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Modeling the Tern Structure of Interest Rates
with General Short-Rate Models

Abstract

We propose models of the term structure of interest rates with general processes of the
short-rate. As documented by many studies, it is important to model the short-rate
generally to capture its observed behavior. This adequate specification is essential
for term structure models to explain yields accurately. With such general conditions,
however, term structure models cannot be obtained explicitly. In this paper we derive
an analytical model of the term structure by locally approximating a short-rate process
which has arbitrarily specified drift and diffusion term. The empirical analysis confirms

that our model outperforms the existing affine term structure model.



1 Introduction

In this paper, we derive an analytical model of the term structure of interest rates, allowing
for a general process of the short-rate. The reason we model the short-rate generally is to
capture its actual behavior which is consistent with empirical findings by many studies.
For example, Chan, Karolyi, Longstaff, and Sanders (hereafter CKLS) (1992) introduce a
more general short-rate model which has the volatility proportional to 7 while « is a free
parameter. This model nests most of the well-known models and empirical performance
of these alternative models is examined. Their major findings, using data on the U.S.
interest rate, is that the volatility of short-rate changes is highly elastic to the level of
the short-rate; the estimate of v is about 1.5. This implies that the specification of the
volatility is important in order to capture the observed behavior of the short-rate hence
that we need to mode the diffusion term generally. Similar results are also presented by
other studies.

Moreover, recent works which employ various statistical techniques find nonlinearity
in the drift term as well as in the diffusion term. For example, Ait-Sahalia (1996) pro-
poses test statistics to measure “distances” between a marginal distribution implied by a
parametric model and that estimated directly by the nonparametric method. Conley et
al. (1997) use efficient test functions obtained from infinitesimal changes in the stationary
density of the short-rate to examine its behavior. Stanton (1997) derives the approximate
formula for the drift and diffusion function and estimates their functional forms nonpara-
metrically. One of the key common findings of these studies is that the short-rate behaves
like a random walk in its mean range but that it reverts to the range rapidly when it is at
extremely high or low levels. In other words, the degree of mean reversion of the short-rate
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depends on its level, hence the drift term is highly nonlinear. Therefore, we also need



to model the drift term generally.

It is natural to think that adequately specified short-rate models are essential for term
structure models to explain yields accurately since by construction the term structure
depends on the drift and diffusion term of a short-rate process. However, existing models of
the term structure do not consider actual behavior of the short-rate. For example, in affine
term structure models proposed by Vasicek (1977) and Cox, Ingersoll, and Ross (hereafter
CIR) (1985), both the drift and the local variance of short-rate changes are assumed to be
linear in the short-rate; see Duffie and Kan (1995}, and Dai and Singleton (2000) for more
profound discussion on affine models. However, as discussed by many studies, the affine
specification is restrictive for actual data. This problem remains unsolved in nonlinear term
structure models proposed by Longstaff (1989) and Beaglehole and Tenney (1992). Their
short-rate models have the volatility which is proportional to square root of the short-
rate. Besides, although each drift term is nonlinear, the sharp mean reversion observed at
extreme levels cannot be modeled with their specification. A more recent nonlinear model
pr;)posed by Ahn and Gao (1999) assume the volatility to be proportional to ¥ while
v = 1.5, which is consistent with the empirical findings in CKLS (1992). However, this
elasticity parameter y may differ in data of various countries; see, for example, Dahlquist
(1996), Nowman (1997), and Shoji and Ozaki (1996). Thus fixing this Iﬁarameter is not
good enough to derive term structure models which explain actual yields in many countries.

The main drawback of all these term structure models is restricted assumption on
behavior of the short-rate. As noted before, this poor specification leads to the lack of
descriptive power of term structure models. Therefore we need a term structure model,
allowing for a generally specified process of the short-rate by which we incorporate its

actual behavior. However, with such general conditions, an analytical model of the term



structure cannot be obtained since the partial differential equation for a discount bond
price has no closed-form solution. That is, we always face a fundamental trade-off between
general specification and analytical tractability.

