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ABSTRACT

A model of short-run macro dynamics is developed on the
basis of rational price-quantity adjustment by monopolistic firms
facing adjustment costs. Local behaviour of the monopolistic economy
is characterized and it is shown that the economy is locally stable
if the curvature of the inventory cost function is small. Short-run
and long-run effects of demand and cost disturbances are also

analyzed.



INTRODUCTION

This paper is an attempt to reconstruct the theory of short-run
macro dynamics on the basis of rational disequilibrium behaviour of mono-
polistic firms. The macroeconomic framework used here is an extension of
Barro and Grossman (1971), and hence of the income-expenditure approach of
the textbook Keynesian model: labour supply is infinitely elastic at a
fixed money wage rate, money is the only asset, and inveétment in fixed
capital is ignored or taken as given. The extension is made in two
directions.  First, many different kinds of goods are produced and a firm
producing a certain kind of good has monopoly power. Second, the con-
sumer's decision problem is made explicitly intertemporal.

There are k firms producing k different goods. At each instant
of time, each firm sets the price of its product and the employment level
(and hence the production level). A representative consumer takes both
price and employment levels as given and reacts to them by deciding demand
for goods. Firms incur adjustment costs when they change price and
employment.  Thus, they do not adjust these variables instantangous1y,
and consequently current production does not necessarily meet demand.
However, firms carry inventories of products and always satisfy demand

through changes in these inventories.

A firm must decide how to adjust price and employment at each
instant of time. Following the approach of Negishi (1961), (1972), I

assume that each firm estimates a perceived demand curve from observations



of consumer demand. Firms then calculate the optimal adjustment paths
of price and employment levels, and change existing levels according to:
the optimal plan. At the next moment, however, these changes in price
and employment levels induce a change in the consumer's demand for goods.
Firms must therefore adjust their perceived demand curves, recalculate
the optimal plans and hence determine new rates of change of price and
employment Tevels. This same process now continues based on the new
price and employment levels.

Since both firms and the representative consumer face intertemp-
oral decision problems, an expectation formation mechanism must be specified.
In this paper, I assume one of the simplest mechanism: static expectations.
In the adjustment process, therefore, firms and the consumer find that
fheir expectations are always wrong; expectations are only realized when
they reach the steady state. '
| The specification of the model owes much to recent development
in the genera] equilibrium theory of a monopolistic economy, represented
by Negishi (1961), (1972), Arrow and Hahn (1971), Nikaido (1974), (1975a,b),
Silvestre (1977), and Benassy (1976), (1978). The major novelty lies in
the fact that price and employment are adjusted by the firm on the basis
of rational eéonomic calculations. In order to handle this new element
and to obtain more transparent results, I introduce the symmetry
assumption: The consumer's utility function is symmetric in all goods
and all firms have the same production function.

In terms of the treatment of the firm's behaviour, Maccini

(1976) uses a similar approach to the one adopted here. There are two



major differences, however. First, although his model includes inventory
costs, it does not have adjustment costs of price and employment. Second,
his specification of aggregate demand is simplistic and is not based on
microeconomic foundations.

Barro (1972), Iwai (1974), and Sheshinski and Weiss (1977),
(1979), have developed models of price adjustment of a monopolistic firm
under uncertainty. They assume that the firm incurs a fixed cost when-
ever it changes the price, regardless of the magnitude of that change.
Since characterizing the dynamic behaviour of an economy based on such a
model requires much more complicated analysis, I use a deterministic
model and assume that the adjustment cost is a smooth convex function of
the rate of change of price.

The analysis in this paper is limited to local properties, the
complexity of the model making global analysis difficult. This difficulty
arises in two respects. First, stability results are hard to establish.
A1l candidates of the Lyapunov function that I have tried did not work.
Second, comparative dynamics are extremely difficult to carry out except
in the neighbourhood of the steady state.

Most of the results are obtained under the assumption that the
curvature of the inventory cost function is small. In contrast, Kanemqto
(1978) dealt with the case where all goods are perishable so that inven-
tories cannot be carried.

The organization of the paper is as follows. In section 1,
the decision problem of the representative consumer is solved. The
solution is characterized. by the consumption function which determines

the consumer's total expenditures on consumption goods and the demand



function which determines demand for each good. 1In section 2, the firm's
problem is solved. Using the Ricatti algebraic equation, the first order
approximation to the optimal path is obtained. In section 3, by specify-
ing how profits are distributed, the temporary equilibrium of the monopolis-
tic economy is obtained. The aggregate demand function determines the
total expenditures on consumption goods and the objective demand function
determines demand for each good. In section 4, the adjustment by firms

of price and employment levels is incorporated in the monopolistic economy
and the Tocal behaviour of the economy is characterized. It is shown

that the monopolistic economy is stable if the number of firms is large

'énd if the curvature of the inventory cost function is small.

Sections 5 and 6 carry out comparative dynamics of an individual
firm and of the monopolistic economy respectively. In section 5, the long-
run and short-run effects of changes in aggregate demand, prices of other
goods and the wage rate are considered. One of the most important
results is that if the marginal cost is constant, demand disturbances
have no long-run effect on price, but are compietely absorbed by a change
in employment, whereas cost disturbances have significant effects on both
price and employment. Since the short-run price adjustment is 1nf1uenced.
by the Tevels of employment and inventories as well as that of price, the
short-run effect on price of demand disturbances is not zero. However,
if the curvature of the inventory cost function is small, the short-run
effect is also small. Section 6 examines the effects on the economy as
a whole of a change in demand and a change in the wage rate. Due to
interactions between different firms, the long-run effects on the economy
are different from those on an.individual firm.  The effects of demand

disturbances are amplified by the "price multiplier effect,” since demand



disturbances change the prices of other goods, which in turn induces
further shifts in the demand curves. Aside from the "price multiplier
effect," the effects of demand disturbances on the economy are the same
as those on an individual firm's optimal plan. The effect on price of a
change in wage rate has the same price multiplier, but the effects on
employment and inventories have a muttiplier which is less than unity.
This is caused by the fact that the indirect effect through a change in
other prices counteracts the direct effect in these cases. The short-run
effects of demand and cost disturbances are exactly the same as those on
an individual firm, since in the short-run prices of other firms are
fixed at the original Tevels.

Finally, section 7 contains a discussion of numerical examples.

1. The Consumer

The representative consumer has the instantaneous utility
function, U(C,m), defined over the vector of consumption goods,
C = (c],---,ck)T, and real money balance, m. For simplicity, the utility

function is assumed to be separable:
uc.m) = ule(C),m] , .. (T

with ¢(C} being symmetric and u(¢,m) being homothetic.
At each instant of time t, the consumer receives wage income
Q(t) and profit income N(t); holds nominal money balance M(t); and faces

the {nominal) price vector of consumption goods, P(t)= (p1(t),---,pk(t))T.



The consumer has static expactations with respect to these variables:
the optimal cohsumption plan is calculated under the (erroneous) assumption
that current values of these variables persist indefinitely.

The problem for the consumer is to maximize the discounted sum

of future utilities,

E uLc(s), M(s)/p(t)1e (s ds L (12)
subject to the cash-flow constraint,

M(s) = a(t) +I(t) - P(1)TC(s) | C L (1.3)

where the initial nominal balance M(t) is given. The variable p(t) may
be any appropriate price index, but for simplicity it is taken to be the

average price:

1
k
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B(t) pi(t) . )

1

1 b~ =

i
The control variable is C(s) and the state variable is M(s).

