15 prefectures
(typhoon-often-hit area);

v = significance level 0.05 (5 %) for a t-test for detecting a residual outlier;

€ = 2.65 standardized residual tolerance level with the subjective allowance of a
maximum of 2 violations due to cross-sectional data;

& = 0.7 minimum tolerance level for an adjusted coefficient of determination,

.

where the total significancel level due to 3, n, ¥, w and v'is 0.26694 or 26.694 %.

There are 1,023 possible nonempty subsets because there are 10 different non-
constant explanatory variables in (6.32), where 2% — 1 = 1023. We set j = 1
to solve the (first) OLS-best subset problem. Then, the following statistically and
data-analytically best regression subequation was searched for by a notebook-type
PC (VAIO, Sony) in the CPU time of about 1 second:

The Scientifically Unreasonable but Statistically and Data-Analytically
- Best Regression Equation

Vs = 30.17807 ~0.2288400X; +0.5683528 X,
(S.ERR.) (14.53501) (0.5609610 x 10~1) (0.1160882)
(T-RATIO) (2.076233)  (—4.079427) (4.895871)

+0.1754694X5  —0.1529770 x 102X, +0.1897389 x~! X, (6.33)
(0.3426833 x 1071)  (0.6831756 x 10~%)  (0.2028726% %)
(5.120455) (—2.239205) (9.352613)

Rl = 0.9793, REgg = 0.9767, AIC 55 = 490.0118, SD s = 46.8393, V3, = 2193.92,
DFys5 = 40, JBys5 = 4.703, 0T 4gs = 3.169, C'5ags = 2.147, G0,a = 2171,
SRi2488 = —2.86162, 5 R3 455 = 2.83930 and T'SL = 0.26694,

where Y55 =estimate of ¥ by the 488-th subset; (S.ERR.) = standard errors of the
estimated regression coefficients; (I'-RATIO) = t—ratlos of the estimated regres-
sion coefficients; R4ss =coefficient of determination; @LB =adjusted coefficient of
determination; AT 0433 =Akaike information criterion; SDgs, V488 =estimated stan-
dard dev1at10n and variance of a disturbance term, respectively; DF438 =degrees
of freedom, JB483 =Jarque-Bera normality test statistic; OT433 =test statistic
of a t-test for a residual outlier: C‘S438 =Chow equal coefficients test statistic;
GQ433 =Goldfeld-Quandt homoscedasticity test statistic; SRt 488 =standardized
residual at sample number ¢ which is 2.65 or greater in absolute value and T'SL =total
significance level defined as 1 — (1 — B)(1 — n){1 — ¢)(1 —w)(1 — »).
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Let us scientifically evaluate (6.33} which is already known as statistically and
data-analytically best under the current criteria. The regression coefficient —0.2288400
of X is negative, implying that the larger the population, the less will the work
collecting residence taxes be or the less. civil servants will be needed in the tax di-
visions ceteris paribus. This contradicts the fact. The selection of variables X
and X, shows a sort of redundancy. Corporate tax is one of the most important
sources for local governments’ revenues and is a necessary variable. Variable Xjg
which represents the source of corporate tax is not selected. Therefore, (6.33) is
unreasonable and unsatisfactory from the viewpoints of local governments’ adminis-
trations. We regard (6.33) as scientifically unreasonable, although it is statistically
“and data-analytically best. It must be kept in mind that a two-tailed ¢-test of 10
% signficance level was applied to each of the regression coeflicients of explanatory
‘variables X1, X3, X5, Xg and X, in (6.33).

Let us input the administrative knowledge about various taxes (the work of col-
lecting residence and corporate taxes is the main one, many tax-collecting branches
are needed if administrated areas are broad, other taxes dealing incidently with
the work of main taxes are optional, and income tax belongs to the work of the
central government so that it is not here referrred to and so on) in the functional
form (6.32). The administrative knowledge is reflected in all possible explanatory
variables in the following functional form:

YV = P(Xp <l<+X,+X2>1> <1<+X3,+Xs>1> .
<0< +Xs, + X5, + X7, =X, +Xog > 0> <1< +Xpp>1 >). (634)

