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1 Introduction

There is increasing interest in monetary policy, that is known as “inflation
targeting” or “price-level targeting,” to keep a target inflation rate or a target
time path for the price level. According to Ammer and I'reeman(1995) and
Bernanke and Mishkin(1997), there are some monetary au.thorities that have
made strong policy declarations that give increased emphasis on the control
of the price level. Table 1 shows countries that have established specific
inflation targets officially. Underlying such a policy, there is a notion that
price stability is desirable.

The only study that provides a theoretical analysis of inflation target-
ing is Smith(1994) while there are some empirical research dealing with this
policy.! The model of Smith is an economy with stationary, two-period lived
overlapping generations under the constraint of a reserve requirement which
forces money to he held. He examined various policies and reached the con-
clusion as follows: (a) under a policy in which the money supply grows at
a constant rate, there is a high possibility that equilibria cannot implement
target inflation rate, {b) indeterminacy of equilibrivun may occur under infla-
tion targeting policy regime using lump-sum transfer, and (c) no equilibrium

may exist for some target price level path when the government uses open

! See, for example, Dueker and Fischer(1996).



Table 1: Targeted inflation rates among the industrial countries

Targeted series Target period Target rate
(percentage change)

New Zealand CPI Starting 1994 0-2
Canada CPI Through 1998 1-3
United Kingdom RPI Medium term 1-4
Sweden CPI Starting 1995 1-3
Finland CPI Starting 1995 2

Source: Ammer and Freeman(1995)

market operations to achieve targeted rate of inflation, and even if there is,
it may be Pareto dominated by one supported by lump-sum transfer that
implements the same price sequence. In other words, each policy examined
in his paper has an undesirable property.

It is well known that there are several approaches that integrate monetary
economic theory and price theory besides reserve requirement. One is “money
in the utility function,” which includes the level of real money balance as an
argumment of agents’ utility function in addition to the level of consumption.?

Another is “cash-in-advance constraint,” which implies that money must be

? This is used by Sidrauski(1967), for example.
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used to buy goods.®* What happens when we apply one of these assumptions
to the analysis of inflation targeting instead of reserve requirement? Are
different results obtained? Or can the results of Smith be applied to a wider
class of monetary models?

This paper, which analyzes an inflation targeting policy regime under
the assumption of money-in-the-utility-function, gives one answer for these
questions. We use a model of the economy that consists of infinitely-lived
consumers and public-good-supplying government, and examine two kinds
of policy: first a “constant-money-growth rule” which is simply to set the
growth rate of money supply at a constant value, and second an “inflation
targeting policy regime” which sets a target time path for the price level
with the government controlling money supply so as to maintain it. The
reason why the latter policy must be examined is that the former results in
an undesirable consequence. In this paper, following Smith(1994), we use
the term “inflation targeting” to indicate a policy target in which the rate of
change in the price level is perpetually set to be constant.

The remainder of the paper proceeds as follows. In section 2 we construct
a general equilibrium model with money. Section 3 considers equilibria under

a constant-money-growth rule, while those of an inflation targeting policy

¥ Clower(1967) and Lucas and Stokey(1987) are representative studies that impose this

assumption.



regime are examined in section 4. Section 5 concludes the paper.

2 The model

In this section, we construct a model of pure-exchange economy that consists
of identical infinitely lived households.* The time flow is taken as discrete:
t=1,2,3,---. It is assumed that there is only one kind of private commodity

in this economy.

2.1 The government

The government is the sole agent that can issue money in this economy and
we assume for simplicity that the cost of money creation is zero.

The government puts money into the economy by means of lump-sum
transfer to the households and by purchasing a private good input, which
is supplied to the households as a public good. A fraction ¢ € [0,1] of the
newly printed money in the period is transferred in lump-sum fashion to the
households, and the rest of it is used for purchasing the private good, where
the parameter ¢ is a constant value. In addition, we treat the government

to act to maintain zero financial balance in every period. Then the budget

4 This model is based on Azariadis(1993, section 26.3). The govermment that supplies

public good is newly introduced. Its merit will be discussed briefly in section 5.



constraints of the government at period ¢ are written as follows:

T = qﬁ(ﬂ/fz — fl/j-t_l), (1)
pege = (1= @)( My — M), (2)

where M,, 7, ¢¢, p: are nominal money balance, lump-sum transfer, govern-
ment purchase of the private good and price level respectively, for the period
t. We assume that one unit of the private good produces one unit of the

public good which is supplied iree to the households.