The problem can be solved in two stages. First, the optimal
consumption vector is obtained for an arbitrarily given level of total
expenditure on consdmption goods, Y= P(t)TC. Second, the optimal path
of the expenditure, Y(s), t<s<w, is chosen. The result of the first

stage optimization méy be summarized by the indirect utility function:

v(Y.Pm) = max {U(C,m): Y= PTC} . ... (1.5)

Roy's Identity yields the uncompensated demand function,



c(Y,P,m) = —VPV/VY s ... .{1.8)

where Vpv = (av/ap1,---,av/apk)T and vy = ov/3Y. Due to the assumption
of separability of the utility function (1.1), the demand function is

invariant in m and therefore can be written as
c(Y, P} . _ L (0

By the symmetry of the utility function, the demand function for the 1th

good can be expressed by
_ i
c; = c(Y,P ,pi) , ... . (1.8)

where the same function c() can be used for all goods, and pi is the k-1

vector of prices of all goods other than the ith one:

i T
P = (p]:"':p.i_] sp.H_-[:"'spk)
The symmetry of the utility function also implies that c(} is symmetric
in PT.
For convenience, define n as the reciprocal of the own price

elasticity of demand:

n(Y,Pi,pi) = —c(Y,Pi,pi)/EPTBC(Y,Pi,pi)/epi] B )

Now, differentiating the identify
k

I opselYsPlipy) ... .{1.70)
i=1

—
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with respect to Y and pj, j#1i, and substituting n where appropriate the

Tollowing useful results are obtained.



Lemma 1. If all prices are equal, then

1.
ac(Y,P',p,) ]

Cy E ——mmm —— = — > 0 , .o W {1.1a)
Y kp
(V,Plp) 1 1
= > 0, JEI, ... J{1.011h)
ap. k~1 n
J
Bc(Y,Pi,pi) 1 ¢
o :E —l = < 0 . e (1011
ap-i np ‘

The second stage optimization is to maximize

Jw VEY(s).P(E).M(s)/3(£)] e T (578D g .. .(112)
t

subject to
M(s) = n(t) + I(t) - Y(s) . .. .(1.13)

The control variable is now Y(s). The optimal path of Y(s) and, in
particular, the optimal level of Y(t) depend on Q(t)+1(t), M(t), and
P(t). Thus, this optimization yields the consumption function in nominal

terms
Y(t) = Y[o(t) + mo(t), M{(t), P(t)] . coee W (114)

The partial derivatives of (1.14) can be evaluated using the method developed

by Oniki (1969), (1973).



Lemma 2.  In the neighbourhood of the optimal steady state, the
consumption funetion, Y{Q+1,M,P), satisfies

y = Y, = Y, < 1 , ... .{T1.15a)

o= YM > 0 . : .. . .{1.15b)

_hfq = Q0 for amy i . .« . .(1.15c)

Condition (1.15a) shows that the marginal propensity to consume,
Y, is less than one, while (1.15b) reveals that our model contains a
positive real balance {or Pigou) effect, u. These results
can be explained heuristically as follows. Since the homotheticity
assumption implies that both money and the consumer goods are normal, a
rise in income increases the steady state money balance. For this to
occur, the increase in consumption should be less than that of income
so that money balance can accumulate; that is, the marginal propensity
to consume -should be less than one. However, an increase in the
initial ‘holdings of money balances does not affect the steady state
money balance, and in the process of moving toward the steady state,
consumption must increase in order to reduce the money balance.

Condition (1.15¢c) is the consequence of the homotheticity
assumption.  When a price rises, the "price" of money and the "average"

price of consumption goods rise by the same proportion. By homotheticity,
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the resulting decrease in consumption is proportionately equal.to the
decrease in the money balance. Hence, consumption decreases by the
same proportion as the rise in price, and the steady state total expendi-
ture remains the same. If the consumer is initially at the steady
state, 1t is therefore natural that expenditure will not change.

The marginal propensity to consume may be negative but this

seems very unlikely. I therefore assume
Yy > 0 . .. . . (1.15d)

Finally, combining (1.8) and (1.14) yields the demand function for the

1th good at time t:

ci(t) = c|¥(a(t) +;(t),M(t) ,P(t)), PI(t),p. ()]

1 =100,k ... .(1.18)
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2. The Firm

Consider the behaviour of a firm which believes -~ rightly or
wrongly -- that it faces the demand curve c(p) at time t. Being a price
setter, the firm must calculate the optimal future path of both the price
of its product, p(s), t <, and the production-Tevel. I again assume
static expectations: the firm believes that the demand curve remains the
same forever.

The production function is denoted f(n)}, where n is the employ-
ment of an input called labour, and the production function exhibits
decreasing returns to Tabour: "(n) < 0. Concentrating on short-run
analysis, 1t is assumed that quantities of other inputs cannot be changed.
The money wage rate is constant at w, and there is excess supply of
labour at this wage rate so that the firm never faces a supply constraint.‘

It is costly to adjust price and employment. For simplicity,
adjustment costs are assumed to take the form of disappeared products.
If the adjustment speeds of price and employment are ﬁ and ﬁ, the amount

of the firm's product used up for adjustment is
P (p) + g"(n) , L2
where the adjustment cost function is assumed to be smooth and convex:
g?(0) = ¢"(0) = ¢"'(0) = ¢"(0) = 0 , L. (2.2a)
Pug. Nuy,
g'"(p) >0, g"(n)>0 . ... (2.2b)

Price and employment do not adjust instantaneously because of

these adjustment costs so that the quantity demanded does not in general
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equal the quantity produced (net of adjustment and inventory costs). How-
ever, the firm carries inventories of products and this difference is met
by a change in inventories. The inventory costs are also assumed to take

the form of disappeared products. The inventory cost function is
g%(z,c(p)) > 0O , ... .(2.3a)

where z is the amount of inventories. In addition to pure carrying costs
Tike warehousing costs, inventory costs also include such things as the
cost of transporting the products to the market and the cost of not

being able to meet demand when demand suddenly rises. Inventory costs
therefore depend on the volume of sales as well as the amount of inventor-

ies. It is assumed that the cost function is convex in z:

g7, (z,¢) > 0, | .. .(2.3b)
‘and that, given c, it reaches the minimum at a positive z = z(c):

gi(i(c),c] =0 , for zZ(c) > 0 . ..o (2.30)
Furthermore, the function is nondecreasing in c:

g:(z,c) 2 0, .. .(2.3d)
and the cross partial is positive:

g,.(z,c) > 0, C .. (2.3e)

so that the minimum cost level of inventories, z(c), increases as the

volume of sales increases:
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2'(c) = -gi /95, > 0 . .. (2.3F)

The holding of inventories increases by the quantity produced
minus the quantity sold minus the quantity used as adjustment and

inventory costs:
z = f(n) - c(p) - ) - g"(n) - Flzoclp)). .. . .(2.4)

The firm maximizes the discounted sum of the future profit stream,

<0

f [p(s)c((p(s)] - fin(s)| &5t gs .. .(2.5)

t
subject to the constraint (2.4), given the initial values, p{t), n(t)
and z(t), of p, n and z. The restriction that z be nonnegative is ignored .
here since this paper deals only with local analysis and if the firm is
initially close to the optimal steady state, it never runs out of inven-
tories along the optimal path. Although the same notation is used, the
firm and the household may have different discount rates.

Control variables are

p(s) vp(s) . .. .(2.6)

n(s) = v.(s) , | Ce(2.7)

and state variables are p(s), n(s) and z(s). The present value Hamiltonian

is "
(v )

Ho = pc(p)-wn+q, [f(n)-C(p)-g.p(v)-g o

p

- QZ[ZsC(P)]}*'qpv Q. ... .{2.8)

P



where qp, A

respectively. The necessary conditions for the optimum are

n

9H/3p

|
Feo il
1]

P

—é = 3H/3n -w+q f'(n} - rq
z n

. _ Z
~q, = oH/z -q,9,(z.e(p)) - rq, ,

Q>
I
T
Q2
<
=
1}
L}
()

-
A5~ 4,97 (vp)

Q>
I
.
Lo i)
<
=

IE

1}
aw]
-

n,
4= 9,9 ' (v,)
where

cp(p) = dc(p) / dp

c(p)+ |p-a,[1+gg{zoc(p))]] c =rq . .

14

and q, are costate variables associated with p, n, and z,

.(2.9a)
.(2.9b)
.(2.9c¢)
.(2.9d)

.(2.9e)

The transversality condition requires the optimal path to Converge to

the optimal steady state at which ﬁ = ﬁ = 2 = dp =q, = éz = 0.