In this paper, we propose a model of the term structure of interest rates which solves
this trade-off. The advantage of our model is that we can capture actual behavior of the
short-rate by specifying its process generally and that we obtain an analytical solution
for the term structure of interest rates. The key technique for deriving a model is a local
linearization method (LLM) developed by Shoji and Ozaki (1997) and Shoji (1998). We
apply the LLM to the short-rate process by which arbitrary specified mean and variance are
locally approximated by linear functions. With the approximated process, we can solve
the partial differential equation for a discount bond price. To examine the descriptive
power of our model, we compare the empirical performance between the CIR model and
ours. Our empirical analysis consists of two steps. The first step is to select an appropriate
model of the short-rate afnong models studied in the existing literature by using in-sample
data. The second step is to compare pricing errors of term structure models by using out-
of-sample data.

The rest of this paper is organized as follows. Section 2 introduces our model. Section
3 discusses appropriate models for dynamics of the short-rate. Section 4 provides empirical
results of performance comparison between the CIR and our term structure model based

on mean squared pricing errors. Section 5 concludes.

2 The Model

For deriving our model, we follow the general equilibrium framework in CIR (1985). CIR

endogenously derive the short-rate and factor risk premiums, both of which determine



price of any contingent claims with payoff conditions. In order to derive their closed-form
model of the term structure of interest rates, several conditions are assumed. Particularly,
the following assumptions are important: (i) preference of the representative consumer
is logarithmic, (ii} a single factor X governing stochastic nature of the economy foll-ows
the square-root process, (iii) the means and variances of rates of return on production
technologies are proportional to X. By the assumption (iii), the short-rate is derived
as a proportional function of a state as r = ¢X, which implies that the short-rate also
follows the square-root process by the assumption (ii). However, as documented by many
empirical studies; the square-root model is not adequate to describe actual behavior of the
short-rate. Hence, we do not assume (ii) in our model. Instead, we specify the drift and
diffusion term of a short-rate process generally while holding the proportional relation,
r = ¢X. Since by this relation the stochastic property of the short-rate is the same as
that of a state variable, our model begins with the dynamics of the short-rate given by an

arbitrary specified stochastic differential equation (SDE) as,
dr = p(r,t)dt + o(r, t) dWy , (1)

where {W;,0 < ¢ < T} is one-dimensional standard Brownian motion, and where y and o
are drift and diffusion functions defined on R4 x [0,7] into R and R, respectively. We
assume that both i and o are well specified so that the solution of the SDE (1) exists for
an arbitrary position of the initial state.

Next, we denote by P(r,t,T) price of a default-free discount bond at time # maturing
in time T'. CIR derive the fundamental valuation equation for price of a contingent claim
which holds in the general equilibrium (CIR (1985), p.390). In this case, a discount bo.nd

pays 1 (dollar) only at maturity date with probability 1. Thus,

2
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PlrI T =1,

where A(r, t) is the risk premium function, which is also derived endogenously in equilib-
rium.

It is important to note that from equation (2) price of a discount bond is fundamentally
determined by the three functions, p, o and A. Since A is determined endogenously by
following the CIR framework, it is particularly important to provide adequate specification
for 1 and o for valuing a discount bond accurately.

If we want to obtain the solution without restriction on g and o, we need to employ
numerical methods. But the numerical solution has the following drawback. In pricing a
discount bond by a model, we need to estimate its parameters. Since the pricing equation
is given only by the from of a partial differential equation, we have to run two algorithms
simultaneously, the one for solving the partial differential equation and the other for
estimating parameters. These procedures not only require intensive computation but have
no guarantee of convergence of the solution. Thus the numerical solution is not practical
in this situation.

