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Abstract: We model an optimal income taxation problem in the context of
general equilibrium analysis. We define an optimal tax schedule as one
which gives a competitive equilibrium with the maximum value of a social

welfare function. The purpeose of this paper is to prove the existence

of an optimal tax schedule.
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1. Intrecduction

Since the pioneering work of Mirrlees [.3 ] , many authors have considered
the nonlinear optimal taxation problem in modals with two kinds of goods —
labor and consumptioq - in terms of the wvariational method or the maximum
principle. They have been, however, done without any verification of the
existence of an optimal tax schedule. That is, under the assumption of the
existence, several necessary conditions have been derived and investigated.
On the other hand, Kaneko [ 1 ] proved the existence of an optimal tax schedule
in the class of progressive {convex) ones, which is nafrowér than

that employed in the preceding works. =  Altkough the progressiveness of

tax schedules is a natural condition to consider the optimal tax problem, it
is better to be derived as a result in é more general theory which permits
nonprogressive tax schedules. Hence we have two problems - one is the existence
in the classs which permits nonprogressive tax schedules and another jg the
progressiveness of the optimal tax schedule as the result. In this paper
we consider only the existence problem.

In this paper we model the optimal taxation problem in the context of
general equilibrium analysis. We consider an economy with a finite number
of individuals, a finite number of firms and government, where a finite number
of consumption goods and one public pgood are'produced by the firms and the
government using labor as input. . An optimal tax schedule means one which gives a
competitive equilibrium with the maximum value of a social welfare function.
Thus the model of this paper is much wider than those of the preceding studies.

The purpose of this paper is to prove the existence of an optimal tax schedule.



2. Tax Schedule and Competitive Equilibrium

We consider an economy consisting of a finite number of individuals, a finite
number of firms and an agent called''government”. Let N = {1,2,...,n} be the set
all individuals. . We assume that leisure, c-kinds of consumption goods and
a public good entar the individvals'utility functions Ui(t,x,Q) ( i< N ), where

t denotes leisure time, x a level of consumption goods and Q a level of the

public good supplied by the government. Every U* is defined on Y = [0,L]1x
E:+l , where L > 0 is the initial endowment of leisure time and Ei+l the
nonnegative orthant of the ctl-dimensional Euclidean space Ec+1 . We assume:

(A): For all i€N, Ul(t,x,Q) is a monotonically increasing, continuous

and quasi-concave function of (t,x,Q) .

The following argument can be directly applicable to the case of more than

T
.

one public goods. But we discuss the economy with one public good for
notational simplicity.

Fach individual i owns a labor production function fi(h) . That is ,
if he works for h-hours, he can provide a quantity fi(h) of service called
"labor", For example, labor may be measured in terms of the unit of man—

power/hour. We assume:

(B): For all i€ N, fl(h) is a continuous and concave function of h & [0,L]

with £7(0) = 0 and £ (h) > 0 for some h > 0.

We assume that all the individuals are endowed with no consumption goods.
The consumption goods are produced by firms, There are m firms in the economy.
Firm j ( j = 1,...,m ) has a production set z7, We assume:

(C): z? C EX EC for all 3= 1,c0e,m.



(D): 7zJ is a closed convex cone for all j = 1,...,m.
m

- {E): There are zl = (zé,zé) & Zl,...,zm = (zg,zg) & 2™ such that % z% >0
i1 m,. . m o b j=1
but there are no 2”& 2 ,...,z &2 such that I z° >0,
j=1
(F): For all j = L,...,m, there are € > 0 and €, > 0 for any zJe;ZJ and
< < . h| h| k k J
kl,kz (1= kl,k2 = ¢) with zkl > 0 such that z ~€.e 1 +€2e 2 & 24,
Here E_ is the set of all nonpositive real numbers and zé = (zi,...,zi) > 0
means zi >0 for all k = 1,...,c, and z > 0 does z 2 0 but z # 0, aund ek is
the unit wvector in Ec+1 with et = 1.