The optimal steady state satisfies

-] = w(1eg e
fln) = clp) + g* (2 .clp™))

* *
gy(z.c(p)) +r = 0,

.(Z.TOa)
. .{(2.10b)

(2.10¢)

.(2.10d)

.(2.10e)
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where n(p) is the reciprocal of the demand elasticity as defined in

{1.9):

n(p) = -c(p)/ [pcp(p)]

Condition (2.10a} shows that static monopoly theory holds at the steady
state: marginal revenue equals the marginal cost, where marginal cost

here includes inventory costs. According to (2.10b), steady state
production equals the demand for the product plus the quantity of the
product used for inventory management. Condition (2.10c) implies that
the steady state inventory holding is less than the minimum-inventory-cost

- A . *
level z. Defining z {c) by

Condition (2.10c) can be replaced by

*

z z*[c(p*)) , ... .(é.]Oc')

where
*

z '(¢) = —g;c/ giz > 0 . e W {2.17)

Tz

In order to simplify exposition, inventory costs are assumed to
be small compared with production costs so that gi is negligibly small

at the steady state:

gﬁ(z*,c(p*)] = 0 . ' ... .(2.12a)

It is also assumed that

z Z\2, 72 _
9ee - 95,07 /9, = O ... (2.12D)
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at the steady state. These assumptions can easily be relaxed and pro-
vided the magnitudes of both gé and the expression on the left hand side

of {2.12b) remain small, the results do not change.

Let
_ T
x = (p,n.z) , ... . (2.13a)
g = (9..9.,9 )7 (2.13b)
R p: n*z . .

Equations (2.4), (2.6), {2.7), and (2.9) define the system of differential
equations for x and gq. By the transversality condition at s=«, the
- optimal path is the stable solution of the differential equations if the

discount rate is sufficiently small.

Define
* ok
x* = (p ,n ,z*)T s ... (2744}
* * % kT w1
a = {q5,460.0,)° = (0,0,q,) . .(2.14b)
o, o,
A = 0, g, 0 s ... W (2.74c¢)
"Cp: f;a
a ., 0O,
p
B o= |0, o, . .(2.14d)
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dys 0, dy
D= |0, dy O i ‘ . (2.14e)
d3, 0, o,
ay = 1/ 00,6 (0] > o , | C . (2.186)
o = 1/{9,9"(0)] > o , c e (2.149)
o0, = q,97,(z,¢) > 0 , ... .(2.14n)
d. = .c_l[1_n_pn}+ [1]2 2 (2.141)
17 P pj T %2np) Yec
dyz P (-m > 0, (2.149)
d; = o&zyz%% >0, C . (2.14K)
Ny = dn{p) /dp , (2.142)
*
Y, = Z (c) , (2.14m)

* *
with A, B, and D evaluated at the steady state (x ,q ). It is assumed
that

1 o , . . . .{2.15a)

which is true if the marginal revenue curve is downward sloping and
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9 cc
In order to use results in quadratic control theory, it is also assumed

that D is positive definite. This assumption is satisfied if

D} = dz[azd1 - (ds)zJ S .. .(2.15b)

A standard technique in quadratic control theory can now be

appiied to obtain the optimal so]ution.]

Lemma 3. In the neighbourhood of the optimal steady state x*, the
optimal path can be approximated by

x = (A+BE) (x-x) , ... .(2.16)
where E = {eij} 8 a 3 x 3 symmetric, negative definite matriz
satisfying

(AT-vI)E +EA+ EBE = D . C L (207

The matrix Equation (2.17) is called the algebraic Riccati
equation. If the matrix E were diagonal, then price and employment

would be adjusted simply in the direction of the steady state levels:

*

p = Otpe”(p -p )
*

n = anezz(n -n)

It can be shown, however, that under our assumptions, E cannot be diagonal.
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Lemma 4. Matriz E satisfying (2.]7) is diagonal only if a,=0.

Thus as long as the curvature of the inventory cost function, ggz, is
positive, matrix E is not diagonal. However, if az==0, it can be

demonstrated that E is necessarily diagonaT,

Lemma 5. Ifr a2==0, then the negative semi-definite solution of (2.17)
is diagonal.

In general, only restrictions of symmetry and negative definiteness
can be placed on E and these are not strong enough to yield clear-cut
results in the following analysis. However, definite results can be
obtained if o, 1s small, since in this case the off-diagonal elements of E
can be shown to be negative and small relative to the diagonal elements.
This result and the rest of the results in this section are summarized in

the following proposition.

*
Proposition 1. Near the optimal steady state X , the optimal path of X
can be approximated by

G(x - x) . .(2.18)

.
it

where

jop)
I

A + BE

“pf110 %p®120 %83
S PYR L TP T ... {2.19)
-ep(p*)s fi(n¥), 0

and
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2 )
.eH <0, e, <0, (e12) < eyq8y, - . J(2.20)
If e, 18 small, then
&5 < 0 for any 1 and J , ... {2.21)

and e]z, €13 and €,y are small compared with e]1 and €90 in

absolute value.
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3. The Objective Demand Function

th

There are k firms in the economy, with the i~ firm producing

the it

good. Since different goods are imperfect substitutes, a
producer has monopoly power in the product market. Although different
firms produce different goods, I assume that they are otherwise identical:
they all have the same technology and objective functional, and pay the
same fixed wage rate.

At time t, producers set prices P(t) and empioyment levels N(t).

The wage income of the representative household is then determined by
k

Q(t) = 7§ wng (t) . o3

i=1

If profit income is specified, Equation (1.16) yields demand for the ith
good at time t {given the consumer's money balance at that time).

Profit income depends on divident policies of firms. I assume
a myopic policy wherein a firm pays an amount equal to the current

instantaneous profit (excluding the value of inventory accumuilation}.

Thus at time t, firm i pays the divident:

m(t) = plt)e|Y(t), PI(), pi(t)] -Eny(t) . ... .(3.2)

The profit income of the representative household is the sum of divident

payments from all firms:

k
I(t) Lom(t)
i=1

= Y(t) - a(t) , - .. . (3.3)
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where the second equality is obtained from (1.10) and (3.1).
Total income is the sum of wage income and profit income, which,

from (3.3) equals the total expenditure on consumption goods:

Q(t) +I(t) = Y(t) . ... . (3.8)
Thus the savings of the household are zero and its money balance remains
constant over time: M(t) =M, since

T

M(t) = e(t) +T(t) - P(e)Tc(t) = 0 . .. .(3.5)

The consumption function (1.14) now becomes

Y(t) = Y[Y(t),M,P(t)] . . .. .(3.6)
This equation may be solved to obtain Y(t) as a function of M and P(t):

Y(£) = ¥ [M,Pt)] | C (37

Tﬁe function V() corresponds to the aggregate demand function in Keynesian
economics, the only difference being that Y( ) is expressed in nominal
terms, while the aggregate demand function is usually formulated in real
terms.

From Lemma 2, in the neighbourhood of the optimaT steady state
of the consumer's optimal plan, the aggregate demand function Y()
satisfies

¥ - u g, .. .(3.82)
oM 1-y

and if all prices are equal,
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%__ =0 for any i . . . . .(3.8b)
Py

Thus, if all prices are equal, the money balance is the sole determinant
of total expenditure on consumption goods, that is, of the nominal con-
sumption.

Finally, substitution of (3.7) into (1.16) yields the objective

demand function,

Proposition 2. The demand for the ith good at time t is given by

the objective demand function:

~ -

ci(t) = c[VImP()), PT(t), pi(t)] o = T,eeeike . .(3.9)

where, if all prices arve equal, c() satisfies (1.11) 4in Lemma 1, and if,
in addition, the consumer is at the steady state of its optimal plan,

then ?() satisfies (3.8).
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4. Dynamic Behaviour of the Monopolistic Economy

The objective demand function (3.9) determines demand for the
ith good. In order to calculate the optimal plan, firm i must estimate
the shape of the demand curve it is facing. I make the Nash-type
assumption that the firm takes prices of all other goods as given and
at each instant of time estimates the demand function as a function of

the price of its product only. For simplicity, the following two

assumptions on the perceived demand function are made.