On the other hand, our model has two advantages. First, we specify p and o generally
and determine their adequate functional forms by data. Second, we derive a closed-form
model of the term structure, which reduces computational time substantially in estimating
parameters as well as in calculating yields. The key technique for deriving our model is a
local linearization method (LLM) developed by Shoji and Ozaki (1997) and Shoji (1998).
By applying the LLM to the process, we locally approximate the mean and variance of
changes in the short-rate by linear functions in r and ¢t. With the approximated process
the partial differential equation can be solved explicitly, that is, a closed-form model of

the term structure is obtained.



Actually, the LLM is applied to the risk adjusted process of the short-rate. Note
that from equation (2) we can interpret that a discount bond is priced in the following

stochastic system.

dr = (u(r,t) = X(r,t)) dt + /o2(r, 1) dWV,

fi(r, t)dt + 1/ o2(r, t) W, (3)

i

where
E Aru, u.)

o (Tu, u)

Wt=m+f du .

By applying the LLM, /i and o* are replaced by linear functions in r and £. Under the
risk adjusted process of the short-rate, the partial differential equation of a discount bond

price is obtained as
%ﬁ(nt) L P t, T) + ifr, t) (r 4T) + *': (& T) =Pt T)=0.  (2)

Therefore, coefficients of partial derivatives of P become linear by the approximation to
the process, thus we have an analytical solution for a discount bond price.

The LLM is applied as follows. First, we approximate the drift in eciuation (3). By
applying Ito formula to fi(r,t), we have

R i 0% af
dp(r,t) = a—ﬁ(r, tdr + %6—£(T’ t){(dr)? - a—’:(r, t)dt

: )) dt . (4)

oj VR, g L O
= = t
o (r, t)dr + (2 502 {r,t)o?(r,t) + 3
Integrating both sides of equation (4) on [¢, u] gives

ftudﬁ(r, 5) =f —(r s d'rs-l-[ (—a—p“(r s)o(r, 3) + %(r,s)) ds .

By assuming that the first order derivatives in r and ¢ and the second order derivative in



r multiplied by o2 (r,t) are locally constant during this time interval, we obtain
N ; ai , 0% 2 O
flr,u) — fpi{r, t) = 6_r(r’ 8)(ru—rt) + (EW(T: t)o*(rt) + ¢ (8 ) (w—1).
Rearranging terms gives
f(r, u) = ao(t)ry + a1(B)u + ag(t) , (5)
where

w) = Ly,

2 A N
ai(t) = %-ng;(r, o (r, t) + Z—‘:(r, t),
as(t) = prt) —as(t)re — a1 (t)t .

Similarly, given information on time ¢ we locally approximate the conditional variance

of changes in the short-rate, 02(r,u), by a linear function as

0‘2(1", u) = ba(t)ry + b1 {B)u + bo(t) , (6)
where
R i
baft) = W(T’ 1),
20_2 2
ne) = 3250 n+ ),
bo(t) = 0'2(1", t) — ba(t)rs — b1 (E)E .

Note that approximation to the conditional variance by the LLM is valid until the
linearized function hits zero. Thus, we obtain the approximated process of the short-rate

in the risk neutral probability as

dr, = {ag(t)f‘u + a1 (t)u + ao(t)} du + \/bg(t)?‘u + by (t)u + bo(t) dﬁ’u ) (7)



and the partial differential equation valuing a discount bond as

2
3 {b2(t)ru + b1 (t)u + bo(t)} %r—f(r, w T)
P

+{az(t)ry + a1(t)u + ao(t)} %};(r, u, T) + %(T’ w,T)—rP(r,u,T)=0,

with the boundary condition P(r,T,T) = 1.

Solving equation (8) on time interval [¢, T, we have (see Appendix for detail)

P(T: T) = A(T) exP(_B(T)T) ’

where

By = XA,

2ve
()

kyr/27 2 (B2B(r) —aso2(rit) +b1) 2
} 2 X (2y) sl

o - |

2
X exp {bi (@*(r,8) — bor)(r — B(1)) + 5%5(5152 + k1k3)}
2
xexp{ —%gf log g(T" — ud'u,} ,
T o= T-—1¢,
v = (22 +a})%,
g(T) = kle'”'+k2,
ki = v—~a2,

ke = v+ az,

k3 = bza]_ - blaz .