Assumption (C} means that labor can not be produced by the firms. We
would not need to explain Assumption (D), but this is a crucial assumption
in this paper. Assumption (E) means that all the consumption goods can be
produced by some firm and the impossibility of free production. Assumption
(F) means that when a firm produces a positive amount of a consumption good,
it can produce a positive amount of any other good by decreasing the production
level of the consumption good.
. . 32 ¢qd 3V wi iz
Each firm j has a profit-share vector d° = (dl,...,dn) with di £ 0 for
all 1€N and I d3=1.
ieN
The government produces and supplies the public good using labor and
consumption goods as inputs. The government has a production set ZO .
We assume:
@: z°c E x ESx E, and 0ezl .
(H): Z0 is a closed convex set.

(I): There is no zoe ZO such that z0 >0 .

Here EE is the nonpositive orthant of EC .
Assumption (G) means that labor can not be produced and the public good

can not be used as inputs. Further it excludes the possibility that



the government produces consumption goods. We would not need to explain
Assumption (H). Assumption (I) means the impossibility of free
production.

We are now in z position to define our optimal taxation problem. A tax function

T is a function from [0,M] to E which satisfies

T(y) is a continuous and nondecreasing function of y with

< (2.1)
T(y) =y for all y € {0,M] .

Here M is a positive real number with M.; max max fl(h) . We assume
ieN h

that the government imposes taxes on the individuals' incomes measured in terms
of labor. That is, a tax function T meahs that when an individual i works
for h-hours and earns income fi(h), he must pay an Income tax T(fi(h)) = Tfi(h)
to the government, Hence a tak function must satisfy T(y) < y for all
y &€ [0,M] . We denote by :77 the set of all tax funections.

Kaneko [ 1 ] assumed the convexity begides (2.1)on ta% functions .
The significance of the convexity (progressiveness) in the optimal taxation
theory is clear and we do not need any discussion here. Mathematically;however,
the convexity is a kind of uniformness condition and is a strong one. It
permits a great deal of variety on tax functions to dispose the convekity.
But we will show in the next section that we can restrict our consideration
to a certain narrower class than ,which plays the same role with the convexity in th
existence proof of Kaneko [ 1 1 in the domain of progressive tai functions.

We say that ((tl,xl,Q),...,(tn,xn,Q),zo,zl,...,zm) is an allocation iff

(ti,xi,Q) & Y for all i€N , 27 e Zj for all j = 0,1,...,m
{2.2)
and =z =q ,

9
H



n i i m .

T of(L-tY) + I z(J) =0, (2.3)
i=1 4=0

n R m . 2.
L x - I z% = 0. (2.4)
i=1 3=0

It is easily verified that under our assumptions the set of all allocations

is a compact set.

The economy works as follows. The government plans to employ a tax

function T € :7 and a production schedule z0 & Z0 . We call (T,zo) a tax

schedule and denote by‘xg the set of all tax schedunles. The government

announces the tax schedule employed to the individuals. Under the
tax schedule., the individuals and firms behave: as priece takers, and
the prices of consumption goods and labor are determined by market

mechanism. Thus we get the following definition.

Definition 1. ¥ o= (p,(tl,xl,Q),...,(tl,xl,Q),zl,...;zm) is said

to be a competitive equilibrium under a tax schedule T = (T,zo) iff

01

S withpy > 0 and ((£h,x0,Q),..., 6,5%,0,2°, 2,

P = (pyrpy) € Ef
..,zm) is an allocation,
i< o

x1 S po(l—T)[fi(L~ti)+ :

apzdfp. 1 for all i€N,
4=1 i 0

Pg
for all i€ N, Ur(tt,x*,Q) 2 uh(t,x,Q) for all (t,x) such that

< 1 R T
x = py(I-T)[£7(L-t )+ L dypz /ppl >

P
H =1

for all j = 1,...,m, sz sz for all z GZJ

We call T = (T,zo) a feasible tax schedule iff there exists a competitive

equilibrium under T which satisfies

(2.5)

(2.6)

(2.7)

(2.8)



0 0.< % ST T S
-plzy,25) = pO'Zl TLE"(L-t)+ 'Zl dypz /pO] . (2.9)
i= j=

We denote by ,gf the set of all feasible tax schedules and by C(T) the set of

all competitive equilibria under T with (2.9).

