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Abstract

Let‘ $(8) be the power function of the two-sided test for testing hypotheses
H,:0=0, versus H,:0#0, for some constant f,. ILet s be a real number such that
O<g¢<l. The two-sided test of size s« is unbiased if [dﬁ(ﬂ)/dﬂ]o,,o =0,
[dzt(ﬂ)/dﬂzl,_,o >0 and $(f#,)=¢. In this paper the author shows [dzi(e)/dﬂz].,_,a
>0 in the problems of Discussion Paper Series No.’ 856, 857 and 893.



§l. Introduction.
In Discussion Paper Series(D.P.S.) No.'s 856, 857 and 893, we considered the

two—sided test for testing the hypotheses H,:0=§, versus H,: §+§, for some
constant §, with independent observatioms X,, ... ,X, distributed according to
the density £(x|4).

Let A be the acceptance region for the test. Then, the power function of
the test is given by y(§)=1-P,(A). ILet s be a real number such that 0«<g<l.
The two-sided test of size ¢ is unbiased when ¢ (§) takes the minimm value at
=0, with $(8,)=¢t. Hence, to show that the two-sided test of size ¢ is
unbiased it is sufficient to show that [dy(8)/d§1,., =0, [d"’f(e)/dﬂzla_.o >0
and $(0,)=t. Unfortunately, the author forgot to show that [dZ4 () )/dﬂ'“’],_ao >0
in D.P. 5. No.”"s 856, 857 and 893. So, in this paper the author proves this
fact for the problems in D.P.S. No.’s 856, 857 and 893.

D.P.5. No. 856 treats Cauchy distribution C(4, {) with location parameter ¢
and scale parameter {. D.P.S. No. 857 treats Logistic distribution with
location parameter §, and D.P.S. No. 893 treats Exponential distribution with
positional parameter 8.

Iet m be some nonnegative integer. In Sections 2, 3 and 4 we dencte by
B{a/2) the lower 100(a/2)% point of the Beta distribution with (m+1,m+l)
degrees of freedom. Without loss of generality we assume that 0<f(g/2)<2-1.

§2. Unbiased test for § in D.P.S. No. 856.
In Section 3 in D.P.S. No. 856 the author introduced the two-sided tests

for .

Let n=2m+l. TIn this case the author showed that the two-sided test with
the acceptance region {(f#,-r,#,+r) where r= tan[(2-'~§(¢/2))z] had the property
that [d${8)/dilo-,, =0 and $(fo)=t. To show the unbiasedness of this test we
need to show the remaining condition [d‘*i(ﬂ)/dﬂzjl.,..tb »0.

Theorem 1. When n=2m+{,
[dzﬂﬂ)/dﬂ‘”']s-ao >0.

Proof. ) Let y,=fo-r and y,=f,+r. Since d4(0)/db=gy(y.16)-gy(y, 1), we have



that
(1) [@%4(0)/d0% Yoy =[A0¢ (Y2 10)/d810my  ~[dgy (¥, 18)/801,ms, -
On the other hand, by (4) in D.P.S. No. 856 we have that
(2) Aoy (v10)/d8= kmE(y(0)(AF(Y)/AI) (F(¥))™~* (1=F(y))®~1 (1~2F(¥))
+ k(F(y))® (1-F(¥))® (GF (y10) /).

Since [F(y1)lo-q =[1-F(¥2)1s-q =#(¢/2) and dF(y)/d=—£(yl0) and since
[GE(¥2 18)/a0Ts-q =—[AECy1 10)/A8 Tony, =225 (E(y2 10, ))?, and £(¥ 18, }=E(y; 0y),
it follows by (1) that

[G74(8)/d0% 10my =K(ECY2 10,))7 (15 (e/2))2 2 (B (a/2))°* {m(1-2§ (a/2)) +

2rxf (a/2) (1§ (a/2))}

which is positive for 0<f(e/2)<271.
{g.e.d. )

Thus, unbiasedness of our test is proved. In the next section we consider
the two-sided test for the scale parameter §.