2.2 The households

The representative agent’s utility depends not only on the level of consump-
tion but also on his real money holdings. In this study, the instantaneous
utility of the agent at period ¢ is assumed to be represented by the following

additively separable function:

u(cy) + v(z) + 9{(g:),

where ¢; € Ry is his conswmption level and z, is his real money balance,
both at period {. We suppose that functions v and v are strictly monotone

and convex: v’ > 0, v' > 0, v’ < 0, v" < 0, and, in addition, satisty the



following properties:®

v'(o0) = 0. (4)

We also assume that u'(¢), v'(«), ©”(a) and v"(a) have finite values for any

a > 0.° The representative agent’s lifetime utility is expressed as:

U = 387 ule) + o)+l )

where § € (0,1) denotes his subjective discount factor. All households receive
the endowment e > 0 in each period. So the households at period ¢ face the

budget constraint

T -
Ct+zt=e+—t‘|‘pt Izt—l- (6)
Pt Pe

The representative household determines the sequence {¢;, z;}£2, in order to
maximize his lifetime utility (5) subject to the constraint (6).” Now we can

obtain the first-order condlition for his lifetime utility maximization:

1
w'(e) = 3% u'(e) —v'(z)} forallt > 1. (7)

® These assumptions are used in Brock(1975), for instance.

& This implies that «(0) = v"(0) = —co.

" The household cannot choose {g,}52, because the government determines them ac-

cording to the policy rule.



2.3 Market clearing conditions

The commodity market clearing condition at period ¢ can be written as
C + gy = e. (8)

When (8) is satisfied, the money market is also in equilibrium by Walras’
taw, Le., if we use m; to express M,/p;, the real money balance at ¢, the
following relation holds.

my = z, (9)

2.4 Dynamic equilibrium under perfect foresight

Finally, we define a dynamic equilibrium for this economy under perfect

foresight.

Definition Given a sequence {M;}32,, a perfect-foresight dynamic equilib-
rium is a sequence {7y, gi, €, 21, Pry ™4 J52, satislying the budget constraints
(1) and (2) for the government, the budget constraint (6) for the representa-
tive household, the first-order condition (7) for lifetime utility maximization
of the household, market clearing conditions (8) and (9), the non-negativity

of nominal money balance M; > 0, and the transversality condition

lim &7 Pt ' =0 10
Troo " popt (ct+7) (10)

for all ¢ > 1.



3 Price level under a constant-money-growth

rule

In this section, we analyze fluctuations of the price level under the policy
to increase the money supply at a constant rate, that is commonly exam-
ined in literatures studying the dynamic property of a monetary economy.

Specifically, the money supply grows according to the following relation:
l"lf[H.]_ = (1 -+ 9)1‘1’.[5 for all ¢ > 0, (11)

with § > 0 and M, > 0. Qur main purpose here is to investigate whether
there are any perfect foresight dynamic equilibria, and, if so, whether the
price level also changes at the rate (1 - @), i.e., whether the government can
use this policy to maintain a constant rate of inflation.

We can derive

Pty1 1y :
S =(1+94 12
o )mt+1 (12)
from (11), and
gy = amy (13)
from (2), where
_(1—-¢)
v =Sy €10,1).

Then substituting (12) and (13) into {7), we can obtain a first-order difference



equation with respect to the real money balance my:

1440
a(mesr) = ——b(m), (14)
where a(m) = mu'(e — am) and b{m) = m {v'(e —xm) —v'(m)}. Both

functions a(m) and b(m) are defined on 0 < m < efz. It is easily verified
that «(0) = 0, a{e/a) = co, ¢’ > 0 and b(e/z) = co. In addition, we obtain

the next relationship on 5(0):

> <

mlinlomtv'(mt) 0 & b0) 0.

