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ABSTRACT

Consider a decision model with a finite action space A = {Ar}. An
m-vector @, random wvariable with a known distribution function, is
observed at each time point, and if an action AT is chosen, then the
reward of =x (9) is gained where x (9) is a real-valued function of @
and z" is a constant. The objective is to maximize the expected reward
galned The basic theorems are provided in two linear cases of x (e) =
ate for 1- dimensional wvector € = (8) and x (e) =08, + e2 R 8.
where o, 2 8y, 2 o0 2 0. for all r (g m). A finite horizon discrete
time decision process version of the above model will be defined which
has a finite state space I = {i} and a finite state~dependent action
space A = {Ar} In the process, if an vector & is observed in state i,
the lmmedlate reward of x (e) is gained and the next state becomes 3
with probability p . Let VJ denote the total expected rewards
starting from the next time with state j. Then an after-effect for
choosing an action A when in state i becomes z; = BZp V.. This

version, called a sequentlal selection process, prov1des a very

systematic approach to a certain class of dynamic stochastic decision
problems, including as typical example an optimal stopping problem. It
is shown that the dynamic model can be illustrated as a Markovian
decision process (MDP) of special structure. In order to demonstrate
the usefulness of the model, eleven real-world problems are taken as
typical examples in its applications. By this it will be also revealed
that the model gives more general approach, different from the
conventional one, to these problems.



CONTENTS

1. INTRODUCTION ..sssscscsnrocsssansnavscnnsas

2. LINEAR MODEL : CASE A
3. LINEAR MODEL : CASE B

4. SEQUENTIAL SELECTION PROCESS

o
.
Wi

5. APPLICATIONS ...

Preliminaries

. % & =8 &

HFO~-Tod W PO

[=]

thentiuinunoannon

.
=
(=

REFERENCES ..isssvaanns

DEFINIT
DEFINIT

THEOREM
THEOREM
THEOREM
THEOREM
THEOREM

REMARK
REMARK
REMARK
REMARK
REMARK
REMARK
REMARK
REMARK
REMARK
REMARK
REMARK
REMARK

LEMMA 1
LEMMA 2
LEMMA 3
LEMMA 4

Finite time horizon process
Infinite time horizon process
Policy improvement algorithm ..........

R R R I R A R N N R R ]

LR I IS R B B R RN R R B I

LR RN B Y

* 43 S B I B RS IR ESEBEIAENEEE A

S A s F s e R R B EES I ERTYEER SR

Target attacking problem II
Customer selection problem I
Customer selection problem IX
Customer selection problem III

ION 1 ..

- w e

ION 2 seesevnanens
COROLLARY 1 ...

Ok WD

T EEER]
e s e e
D I I
NN
ta s e
R

N

wo~oumbawho

0 ...,
11 .....
12 ...

PR
te e ae
TR
s e
se v e
ase
et

.2 us

e v v e

-e e

-

.

e r s

L)

Purchasing pProblem ....vecesesscsanerans
Inventory Problem ....sceeansssvnassonen
Wwarehouse pProbleM ...ceesscscsesersssrarss
Buying-selling problem .....cce0a..
Job search pProblem ....cececesssscsenss
Sequential stochastic assignment problem ........
Target attacking problem I ...cvveess

I I NN NI SR R

ISR B RN N A B N R

RN

s s s ase s s

PRI I AR
PN R Y
R
sese s
susssnencs
s bt s a Ty

“n.
I I SR
erans e re e

.

RN R B A R RN A B B A )

e

209

-

4 s s B BT A s e e

P N N ]

-

s e e s aE B EES EBEEEEE PO ET S S

(=]
OWARANN WOoRdi = 0 Wk

FHHRER
nu e W

17

1s
20

page
1

4



1. INTRODUCTION

Consider a decision model with a finite action space A ={aT.r =

0, 1, .... , k} where k is a fixed non-negative integer, If an action

r

A" 1is chosen after observing an m-vector § = (61, 92, eee . B,

m
random variable with a known distribution function ¥, then the reward

of xr(e) + z° is gained where xr(e), called an immediate reward, is a

real-valued measurable function and zr, called an after-effect R is a

given constant. Now by the term (k+l)-partition of m-dimensional space

rR™ we mean the set of k+1 mutually exclusive subsets Br, r = 0,‘1, cee
, k, of R which are Borel sets such that U]];OBr = Rm. Let us denote
the space congisting of all (k+l)-partitions of R™ by Gm(k+l), called
a partition space. By using a given (k+l)~partition B in Gm(k+l), we
can preséribe a4 decision rule for the above decision model as follows.
If an ohserved vector 6 e Br, choose an action a%. Then the expected
reward becomes V(B) = Zjﬁzo j(xr(e) + z°)I(B)dF where I{ ) is an