Condition (2.5) means the positiveness of the price of labor and the
coincidence of the total demands and the total supplies of consumption goods
and labor. Condition (2.6) 1is the individuals' budget constraint and (2.7)

is the individuals' utility maximization under the budget constraint.
Condition (2.8) is the firms' profit maximization. Condition {(2.9) means
that the government's expenditure for the prodution of the public good does mnot
exceed the revenue.

Let (TO,O) be the trivial tax schedule, i.e., To(y) = 0 for all y €[0,M]
and z0 = 0. That is, the government does nothing. If there exists a
competitive equilibrium under (TO,O), then (2.9) is clearly satisfied by it.
The definition of competitive equilibrium under (TD,O) is reduced to the standard
one, so the existence of a competitive equilibrium in this case can be proved,

slightly modifying the standard existence proof, e.g., Nikaido [ 4 ]. Thus

we get the following theorem.
Theorem I. There exists a feasible tax schedule T , i.e, Agf £ 4 .
Under our assumptions, we can easily prove:

Lemma 1. p > 0 for any competitive equilibrium (p,(tl,xl,Q),...,(tn,xn,Q),

zl,...,zm) € C(t) and any T £ /8f .



Since Zj is a convex cone for all j = 1,...,m, firm j's profit sz is

always zerc in equilibria for all j = 1,...,m. In the following, we will
use this fact and Lemma 1 without any remark.
The government employs a social welfare function such that

n .-

L6,

i=1
where Gi is a monotone increasing and continuous function om [Ui(L,0,0),+ o),
For example, if Gi[Ui( .01 = log[Ui( S Ui(0,0,0)] for all iE€N, then
this welfare function is the Nash social welfare function of Kaneko and
Nakamura [ 2 ] . When the government employs a feasible tax schedule T =
(T,zo) and so a competitive equilibrium vy = (p,(tl,xl,Q);..,,ttn,xn,Q},zl,
...,zm) results, the social welfare function is represented as

n . . . .
Wit,Y) = I GU[UT(tT,x,Q)] (2.10)
i=1 *

The government maximizes the social welfare function over the feasible

tax schedules.

Definition 2. e /gf is said to be an optimal tax schedule iff for some ? &

c(D),
W(T,Y) = sup  W(TY) . (2.11)
T Edgf
Y €6(1)
We would need no explanation for this definition. The purpose of this

paper is to prove the existence of an optimal tax schedule. Although the meaning

of an optimal tax schedule is eclear, the definition deserves a special critical



comment . The government has tax functioms T E-tj'apd production schedules
zO e ZO as the controllable variables. The other participants,i.e, the
individuals and firms pursue independently their utilities and profits under
no constraint other than the income taxation upon the individuals. Then the
prices are determined by markgt mechanism. Althéugh the government has
some effect upon the prices by manipulating its production schedule z0 , fL.e.,
it can behave as a monopolist with quantity control, it can not directly
manipulate the market prices. That is, the government can not choose any
competitive equilibrium from C(T) after he does T éi;gf ; Tn the case of
multi-equilibria in C(T), the government can not expect a priori which equilibrium
will result. It is determined historically by market mechanism. From
the viewpoint of planning, it may be better in this Ease to define an optimal
tax schedule ?'E;gf by

WGE) = mex min Wt,y) amd ¥ oe ¢@ , (2.12)
Te8; vEC

This definition requires.that the gurantee leyel of social welfare be maximized.
Regretfully the author has not succeeded in proving the existence of an optimal

tax schedule in the sense of (2,12),
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3. The Restriction Theorem

Before we state and show the existence of an optimal tax schedule, we
need to show the theorem which makes us enable to restrict our consideration
within a narrower class, 1370 , than :7'. ? o designates the set of
a2ll tax functions T & :7P having the following property (3.1):

—_— = 2 1 for all Y179 & [0,M] with v1 # Yy - (3.1)

1772
A tax function T & :7: has the property that its marginal tax rate is
not greater than 100 % at everywhere.

Let (Tl,zo) and (Tz,zo) be feasible tax schedules. Then (Tl,zo) is
said to be equivalent to (Tz,zo) iff C(Tl,zo) = C(Tz,zo) . The equivalence
of (Tl,zo) and (Tz,zo) means that even if the government employs either, the

same equilibria can be expected to result. 0f course, this relation is

an "equivalence relation" on ,égf .