Assumptions

(a) The firm knows the quantity demanded correctly at each instant
of time. Thus, if the perceived demand function at time t is

Ei(pi’t)’ then this function satisfies

e (b (0,8) = clTMp(r), P (), py(t)] (e

(b) The firm believes that the price elasticity of demand is constant,
and the perceived elasticity is correct at the steady state of

the economy:

1l

n(p;.t) = -¢;/ [p; 9&/3p,]

U]

ALY P p. **]

; = n o, ... . (4.2)

where double asterisks denote the steady state values.
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Assumption b is made to simplify calculations. The assumption
can be interpreted in two ways. First, the firm may simply have an
erroneous perception.  Second, the consumer's preferences may be such
that the own elasticity is constant. If the consumer has a CES utility
function and if the number of commodities is large then the own
elasticity is approximately constant. At any rate, the same results are
obtained as long as a change in the elasticity caused by changes in Y
and Pi is relatively small.

The dynamic behaviour of the monopolistic economy can be de-
scribed as follows. At time t, the vectors of prices, employment levels

and inventories are set at

Xe) = (e e () x (1) . (4.3)
where

Cxe) = (py(t), ns(t), 2 (e)T oL (4.4)

and the money balance held by the household is constant at M. Given
these variables, the household determines demand for all goods. Firms
then perceive the demand curve and calculate the optimal paths of price,
employment and inventory holding as in Section 2, thus determin%ng the
direction of change of these variables. In the neighbourhood of the

steady state, xi(t) moves according to

(6) = G (eMIxs(t) - x;(8)] . i= ek, ... .(4.5)

where Gi(t) is the matrix G in {2.19) and x:(t) denotes the steady state

values of X; in the firm's optimal plan. Note that both Gi(t) and x:(t)
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are obtained given the perceived demand curve at time t, E(pi,t). At
the next moment, X(t} is adjusted to slightly different levels, and, given
the new prices, employment levels and inventories, the same process is
repeated.

Since the perceived demand curve depends in general on X(t),

both Gi(t) and x:(t) in (4.5) are functions of X(t):

X5(t) = x; (X(¥) ... .(4.6)
6;(t) = & (X(t)) . ceoe o (4.7)

Equation (4.5) can now be written as

x(8) = 6 (X)) [x, (1) - XS (X0 | 5 =Tk . L L (4.8)

* * *
The steady state of the system (4.8), X *=:(XT Ta"'Xk*T)T:

satisfies

K s x:(X**) . L. (8.9)

Only the steady state at which all firms have the same vector x is

considered:

X: = X.. = X s for any i, j . T 1))

Under the symmetry assumption, minor regularity conditions are sufficient
to ensure the existence of such a steady state. However, it seems
that stronger assumptions are reguired to establish unigueness.

Linearizing (4.8) around the steady state yie]ds2
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* *
where inxi and Vy xj are 3x3 Jacobian matrices of partial derivatives
J
*%
of x?(X) with respect to X and X35 evaluated at the steady state, X ,
and

G = G.(x ) . _ coeo. . (412)

From (2.10), (4.1), and (4.2), x:(X) is the solution to

ps (1= (n}) = w[1+-g§[z:; c(vmp), LN ... L(4.132)
f(ng) = c(F(,P),PT,p)) + gLz}, c (F(i,P),Plp}) ] e (4.13D)
z: = z*ﬂc(§(ﬁ,P),Pi,p:]] ) e v . . (8.13¢)

Noting (2.11a,b) and (3.8b), implicit differentiation of (4.13) yields

0, 0, O
* *%k
v.ox.{X )y=10, 0, 0 . .(4.14a)
;"1
0, 0, O .
BP*/BPjs 0, O
* * %
V. X (X = | an*/3p., O, O
X1 i

1l
—

. . .(4.74b)



where

and v, is defined by*(2.11) and is assumed to be less than 1/r:

where

* N -
o . —1— 12D epy(1ory)
3n 1 1-n cf
BE. - — £ (1~ PYZ)
J (k-1)a n p
sz¥ ] 1-n c()?
P (k-1 2 on p
- ye _ cf”
b= (P oy

1 - ry, > 0

Thus the system (4.11) can be written

X(t) = QUx(t) - X1,

k]
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.{4.15a)

. . .(4.15Db)

.(4.15¢)

.(4.15d)

. .(4.15¢e)

. -(4.16)

. .(4.17)

The off-diagonal elements of Q represent interactions between different

firms: the adjustment of price and employment of a firm is influenced

by changes in prices of other goods since these changes cause a shift

in the perceived demand curve.

The following Lemma is useful in examining the local stability

of the monopolistic economy.
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Lemma 6. The etgenvalues of Q are

(1) the eigenvalues of G(I+L} with multiplicity k-1,
and

(11) the eigenvalues of G[I - (k- 1)L] with multiplicity 1.

From (4.15), L approaches a zero matrix as k tends to infinity
so that matrix G(I+L) approaches matrix G. Since the firm's optimal
pian is stable, G is a stable matrix, and by the continuity of eigenvalues
with respect to the elements of the matrix, G(I+L) is a stable matrix
for a sufficiently large k.

Thus for a large enough k the economy is locally stable if

G[I-(K-1)L] is a stable matrix. For later use, define

S = I-(k-T)L
112 0, 0O
=[5> 1o .. .(4.18)
531> 0, 1
where
537 = 1-(k-1) op*/ap, = 1-;—11;—”(-cf")(1—ryz) . (4.19)
sp1 = ~(k-1) an*/ap; = - l—l—;”%f'u-ryz) ... .(4.19b)
S31 % - %Yz]_r_{rl(:(:l)z (8.19¢)
[t is easy to see that
0 < s11 < 1 . . . .(4.20a)
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< 0 , .. . .(4.20b)

< Q0 . ... .(4.20c)

Further 1t can be shown that if the curvature of the inventory cost

function, giz, is small, matrix GS is also stable. Thus

Proposition 3. The monopolistic economy is locally stable if the number

of firms, K, is large and if the curvature of the

. . z .
inventory cost function, g9__, is small.

zz
» Matrix GS has an interesting interpretation. If all prices are equal at
the initial time, then obviously they remain equal throughout the adjust-

ment process. In such a case the system (4.16) collapses to

6[I- (k- DLI[X(E) - x ]

]

x{t)

eSIx(t) - x 1 | L. (8.21)

where x(t) = xi(t) for any i. The stability of GS therefore corresponds

to the stability of the special case where all prices are equal.
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5. Comparative Dynamics of the Optimal Plan of an Individual Firm

As a preliminary step toward examining the effects of demand and
cost disturbances on the monopolistic economy, their effects on an
individual firm's optimal plan are considered.

An individual firm may face two kinds of demand disturbances:
one is a change in aggregate demand, Y, and the other is a change in the
prices that other firms charge, Pi. Cost disturbances can be represented
by a change in the money wage rate, w. First, the Tong-run effects of

these three types of disturbances are examined.