(8)

(9)



Yield to maturity of a discount bond is given by Y'(r,7) = ZLlog P(r, 7). Therefore,
by equation (9),

Y(r,7) = -% (In A(r) — B(#)r) . (10)

Note that A(7) and B(7} are nonlinear functions in r at time £. Hence yield to maturity
in our model is highly nonlinear in r. Later in the empirical analysis presented in section

4, we refer to our model as a nonlinear model for simplicity.

3 Selecting an Appropriate Short Rate Model

In this section, we determine appropriate specification for dynamics of the short rate.
Many short-rate models are proposed in the existing literature, and among them we choose

the following models for comparing the empirical performance.

(CIR) dr = (oqr + ap)dt + o/ dW; (11)
(CKLS) dr = (cur + ag)dt + orP dW; (12)
(Ait-Sahalia) dr = (er? 4 air + ag + C!_l?‘;_l)dt + orP dW; (13)

Note that the CKLS model alone nests most of the well-known models. For example,
Merton (1973), Vasicek (1977), Dothan (1978), Brenner and Schwartz (1979), as well as
CIR,; see CKLS (1992), p.1211. Ait-Sahalia (1996) considers more general specification
for the diffusion ferm than that given by (13) to match the marginal density implied by
the parametric model to that estimated by nonparametric procedures. But in this study,
we restrict the short-rate model to a class of constant elasticity of the local variance
since parameters in the more complex model do not successfully converge by conventional

estimation methods. The same model as equation (13) is also examined by Conley et al.

(1997).
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We use the U.S. Treasury bill three-month rate as a proxy for the short-rate because of
idiosyncratic behavior of short-term yields less than two months to maturity documented
by Duffee (1996). 2 Our data is monthly form CRSP 12-month file and the sample period
is form January 1965 to December 1989, which is almost the same period as that studied
in CKLS (1992). Figure 1 displays plots of the historical data on the three-month rate.

For estimating parameters, we approximate these continuous-time models by the Euler
scheme as,

Tepnr —Te = Ff ('I‘t)At + 1At €rar ~ N (0: a 27‘?ﬂ) »

where At is a time interval between successive observations, and where f(r) = (a1r+ag) At
and 8= 0.5 for the CIR model, f(r) = (aar + ap)At for the CKLS model, and f(r) =
(aor?+arr+ag+a_1r~t)At for the Ait-Sahalia’s model. By this discretization scheme, the
random component is approximated to be a variable generated from a conditionally normal
distribution. Thus we estimate parameters of approximated models by the maximum
likelihood method. Since the Ait-Sahalia’s model nests the other two models, we compare
the short-rate models based on likelihood ratio tests (LRT).

Table 1 shows the results of parameter estimation. All the estimates are consistent with
behavior of the short-rate, that is, the short-rate does not explode or reach zero in finite
time. For example, the estimates in the CIR model satisfy inequalities as 2ay — ¢? > 0
and o3 < 0. Similarly, the estimates in the CKLS model satisfy § > 1 and o > 0,
and in the Ait-Sahalia’s model 0 < 8 < 1.5, @—1 > 0 and as < 0. All these inequalities
assure appropriate behavior of the short-rate at both boundaries, i.e., zero and infinity;
see Karlin and Taylor (1981), chapter 15, section 6 for behavior at ‘boundaries and related
restrictions on parameters.

The drift indicates mean reversion of the short-rate except in the CKLS model, in which
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the estimate of «; is not significant. In both the CKLS and Ait-Sahalia’s model, estimates
of # are around 1.35, which are significantly different from 0.5 in the CIR model and less
than the estimate in CKLS (1992). The last column denoted by LRT displays statistics
of likelihood ratio tests with associated p-values in square brackets. The figure in the first
(second) row is the statistic of the test in which the null and the alternative hypothesis are
the CIR (CKLS) and the CKLS (Ait-Sahalia’s) model, respectively. According to the test
statistics, the CIR model is strongly rejected against the CKLS model while the CKLS
model cannot be rejected against the Ait-Sahalia’s model at conventional significance

levels. Therefore we choose the CKLS model as an appropriate process of the short-rate.

