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Abstract.

The author has been considering goodness of the two-sided tests derived
from the Lagrange’s methods (cf. [1], [2], [3]). In this paper we consider
the exponential distribution with density

£(x|8,¢ )={Ee"E x-0)  for f<x«o

0, otherwise.

Based on i.i.d. observations X,, ... ,X, we construct two two-sided tests for
testing constantness of § when {=1 and for testing constantness of { when 0=0.
We compare these with the generalised likelihood-ratio tests.



§]l. Introduction. .
The author has been considering goodness of the two-sided tests with the

acceptance region derived from inverting the shortest random interval (R.I.)
for the parameter of the underlined distribution. (See e.g. [1], 2], [3].)
This paper is on the same lines of such research. The author would like to
call these tests as the tests by the Lagrange’ s method.

Let I,(x) be an indicator function so that for a set A I,(x)=1 if XEA;=0
if xfA. In this paper we consider as the underlined distribution the exponen-—
tial distribution with the density '

(1) F(xl0,{)=te f "V T, o (x)

where —m«<fcw and {>0.

We first let (=1 and introduce the two-sided test for the problem of testing
the hypothesis H,:0=§, versus the alternative hypothesis H, :4#8, for some
constant §,. To compare with the generalised likelihood-ratio(GIR) test we
constructed it and see that this test is not unbiased.

We also let §=0 and consider the problem of testing H,:{=t, versus H, :{+{,
for some constant {,. However, we unfortumately know that our test is not
unbiased, but the GIR test is unbiased. We already know that the same thing
happens for the problem of testing.constantness of the variance of a normal
distribution (See [4].).

Let £ be the defining property.

§2. Optimal two-sided test for §.
In this section we deal with the density

(2) F(xin,1) = e "1, o (X)

where f{x|#,¢) is defined by (1). ILet X,, ... ,¥, be a randaom sample of size n
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taken from £(x}f#,1l). We consider the problem of testing the hypothesis H, :
§=¢, versus the alternative hypothesis H,:0#f§,. To construct the test we first
find the shortest R. I. for § using the Iagrange’ s method and then construct the
acceptance region derived from inverting this R. I. for §,.

To get an estimate for § we take Y:X-1 where X4}7.,X,/n. We can easily
check E(Y)={). Finding the joint density of variables W=X,+... +*,, 27Xy, c..,
Za~1=X,-; and taking the marginal density gw(wl|id) of W we obtain

gw(Wif)=(T(n)) "' (w-nf)r~te- W= T ., . (W)
Noticing Y=n ‘W-1 we get the density of Y as follows:
hy (¥18 )=gw (n{(y+1) |8 )n
=(I[(n)) 'n*(y+l-g)2~te nvy*1-OT o (y).
Furthermore, letting t=y+l1-§ we have the density of T so that
(3) he(t)=(I'(n)) " 'n°tr~te ™ "'I (4 o, (L)

which is the gamma distribution with parameters n and n.

Let ¢ be a real mumber so that 0<g<l. Let r, and r, be real numbers such
that r,<r,. To find the shortest R. I. for ¢ at precision coefficient l-¢ we want
to minimize r,-r, subject to
(4) Py [r; <Y-f<¢xr;] = 1-g.

But, it follows by a variable transformation t=y+1-§ that

(5) the left hand side of (4)=P,[r,+1<Tcr,+1]=1—.

Hence, we want to minimize t,-t, with t,=r;+1l (i=l, 2) subject to the condition
(5). To do so we use the Lagrange’s method. Iet y be a real number and define
L.
LEL(t,, te i1 )Sto—t,—1{]  he(t) dt -1+g}
t,
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where h:(t) is defined by (3). Then, we have that
(6)
L/t =l-rhy (L, )=0
By (6} we get
(7) he(t,)=ho(ty)(=r"1).
Taking t, and t, which satisfy (7) and noticing that t,<T=Y+1-f<t, we obtain
the shortest R.I. (¥Y+1-t,,Y+1-t,)} for #.
Therefore, our test is to reject H, if Y¢f,+t,-1 or Yif,+t.-1 and to accept
Hy if fo+t,—-1<Yedo+t,~1. By using a test function we can write this test by
1, if Y500+t1_1 or ﬂa"‘tz—l‘(_Y
b (y)=
0, if ﬂo""tl—l(y(ao"]'tz—l-
To check unbiasedness of this test we obtain the power function as follows:
Bo"l‘tz"‘l ﬂo—ﬂ+t2
£ (8)=Es (§ (¥))=1-f hy(yl8) dy = 1-f br(t) dat

ﬂo+t1_1 eo_ﬂ"'t_l

where the last equality follows by a variable transformation t=y+1-f. Then, we

have

dr (8)/48 o= =hy (8o—0+t, )-hr (fo—0+t;) 2-4,
=h; (t,)-hr (L, )=0

where the last equality holds because of (7). Therefore, our test § is unbiased.
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In the next section we construct the GIR test and see that this test is
not unbiased.

§3. The GIR test for {.