indicator,

THEOREM 1
There exists the (k+l)-partition attaining the maximum of the

expected reward on Gm(k+l) and that such (k+l)-partition D, called an

optimal partition or OF for brevity, is given by b = {Dr:r = 0, 1,

«+..s k} where

(1.1) D* = {e:x"(6) ~ x°(0) > 2% - 2¥ for o £8 <z and

k }

v

x“(0) - x5(8) > 25 - ¥ for r < s

A

=

nA
H

A
~

PROOF  Let H' = x"(0) + z°. Then (1.1) is written as p® — {ut > ®°

for 6 < s < r and H* > H® for r < g < k} . Two arbitrary sets p® andg

Y with ¢ » q are exclusive because p* < {HY > HY} ana p9c¢ { 89 » g},

Hence DO, Dl, eee g Dk are also mutually exclusive. For any vector @

] nt 1 11
in Rm let Y = B9 = ces = Hq > Hu, g" r oeee g4 Hu where (q, ',

-1 =



vee , q'', u, u', ... , u'') is a permutation of integers 0, 1, ... ,
k such as @ > g' > ... > g'' and u > u' > ... > u''. Then g = 0
leadstoHo>Hsfor0<s_<__k,0<q<ktqugHSfor055<qand

Hq>Hsforq<s;k,andq=kton HsforO;s<k.Thusthe

2
0 1 k . . .
vector ® must belong to one of DY, D, ... , D". This implies

R" = J ko p¥. Hence it follows that D is a (k+l)-partition of R". For

Ir=
k

any B in G¢™(k+1) we have V(D) - V(B) = Zr s=0
;8=

f(e" - 8%)z(0"n B%)aF > o
owing to H® 2 B on DN B°. Hence V(D) becomes the maximum of the

expected reward. Letting the maximum be denoted by v, we have
(1.2) v= gk [ + ZHHrhrar

Q.E.D.

we shall call the above expectation (1.2) a fundamental

expression or FPE for brevity.

REMARK 1 Tt is clear that some of inequality signs > and > in (1.1)
may be replaced by > and > , respéctively, in such an arbitraly way as
not to break the mutual exclusiveness oOf DO, Dl, cee ¢ Dk. The
simplest but most frequently used one of such replacements is to

replace > and > exhaustively.

REMARK 2 We will frequently encounter the models in which an
immediate rewards have a constant term, that is, xr(e) + hY. It is
easily shown by a glance at '(1.1) and {1.2) that the model is just the
same as one having an immediate reward xr(o) and after-effect z* + ht.
In the present paper only the two special cases below are
discussed in which immediate rewards are of linear forms.
CASE A
xr(e) = are, r=20, 1, ... , k, where & = (8) is an l-vector and
¢ is a random variable having a distribution function F with a finite
expectation E. The model is said to be monotone if a¥ is monotone in «x

r

and to be strictly monotone if a~ is strictly monctone in r.



CASE B
xo(e) = 0 and xr(e) = el + 92 Foae. + er for 1 2 r £ k where k <

mand & = (el, 92, cee em), m-vector such that 8§ > 8

v

cee > 8 .

2 = m

Let a distribution function of 8, be denoted by Fr and its expectation

by Er, assumed to be finite.

Here we shall provide in advance two definitions and one lemma

necessary for the discussions in the subsequent sections.

DEFINITION 1

Let 8 be a random variable having a distribution function F with
a finite expectation E. Then for any measurable real-valued functions
h and g of @, define

1. - T(g,h) = (6 - g)I(h < 8)aF

2. T{g)
3. g

T(grg)
E(g) + T{g)

where 1 and E{ ) represent an indicator and expectation operator of 0,
respectively. In addition, for g= ®@ Or g= -0 define
4. T(-%) =00 , T(0) = 0, H(-o0) = E, B(oo) = oo
Fﬁrthermore let T, @, and E assocliated with a distribution
function FY having a paramater vy be denoted by TY' %Y , and EY'
respectively. In the pPresent paper the above functionals T, %, TY' WY

+s:++ are named T-functional generically. If g is a constant function,

the functional T is called conventionally a shortage function.