§3. Unbiased test For ¢ in D.P.S. No. 856.

In Section 5 in D.P.S. MNo. 856 the author introduced the two—-sided tests for
the problem of testing the hypotheses H,: t=f, versus H,: {+f{, with some
constant §{,. ILet n=2m+l. In this case the author showed that the two—sided
test with the acceptance region ({,*-1n r;,{.*-1n r,) where {,*=In {,, r,=
[tan{27'x (1-§(a/2))}1" " and r.=[tan{2"'z§(¢/2)}] ' had the property that
[A$(E)/dt]e-e, =0 and $({o)=e. To show the unbiasedness of this test we need to

show the remaining condition [dA%4$ (¢ )/dgz]e_eo »0.



Theorem 2. When n=2m+l,
[dzi(E)/dEZ]e-eo > 0.

Proof;_) Let Y1=fot—ln I, and Y2=Eo.“‘1n e

Since 4§ (¢)/at=t""{gy (Y1) ~
gr(y:1£)} and [di(E)/dfle-ea =0, we have that

(3) [A* 4 (£)/88% Jeme =o' {[A9v (Y2 1§) /A Te-e, — [AGy (¥ 1E) /i, )

But, by (30) in D.P.5. No.856 and in view of (2) and 4Q, (v)/di=-f"1q,(y) we
have that '

dgy (y1§)/di=—tmi ™' (q. (¥) )2 (Q, (¥) )™~ (1-Q. (¥) )= 1 (1-2Q, (y))

He(Q: (¥))" (10, (¥))* (dq.{y)/d}).

Since dq, (v)/di=2(x$)"1e’ % (e2 - _1)(14e? v-¢) )=2  vo have that
[dq. (y: )/dE]e-ueo =(2x{,) 'sin(2zp (¢/2))=1{dq, (v, )/dfle-eo- We also have that

[Q, (Yl”e-% =1-[Q, (Yz)]e-ec =f(e/2) and [q, (Yx)]e-ec =y~ lsin(xf (¢/2))=[q; (Yz)]e—eo-
Putting these together leads to

(dgy (¥2 [£)/Gf Ye-e, =km(Eox? )" tsin® (28 (2/2)) (14 (a/2))2 " (B (a/2))="1{1-28(n/2))

+(f (e 12))™(1-8(a/2))" (210 ) 'sin(228 (2 /2))

and [dg«(y 1)/t )c-¢, = ~[day (¥ | £)/4¢ le-e, - Therefore, noticing that

sin(2zf (a/2))>0 for O0<f(a/2)<2"', we have in view of (3) that [d"’f{f)/dszle_eo »0.
(g.e.d.)

Thus, unbiasedness of our test is proved.

In ithe next section we consider the two-sided test for location parameter
in the Logistic distribution demonstrated in D.P.S. No. 857.

€4, Unbiased test for § in D.P.S. No. 857.

In Section 3 of D.P.S. No. 857 the author introduced the two-sided tests for
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the problem of testing hypotheses H,:0=f, versus H,:0#+f, with some constant ¢,.
Let n=2m+l. For this case the author showed that the two-sided test with the
acceptance region {f,-r, f,+r) where r=In{(1-f(a/2))/f(a/2)} had the property
Edi(ﬂ)/dﬂ]s-ao =0 and ${0,)=0. To show the unbiasedness of this test we need to
show the remaining condition [dZ4 (¢ )/dBZL,-aD >0.

Theorem 3. When n=2m+l,
Ed‘*#(ﬂl/dszlo-ao >0.

Proof. ) Let y,;=0,~r and y,=f§,+r. Since 4 (0)/di=gy(¥:[0)—av(y,|0), we
have that

(4) [A*#(8)/G0%)0us, = [AGy(¥:10)/A810-s — [dgr(y: 10)/Q8)s-4, -

But, by (3) in D.P.S. No. 857 and in view of (2) and AdF(y)/di=—F(yl8) we have
that

dgy (y10)/d8 = —km(£(yi0))2 (F(y))="* (1-F(y¥))="' (1-2F(y))
+R(F(y))= (}-F(y})=(Af(y|8)/ds).