(a) The Long Run

Considering Y as an independent variable, Equation (4.13) can

be solved to express the steady state levels of (pi,ni,zi) as functions

of Y, P!, and #:

* * 1 -

P.[ = p (Y:P1:W) s . e . -(5-]8.)
ny o= o (PR, ... (5.1b)
z: = 2*(Y,Pi,ﬁ) . . . . .(5.7c)

Implicit differentiation of (4.13) yields

%\E}_ - ..lg_A(..f")(]—ryz) > 0 , ... .(5.2a)
an” 1

n = A————  — —

s mS a0, ... .(5.2b)
az* (f')2

.é..Y_ = _klA-'YZ p > O s e . . .(5.2C)
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* *
ap - 1 ]“n -1 _ - k(1-]’]) _a_E__
o =TJE - et H-ry,) n(1=ky €3y >0 >
i#i, .. .(5.3a)
an 1 1-n cf k(1-n) _ ap.
an_ -n C _ - i p
3P (k-1)A 71 p (1-ry,) n(T=k) 3y > 0>
J#Fi, .. .(5.30)
3z 1 1-n Yzc(fl)z k{1-n) EE% i # i (5.3c)
9P - (k-T)a P BEEIR R SR
sp. _ 1 f
.L = —_— > 0 s PO q(5‘4a)
3 a ko |
* T-ry
en _ 1 z_¢
o R EVE < 0 , .. . .{5.4b)
* Y fi
ﬁ%_ . Z £ < s . . . .(5.4c)
oW A n(l-n) P

where A and Y, are defined by (4.15d) and (2.171) respectively, and Lemma 1
was used by assuming that all prices were initially equal.

Equations (5.2) shows that when aggregate demand rises, price,
employment and inventory holdings all rise. According to (5.3), the
effects of a change'in prices of other goods are proportional to the
effects of a change in aggregate demand. This result is due to the
assumption of constant price elasticity of demand. Obviously, if the
elasticity does not change, all the demand disturbances should work in
the same way. Equations (5.4) show that when the wage rate rises, the

price level rises but employment and inventory holdings fall.
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Two polar cases, one with f" = 0 and the other with n=0, are
of interest. [t is argued in the industrial organization literature
that both marginal and average costs are constant in the Tong run. In our
model this corresponds to the case of f"=0. Although there is no
capital in our model, similar results are obtained in a model with
capital. The case of n=0 represents a perfectly competitive economy
in which the demand curve faced by an individual firm is perfectly
elastic. In terms of consumer preferences, this case is obtained if
all goods are perfect substitutes.

For the case where f" =0, substitution in (4.15d) reveals A to
be equal to (f‘)z, and therefore positive. Hence, from (5.2a) and
(5.3a), demand disturbances have no effect on the long-run price level.
In this case demand disturbances are completely absorbed by a change 1in
production.  Again, this result is an immediate consequence of the
constant elasticity assumption. In the long run, price and employment
should be such that marginal revenue equais marginal cost. Since
marginal cost is constant when f" =0, marginal revenue should also be
constant. In the constant elasticity case, therefore, the price level
cannot be affected by demand disturbances.

Next, consider the second polar case where n=0. In this case,
& is infinite unless f" is zerc, since in the 1imit as n approaches zero,
nA==—cf“(1—ryz). From (5.2), therefore, a change in aggregate demand
has no effect on the firm's long-run optimum. When the prices of perfect

substitutes for its product are fixed, a particular firm cannot change

the price level even if aggregate demand rises. Otherwise, this firm
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would lose all of its customers to other firms. Since the price level
remains constant, the optimal employment and inventory levels also remain
constant.

If other firms change prices, however, there is a significant
change in the particular firm's long-run optimum. It can be seen from
(5.3a) that if all other firms raise prices by equal amounts, then this

firm raises the price by the same amount:
*
Y oop /ep; = 1 . . . . .(5.5)
j#i
From (5.4a), the price level is unaffected by a change in wage
rate if n=0. The employment level falls, however, to make the marginal

revenue product equal to the higher wage rate. If, in addition to

n=0, f' is small, then the effect on employment is very large, since

an _ 1
oW pf"

The inventory nolding also falls because of reduced production, and the

fall is large if " is small.

(b) The Short Run

Next, consider the short-run, or impact, effects of demand and
cost disturbances. Suppose that the firm is initially at the optimal
steady state and examine what happens to price, employment and inventories
at the moment when small disturbances occur.

By Proposition 1, the optimal path of firm i satisfies
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- *
p; p; - P
n, = G| ;- n? . . . .(5.86)
; - *
z, z; - 73

where matrix G is defined by (2.19). A change in any parameter, say "a",

changes G and (p?, n¥, z?). But, since initially’ P;=p¥, n,=n¥, and

z, = z?, the change in G can be ignored. Thus

op; /32 3p*/9a
Bﬁi/aa = -G an*/sa e e W (5.7)
aéi/aa ' 3z*/%a

Taking in turn Y, p., and w as the parameter "a" yields

Bb- - . Sp* an* | gz*
¥ P [eT1 o T 2ay Teizay ) > 0, - .58
8n'i = o op* + e an* . z* - (5.8b)
oy *n (F12 37 22 3y * €23 3 . o« (5,
3z,
N op* . an*
oY - Cp 3 - f oY < 0, <+« . .{5.8c)
ap., 3.

i -~ k(I-n)c % , C .
3 nT-k) 3y > 9 o j#i .. . .(5.9a)
an. an,
oy T 7——%’_‘& ¥ > 0, it ... .(5.9b)
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3z 0z

i _ k{1-n)c °7i C o,
apj n(1-k) 8y < 0, j#i . .. .(5.9¢)
ap. .
—-:J- = -a [e]'l a— + ‘12 on* + '[3"327*'} 3 -(5.103)
aw P oW 3 W
an.,

i [ ap* an* 9z* ]
/T T, |8 =—+e t esy T 1, .(5.10b)
aw WUy 22y By
9z

* *
c 9P . g 3N

. .{5.10¢c)
oW P aw oW

g

1
o

where the inequalities in (5.8a,b) and (5.9a,b) hold if o, is small so
that 10> €3> and e,y are negative.

From (5.8a,b}and {(5.9a,b), increases in aggregate demand and
in other prices both raise price and employment in the short-run. There-
fore, the short-run effects of demand disturbances are in the same
direction as the long-run effects. From (5.8c) and (5.9c), however,
the inventory holding moves in the opposite direction. When demand
rises, the long-run inventory holding rises, but in the short-run the
expansion of production 1ags behind the increase in demand, thus
causing a short-run reduction in inventories.

Equation {5.10c) shows that a change in the wage rate does
not cause any change in the inventory holding in the short-run although
the inventory holding does decrease in the Tong-run as shown by
(5.4c). This is due to the fact that in the short-run, a change in
demand caused by a change in price is offset by a change in

production.
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The effects of cost disturbances on price and employment are
ambiguous.  Substitution of (5.4a-c) into (5.10a) yields

E?i = -0, Eﬂﬁ%ﬁj' eT]f' - e, ﬁ%-(]—ryz)-e13 Iﬁ;f—] . .(5.10a")
The first term in the square bracket of (5.10a') is negative, but the
second and the third terms are positive at least when'az is small.
Since &5 and €13 tend to zero as a, approaches zero, (5.10a'} is
positive if o, is small and n is not small. In such a case, the short-
run change has the same direction as the long-run change. If, however,
7 is small and o, is not small, the price may fall in the short run
even though it rises in the long run. This anomaly is caused by the fact
that short-run adjustment of price is influenced by employment and
inventory levels as well as the price level. Since a rise in wage
rate decreases long-run employment and inventory levels, the firm finds
that current levels are too high. This provides an incentive for the
firm to lower price and thereby increase demand.

Substituting (5.3a-c) into (5.10b) yields

Bﬁi 1 vy cf!

= C_ ~ _ Z 1
ga_ WY CE S PLRTY np (1-rv,) - eg np J° -(5.100°)

The short-run effect on employment is thus less ambiguous, since both -
the second and third terms in the square bracket are positive. If n
becomes smaller, both the second and the third terms become larger,
which reinforces the tendency for employment to fall. The employment
level is therefore more likely to move in the direction of the long-run

Tevel.
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Now, consider the polar case in which f" is small. 1In this
case, demand disturbances have a small effect on the long-run price level,
but the effects on employment and inventories are not small. In order
for the rate of change of price to be small, e and €3 must also be
small. This case is obtained if o, is small. If o, 15 not small, the
rate of change is not small and price may overshoot the long-run level.
It should be noted, however, that even if the rate of change of price
is not small, the absolute change in price may be small, since the
long-run change is small.