We define /n as the maximum value of m satisfying b(m) = 0 and apply the
implicit function theorem to (14) for any m; € (vh,e/2), then the existence
and the uniqueness of a function f such that m,; = f(m;) are guaranteed.

The slope of f is calculated as

dmey 1+ 0u'(e —zme) —v'(my) — emad(e — amy) — myv”(my)

>0,

dm; 6 w'(e — emypr) — e (e — amyey)
i.e., the phase curve f is upward-sloping.®

The monetary steady state of this economy is given as m € (vh,e/z)
which satisfies

I b A
YEI1re—6

8 This is because b(m,) > 0 for any m, in that interval. Here it is equivalent to /(e —

u'(e — am) — yv'(m) = 0, 1. (15)

amg) —v'(my) > 0.



We should notice that the left-hand side of the first equation of (15) is in-
creasing in m. When m = 0, limp—y0 {t/(e — 2m) — yv'(m)} < 0 holds by
assumption (3), while w'(e — 2rh) — yv'(Mh) < 0 holds if 2 > 0.2 Moreover,
(3) also says that lim,, _./,—o {t'(e — zm} — yv'(m}} > 0. These facts assure
that there exists m and that it is unique.

FFinally, we should examine the stability of this steady state. It is apparent
that the phase curve f intersects the 45° line from below if ¥2 > 0. On the
other hand, in the case of 7 = 0, we can evaluate the slope of f at the origin
10

as

Mot 1+ 8 my {u'(e — xmy) — v'(my)}
me—+0 My me—+0 u'(e — emygr)

= 0.

Hence, the phase curve always intersects the diagonal from below even in
the case of f passing through the origin. Then we can say that the only

monetary steady state of this economy is unstable whether v > 0 or ¥h = 0.

Proposition 1 Our economy expressed by equation (14) under the policy
regime of constant money supply growth has a monetary steady state which

is unique and unstable.

Now consider possibilities on the shape of the phase curve for this econ-

Omy.

® This is because u'(e — zrh) — v/{rh) = 0 from the definition of , and y > 1.

10 Rememnther that linyy,, — w0 mev'(my) = 0 when /= 0.

10
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(a) Target rate of inflation will not be implemented unless mo=m.

Figure 1: Motion of the real money balance under constant-money-growth

rule
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M 45°
. /
X
mH-l = f(ml)
N A .
m m e
X

(b) There is no dynamic equilibrium when m<m.

Figure 1: (continued)
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Case A: 1 = 0. See figure 1(a). If the initial value of the real money
balance my is less than m, m; converges to zeré ag t — oo. On the other
hand, m, approaches to e/z as time goes on when m; > /. Although
those sequences {m;} are dynamic equilibria, m.;/m; is not a constant
value in each case, i.e., the government will fail to support a constant rate of
inflation.!! Then we conclude that there exists a perfect-foresight dynamic

equilibrium in which the rate of inflation remain constant only if m; = m

holds by chance.

Case B: m > 0. Figure 1(b) shows this possibility. When m; < m, the
real money balance will be negative in a finite time period. Such a sequence

{m,} cannot be a dynamic equilibrium.

Under the policy of a positive constant rate of money supply growth, there
exists a perfect-foresight dynamic equilibrium in which the rate of inflation is
kept constant only if it happens to be that my = m. In almost every occasion,
things end up in undesirable states, 1.e., a dynamic equilibrium does not exist,
or, even it it does, it cannot support the target rate of inflation. These results

suggest that we should consider another policy rule to succeed in inflation

1 Tn the case of ¢ = 1, ef/x = co holds and m; gets infinitely large as t — oo when
my > m. But such a sequence {m;} cannot be a dynamic equilibrium because it does not

satisly the transversality condition (10).
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targeting.