Since dAf(y|f)/dt=e~ ¥~ (l-e~ =2 )(1l+e” "~ )=3, we have that [df(y, 10)/88 Yoy,
=(1-28(0/2))£(y2 [80)=—[AE(y, [8)/88]s=,, . We also have that [F(y)ls-,, =B(a/2)
1-[F(¥2)Jo-0, and £(y, [0,)=E£(¥2100)=8(a/2)(1-f(e/2)). Putting these together
leads to

[Agv (Y2 18)/@8 10 -5, = (15 (a/2))""* ($(¢/2))"** (1-2§ (a/2)) (m+1)

and [dgy(y.10)/A8]s-s, =—[Agy (¥2 |0)/A0 16, . Therefore, in view of (4) we have
that. [d”ﬁ(ﬂ)/dﬂz],_,a >0 for 0<p{9/2)<2"L, (g.e.d.)

Thus, the proof of unbiasedness of our test is completed.
In the next section we consider the two-sided test for the positional
parameter § in the Exponential distribution demonstrated in D.P. 8. No. 893,



§5. Unbiased test for § in D.P.S. No. 893.
In Section 2 of D.P.S. No. 893 the author introduced the two-sided test

for the problem of testing hypotheses H,:0=f, versus H, :0+), with some constant fo.
Tet hy(t) be the function of t defined by (3) in D.P.S. No. 893. Iet t, and

. t,

t; be positive numbers satisfying hr(t,)=h:(t;) and | h.(t) dt=1-s. The
t:

author showed that the two-sided test with the acceptance. region (f,+t;-1, §o+t,—1)
had the property that [dx(8)/d8]s.,, =0 and x(8,)=t. (In this section we use
¥{(f) in stead of $(§).) To complete the proof of unbiasedness of this test we
need to show the remaining condition [dzx(ﬂ)/dﬁz],_.a >0.

Theorem 4,
[dzx(ﬂ)/dﬂz.'!.-oo >0.

Proof.) Iet y;=f,+t; and y,=§,+L,. By the sixth line f£rom the bottom in
p.4 of D.P.S. No.893, we have that

V=i
£(f)=1 ~{ he(t) 4t.
¥
Since dx($)/dd=h;(y:—-8 )-h;(y,—~#), we have that

(5) [dzl(ﬂ)/dﬂz]a-ao =[dhr (¥, —0 )/dﬂlo-aﬂ — [dh; (v, )/dﬂ]a-ao -

Since dhy (y; —§)/di=(T(n))"'n*{-(n-1) (y,—#)""2e™™ % = 4n(y,~0)""ten (x = }.
Lio. = (¥, -8) (i=1,2), we have that for i=l,2

[dhe (v, "3)/6010-00 =(1‘(n))‘1n“{—(n—1)t°-“‘26‘“‘€ tnt. tTlet it g, « (L),
Hence, by (5) and h;(t,)=h;(t,) we have that

(6) [dzx(ﬂ)/dﬂz],_,? =(I'(n)) " 'n*(n-1){t, " Ze 24 T4, o (Lt )-te" 2@ 22Ty o (L))
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On the other hand, since [dh{t)/dLY,. (o1 .,=0 3nd since we must have that
t,<«(n—-1)/n<t,, it follows that [th(t)/dt.]t_tl >0 and [dh—r(t)/dt]t_tl <.
These together with hy(t, }=bh:(t,) lead to

(n-1)t,"7%e " T g, o (L1 )> Bt P l@ " T, o) (Li)=nt," " te 2t Ty o (t;)
»(n-1)t""2e™ %2 Iy, wy (L2).
Therefore, we obtain that (6)>0, which completes the proof. (qg.e.d. )

Thus, unbiasedness of our test is proved.
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