DEFINITION 2

In general a given functional H is said to be increasing(strictly
increasing) if u < u' implies H(u) é(;) H(u'). Throughout the paper we
shall write this as H (/) in u or simply as H A(#). For a decreasing

functional, symboles ¢ and ¥ are used.




The next lemma is c¢lear,

LEMMA 1

Consider two sequences X,, X5, ... ¢ Xg and ¥Yqys Yur ese s Yy
where x  are all either positive or negative. Then if yn/xn Al4) in n,

we have

() yy/x) &(2) (¥) + ¥y + e T W)/ Ey 4 e x) £(2) y/xy

(B) ¥y + ¥, + -vv + ¥ )X + Xy + o0 + x ) My) in n

(e (y. +7Y

n Al + eee yN)/(xn + X + ane xN) ML) in n

LEMMA 2

T{g) T(g,h) for any h.

v

PROOF gsince {h < 8y ={g g h < elU{h < g« efu{h < 6 ¢ g} and {g
<8}={ggh<ojUih<g< oju{ g < o < h}, we get T(g) - T(g,h) =
j((g - g)I{g < 8 ¢h) - (8 -g)Ithgegg)dF20.

Q.E.D.

2. LINEAR MODEL : CASE A

THEQOREM 2
Cconsider a strictly monotone model with k > 1. Then define

r

(2.1) oF = (25 - Fyat - a5, 1 K

HA
H
nA

(a) If a® ) in r and cr 7A(¢) in r, then the OP is reduced to a
set of k + 1 intervals, r = o0, 1, ..., k;

r r r+l

{2.2) D= (¢, C )
(2.3) (0¥ = (F, &y
where c0 = =0 (e0) and ck+1 =& (—o=), and the FE to



0 k

(2.4) v = aOE 4+ z° + Zr=l(ar - ar_l)T(cr)

(2.5) (v=a¥g 4+ *_ ZE (af - athypecry

(b) 1If a* A(2) in r and oFf ¢(7) in r, then the OP is provided by

(2.6) p? - (~0, ¢ ), DX (€, 0 )

(270 (0% =(c, @), bk =@ e )

Ii

where DT is empty for 0 < r < k¥ and

{(2.8) c = (zo

- zk)/(ak ~ ao)
. and the FE by
(2.9) V=a8++z <+ (ak - aO)T(c)

k k

(2.10) (v z° - (a® ~ a%)1(cy )

1]
i)
[e5]
-+

PROOF Define ¢'® = 5% _ (zs - zr)/(ar - as) for r ¥ s. Then we have
et = Frrl L, Letting aAz¥ = %1 _ z" and aa® = af - ar—l,
we have
s < (azs+l+Azs+2+...+Azr)/(Aas+l+Aas+2+...+Aar) 5 < r (%)
crs'= (Azr+l+Azr+2+...+Az33/(Aar+l+Aar+2+...+Aas3 r<s (**)

Let us prove only the case of ar,z. Then the 0P (1.1) is transformed

into
p° = {-w< 8 < " for 0 <s'¢< k}
ot = {Crs <0< TS for 0 < s < r < s"< k } 0 <r<k (*wx)
p¥ = {cks £ 0< @ for 0 ¢ s < k}
(a} If c* = Azr/Aar 7, then from lemma 1(a) we get eTs < Azr/
aa¥ = Frrml ¢" for s < r ang crs’) Azr+1/Aar+1 = gfrrHl cF+l for

r < s Hence the sets (***) can be reduced to the intervals D0 =

{(~o, cl), pt = [cr, cr+l) for 0 < r < K, Dk = [ck,m ). The intervals

as OP may be changed to (2.2), referring to remark 1. Arranging (1.2)
by inserting these intervals in vields (2.4).

(b) 1If ¢® /, then applying lemma 1(b,c) to (**) and (*) yields

0s” 0k

C (Azl + A22 + ... F Azk)/(Aal + Aa2 + eee + Aak) = ¢ = c and

cks < (Azl + A22 F oee. Azk)/(Aal + Aa2 + ... + Aak) = cko = ¢ which

v




lead to D0 = {—-e, ¢} and Dk = (¢, @ ). Consequently b’ must be empty

for 1 < r < k. The intervals D0 and Dk may be changed to (2.6). The FE
(2.9) is obtained by inserting the intervals in (1.1).

When a® ¢ in r, the theorem is clear from reversing the sequence
0 1 k k ak—l 0

a, a7, W.e , @& as a, ; ses, A and applying (a) and (b) above.