4 Inflation targeting policy regime

This section examines a policy regime in which the government fixes the price
level path in advance and controls money supply to implement it. Specifically,
we denote this target time path of the price level as {p}}. Moreover, we define

the fixed inflation factor p > 0 such that
Pepr = pp; forallé>1. (16)

In other words, the aim of the government here is to control money supply
s0 as to maintain the inflation factor at a fixed level p.
Substituting (16) into the government budget constraint (2) and using

(8), we will obtain the expression

e—¢1=(1—¢) (mHl - %mt) . (17)

In addition, we can rewrite the first-order condition of the representative

household (7) as _
w(cigpy) = —'g{u'(c,;) —v'(my)}. (18)

QOur task here is to analyze this dynamic system represented by these two

equations with two state variables m; and ¢;.

14



First, suppose that this economy has a steady state (m*, ¢*) and discuss
its properties. It must satisfy the following relations, which can be obtained

by substituting m.y = m, = m™ and ¢4 = ¢ = ¢* for (17) and (18).

c—«c*z(lwgé)pglm* (19)

v'(m*) = (l — ﬁ) u'{c*) (20}

i
We must note that it is necessary that p > 1 for (19) to hold since 0 < ¢* < e.
Namely, the government must not expect deflation to guarantee the existence
of the steady state. We should remember that monetary authorities that
operates inflation targeting policy regime in practice listed in table 1 set
nonnegative values to the target rate of inflation. And it is worth pointing out
that our model is consistent with the fact that they target nonnegative rate
of inflation, i.e., p > 1. In this paper, we hereafter consider only inflationary
economy in which p > 1 holds.?

Next we examine the dynamics of this economy using a phase diagram

on (my, ¢) plane. From (18) we obtain

ey 2o & W(en) = g{u’(ct) —v'(my)} < ()

& (1 - g) w'(c) < v'(my).

12 5 > § is also necessary for (20) to hold because v’ > 0 and ' > 0, but it is always

satisfied whenever p > 1.



Figure 2: Phase diagram under inflation targeting policy regime

Then the condition
6 ) !
(1 - '—) U (Ct) =v (mt)
I/
which is described as the phase curve OC in figure 2 is equivalent to ¢;11 = ¢.

We can see also that ¢i1 > ¢ to the left of OC and ¢4 < e to the right.

The phase curve OC is upward-sloping since

dCt . v”(mt)
dmy (1 - %) u(cy)

> 0,

and using assumption (3) we have ¢; — 0 as m; — 0, which implies that OC
passes through the origin.

Next we will derive another phase curve that corresponds to my.; = m;.

16



Equations {17) and (18) yield

-1

My

mt.HEmt < 6—(1_9{7) (mt+1—%?nt)56~(l_¢)p

-1 ]
my

— mt} + v’ ().

= ’ILI(CH_I) 2 'U! I:e - (1 — Qb)p

& ul(e) 2

™ | o

u [e —(1—¢~

Then m;y; = my is equivalent to

de) = 2w fe- =92t + v,

which is drawn as the curve OM in figure 2. And myy; > my; on the lower side
of that curve while m;+y < m; on the upper. In addition, the right-hand side
of the previous equation diverges to infinity as m; — +0, and then ¢; must
converge to 40, which means that OM passes through the origin. Besides,
the right-hand side also goes to infinity as

pe

1—-¢)(p—1)

which implies that this phase curve passes through (v, 0). We can compute

my — = ?ﬁ,

the slope of OM as follows.

dee 61— @)p— D" [e— (1= ¢)tme| — p*"(my)

dms pru(e)

When we evaluate this at the origin and at (2,0}, it reduces to

dee. _ _6(1 = é)p — 1)u"(e) — p*"(0) >0

dm-t (me,e)=(0,0) PQU”(O)

17



and
de; §(1 — @) (p — D)u"(0) — p*v"(m)
- - — <,
dm, (e} =(.0) p*u’(0)

respectively. These are evidences that the phase curve OM is upward-sloping
at the origin, while it is downward-sloping at the point (2, 0).