No magnitude conditions on regression coefficients are a priori known. Since the
data are cross-sectional, a Schur stability condition and a turning point test are not
needed. The number of all meaningful subsets is only 128, where 2x2x 2° x1 = 128,
Hence, the remaining 895 nonempty subsets out of all 1,023 possible subsets are
regarded as meaningless. We set § = 1 to solve the OLS-best subset problem
under the same statistical and data-analytic criteria as before. Then, the following
practically best regression subequation was searched for (with the regression table
and graphs of 17113, Y and F;,3 which are not shown here) in the CPU time of only
470 milliseconds at the cost of 1 Japanese yen (less than 1 US cent!):

The Practically Best (or Scientifically Reasonable and Statistically and
Data-Analytically Best) Regression Equation
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Viis = —14.11679 +0.831384 x 1071X, +0.1260718 x 10~2X,
(S.ERR.) (12.41127) (0.3534358 x 10~1) (0.6762401 x 107%)
(T-RATIO) (—1.137417) (2.352291) (1.864305)

—0.1017291 x 102X +0.2421174 x 10~2X1,
(0.6874731 x 1073)  (0.2467794 x 10~%)
(—1.479754) (9.811087)

R}ig = 0.9771, R%q = 0.9749, ATC11s = 492.5980, 5Dy = 48. 6293, V25 = 2364.81,
Dan = 4], JBllg = 0.6168, OT433 = 3.256, C’Sllg = 1.1410, GQHB = 2.787,
SRH 118 = = -2, 93068 SR22 118 — = 2.70445 and T'SL = 0. 26694.

A one-tailed t-test of 10 % significance level was applied to each of the regression.

coefficients of explanatory variables X5, X3, X5 and Xig in (6.35). We decided
to regard the practically best regression subequation (6.35) as the practically best
regression equation for the nmumber of civil servants in the tax divisions of local
governments with a 26.694.% risk of committing a type I error or with a 26.694 %
risk that (6.35) was actually not best and actually used (6.35) together with the
practically best regression equations for the other divisions of local governments,
which are not cited here, for the local government civil servants reduction reform
policy. In total, about 300,000 civil servants of the local governments in Japan have
been reduced during a decade.

7 Concluding Remarks

In applications of regression analysis, the professional knowledge or information
based on the science(s) related to the research in question is usually needed in ad-
dition to statistical knowledge. Many users of regression analysis have suffered by
ineffective variable selection methods like the forward selection, backward elimina-
tion, stepwise regression, ¢- or F-directed search, mini-max regret methods and so
on. These methods mislead the users into accepting wrong and ridiculous conclu-
sions. Users have been waiting for a method to concretely and rigorously solve a
variable selection problem from both statisticians’ and users’ viewpoints.

To shed some light on the problem, Onishi concretely formulated the j-th OLS-
best subset problem for regression analysis as standard, proposed a knowledge-based
variable selection method to solve it, completed the algorithm in the Intellectual Sta-
tistical System OEPP and demonstrated how to solve it. It is easy to extend the
proposed method to the Aitken generalized least squares, Almon distributed lag
regression, Box-Cox transformation, probit model, two stage least squares, limited
information maximum likelihood and other estimation methods. The System OEPP
is quite effective for teaching beginners, including students, up to advanced applied

(6.35) =
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researchers, including public policy makers and business strategists, regression anal-
ysis. They can learn how important it is to employ the professional knowledge about
their research and specify appropriate criteria for statistical and data-analytic tests.
Then, statistics and econometrics become more useful sciences than at present, at-
tract smarter students into these fields and convince the public that statistics and
econometrics eventually help to raise their welfare through substantial sciences.

Statistical software must be earth- and user-friendly, i.e., should not waste re-
sources but release users from inessential, laborious and time-consuming inputting
work and give them more opportunities to concentrate on creative work. It is recom-
mended that statistical software should be designed not only to obtain the practically
best regression equation but also to answer user’s questions or clear his doubts. For
instance, if a favorite meaningful subset which he guesses or believes will become
the practically best before estimation is not actually selected as the practically best,
all reasons why it is not practically best should be printed in the printout, when
he requests them. Thus, his doubt disappears. Even now, nobody can compete
with computers for calculation and data retrieval. It is better to develop creative
methodologies and algorithms for knowledge-based variable selection methods for
various kinds of estimations and make a PC solve user’s statistical problems. It
must be kept in mind that if a user wants to conduct a good research project, he
must be an expert in his research field.
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