Q.E.D

REMARK 3 When k = 1, the monotonocity requirement of c¥ in theorem 2

becomes unnecessary. When k = 0, the OP is given by b = {DO} where DO

= Rm, hence the FE becomes v = aOE + zo.

REMARK 4 When an immediate reward is deterministic, that is,
r r . r r . . .

X~ = a, it can be regarded as X = a & in which @& is &a random

variable having a unit distribution function ¥ with parameter A = 1,

that is, F(8) = ¢ for ¢ < 1 and F(e) = 1 for 1 < 8. Then for a real
number ¢, we have T(c) = 1 - c and %(c) =1 if ¢ < -1, and T(¢) = 0 and

H(c) = c if 1 < ¢ . Then for k > 1,

{a) noal M) in r and et A(¢) in r " leads to the choice of
action A? if cr < 1lzg cr+1 (cr+1 <1z cr), and
(by " ar.}(fj in x and c* J{A) in r " leads to the choice of AO
if 1 < c (¢ « 1) and to the choice‘of Ak if ¢ < 1(1 < c).
THEQREM 3
Let the after-effects be a function of vector a = (ao, al, .
ak), that is, zr(d), 0gr élk. Agssume that
(1) For all r, ¢’ is a-independent for any strictly monotone model.
(2) aF = a® leads always to zf(a) = z°(a).
(3) If a¥ AM¢) in r, then z'(bg) is right continuous at ¢ = 0 for

all r in which b, = a + £1 (a - g1} for a sufficiently small positive
number g so that bz A7) in r where 1= (1, 1, .... ,1).

Then theorem 2 holds also for a monotone model,



PROOF Suppose a monotone model A with ar 7 in r where let ar(m)

at M)+l _ ee. = gF(mEl)-1 < ar(m+l)-, m=20,1, ... , M and r{(0) = g
and ar(M+1) =w , Then for a strictly monotone model with b, = (bg,
bi‘, ven g b::) where bg = a’ + £, we have from (2.4),

_ .0 0 k r r-1 r
V.= b.E + Zg + Zi_q(bg - b, T)T{c") (*)

Then clearly
1im£—»0+ v, = a'k + z? +Zr:l(ar - arhl)'l'(cr) (**)
_ ar(O)E + zr(o) +erl(ar(m) _ ar(m-—l))T(cr(m)) (*%%)

Now since it is clear that the above expression {***) provides
the FE for the strictly monotone model with the vector a1 = (ar(O),
ar(l), ree ar(M)) and that this model is exactly the same as the
modeljﬁ‘due to the assumption {2), we have v = {**) where v represents
the maximum.of the expected reward for the model . Therefore it
follows that exactly the same form of FE can be obtained also for the

monotone model A .

The OF for the above strictly monotone model with by is given by

pr(m) _ (cr(m)’ cr(m+l)]’ m=20, 1, .,. , M, from (2.2) where cr(O)

~ 00 and cr(M+l) =& . Since all actions AT with r(m) £ r < rim+tl) are
indifferent in the model due to the assumption (2), we may regard
the subinterval p¥ = (cr, cr+l], r{m) £ ¥ < r(mt+l), of Dr(m) as the

interval for choosing the action Ar.
Similarly for all other cases, that is, " hoth a* and ¢f in ¢4 r
w, ongt Ain r and ¥ ¢ in r v, » ar\d in r and ¢t Ain r v,

QGE.D-

Next we shall consider the case that o is a random variable
having a distribution Ffunction FY with a parameter Y and that
after-effects depend on an Observation 6. Such model is refered to as

4 y-dependent model, Letting an after-effect be denoted by Z=® for

all r, we can easily obtain the corollary below, corresponding to

theorem 2.



COROLLARY 1
Consider a strictly monotone model with k > 1, and define

(2.11) GEO - (T8 L T8y T L QT g gk

A

(a) If ar_Z(J7 in r and cre AZ) in r, then the OP becomes

for 0 £ ¥ 2 k

: C < B <

1

(2.12) o* {6 e cr+l,e}

1

(2.13) (oF =te : 10 < e g ™0

where cUe = —e0{e0) and ck+l’e =e@(-c0), and the FE is provided by
(2.14)  v' =28+ m (") + TS (a" - a" (5
(2.15) ( v' = a*E + B (2) - K@t - athr (e )
Let
(2.16)  b° =g - %O

If bre A in 8, define

r

(2.17) o = infie: B°°

2 0}
Then the 0P (2.12)((2.13)) is reduced toc the intervals

r

r+1]