It is apparent from figure 2 that there exists a unique monetary steady
state (m*, ¢*) in this economy,”® and appendix 1 provides a proof that this
steady state has the saddle point property.'*

When the initial state of this economy is on the upper side of the saddle
path, the sequence of (my, ¢;) goes into the infeasible area, hence such a
solution cannot be a dynamic equilibrium. Contrarily, when the initial point
is on the lower side, the sequence of (m,, ¢;) converges to (rr, 0). But, in
fact, such a solution is not a dynamic equilibrium as well since it violates the
transversality condition (10)."®* Then we can say that there exists a unique
path of ‘perfect-foresight dynamic equilibrium which converges to (m*, c*)
along the saddle path in this economy.

We state our findings in the following proposition.

13 We can easily ascertain that the slope of OC is greater than that of OM at (m*, ¢*).

This guarantees uniqueness of the monetary steady state.

1 The sequence {m,, ¢;}52; which converges to this steady state along the saddle path
satisfies the transversality condition (10). See appendix 2 for detail.

1% It is also shown in appendix 2.
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Proposition 2 [t is possible that there exists a determinate perfect-foresight
dynamic equilibrium which converges to the monetary steady state (m*, c*)
along the saddle path in an economy expressed by equations (17) and (18)
under inflation targeting policy regime, provided that the inflation factor is

set to be greater than or equal to unity.

5 Concluding remarks

In this study, we have investigated the possibility whether the government
succeeds in the inflation targeting policy regime in a monetary economy with
infinitely-lived households whose utility depends not only on consumption
but also on real money holdings.

In section 3, we have examined a simple policy regime which is to increase
money supply at a constant rate in every period, and found that there may
not exist any perfect-foresight dynamic equilibrium. Even if there is one, the
targeted rate of inflation will not be implemented.

In section 4, then, we analyzed an inflation targeting policy regime in
which the government controls money supply so as to support the target

inflation rate. We suin up the main results of the analysis in the following:

1. There exists no dynamic equilibrium with a deflationary target rate.

The existence of a perfect-foresight dynamic equilibriuin with price-

19



level targeting requires a constant rate of inflation by government’s

resolution on a rise in the price level.

o

When a dynamic équilibrium exists, the path of solutions which im-
plement the target time path for the price level is unique since the
only monetary steady state is saddle-node stable. In other words, the

perfect-foresight dynamic equilibrium of this economy is determinate.

These are positive results providing theoretical justification to monetary
authorities that operates inflation targeting policy regime in practice. In
the model of Smith(1994), by contrast, inflation targeting policy regime via
lump-sum transfer resulted in indeterminacy of equilibrium, or in a negative
result. Thus we have to say that the conclusion of Smith was not robust
depending on monetary economic models.

The results in sections 3 and 4 of our study do not depend on ¢, the 1'&1:50
of money transferred to households in lump-sum fashion to newly created
money, but this does not mmply that the introduction of a public good sup-
_ plied by the government to our model is meaningless. Public-good-supplying
policy may be considered as a kind of fiscal policy, so we should interpret our
result as follows. Once the government targets a constant rate of inflation,
then monetary and fiscal policies are no longer independent each other.

One of the most important problems would be that our analysis does not

20



deal with the open market operations, which is one of the contmon measures
to control money supply. Do the results obtained in this study change when
we consider the open market operations? Are there any policies more desir-
able than one examined in section 47 We intend to answer these questions

in our future study.

Appendix 1.

The only monetary steady state has the saddle point property.

(Section 4)

The existence of a saddle point is checked by calculating the Jacobian

matrix

O /Omy Omyyq[dc
66}4.1/87711 5ct+1/0ct

at the steady state. Substituting (17) into (18) yields

1

o= =) (mn = 1) | = £ e - om.

From this, we can compute partial derivatives of m,,; as follows:

Omigr p v'(my) 1 Omyga p u(c)

Om,  (1—¢) A4 pl B (1—¢)6 A

21



where
1 1
A= u [e — (1 — qﬁ) (Tnt-l-l - —mt)J .
P
Furthermore, from (18), partial derivatives of ¢;y; will be obtained as

u"(ct)

(ces1)

aCH_l N 4 ’U”(?nt) act+1
omy  fu'(cx)’  Oc

_ P
61

The Jacobian matrix evaluated at the steady state reduces to

p vh’(?n*) + -]; B p un’f(c*)
p_| T8 & "5 Taoep &
_pv'(m7) P ’
& u"{c*) )

where

mzuﬂ&_“—@@—”mﬂ.

