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§0. Introductions.

In this paper we consider the following density
(1) fix)=f(xlf)=e~ *"" L, « (X}, for real ¢
where I, (x) is an indicator function such that for set 'A, I (x)=}, 1if xiA;
=0, if x¢A. We denote by RHS(A)(or LHS(A)) the right hand side of A (or
the left hand side of A), respectively.

Let X, ...X, be a random sample of size n from the population with
above density. For convenience we let n=2m+l (m(>0): an integer). Let
X, Dbe the i-th smallest observation of X,,..X, so that X, €. X (.

We use the sample median X+, to get the optimal interval estimation for 4.

§l. Optimal interval estimation.

Let Y=X o We first find the p.df. of Y. To do so we introduce
the c.df. of X as below.
(2) F(x)=F(xl§}=(1-e~ “")I (5, o (x).
Then, we get the p.d.f. of Y as follows:
3) gly)=gyit)=k  FM™(1-F))= £
=k (l-e”¥~" )ng™ 0*D U=O T\ o )

where §:(—wmw) and

(4) ' k=[(2m+2) /(T (m+1))?

Since

©) g'(y)=dgy)/dy [ =0,  Af y=0+ln((2m+l)/(a+1))(=y,"),
>0, if oy,

<0, if vy,.°,



the p.d.if. g(x} shows that Y has an unimodal distribution.

Let ¢ be a real number such that O«a«l. We want to find y, and y,
which minimize y,-y;(»0) and satisfy
(5) Poly,<Y<yz]=1l-4.
From the structure of the distribution of ¥, it is sufficient to find r,
and r, which minimize r,-r,(>0) and satisfy
(6) Pofr, <¥Y-f<r;I=1-un.
Taking a variable transformation t=e- "% we get the p.d.f. of T as
follows:
(7) hr(t)=k (1-t)mt= for Oct«l.

Using this p.d.f. we get

(8) {6)=P[r; <ln{l/T) <r,}=P[exp(-r.) <T<exp(-r,)]
exp(-r;) 1
=1-{ | he(t) dt + § hr(t) dt}
0 exp(-I,)

Since the p.df. of T is symmetric at t=1/2, we tzke exp(-r,)=l-exp(-r,)

and then get with (6) that

exp(-r;)
9 {(the extreme RHS(7))=1-2f k(1-t}=t= dt=l-g,
0
or equivalently,
exp(-r,)
(10} § k{l-t)"t® dt=g/2.
0

Letting exp(-r.;)=f{e/2) (i.e. §(1/2) 1is the .1/2 percentile point of
Beta distribution Be(m+l,m+1).), we obtain
{11) ry*=-1n(f(a/2}) and r,*=-In(1-§(e/2)).
Thus, we fina.ﬁy obtain the optimal gconfidence int.ervai
(12) {Y-r.*Y-r;*)=(¥+ln(f(s/2)),Y+In(1-§(a/2)))

such that for all §:(—m,n),



(13) Polfe(Y—1,*,Y-1,")]1=P,[y,* <¥<y."]=1-¢

where y,*=¢+r,* and y,*=f+r,".

§3. Optimal Property.

Assume that
14) .=, if yor,° or y.’<y,
0, : if YL0<Y(Y2G r

for any real number y,(=y;°} and y.(=y,’) such that y,<y,.
Define §(8)=E, {4, (). Then, we try to choose y, anﬂ Y. which satisfy

the relations (15) and (16} below.

(15} §C8)=E,($0 (Y))=u, for all 3
and
(16) B’ {8)=dp(8)/ds=0.

To choose y, and y. so that f(§)=s is equivalent to choose y, and y. so

that
Y
(17) { g(y) dy=l-e
;4
Because of the property of g(yl§), we choose
(18) Y:* =f+r, (i=1,2).

(Our interval (y,*,y."} clearly satisfies (15).)

For y,’s in (18)

(19) 1-8(8)=P, [y, Y ¢y.]=P[exp(-r;) <T<exp(-r,))=1-q, for all 4.
Thus, §°(#)=0, for all real ..

{Therefore, for y;* and y,*,5’(8)=0, for all 4.)



4.

§4. Remarks.

We introduce other works under the distributions with positional
parameters.
In Nogami(1997b), optimal interval estimation is made under the distribution
with density |
{(20) fixig)= (0.7, for f+§, <X+,

{ o, | otherwise.

where f¢(-w,m) and {, and §; are the real numbers such that §,<i,.
There is another distribution with density
(20) £(x|8)=2" (1+(x—§)2)"!, X< (—w<d <o)
for which the similar analysis applies (see Nogami(1997a}.).

The discrete cases may be the interesting field to check on.

The author's work in this field started in 1992. It may be

the time to put on the original namé for the method (6).
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