(2.18) D (cF, ¢

(2.19) ( D = (¥, 1)

1f b*° ¢/ in 8, define
(2.20) ¢ = sup{e : b°° 3 0}
Then the OP (2.12)((2.13)) is reduced to the intervals

r

(2.21) DY = (71, &

; o)

(2.22) (0% = (&, &th )

r

(b) 1f a¥ p(Z) in r and c"° (7 in r, define

6

(2.23) c® = (29°

_ zke)/(ak _ aO)

Then the OP becomes



0

(2.2) p’={s:86c<c {e : %< o}

]
H]

0 {6 :0¢c)

1]
-
[40]
9]
[«
A
@O
gt
o
Ii

(2.25) (D

where DT = ¢ for 0 « ¥ <« k , and the FE is provided by

¥ 0 0 k 0
a'E_ + EY(z ) + (a7 -~ & )TY(C)

(2.26) v y

Y k k k 0
(2.27) (v a EY + EY(Z ) - {a” - a )TY(C) }

Let
(2.28) b%=19-¢c°
1£ b 7 in o, define
(2.29) ¢ =inff{e : b° > 0}
Then the OP (2.24)(2.25)) is reduced to

0 k

(2.30) D (-2, c ) D" = (¢, po )

Il

0 k

(2.31) (D {c , 00) D = {~¢e0, ¢ )1 )

If b° ¢ in 6, define
(2.32) ¢ = supfé : n° 20}

Then the OP (2.24)((2.25)) is reduced to

(2.33) DO - (C , DO) Dk= (—DO, C J
© 0 k
{(2.34) (D = (-0, C) , b" = (¢, 00 ) )
REMARK 5 With slight modifications, remarks 3 and 4 and theorem 3

hold also for the above y-dependent model.

3. LINEAR MODEL : CASE B

THECREM 4

Suppose k > 1 and define

(3.1) ¢ =z -z, l<r

Ha
~

Then if cF A din r, the OP becomes



DO ={6 : 8, £ cl}

(3.2) p* = {e s ef < 6. and er+l < cr-a-l} 0 <r < k
k k
D = {e 1 ¢ < ek}

 and the FE is given by

k
(3.3) v = z0 + Zr=1 Tr(cr)

where Tr(g) = J}e - g)I{g < e)Fr {see definition 1)

PROOF In the case, the FE (1.2) is transformed into

v =204 .5 I(xr - yH(Far (%)

whare yr = z0 - zr = c1 + 02 + .. + cr, and the 0p (1.1) into pt =
{xr—xs>yr-ysforO;s<randxr-xsgyr—ys for r < s < kj},
0 2 rg k(see remark 1l). Now define BO = {el < cl} ' BT = {cr < er,

cr+l} for 0 < r < k, and g* = {ck < ek} . The next two hold from

na

er+1

the monotonicity of ¢® and 6.. () If o < ¥ < s < k, then 0rp1 S cEtd

r+l r+2 s-1

leads to 9r+ + ... + 8 + es c + cC + ... + ¢C +

1 + 9r+2 s-1
cs,hencetoxs—xréys—-yr, or x* - x ;yr—ys. {b) if0§_s<r

" er N c:s+1 + Cs+2

m A

+ ... + 8

(I

r
k, then er > ¢ leads to es+1 + es+2
r=1

+ ... + ¢C + cr, hence to x* - x° > yr - ys. Then, for " r = 0 in

-1

fa} ", " 0 < r < k in both (a) and (b)Y " , and " r = kX in (b) ", we
%5 8% D5 8% for 0 < r < k, and DX BX.

Now clealy we have p°c {xo - x* > yo - yl} - {91 < cl} = Bl, o ale {_xr

o

can obtain, respectively, D

_ xr"l N yr _ yr—l and I'gr _ xr+l > yr _ yr+1} _ {Cr

+1
cr+1} = B* for 0 < r < k, and D*c {xk N yk - yk"'l} - {ak -

= Bk. Hence it follows that Dr = Br for all r,

1

< ©0_ and o
xr r

7 llA

Next define s8F = p* U pTt

we have s® = p¥ = {ck< 8

U o... LJDk for 0 ¢ r ¢ k. Obviously

If 8° = {c* < er} for any r such as 1 <

Kb
r-1 r-1 r r-1 r r
r < k, then § =D "USs =]c <8, jand 6. <ciyi{c <o} =

{cr—l < 9:—1} U {ef < 0,10 ({e, ¢ ctlu Lef < er}) = {cr"l < er_l}

r-1

because of {c < BI_I}D {cf < 8,}. Hence by induction we have st =

{cr < er} for all r. Substituting % = el + 02 + ... F er and yl = cl +

- 10 -



cz + ... + ¢t into (*) and arranging the resulatnt expressions by

using s* just defined above yield the second term of (3.3). Q.E.D

REMARK 6 Define Tr(m) =0 for r > m and ci =00 for ¥ > k. Then

(3.3) can be written as
_ 0 o r
{3.4) v =z + Zr:l T (c)

, which is walid even for k = 0.