Theorem ITI, (The Restriction Theorem): For any feasible tax schedule (T,zo),

there exists a tax function T0 in ; o such that (T,zq) is equivalent to

(T_,2") .

Theorem II says that for every feasible tax schedule, we can curve the
tax function so that the new tax function has the same equilibria but has also
the marginal tax rates not greater than 100 % . Hence this theorem ensures
that we can restrict our consideration to :7; instead of :}r .

In the rest of this section we prove this theorem. If T 65:7; , then
we need to prove nothing. Suppose T E}:?Z in the following.. We define

To by



T, = min[T(y),Oéiigy(y-yl)+T(yl)] for all y & [0O,M] . (3.2)
1

Lemma 2. T is a nondecreasing and continuous function having property (3.1),

—_— o
i.e., Toé ;0 .

Proof. Since mi%_ (y-yl)+T(yl) is a continuocus function of y, T (y) is also
0%y, 3y °
a continuous function of y. If (To(yl)—To(yz))/(yl—yz) :> 1 for some

¥12Y, with vy :> Yy then

But it follows from :(3.2) that To(yz) = T(yz) or To(yz) = (yz—yB) + T(y3) for

some ¥, ( < ¥,) - This implies

or

T ) D> (gmyp) + (3y7yg) + T(yg) = (3ymys) + T(y)

which is a contradiction to (3.2). Hence T0 has property (3.1)
We show the monotonicity. Let y1 :> Yy - When T(yl) = To(yl), we
< <
have,by the momotonieity of T, T (y,) = T(y,) = T(y,) =T (y,) . Hence we
o2 2 1 o1l
can suppose that T(yl) > To(yl) . Since T(yl) > To(yl), thgre

- _ >
is an x; < yq such that T (y;) = (y;-%;) + T(x) . When x; £y, , we have
T (v,) S T(r,) T Tl & (ypmx) + TCx;) = T ()
o\2 ) 1 17™%1 1 oM1
When Xy < Yo s it holds by (3.2) that
T (y,) S (y,-x,) + T(x,)
o2 27%1 1

Hence we have



T(0)

Figﬁre 1.



<
T (7)) = (yxp) + T(xp) < Gpm=x) + T(xy) - TG -

Q.E.D.

We define I(T,TD) by

i,y = {y € [OM : T =T () ). (3.3)

Lemma 3.(3). If v = (»,(thxb,Q), 0., (0%6%,0,25, .00,z € ¢(1,2%), then
£h@-th) € 1(r,1) for all 1€N .

(Gi). Ify ec;(:ro,é.o), then £(I-t1) € IL(T,I,) for all 1EN .

Proof. We prove only (i), but can érove (ii) analogously. ‘Individual i's
gross income is fi(L—ti) when we put Py = 1. Suppose fi(L—ti) G- I(T,TO).
Then T(y) :> To(y) , Where y = fi(L-ti) . So there is a y1r<: v such that
To(y) = (y—yl) + T(yl)- If he works for L_tl hours such that fi(L-tl) =¥

and t1:>ti, then the disposable income is greater than y-T(y), because y—T(y)<:

y—To(y) =y - (y—yl) - T(yl) =y, - T(yl) . This means that the individual
can increase his utility level. This is a contradiction to the supposition
that v is a competitive equilibrium under (T,zo) . Q.E.D.

Lemma 4. Y € €(T,20) iff ¥ € O(T_,z") .

Proof. We prove that if vy & C(T,zo) , then ¥ & C(To,;o) . It is sufficient
to show that Y satisfies (2.6),(2.7) and (2,9) under (To,zo). It follows from
Lemma 3 that Yy satisfies (2.6) and (2.9). Let (2.7) be not satisfied, Then .there
is a (t,x) such that fi(L—t) & I(T,TO), Ui(t,x,Q) >> Ui(ti,xi,Q) and pcxS
Po(l-To)fi(L—t). Since fi(L—t) =y & I(T,TO) , there is a ¥y < v such

that To(y) = (y—yl) + T(yl) . Let ty be the real number such that vy =

fi(L—tl)'and t,> t.  Then £ (L-t,) - Tfi(L—tl) = £ -t) - (Ft-t)-
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fl(L—tl)) - Tfl(L-tl) = fl(L—t) - Tofl(L—t) . In sum, we have

frame) € 1nr) , vheLs > e > vtetxho

< i . i
and PX = pO(l—To)f {I-t) = po(l—T)f (L—tl)

This is a contradiction to the supposition Yy & C(T,zo)
We can analogously prove the converse part of this lemma.