4 Comparison of Term Structure Models

4.1 Estimating the market risk parameter

In the previous section, we specify functional forms of the drift and diffusion term and
estimate their parameters. The remaining information that determines price of a discount
bond is the risk premium. In the CIR framework, the risk premium is derived as covariance
between changes in a state X and rates of return on production technologies. Remember
that the short-rate is derived as r = ¢X by assuming that the means and variances of rates
of return on production technologies are proportional to X. Therefore, the risk premium
" is proportional to covariance between changes in the short-rate and rates of return on
production technologies. Since variance of the former is proportional to 2 and variance

of the latter is proportional to r, we have the risk premium function A(r) as

A7) = ArPt0s (14)
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Note that the same approach for deriving the risk premium function is taken in Longstaff
(1989) and Beaglehole and Tenney (1992).
For estimating the parameter of the risk premium, we have the following regression

equation by using equation (10).
1
Y(r,7) = - (In A(m;A) — B{m; M)r) + &, (15)

where we assume that the mean of e, is zero and that e; is independent from r;.

We employ the GMM by Hansen (1982), which is convenient f;)r incorporating het-
eroskedastic structure of the covariance matrix of error terms. The orthogonality condi-
tions we put are Ele;] = 0 and E[e;r¢] = 0. In other words, we use a constant and r as

“instrumental variables and the number of conditions are equal to two times the number
of yields in our data set.

Similarly, we estimate A in the CIR model. CIR assume the short-rate model given
by (11) and derive the risk premium function as A{r) = Ar. Therefore, their model for a

discount bond is

P(r,7) = A(T) exp(—B(7)r), (16)

where
A 2’]’6('\—‘“1 +y)r/2 2a0/0?
(r) = A — oz + ) (e — 1)+ 27 ’
(e’ —
B(t,T) = (7 —1)

(A—ar+7){erm—1)+ 2y’

v = ((A-—a)?+20%)2,

T = T—=t.

The data is monthly form CRSP 12-month file. The sample period is from January 1965

to December 1989, the same period in estimating parameters of the short-rate models. The
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three-month rate is a proxy for the short-rate, as noted before, and yields of four through
eleven months to maturity are explained by models. We exclude data on the twelve-month
yield since almost a quarter of the data are missing in our sample period. Therefore, we
use sixteen orthogonality conditions for estimating A by the GMM.

Table 2 shows estimates of the market risk parameter. The estimates in both models
are significant and negative, which implies positive term premium. The estimate in our
nonlinear term structure model is much greater in absolute value than that in the CIR
model. This is simply because the risk premium function is proportional to r#+%5 in our

model and the estimate of 3 is greater than 1.

4.2 Comparing empirical performance of term structure models

We compare empirical performance between the CIR model _and ours by using out-of-
sample data. The dataset is the same from CRSP 12-month file and the out-of-sample data
cover the period from January 1990 to March 2000 (123 observations). Table 3 provides
results of comparison based on root mean squared errors (RMSE), which is decomposed
into bias and standard deviation (Std Dev). We find that our nonlinear term structure
model outperforms the CIR linear model for all yields. The differences of RMSE between
the two models are raging from 4.6 basis point (bp) (four-month yield) to 7.7 bp (eleven-
month yield), The components of RMSE indicate that better performance of our model
comes from substantial reduction of the bias of pricing errors. For example, for eleven-
month yield, the bias of our model is nearly half as large as that of the linear model
while the variances are almost the same magnitude. The last column in Table 3 shows
the proportion that the nonlinear model outperfornis the linear model in prediction. For

example, for the four-month yield, absolute pricing errors of the nonlinear model are
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smaller than those of the linear model at 119 observations out of total 123 observations.
As a whole, our model describes actual yields better at more than 80% of total observations
in the out-of-sample period. |

Figure 2 displays the time-series property of relative performance between the two
models. Plots are absolute pricing errors of the linear model minus those of the nonlinear
model, hence the nonlinear model shows better (worse) performance in a positive (neg-
ative) region than the linear model. Clearly, our nonlinear model has better descriptive

power for most of the sample period.

