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Abstract.

In this paper the author considers the uniform distributions over
the int.e'rval {4,86+1) with density
{0) F(xl8)= 1, .for §<xef+l, ¥

0, otherwise.

Let X,, .. ,X, be a random sample of size n t.a}cen from the density
(0). In this paper we use an unbiased estimator for 4 to construct
the optimal randomized region(see §2) and apply this region

for the tests of testing the hypothesis Hy:f=8, versus the

alternative hypothesis H,:#%8, (fo:a real number)(see $3 and §4).

The author wants to stress another point about Nogami’s work since
1992(see,for example, Nogami.(1992a,b)) through 1997.' which is the first work
to explore the optimal statistical inference for § under the distributions

with densities of form ({p).



§l. Introduction

Let I'A(x) be an indicator function of the set A such that I,(x)=1
for x:tA; =0, for x\A. In this paper the author considers the uniform
distributions over the interval [§,8+1) 7 with density
(L) £{x19}=T 15, 041) (X}, L

Let X,, .. /X, be a random sample of size n taken from the density
(1). We note that this is especially the case that the likeiihood ratio
tests based on the minimal sufficient statistics are useless. (This
statement is appeared in Nogami(1993). However, it may not be difficult
to show this fact.) Let X, (i=1,2,....n) be the i-th largest observation
of X;,, .. ,X;. Let ¢ be a real number such that 0<g«l. We first construct
the briefest randomized region with precision s_ize 1-¢ (=) {See (14)) based
on the unbiased estimator Y={X ,+X . -1)/2.
Then, we get the tests with two-edged refusal region , for which we refuse
the hypothesis H,, by using this randomized region(R.R.) (in 83) and see in
§4 that the refusal region C* constructed in this way has the minimum
probability with respect to (wrt) 4 at f=§,, provided that t_tie probability

of the refusal region under the hypothesis H, is a constant 1 (=l-p).

§2. Randomized Region.

Let ¢ be a real number such that 0O<<l. In this section we construct
the briefest randomized region with precision size 1-r. (See (14) below.)
Applying a variable transformation to the joint probability density of
X X} we get the density ft.mct_ion g(yls) of ¥=(X ., +X m ~1}/2 as
below: |

3) glyld)=n{1~2y-¢|)""" (-271cy—fc271).



We may call (¢,(Y),4.(Y)) to be the briefest randomized region {(R.R.)
for § at precision size 71 if
(4) Po[8e(3,(Y),82(Y))]=7.
To get the briefest R.R. for § at precision size 1 we minimize . y,—y, (>0)

provided that for any f¢(-om)
Y:

(5) P, [y, <Y<yo]=| glyls) dy =r.
Y.

To get such y, and y, we let

©  CLgadmerol gw) dy - (for real 1)
Y.
and solve the equations
7 IL/iyi=-1 + 1g(y,18)=0
8 - 3L/ 3y2=1=1g(¥.10)=0
Yz
(9) iL/dk= | gyls) dy -1=0, ye.
Y.

Since by (7} and (8) we obtain

(10) gl{y18)=g(y10) (=1""), ¥é
we therefore get

(11) y,=f-r and y,=§+r

where r is determined by

(12) r=(1-g'"")/2.

Hence, the briefest R.R. for § “is
(13) (Y—r,Y+1)

for which

(14) P, [8¢(Y-r,Y+r)] =7.



4,

§3. Tests with Two—edged refusal region.

In this section we consider the problem of testing the hypothesis’
Ho:0=f, versus the alternative H,:f%¥§, ,using the randomized region (13).
The test is to refuse H, if leo\(Y—r,Yi-r) or equivalently, Yefo—T OF fo+T
Y a1'1d accept H, if BOE(Y—r,Y+r) or equivalently, fo—Tr<Y<fot+x. We call
(C*=){y:ysho-T or y»fo+r} as two-edged refusal region(cf.Nogami(1995,p.3))

In the next section we show the optimality of this test.

§4. Probability of refusal region.

Let y, and y, be real numbers with y,<y; and let C={yiysy: or Y.l
be a two-edged refusal region. Let 1 be a real number such that O0c<g<l.

In this section we consider to minimize the probability P,(C) of
refusal region C with respect to (wrt) ¢ provided that the probability

Psp(C) of the refusal region ¢ under the hypothesis Hy:f=f, is a constant 7.

To do so we let xc(8)=P,(C). We choose y; and y; which satisfy
(15) 1c(8o)= = Puoly.<¥<ysl=t
and
(16) ' c{fo)=dxc(6)/d8 = g(¥2lf0)-g(¥:180)=0.

f=bo
Equations (15) and (16) are equivallent to (9) and (10) except for the
value 4, of 4. Hence, the solution of (15) and (16) is (11) with § replaced
by #e.(cf. Nogami(l995,p.2(2), p.4))
Then, the test based'on the refusal region C*={y:y¢lo—r or y2f,+r}
has the mininum probability of refusal region at §=4,, among all §:(-w,mx).
(cf. Nogami{l995,p.4)) In Nogami(1995,p.3) the fﬁnction %ce(f) of 4 is

directly computed and it is convex from bhelow.
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