Q.E.D.

4. The Existence Theorem

We are in a position to state the main theorem of this paper.

Theorem III.(The Existence Theorem): There exists an optimal tax schedule.

et 8 = {@:"€f,: 1€ 7 }.  Then it follows from

Theorem II that

sup W(T,Y) = sup W(T,Y) . (4.1)

vé c(T) Y eC(T)
T€.8, TG;Sf

Since U" and G are continuous functions for all i& N and the set of all allocations
is a compact set, we have sup W(T,y) < + o . Hence there is a sequence

s .8 s Os s 1s 1ls _s ns ns _S§ 1s ms
{(T ,Y >} = {((T )z )’(p !(t ’x !Q ),""(t !X ’Q )QZ ,...,Z ))} SuCh

that YS € et et € 'go for all s 2 1 and Llim W(TS,YS) = sup W(T,Y) .
§ —px _
The outline of the following proof is that we can choose a convergence subsequence
s¥ &Y 8 .8
{¢t° ,¥" )} from {(t°,y )} and then the limit point (T,Y) really attains (4.1) .
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Lemma 5. inf TS(O) :> - o,

Proof. Suppose inf TS(O) =~ , Since each T° belongs to :7: s Ts(y) s
s
TS(O) + vy for all y € [0,M] and all s. Hence there is an s, such that
Ts(y)‘g TS(O) + M << 0 for all v € [0,M] and all 52: S, This means that
for large s, the government's revemue is mnegative. This is a contradiction
to the supposition that YS-E c(t®) for all s . Q.E.D.
Let K = inf TS(O). We define C[0O,M] by
s
c{o,M] = { t : t is a continuous nondecreasing function with (&.2)

(tGy)-t(y,))/ (7,-y,) S 1 for all y .y, (v; ¥

yz) and K S t(y) < v for all y € [0,M] }

Lemma 6. C[0,M] is a compact set with respect to the topology of uniform
convergence,

Proof. By Ascoli's theorem ( Simmons [ 5 Section 25,Theorem CJ] ), it is

Hd
sufficient to show that C{0,M] is closed, bounded and equicontinuous.
It is easily verified that C{0,M] is closed and bounded. By (4.2) it

holds that for all t & C{O,M],

<

vy, = v, 8 implies |t(y) - t(y,)] £

This means that C[0,M] is equicontinuous. Q.E.D.

We can normalize {ps} without loss of generality such that each ps belongs

c

tor={peg€ Ei+l : Lop =1 . Let A be the set of all allocations.
=0

We reorder {(T,Y) = ((T,zo),(p,(tl,xl,Q),...,(tn,xn,Q),zl,...,zm) such that

(T,p,(tl,xl,Q),...,(tn,xn,Q),zo,zl,...,zm) and regard it as the same with (T,Y).



Then the sequence {(T°,Y°)} is in C[O,MIx%PX A. Clearly C[O,M]X PXA is a
compact sab, zo thers is a subsequence {(z® ,"{S )} of {(":S,YS)} which converges
o (Th,y%) = ((T%,20%), (%, (£F, 0%, e, (L 0,2, L, 2Y) in the
sense of the product topology.

We assume for notational simplicity that {(TS,YS)} itself converges to

{t*,¥%*). Then since Ul and 67 are continuous functions for all 1iEN, we have
. i,4i,1is 1is _s i 4, i% i%
sup W(t,y) = lim T UeTT,x ,Q)) = T GUT(tT ,x" ,Q%)).
s —° 1N ieN

Further it holds that T* & C[0,M] Cjo . Hence it is sufficient to show

that Y* is a competitive equilibrium under % with (2.9).

Lemma 7. p% > 0 .