5 Concluding Remarks

We derive a term structure model with a generally specified short-rate model. In existing
models, behavior of the _‘short-ra.te is restricted. However, our model shows that we do
not have to restrict the drift and diffusion term of a short-raté process for the sake of
the closed-form solution for the term structure. In our model, the functional forms of the
drift and diffusion term and their parameters are simply determined by actual data. With
such general conditions, we still derive an explicit model by applying the local linearization
method (LLM) to the diffusion process of the short-rate. And the better descriptive power
of our model is confirmed by the empirical analysis, showing that our model outperforms
the affine model which has_ sever restriction on behavior of the short-rate. Since our model
is a closed-form, computational time is substantially reduced comparing to numerical
methods.

In this paper we derived our term structure model in the CIR general equilibrium
framework. By following this framework, the market risk function is automatically deter-

mined and we can focus only on appropriate specification for the drift and diffusion term
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of a short-rate process. But it is important to note that our model can be constructed
by employing arbitrage-free arguments. In this case, the market risk function should be
provided exogenously. By finding an appropriate functional form of the market risk which
does not violate arbitrage-free conditions and by incorporating this result into term struc-
ture models, the descriptive power may be improved. This is one of the future courses of
this study.

Another future study is related to models in the multi-factor framework. Throughout
this paper we stressed the importance of the term structure model which is consistent
with observed behavior of the short-rate. And more recent works reveal that two or
three factors are needed to capture the dyna,n;ics of the short-rate more adequately; see,
for example, Andersen and Lund (1997), Balduzzi et al. (1998), Bali (2000), Brenner
et al. (1996), Gallant and Tauchen (1998). As for term structure models in the multi-
factor framework, Longstaff and Schwartz (1992) assume another factor which derives the
volatility of the short-rate. Balduzzi et al. (1996) and Chen (1996) introduce three factors
which are projected onto the short-rate, the volatility of short-rate changes, and the long-
term mean of the short-rate; see also Dai and Singleton (2000) for more general three-factor
models. However, their term structure modeis are based on affine specification of factor
processes, which may be inadequate for actual behavior. Therefore, it is important to find
appropriate factors which affect bond prices and to examine the whole system of these
stochastic factors by data. And it is our future task that we derive a term structure model

with such more general conditions.
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Appendix

We are going to solve equation (8)

2 {ba(tYru + b1 (B)u + bo(t)} %2';(7" u,T)

+ {aa(t)ry, + a1(t)u + ao ()} g—l:(r, %, T) + g—i(r,u,T) ~rP(r,u,T)=0,

with the boundary condition P(r,T,T) = 1 as follows.

Since each coefficient of partial derivatives of P becomes linear in r, though dependent
explicitly on time u, we assume a form of the solution to be P(r,u, T) = A(u, T) exp(—B(u, T)r).
By differentiating this function properly and substituting partial derivatives into equation
(8), we have ordinary differential equations (ODE) for A and B,

% = LBy, T) - 05 B(u,T) ~1, (A1)

and

dAﬁ X 3o + ) B, T) + (a0 + a1 B(w, T) (42)

with boundary conditions B(T,T) = 0 and A(T,T) = 1. The ODE for B is almost the
same as that in thé original CIR model, thus integrating both sides of equation (A1) on

iz, T provides
2(eMT-1 — 1)

B(t,T) = , A3
) e T T+ (v e ‘3
where
v=(2bs + a%)oj .
We rewrite equation (A3) just for notational convenience as
2(e™ — 1)
B(r) = ————— A3
()= 2 (43)

where
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ki=v—a3, ka=7+4asz.