In the other polar case where n is small, the short-run
effects of a change in aggregate demand on price and employment, (5.8a,b),
are smally since long-run effects, dp*/aY, an*/sY and 3z*/3Y, are all
small. However, the effect on inventory holding, (5.8c), is not small
| because ¢y = c/(np} tends to infinity as the price elasticity approaches
infinity; a change in price becomes infinitesimal, but the infinitesimal
change in price causes a finite change in demand.

The short-run effects on price and employment of a change in
other prices, (5.9a,b), do not become small even if n becomes small,
and the effect on inventories, (5.9c), approaches infinity &s n tends
to zero.

Although the long-run effect of a change in wage rate on the
price level, (5.4a), is small if n is small, the short-run effect does
not become small even in this case since indirect effects through
employment and inventories remain finite. As seen before, however, the

short-run effect on price may become negative as n approaches zero.



The effect on employment does not become small either, although the

short-run effect is in the same direction as the long-run effect.

39
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6. Comparative Dynamics of the Monopb]istic Economy

The entire economy reacts to demand and cost disturbances differ-
ently from an individual firm because of interactions between firms. In
our model these interactions work through the dependence of the demand
for an individual firm's product on the prices that other firms charge.

As in the preceding section, both demand and cost disturbances
are considered, but the formulation of demand disturbances must be
modified. In the case of an individual firm, the aggregate demand, Y,
and prices of other goods, Pi, were taken as independent variables, and
perturbations of these variables were considered. In the entire economy,
however, these variables are endogenous and cannot be perturbed indepen-
dently. Consider, therefore, a change in the preferences of the
representative consumer that results in an increase in propensity to
consume.  Specifically, demand disturbances take the form of perturbations

of the consumption function (3.6) by a parameter y:

Y(t) = Y[Y(t},M(t),P(t)] +y . ... .(6.1)
The aggregate demand function (3.7) now becomes

Y(t) = YIM,P(t).y] , .. .(6.2)
where from (1.15a),

/0y = 1/ (1-y) . C . (6.3)

Equation (6.3) shows the standard multiplier effect: a unit increase in

autonomous expenditures increases the aggregate demand by an amount equal
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to the multiplier, 1/(1-y), which is the reciprocal of the marginal

propensity to save.

{a) The Long Run

In long-run equilibrium, all firms have the same levels of price,
employment and inventories, (p**,n**,z**},  The long-run equilibrium

therefore satisfies

prx = p* [?(M,p**lk,y), PR oW s .. . .(6.4a)
Ex = [?(&,p*ﬂk,y), A I . .. .(6.4b)
rac R o [?(ﬁ,p**]k,y), p**]k_1,ﬁ , - . . .(6.4c¢)

where functions, p*(), n*() and z*(), are defined in {5.1), and 1, is a
column vector of k unit elements: ]k = (T,+04,1),

Total differentiation of (6.4) yields

dp** ap*/ayY ap*/ow
S | dnex | = T%? an*/oY | dy + | an*/ow | diw . . . . . (6.5)
dz** az*/aY { z*/dw

where S is defined in (4.18). The determinant of S,

) (f')z-cf”(l—ryz) o)
=5 = . e e .
1 (f')z— %—cf"(l-ryz)
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plays an important role later. From (4.20a), the determinant satisfies
0 < |S| < 1, .. . .(6.7)

where | S| approaches one as f" approaches zero, and approaches zero as
n approaches zero when f"<0.
From (6.5), the long-run effects of demand and cost disturbances

satisfy

a‘k

W - T%TT;Y"E% > 1—]"Y—%$i > 0 .{6.8a)
33** ) TJT_Tl__QV__ > T%?'%Df' s 0 .(6.8b
g;** = |;| 11y 2 TEY S > 0 +(6.8¢c)
sgii = -]%]-%k_ > %?i > 0 . .. .{6.%)
on** 1 an* ap*
oW “TET[HBW 21an

- 32 _g%f. < 0 ... .(6.9b)
%;it - T%T{n gi* 531%?’]

- Ig,T%\?‘ < 0 . .. . .(6.9c)

Thus, the directions of long-run effects on the economy are the same as
those on the optimal plan of an individual firm, but the magnitudes are

different,
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First, consider the effects of demand disturbances. As can
be seen from (6.8), the effects are amplified by what may be called
the "price multiplier effect" represented by 1/|S|, in addition to the
usual multiplier effect. An increase in the aggregate demand tends to
raise prices.  The induced rise in prices that other firms charge raises
the demand curve that an individual firm is facing, thus magnifying the
initial effect.

As f" approaches zerc, |S| approaches one and hence the price
multiplier also approaches one. The reason for this is that if f" is
small, the optimal price level of an individual firm is mainly determined
by the cost condition and consequently the effects of a change in other
prices are small. As in the individual firm case, therefore, demand
disturbances have small Tong-run effects on the price level if f" is
small.

As 1 approaches zero, the price multiplier tends to infinity.
Therefore, even though the effects on an individual firm vanish when n
becomes zero, the effects on the economy as a whole do not vanish. This
simply reflects the fact that prices of other goods are fixed in the
case of an individual firm, whereas all prices change simultaneously
when the economy as a whole is considered.

Now, let us turn to the effects of cost disturbances, (6.9).
The effect on price, (6.9a}, has the same price multiplier as in the
case of demand disturbances, but the multiplier for employment and
inventories, n/|S|, is smaller. It can be easily seen that this latter

multiplier is less than one. This results from the fact that the
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effect of a change in prices of other goods counteracts the direct effect:
the primary effect of a rise in wage rate is a reduction in both employ-
ment and inventories, but the indirect effect through a rise in other
prices tends to raise the Tevels of employment and inventories.

It can be seen that the effects on price, employment and
inventories all remain finite even if n tends to zero, whereas, in the
case of an individual firm, the effect on price vanishes although the
effects on employment and inventories remain finite.

Substitution of (5.4b) into (6.9b) yields

C

Bn**

SW [(f')2-cf”(1-r”YZ)JP(T—n)

Therefore, even if both n and f" approach zero, the effect on employment

remains finite in contrast to the individual firm case where the effect

tends to infinity. The same result is obtained for inventories.
Finally, the effect of a change in money supply is proportional

to that of a change in y for the obvious reason:

R = *%k
VX uvyx . .- .. (6.10)

{b) The Short Run

Suppose the economy is perturbed from the Tong-run equilibrium
by demand or cost disturbances. Assume, for simplicity, that the

disturbances affect all firms equally. Hence, all firms adjust prices,
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employment and inventories in exactly the same manner, so that these varia-
bles remain equal throughout the adjustment process. In such a case,

the adjustment process (4.16) can be reduced to
X = GS(x - x**) . (6.11)

by setting X5 =X for any 1. From {6.5), the impact effect of a change in

a parameter, "a", satisfies

VX = -GS (Vax**) = -G(Vax*) . ... (6.12)

Thus the short-run effect on the entire economy is the same as the effect
on an individual firm. This is quite natural since at the instant when
a disturbance occurs, prices that other firms charge are at their old
equilibrium Tevels. As time passes the prices change, causing a change

in the behaviour of an individual firm.
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7. Numerical Calculations

Numerical examples of the linearized system have been calculated.
Figures 1-4 describe the effects of demand and cost disturbances on the
dynamic behaviour of an individual firm and the monopoiistic economy.

The values of parameters at the initial steady state are

@, = 0.1, a = 0.1, a, = 0.0001
n = 0.1, f* = -1, r = 0.005
W= 135, ¢ = 20, p =1, y, =2

Changes of ten percent in demand and in the wage rate are considered.
The unit time period is taken to be a month with the discount rate, r,
set at 0.5 percent per month. The inventory-sales ratio, Y, at the
margin is 2: an increase in sales by a unit per month causes an increase
in the optimal inventory level by two units. The curvature of the price
adjustment cost function, gp”, is equal to that of the employment
adjustment cost function, gn“. The curvature of the inventory cost
function is small as is the curvature of the production function which
is set at ~1. The price elasticity of demand is 10. The number of
workers employed by a firm is normalized to be one at the initial steady
state. Thus, wage income is 67.5% of sales.