Po
_ 1..1 m. .m . m 3j
Proof. Let pg = 0. By (E) there are z°€Z7,...,2 €2 such that ¥ 25 >O,
) : j=1
m .
Then for some s , p° E 23 > 0 for all s Z s, . That is, for all s € S,
=1

there is a j such that p zJ > 0. Then ps is Z S z > 0 by (2.8). This

is impossible. Q.E.D.
Suppose T
i, % P IR L .
Fr(I-t" ) -— T*f (-t~ ) = 0 for all 1 &N, (%.3)

Then it is easily verified that if p%* > 0, then lim xlic = 0 for all 1EW

k
g0 m
because of Lemma 7 and (4.3). Let Pé = 0. Then since { - Lz % ]» converges
:'|=l
m m o,
to 0 by the compactness of the set of allocations, ps- Tz’ PS z zos + Pe E
j=1 j= '-._-]_
1 ‘g . ~
=0 for all 3 dmply 1lim L z‘a =0, 1i.e., z:oI = 0 for all j because of
s—> o j= .
Lemma 7. This implies z:é 0 for all j = 1,,..,m by (&), and so, LN

i

for all igN . Finally let us consider the case
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< i e
where p¥ = 0 and p*¥ > 0 for some k.,k (1§ k. ,k, = ¢e). In this case, if z3 >
kl k2 172 1°72 ? kl
$ %

0 for some j, there are El > 0 and E‘.2 > 0 by (F) such that z3 -Elek1+€2ek2
is in 23 . Hence pS (zJ “_g ekl+€ ek2) —> p='=(zJ ‘:—e ekl+s ek2) = pk g > 0,
1 2 1 2 kz 2

which is a contradiction to that max psz =0 for all s. Thus we have shown

i
s % Z&Z -
that zi 0 for all j. Hence it follows that x; = 0 for all iE&EN. In sum,
1 . 1
*
it is always true that x = 0 for all i€ N.

Since U' and GV are continuous funetions for all i€ N, it follows from the above

Lo . N o
argument that lim Ul(tls,xlS,QS) = Ul(tl ,0,Q%) for all i€EN. If t* < L, then for
S—'> m - - »
i . i, is 1is _.s
a sufficiently small € 3> 0, there is an s, such that U (L,0,Q%)- > U (£ ,x  ,Q)

n

i s i
for all s S . Further there is an 8¢ such that Ul(L,O,Q ) > U (L,0,Q%)-¢

o
. . ; s >
These ‘mply Ul(L,O,QS) > Ul(tls,xls,q Y for all s = max(so,sl),

for all s 5

1
which is a contradiction because (L,0) always satisfies his buddet. Hence we have

ti* = 1, for all i€N. This also implies Q* = 0. Hence .we have

sup W(T,Y) = I G (UT(L,0,0)) .
i€EN

- o ,.lo lo
Let ° = (7°,0) be the trivial tax schedule and Y* = (p°,{t C,x 0,0),...,(t ,x ,0),
zlo,...,zmo) & C(To). The existence of such a YO has been stated in the preceding
i, 1 i i .
paragraph of Theorem I. It is clear that U (¢ °,x ~,0) P U (L,0,0) for all iEN.

Hence we have

w(t®,¥%) = sup W(T,Y) . (4.4)

e
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In the following we consider the case where

, . . x
Fr(L-t™ ) = TRET(L-tT) > 0 for some LEN . (4.5) .

Lemma 8. p* > 0 .,
Proof. Let pﬁ = 0 for some k (1 ks c). Then it is easily wverified that
. . s . s
x;s —3e{ g —> =) for all i with fl(L-tl)-T*fl(L —tl) >0. This contradicts

the impossibility of free production. Q.E.D.

It is easily verified that <vY¥ satisfies (2.5),(2.6) and (2.8) under 1% .

We show that y#* satisfies (2.7). Suppose that there is a (to,xo) such that
. . sg ik .
Ul(to,xo,Q*) :) Ul(t1 ,xl ,Q%) and péxo g.pg(l-T*)ﬁl(L—to). Now let us show

(l—T*)fi(L-to):>'0. On the contrary let (l—T*)fl(L-tO) = 0. Then x° = 0

- - . l* -* , ) iS

because p* > 0. Hence Ul(L,O,Q*)Z Ul(to,O,Q*):P'U]?(t1 ,xl sQ*%) . Since {(t 7,
. ck aw , i is
xls,Qs)} converges to (t1 ,xl ,Q%), there is an s, such that Ul(L,O,QS):> U,

s

xiS,Qs) for all s:Z Sy But (L,0) satisfies i's budget constraint under (Ts,z ).
This is a contradiction. Hence (l—T*)fl(L—to) :> 0. Then there is another
(2};) in a neiborhood of (to,xo) by the continuity of U" and Lemma $ such that