Next, solving the ODE for A is not straightforward because it depends on the current

time u explicitly. Before integrating both sides of equation (A2), we decompose B and B2

as follows.
B, T) = Ly + L2 L =% (Ad)
H = L1 2 g(T — u) 3
and
2 - g (T —u) 9T -
.B (‘U,T) —M1+M29(T_u) + Sg(T—'U.)2 2 (A5)
where ¢’ = dg/du. Simple algebra gives
—k1 -2
=1 Lo = 2
Iy . 2= 3 (A6)
and
2 -
My = k—; . M= ——4;‘2 . M= —-—-4"’;'“2. (A7)
5 02 b2
Substituting equation (A4) and (A5) into (A2) gives
A, T) 1 { 9'(T —w) 9T —u) }
—5 My + M. M:
Ay = 20 MM gy My e
d@—@}
+(ao + alu) {Ll -+ ng—(T"T'_T) s

where A" = dA/du. Integrating both sides on [t,T] and calculating further with the

boundary condition A(T,T) = 1 gives,

At T) 5 Ma(brt+bo)—La(a1t+ao)+ 5 Ma(b1/vka)

{(27) M (b1 T+bo)~—La (a1 T+ao)+1 Ma(bs /vks) }
g()2

X exp [’r {%Ml(bo + %h) — Li{ag + %al)}]
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YT
X exp [%Ms {%E——Z - %(blT +bo)B(t, T) }]

T
X exp [—(%ble - cnle)/lt log g(T" — u)du] - (A8)

At first glance, A(¢,T") depends directly on time £ and T, which is in contrast with the
original CIR model where A(%,7T") depends only on the difference between two points in
time, i.e., 7 = I' —t. However, remember that coeflicients a;, b; (¢ = 0,1,2) correspond
to suitable derivatives of the drift and diffusion function evaluated at time t. Hence we

have the following equations, for example, by equation (5)
ap +a1(T+1)/2 = (f(r,t) —agr —a1t) + a1 (T +)/2
= ffr,t) —aor +a17/2.
Similarly,
a+al = Apnt)—art+ar,
ap+a1t = ffr,t) —asr,
and by equation (6} -
bo+ 01 (T +1)/2 = o2(r,t) —bor +by7/2.

bo+ 6T = o2(r,t) —bor + b7,
bo+bit = o%(r,t) —bor.
Thus bond price depends on ¢ and T only through 7 = T'— ¢. Putting these equations
into (A8) provides

(2,7) L Ma(o?(rt)—bar+b17)~Lo (rit)~agr+a17)+1 My (by /vk2)
g(7) 3 Ma(o(r,t)~bor)— Lo (A(r,t)—aar) + 3 Ma (b1 fvk2)

Alt,T) =
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x exp [T { §Mi(02(r,t) — bar +b17/2) — L (fi(r,t) — agr + 0.11'/2)}]

bl kl e’ r _fﬂ_l

X exp [%Ms {W - ort) = bar blr)B(t,T)H

T
X exp [—(%ble —arLo) — ft log g(T" — u)du:’

Substituting equation (A6) and (A7) and calculating further provides the final result

for A(t,T).
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Endnote

1 See also Pritsker (1998), and Chapman and Pearson (2000); pointing out estimation
problems associated with the nonparametric techniques employed by Ait-Sahalia (1996)
and Stanton (1997).