Figure 1 depicts the effect on the optimal plan of the firm

of a 10 percent fall in demand. The origin is adjusted so that the

initial steady state is zero and the new steady state levels of price,
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Figure 1  The effect of a fall in demand on the optimal plan of an
individual firm
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employment and inventories are given py tines p*, n* and z* respectively.
Reflecting the small curvature of the production function, the steady
state price level falls by only 0.47 percent. The steady state employment
and inventory levels fall by 7.02 percent and 5.31 percent respectively.
Both price and employment overshoot the new steady state levels
in the short run, However, the price level adjusts much faster than
the employment level: price falls below the new steady state level within
a month but employment takes about six months to reach its new steady
state level. Although the price adjustment is small in absolute
magnitude, it is fast in the short run.  This result is caused by the
assumption that the price adjustmeﬁt function is smooth at the origin.
This assumption implies that the marginal cost of changing the price is
very small at the origin. If the adjustment cost function has a kink
or if price adjustment involves a fixed cost, the price may not change
at all.
Although the inventory level rises in the short run due to
the adjustments of employment and price lagging behind the decrease in
demand, it eventually falls to the lower steady state level. The con-
vergence of inventory holding to this new level is slow because the
curvature of the inventory cost function is small. . It takes about six
months for the inventory level to reach the old steady state level again
and about twenty months to become close to the new steady state level.
The effect of a 10% rise in the wage rate is illustrated in
Figure 2. The steady state price level rises by 5.32%; the employment
Tevel falls by 70.2%; and the inventory level falls by 53.2%. The fall
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Figure 2 The effect of a rise in wage rate on the optimal plan
of an individual firm
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in employment and inventories is large because the curvature of the pro-
ductionifunction is small and prices of other goods are fixed. In the
short run, the employment level overshoots the steady state Tevel, while
the inventory level increases in the short run before falling to the Tower
steady state level. The price rises monotonically until it reaches the
steady state.

The effects on the monopolistic economy are depicted in Figures 3
and 4.  Figure 3 describes the effect of a 10% fall in aggregate demand.
The usual multiplier is ignored to make the result comparable with the
case of an individual firm.  the price multiplier is 1.73 so that
the change in the steady state is 1.73 times larger than in the individual
firm case. It can be seen from Figures 1 and 3 that the overshooting
of price and employment is more pronounced in the monopolistic economy
than in the optimal plan of an individual firm.

As shown in Figure 4, a 10% rise in the wage rate raises the
steady state price level by 9.2% and Towers the employment and inventory
levels by 12.1% and 9.2% respectively. In the short run the employment
level overshoots the steady state level. In contrast to the individual
firm case, the inventory level does not rise in the short run.

Many other examples have been calculated and results in
previous sections have been confirmed. For example, as o, becomes
smaller, the off-diagonal elements of the matrix E become smaller. Other

Notable findings are:

(a) The solution may have cycles if f" or n is small. Oscillation
occurs more often in the case of the economy as a whole than

in the case of an individual firm;
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Figure 3 The effect of a fall in demand on the monopolistic
economy
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Figure 4 The effect of a rise in wage rate on the monopolistic
eCconomy



A1l cases that have been calculated are stable if the
matrix D is positive definite;
If o, is not small, there are cases where some off-

diagonal elements of E are positive.

49



50

FOOTNOTES

]The approach adopted here is similar to the one developed by
Epstein (1980).

2This linear approximation involves a somewhat subtle mathe-
matical problem.  The linear approximation of the firm's optimal plan
can be justified, since the residual term tends to zero faster than
X-x*. The first order approximation of the path of the economy re-
quires that the residual term tends to zero faster than X - X**. It can
be shown that if x?(x) is continuously differentiable, the former implies
the Tatter.

3See Magnus {1980) for the proof of a more general form of
this result.
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APPENDIX

Proofs of Lemmas and Propositions are provided in this
appendix.  Those of Lemma 1 and Proposition 2 are omitted as they are

obvious from the main text.

Lemma 2. In the neighbourhood of the optimal steady state, the con-

sumption function, Y{(Q+I,M,P), satisfies

=

111
3—(

\'4
o

Frylie 0 for any 1.

Proof.
The first order condition for the problem of maximizing (1.12)

subject to (1.13) is

TVy T vty - .. (AV])

Y+ vy M

)}

Vyy YM
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and substituting for M from (1.13), Equation (A.1) can be written as

by

v o= 1 _ |, _ _
Y = —VYY [VM PVy * Vyy (+1 Y)}

The optimal path converges to the steady state (Y*,M*) given

Y ¥ = Q+1 : ... .(A2)
rvy [Y*,P,M_i] - v, [Y*,P,M;-] =0 . C . (AL3)
p p

The steady state money balance, M*, can then be written

where

Me = M*(Q+I,P) ,

A 4 ) e 14') A
& T VVym~ VeV

The inequality is a consequence of normality of Y and M, the latter being

implied by our homotheticity assumption.

First, examine the effect of a change in Q (or ). In the

neighbourhood of the steady state, the variational differential equations

with respect to Q are

1

‘o T vy ((VMM' riyy) Mo riyyYg* VYM] =

and the following boundary conditions are satisfied:
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MQ(t) = 0
MQ(w) = aM*/3Q > O
Yole) = 1

The Tocus of MQ = 0 is the horizontal T1ine, Y. = 1, and the locus of Q

£
is upward sToping due to the normality of money balance. The phase

$

diagram is given in Figure 5. Since (MQ,YQ) must converge to (oM*/30,1),
the path of (MQ,YQ) must be one of the stable branches. But since MQ==O
at time t, YQ(t) is the value of YQ at the intersection point between

the vertical axis and a stable branch. Hence,

t) = Y, (Q+T,M,P) < 1

ol ol

Second, consider a change in M. The variational differential

equations with respect to M(t) is

M M
Y, = - 1 (Vg = Vo) Mo - Pygy ¥
M Vyy MM YMY M YY ‘M)
where
MM(t) = 1
Mm(‘x’) = 0
Ym(m) = 0

As in Figure 6, the locus of MM is the MM axis and the locus of ?M is

upward sloping. Again, the path of (MQ,YQ) must be one of the stable



vo(t) l—>

0 §2

/\ Yym

rVYY

Figure 5 Comparative dynamics with respect to Q(t)

Figure 6 Comparative dynamics with respect to M(t)
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branches and since MM(t) = 1, YM(t) must be positive. Hence,

Y (Q+1I,M,P} > 0

mt

Finally, the variational differential equations with respect

to p; are
Moo= -
p p
Y . : _
Yp = - Yy (VMM rvYM) Mp rVYYYp + VMpi rvyp1 .
where
t} = 0
()
Mp(m) = BM*/ap-i
Y =
()
From Figure 7, it can be seen that if aM*/3p; = 0, then Yp(t) = 0.
Since
rV, -V
awe TP My
9P i~ "Vym
it suffices to show that ‘
'VMVYP ~ vaMp = 0 . .. . .{A.8)

The utility function (1.1) can be rewritten as
uly(C),ml

with a linearly homogeneous function y{C). The indirect utility function

satisfies



Figure 7 Comparative dynamics with respect to p(t)
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v[Y,P,M/p] = uly(C(Y.P)}, M/p] . .+ . .(A.5)
If P; =P for all 1, then from (1.10} and the linear homogeneity of y(C),

v[Y,P,M/p] = ul¥/p,M/p] . . . . .(A.B)

Now, differentiating (A.5) with respect to P yields

o, = o { D eCrP)s w1 AT
1 1

But, if Pi=P for all i, then

2
3p

u Ly (C{Y,p1,)) M/p]},

oT|—

3 rli T R
! apr b5 up) k 35, 5y
Hence, (A.7) becomes

- 13 1
p, T X % L5 up(Y7psH/p)]

1
- E;? [um * Yoy * mumm]

In the same way, if P;i=P for all i, then

S 3y
“Yp, T [uy, 371

3 1
-—[5-uy(Y/p,M/p)]

- Luy tyuy ]
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Since Vy = uy/p, Vg = um/p, (A.4) becomes

.1
VYVM - VMVYp.i = 3 !:.y(u

~u )+ mu o -u )]
P kp i

Yy ym mm

= 0

where the last equality results from the homotheticity of u(y,m).