3 ~~ - .* l* e '3 ~ . .
Ul(t,x,Q*) :> Ul(tl ,xl ,Q*%) and péx < pg(l—T*)fl(L»t). Since {T°} converges

uniformly to T# and {p°} converges to p% , there is an s1
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> - +
such that pr < po(l-T )f (L-t) for all s = Since {(t*°, xls,QS)}

Sy

i%
convarges to’ (t ,x ,Qf), there is an s. for some € _> 0 such that U (t %,Q%)

2
- € ‘:> Ul(tls,xis,QS) for all s Z-32 . Since {QS} converges to Q%, there
is an Sq such that Ui(E,§ Q ) Ut (t x,Q*) - e for all s 2 Sy- Hence
it holds that U-(f,%,Q%) > vt e®®,x%% 0% and pC < p(1-1° YEL(L-T) for all
sZ max(sl,sz,SB). This is a contradiction to that Y is a competitive equi-
librium under T° fof all s = 1. Thus we have proved (2.7).
Finally we show that yv* satisfies (2.9) uﬁder T* . Since {YS} and

Os 0%
{z°®} converges to Y* and z° and since {T°} converges uniformly to T* ,

, . ) . "
{ Tsfl(L—tls)} converges to T (L-t*") for all i. Hence the condition that
Os Os < o i i > : % Ok, <

-p ( 0 »20 y = g ;ElTs[f (Lntls)} for all s =1 implies.p*(zg-,zg )‘:

o 2 TR (-t )] .
01-1

Er Concluding Remarks

1). We have chosen labor as numeraire, and so we have assumed that the government
imposes taxes upon the individuals' incomes measured in terms of labor. But

it is also possible to choose any other good as numeraire. Or, althoguh the
government does not measure the individuals' incomes by any one good, the argument
of this paper remains true if we define appropriately the unit of incomes.

For example, we always normalize price vector p such that Z Py = 1 and assﬁme
that incomes are measured in terms of the value defined by ijoi.e., when individual
i works for h hours, his gress income and disposable income are pofi(L-h) and
pofi(L—h)—T[pOfi(L—h)]. But since the individuals can get incomes only by

selling thier labor in our economy, there is no substantial difference among
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these settings and that employed in this paper.

2). Kanmeko [ 1 ] considers an optimal tax problem in an economy with a continuum
of individuals and the class of progressive tax functions. The employment of a
continuum of individuals is necessary and conveinient for us to consider limit
properties of optimal tax functions as income level tends to infinity,e.g.,the 1imit
marginal tax rate, the limit diposable income, etc. . In the model of Kankeo [ 1 ]
an equilibrium is uniquely determined by a feasible tax schedule. This is

caused by the assumptions: of pfogressivéness and one consumption good. Using

this fact, the existence proof 6f an optimal tax schedule is succeeded in Kaneko
f11. But it may yield multi—eéuilibria for a feasible tax schedule to dispose
the progressiveness on tax functions or to permit more than one consumption goods.
In the case of a continuum of individuals and multi-equilibria, the author has

not succeeded in proving the existence of an optimal tax schedule. This is an

important open problem.

.3



- 20 -

References

[ 1 ]. Kaneko,M., The Optimal Progressive Income Tax - the Existence and the
Limit Tax Rates, D.P.No.46, Institute of Socio-Fconomic Planning, University
of Tsukuba, 1579.

[ 2 ]. Kaneko,M.and K.Nakamura, The Nash Social Welfare Function, Econometrica 47,

423-435, 1979. -
[ 3 ]. Mirrlees,J.A., An Exploration in the Theory of Optimum Income Taxation,

Review of Economic Studies 38,175-208.1971.

{ 4 ]. Nikaido,H., Introduction to Sets and Mapping in Modern Economics, Noxrth-

Holland,Amsterdam, 1970.

[ 5. Simmons,G.F., Introduction to Topology and Modern Analysis, McGraw-Hill,

Tokyo, 1963.