Tn this section we again consider the problem of testing H,:0=f, versus H,:
##8o and {=1. We take a random sample X,, ... ,X, from f(x|4,1) given by (2).
Iet X(;, be the smallest observation among ¥X;, ... ,X,. We can easily check
that Y2X(,, is the maximm likelihood estimator for §. Hence, by letting
L(8)=TTt-1£(x,19,1), the GIR test is to reject H, if ‘

L{do)/L(y)=e "% T, o (y) ¢k
where O<k<l. Since the p.d.f. of Y is given by

gy (Yl¢)=ne -1, o (¥),

the GIR test is defined by wusing the test function as follows:

$(y) =1, if ybo Or desy
0, if fo<y<edy

vwhere 1, is determined by the equality
e
f gr(yide) dy = 1-g.
. _

To check the unbiasedness of this test we define-the power function as follows:
1y
2(0)=Es (4 (¥))=1-f  gv(yis) dy
fo
n{l«—t)
=1~ e 'I . w (L) dt
n{fo,-4)



where the last equality follows by a variable transformation t=n{y-§). Hence,

dz(8)/df 1,-4, #0 because 0<i,—f,<+w. Therefore, the GIR test is not unbiased.
The results in Sections 2 and 3 are not true for the problem of testing the

proportional parameter { of the exponential distribution. We shall see this in

next two sections.

§4. Two-sided test for .
In this section we deal with the density

(8) £(x10,{)=te " *T 0, = (X)
where ¢(>0. Let ¥,, ... ,X, be a random sample of size n taken from £{x|0, ¢ ).
We consider the problem of testing the hypothesis H;:f=}, versus the alternative
hypothesis H, :f#f, for some constant {,. To find our test we use the maximum
likelihood estimator ¥Y=n/IT.,;X, for ¢t.
To derive the density of ¥ we use the density of 22} ,\.,X; defined by

(9) gz (z21§)=(I(n))"tEnzmie $ 2L o (2).
By a variable transformation Y=n/Z the density of Y is derived as follows:

hy (ylE)=gz(ny~ 1) ny”?|

=(I'(n)) " 'n"§ry” "+ e Rt /YT, o (¥)-

Again by a variable transformation v=(Y ! it follows that
(10) hy (v)=hy (§v L 1E) 1Ev™2

=(T{n}) " 'n"v" le "I(y, o (V)

which is the gamma distribution with parameters n and n.
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Let ¢ be a real number such that 0O<i<l. Let v, and v, be real numbers so
that v,<v,. To find the shortest R. I. for § at precision coefficient 1-g

we want to minimize v,—v, subject to
Po[vi ¥} < Y]=B [V <V<v, ]=1-g.

To do so we use the Lagfange’s method. Iet ¢y be a real mmber and define
V2
LAL(Vy, V2 i1 )5ve~vy—1{  hy(v) dv -1 +1},
Vv ‘

where hy(v) is defined by (10). The Lagrange’ s method leads to

iL/dvy = =~l4+rhy(v,) =0
(11)

3L/3V2 = I_Thv(Vz)zo
By (11) we get
(12) by (v, )=hy (V2 }(=171).

Taking v, and v, which satisfy (12) we obtain the shortest R. I. (v,Y,v,Y)
for §.
Therefore, our test is to reject H, if Ystov,™! or {,v, <Y and to accept H,

if fove~l<¥etqavy L. By using a test function we can write

¢ (v)=/1, if yebove™! or fovyTlsy
0, 1f fovemleyctovy Tt

To check the unbiasedness of this test we obtain the power function as follows:
Eovy ™t Eva/to
2(E)=E (4(X))= 1~ § hy(yl§) dy= 1-f hy (v} dv

Eovy ! Evi/Eo



where the last equality holds by a variable transformation v=(y~!. But, since

we have
dx (¢)/d{ ,e-eo ==Vgbo 'hv {Eve /8o )+vifo "hy (Ev, /E5) e=¢,
==Vl thy (Vo )4V, £ "t hy(vy) % O,

unbiasedness of x(f{) does not hold.
In the next section we construct the GIR test.

§5. The GLR test for ¢.
In this section we consider the same problem as that in Section 4. Iet X,

++- ,X, be a random sample of size n taken from f(x[0, {) given by (8). The
maximm likelihood estimator for { is £ =n/il.,X,. Hence, by letting L{{)=
TTi-1£(x,10,¢) and ¥Y=({,17-,X,)/n the GIR test is to reject H, if

Lte)/L(D)=yren -1 (X

for some k with O<k<1l. TIetting [(y)=y"e ™ -1’ we see that there exist y, and
y: such that {(y,)={(y:)=k. Thus, the GIR test is to reject H, if Yy, or v,sY
and to accept H, if v, <¥<vy,.
We check unbiasedness of this test. Since the distribution of z=p"_,X,
is given by (9), by a variable transformation Z=n¥f{,”! applied to the gsecond
equality below the power function of this test is given by
nyz/to ny.t/éo
(13) 1(§)=1-P, [y, <¥<y, ]=1-] gz(z|¢) dz =1-f by (u) du
ny,/te . ny.£/ke
where the last equality of (13) follows by a variable transformation U={Z and

hy(u)=(l(n)) " fu"'e Iy, « (u).
Hence, it follows that

dr (§) /4t Is-e‘, = ‘nY2£o_th(nY2E/fo)"‘nYlEo_lhtJ(nY1f/fo)(e-eo



—ny:{0 'hu(ny, )+ny, ¢, " 'hy (ny, )

i

0" {I(n)foe”}  {({(¥:)-{(y.))=0

where the last equality follows because [(y;)={(y:). Therefore, the GIR test
is unbiased.
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