2 Stanton (1996) and Andersen and Lund (1997) also use the three-month yield as a
proxy for the short-rate. However, Chapman et al. (1999) di.scuss the problem of using
yields of finite maturity as a proxy for the short-rate. We examined this problem by
following their method. Our result indicates that there is no serious problem associated

with our model which incorporates behavior of the short-rate by the CKLS model.
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ey o o o o Ié) Logl, LR Test

CIR - -0.3153  0.0241 - 00776 - 11155  74.83
(-1.851)  (2.104) (24.45) {0.000]
CKLS - -0.2598  0.0206 - 0.6867 1.3532  1152.9 4.49
(-1.485)  (2.109) (3.676) (13.60) [0.106]

Ait-Sahalia -25.779 55175 -0.3680 0.0080 0.6930 1.3593  1155.2
(-1.992) (1.987) (-2.009) (2.123) (3.610) (13.41)

t-statistics are in parenthesis. Figures in square brackets at the last column are p-values

Table 1. Estimates of Parameters in Short-Rate Models

The short-rate models in continuous-time are discretized by the Euler scheme as,

Terar —Te = f(r ) At +epae esear ~ N(0, a*r2fy,

where At is a time interval between successive observations, and where f(r) = (a1r + og)At and
B =0.5 for the CIR model, f(r) = (cyr + ap) At for the CKLS model, and f(r) = (apr? + ayr +
ap + e—yr)At for the Ait-Sahalia’s model.

Parameters in these approximated models are estimated by the maximum likelihood method. LogL
denotes values at maximum log-likelihood. The last column LRT displays statistics of likelihood
ratio tests. The figure in the first (second) row is the statistic of the test in which the null and the

alternative hypothesis are the CIR (CKLS) and the CKLS (Ait-Sahalia’s) model, respectively.
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A
CIR (Linear) Model -0.0972
(-18.04)
Nonliear Model -0.6046
(-15.84)

t-statistics are in parenthesis.

Table 2. Estimmates of the Market Risk Parameter

We use the following regression equation for estimating the parameter of the risk premium function.
1
Y(r,7) === (In A(r; ) ~ B(r; \r) +er

where A(7; A} and B(7; ) for our model are given by (9) and for the CIR model by (16), and
where the mean of &, is zero and &, is independent from r;. We employ the GMM by Hansen
(1982). The orthogonality conditions we put are Ele;] = 0 and Ele,r] = 0.

The data is monthly form January 1965 to December 1989. The three-month rate is a proxy for
the short-rate and yields of four through eleven months to maturity are explained by the models.

(sixteen orthogonality conditions)
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CIR (Linear) Model Nonlinear Model Difference  Proportion
RMSE(A} RMSE(B) (A)-(B) (%)
Bias Std Dev Bias Std Dev

4-month 18.23 16.64 7.44 13.65 11.66 7.11 4.58 96.7
5-month 20.08 16.45 11.52 15.25 10.28 11.26 4.83 91.9
6-month 2246 17.21 14.43 17.20  9.90 14.18 5.16 87.8
7-month 26.48 20.00 17.35 20.69 11.58 17.14 5.79 87.0
8-month 29.11 21.14 20.02 2297 11.62 19.81 6.15 87.0
9-month 3177 22.31 22.61 25.23 11.73 22.34 6.54 82.9
10-month 34.53 23.69 25.12 27.61 12.07 24.84 6.92 81.3
11-month 36.84 25.72 26.38 29.19 13.09 26.10 7.656 82.9

in basis point except for the last column

Table 3. Comparison of Term Structure Models

Term structure models are compared by using out-of-sample data form January 1990 to March 2000.

RMSE denote root mean squared error which is decomposed into bias and standard deviation (Std

Dev). Prediction errors are calculated by taking difference between theoretical (model-implying)

and actual yields. The last column shows the proportion that our nonlinear model outperforms

the linear model in the total out-of-sample period.
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Figure 1: Historical Data on the Treasury Bill Three-month Rate

The data is monthly. from January 1965 to March 2000. The sample period is divided into two:
The first period is for selecting an appropriate short-rate model and for estimating parameters,
and the second period is for comparing performance of our nonlinear term structure model with

that of the CIR. linear model.
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Figure 2: Performance Comparison of Term Structure Models
Plots are absolute pricing errors of the CIR linear term structure model minus those of our nonlinear

model, hence the positive (negative) region indicate better performance of the nonlinear (linear)

model. The out-of-sample period is form January 1990 to March 2000 (123 observations).
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