Then the trace and the determinant of J* are

P v"(m*)
T=trJ = {1+( ;

1 ., 1
; m}+;>0, D=det J'==->0.

Eigenvalues of J* are given as roots A of the characteristic polynomial
s\ =M -TA+D=0.

Let A be the discriminant of s(), that is,

. % 1 2 4 U!I(?n*)
Aep?_ypo|ly 2m) 1 117 4 v(mT)
g L{ Ti—oa) 5 Tiiga

which means that s(A) = 0 has two different real roots A = Ay, ;. Here we

assume that Ay < Ay without loss of generality. It is necessary that every A

22



satisfying s(A) = 0 are positive because both T and I ave positive. Moreover,

value of the characteristic polynomial evaluated at A =1 is

3(1)=1—§{1+({’%}<0

implying (L — A;)(1 — Az) < 0. This means that A; < 1 < Ay must hold.
Therefore, the steady state (m*, ¢*) of the dynamic system of equations (17)

and (18) is a saddle node.

Appendix 2.
Does a sequence {m;, ¢}:2; converging to (m*, ¢*) or to (vn, 0) satisfy

the transversality condition? (Section 4)

Here it is sufficient to examine whether the relation obtained by substi-

tuting (16) for (10), i.e

lim (é)Tu'(cm) —o, (1)

T—o0 4]

holds or not. Iterating (18) forward, we have the following.

W(ewr) = (g-)Tu'(ct) - i (g)iv'(rnt_'_g-_;)

i=1

Substituting this into the left-hand side of (21} yields

2 [(%)T{@%wcaé(@"ww—»}}

= — Jim Z( )T" v(meyr-i)- (22)

T—oo

23



Let us consider a sequence which converges to the steady state (m*, ¢*). We

-

)T

T &
P

have

T
equation(22) = u'(¢*) —v'(m” hm E(

=

o

‘OICA

= u'(¢") —v'(m") hm
T—oo

P
p—=6

= u'(c") - v'(m™)

for sufficiently large £, but we know that this is equal to zero using relation
(20). Therefore, this sequence satisfies equation (21).
On the other hand, for any sequence which converges to the point of

(", 0),

equation(22) = «/(0) p P 60’(771) =00 #0

holds for sufficiently large ¢, i.e., such a sequence does not satisfy (21).

References

(1] Ammer, J and R. T. Freeman (1995) “Inflation Targeting in the 1990s:
The Experiences of New Zealand, Canada, and the United Kingdom,”

Journal of Fconomics and Business, Vol. 47, pp. 165-192.

[2} Azariadis, C. (1993) Intertemporal Macroeconomics, Cambridge: Black-

well.

24



[3] Bernanke, B. S. and F. S. Mishkin (1997) “Inflation Targeting: A New
Framework for Monetary Policy?” Journal of Economic Perspectives,

Vol. 11, pp. 97-116.

[4] Brock, W. A. (1975) “A Simple Perfect Foresight Monetary Model,” Jour-

nal of Monetary Feconomics, Vol. 1, pp. 133-150.

[5] Clower, R. (1967) “A Reconsideration of the Micro-foundations of Mon-

etary Theory,” Western Economic Journal, Vol. 6, pp. 1-9.

[6] Dueker, M. and A. M. Fischer (1996) “Inflation Targeting in a Small
Open Economy: Empirical Results for Switzerland,” Journal of Monetary

FEeonomics, Vol. 37, pp. 89-103.

[7] Lucas, R. E. and N. L. Stokey (1987) “Money and Interest in a Cash-in-

advance Economy,” Econometrica, Vol. 55, pp. 491-513.

[8] Sidrauski, M. (1967) “Rational Choice and Patterns of Growth in a Mon-

etary Economy,” American Fconomic Review, Vol. 57, pp. 534-544.

{9] Smith, B. D. (1994) “Efficiency and Determinacy of -Equilibrium under -

Inflation Targeting,” Economic Theory, Vol. 4, pp. 327-344.