Lemma 3. In the neighbourhood of the optimal steady state, x*, the

optimal path can be approximated by
x = (A+BE)(x - x*) ,

where E = {eij} is a 3x 3 symmetric, negative definite matrix

satisfying

T

(A" - vI)E+ EA + EBE = O

Proof.

Let v = (v_,v )T and define

p*'n

F(x) = pc(p) - wn
Vp

G(xsv) = | v

f(n) - c(p) - gp(vp) - ¢*(z,c(p)

Then (2.4}, (2.6) and (2.7) can be rewritten as

X = G(x,v) ., .. (A.8)



59

and the Hamiltonian (2.8) as

H(x,v,q) = F(x) + q'6(x,v)

Define the value function:

o

J(x) = max { J F(x)e"r(s't)ds DX = G(x,v), x{t) = x}
{u(s)} +
Then along the optimal path, the vector of costate variables, q,
satisfies
q(s) = JI (x{s)) .. L (A9)
where

JX = (Jp,Jn,JZ)

(3d/3p, 3d/8n, 3J/9z)

From (2.9d.e), vp(s) and vn(s) can be expressed as functions

of g{s) and hence of Jx(x(s)):

HI

o(s) = \)[Jx(x(s)]} w(x(s)) . .. L (A10)

It is easy to see that v:(x), the Jacobian matrix of v'(x), satisfies

+

*
vx(x) = BJ., > e . JAD

where B is defined by (2.14d) and Jyx is the Hessian matrix of J(x).

Substituting (A.10) into (A.8) yields the optimal path of x:

X = G(x, v*(x)] ) ... {A12)
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Noting (A.11), the linear approximation of this differential equation
is

x = (A + BJ (x*)) (x-x*) , -+ . .(A.13)

where A is defined by (2.14c).
Now, it is shown that E = Jxx(x*) satisfies the algebraic Ricatti
Equation (2.17). Substituting (A.9) into (2.9a-c) yields the Hamilton-

Jacobi equation:

L0000 = H G0 00) +ra () . .. L (A14)
where

HX = (8H/3p, 3H/3n, 8H/3z)

Noting that the left hand side of (A.14) is equal to JIX’G[x,v*(x)],

differentiation of (A.14) with respect to x yields

ds Ixx T Mk M 7 By Yy - quJxx
*
- JXX(GX Gv vx) . . . .{A.15)
—-— = = = T
At the steady state, we have (d/ds)JXX = 0, Hxx = ~D, qu 0, qu A,

*
Gx4-vax = A + BJxx' Hence,

T

(A" - rI)E+EA+EBE = D

Finally, it is shown that £ is negative definite. Our assumptions imply

that F and the right hand side of (2.4) are concave and since the right



61

hand sides of (2.6) and (2.7) are linear and the shadow price of z, q,>
is positive at the steady state, Theorem 1 of Long (1979) can be

applied to show that J(x) is concave near x=x*. Using the fact that
(2.4) is strictly concave in (x,v) and F(x) is strictly concave in (p,n),
Long's Theorem can be strengthened to prove the strict concavity of

J(x) at x=x*. This implies that E = Jxx(x*) is negative definite.

Lemma 4. Matrix E satisfying (2.17) is diagonal only if a, = 0.

Proof,

The matrix Equation (2.17) yields

2 2 -
oy 1 *t &, €y - Teqy - che]3 = d] . .. .(A.16a)
o 2, 4 o eZ, - re,, + 2f'e = d {A.16b)
p €22 7 % €37 22 23 2 AR
o e2 + g 82 - re = q (A.16¢)
p 13 n 23 33 z oo T
o 11897 + G €solyn * f‘e13-cpe23- rej, = 0 .(A.16d)
o 810813 * @ BooRsg F f'e33 - re,, = 0 .. . .(A.16e)
o €13817 t 9 eqn8ss - Cp633" req, = d3 = azd s o« .« . J{A.16F)
where
= o S
¢ = v, 55
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If E is diagonal, then 81p = €93 = €yg - 0 and (A.16e) reduces to

Lemma 5. If a, = 0, then the negative semi-definite solution of (2.17)

is diagonal.

Proof.
If E is negative semi-definite, then €33 is nonpositive. Hence

(A.16c) yields

@13 " 83 = 8330

so that (A.16d) becomes
(o

p11 T o ss - r) &g = 0

Since e;, < 0, ey, <0, it follows that

&p = 0

Proposition 1. Near the optimal steady state, x*, the optimal path

of X can be approximated by

x = G{x - x*) ,
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where

A + BE

o
1]

f 3

“p®110 %p%y20 %P3

“n€12° 800 Gp€p3 | s
* *
—Cp(p ): f[(n.): 0

and e < 0, ey5< 0, (612)2 < ep18y, . If o is small, then

eij < for any 1 and j ,

and €195 €35 and e, are small compared with €11 and €5y in absolute

value.
Proof.

It suffices to prove the second statement.

Fix all parameters except o, and write the solution of (2.17)
as a function of o, E(az). Since E(az) is negative definite if
o, > 0, the Timit of E as a, tends to zero,

E(07) = tim E(a))

z
az+0

is negative semi-definite. Observing that by Lemma 5, €19 = B3 T €53

= egq3 = 0 at o, = 0+, expansion of (A.16) shows that dE(uz)/daZ at

+ ..
o, = 0 satisfies

de33
da

Z

=_]F<O’



deq, ) d-l-cpde33/daz < 0
do ?
z apeH -r
!
de23 : f de33/daZ <o
do ?
z U sy = T

de12 ) cpde23/daZ - f'de]3/dcxZ < 0

3

z Otpe-l-l + une22 -r

deH ) 2c de13/do¢Z < 0

da >
-2f'de,,/da

de22 - 23 77z

daz Zane22 -7

The proposition now follows.

Lemma 6. The eigenvalues of Q are

(i) the eigenvalues of G(I+L) with multiplicity k-1, and
(i1) the eigenvalues of G[I~ (k-1)}L] with multiplicity 1.

Proof:3

Denote an eigenvalue of Q by A. Then
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IQ-AI[=03

where I is an identify matrix. The matrix Q-AI can be partitioned
into kx k blocks of 3x3 matrices, where all diagonal blocks are G- Al

and all off-diagonal blocks are -GL. Subtract the kth column blocks

from other column blocks and then,to the kth row block, add all other
row blocks. Thfs operation does not change the determinant and
yields
|Q - AL} = | G(I+L)-AI, 0 -GL
G(I+L)-AI, -GL
0 0 é(I-(k-1)L)—AI

| (1LY -AI [ G(I-(k-1)L) -1

The Lemma now foliows.

Proposition 3. The monopolistic economy is Tocally stable if the

number of firms, k, 1s large and if the curvature of the inventory cost

. ya .
function, 95,5 18 smali.

Proof.
It suffices to prove that if a, is small, the matrix GS is

stable. The eigenvalues of GS satisfy the characteristic equation,

- 3 2 =
[GS -~ AI| = -a “BAT-BA-8, = 0,
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where

*e13Sq1] - ey,

By = moplegysyy * sy
By = a0 {911922511 - [e$2511‘ (822313"e12623)531]}
“opeq3l-cpsyy * Fisyy) - apepsf!
By = opupSyylepy(fley +cpepn) + epalociey, - flep))l.
It is easy to check that the Routh-Hurwitz condition for stability:
BT > 0, 82 > 0, 83 >0
B8, > By

is satisfied if &> €3> and e,y are small relative to e and €5p-