4. SEQUENTIAT, SELECTION PROCESS

As a dynamic version of the decision model in the previous
sections,' we shall consider the £following discrete~time stochastic
decision process, It has a finite state space I = {i:i = 0, 1, 2, ....
;, N} and a finite state-dependent action space A, = {Ai:r =0, L, ....
; ki} ;, 1ieI. At each time point an m-vector ¢ is observed. Here it is
assumed that m-vectors o, €', €'f, ... at successive time points are
random wvariables, independently an_d ideﬁtically distributed according
to a givenidistribution function P, If an action Ai is taken when an
m-vector 9 is observed in state i, then an immediate reward xi(e) is
gained and the state of the next time is chosen according to a known
transition probability pij, e I. The objective is to f£ind the optimal
decision strategy, maximizing the total expected reward or expected
reward per period over a given time horizon, possibly infinite. From
now on we shall refer to the above decision process as a sequential

selection process.

Iin section 5, we shall demonstrate how both linear models, CAESs A
and B, for the sequential selection process can be successfully
applied to many real-world problems of a certain class. A purchasing
problem (18], asset disposing problem (11), and s¢ on, are included

among them as typical examples. Some of these problems have been

- 11 -



already investgated in detail by many authers, however, reviewing the
original 1literatures c¢ited in the section would reveal that the
application of our sequential selection process provides a new
approach, more systematic and general than the conventional one, to
them., I must stress that honor for some of conclusions and results
derived in these problems should be accorded to the authers who have

initially introduced and developed them.

4.1 Finite time horizon process

We shall begin with a finite +time horizon process, Here Ffor
convenience let a time be measured backward from the terminating time

point t = 0 of the process. Let Bi represent a decision rule in state

i. Then we shall call the set B ={Bi:iE-I} 2 decision policy and a
time sequence of dJecision policies, B(t), B(t-1), .... ., B(0), a

decision strategy over times t to 0, denoted by B(t). Here E(0) is

given as the final(, or terminating) condition.

Now by vi(t) we shall denote the maximum total ecpected reward(if
exist) starting from time t with state i, where vi(O) is assumed tc be
uniguely determined by a given final condition B(0). The decision
strategy attaining vi(t) for all i 4is refered to as an optimal

decision strategy, and the decision rules and decision policies

associated with the optimal decision strategy as an optimal decision

rule and optimal decision policy, respectively. Now suppose that

vi(t—l), vi(t-Z), ceae vi(l) exist for all i, Then the after—-effect

for action Ai at time t becomes

r r
{4.1) z;(t) = azjﬂ Pi4v4(t-1)

where B is a discount factor (0 < B £ 1). It is easily proved by use
of induction and theorem 1 that there exist vi(t) for all i and all t.
From now on we shall very often suppress a time parameter t and

vector 6 in xi(e), vi(t), Di(t), Di(t), zi(t), ++ss and simply write

Dr I

:1 Z:y4 esea, and furthermore in general 1let
i i

r
them as X Vi Di’
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functions £(t), £(t-1), £(t-2), .... be written as £, £', £'', ....
Then noticing zi is expressed as

r N r
{(4.2) z; = BZj=0 pi.v!

o
A
'_l
A
Z
o
kA
H
uA

k,
, the ¥ (1.2) can be transformed into

(4.3) v, =R, (D) + aZjeI'Qij(ni)v:']

where

X,
(4.0 Rryo) = I 1 roohar

k;

(4.5) Q;3®5) = Loy

‘pijII(DE)dF

The above expressions (4.3) to (4.5) indicate that our sequential
selection process is the special case of a discrete time Markovian
decision process(MDP) with a finite time horizon. Here an action
space, immediate reward, transition probability, and optimal action

. . m
usually geflned in MDP correspond to Gi(ki+l), Ri(Bi), Qij(Bi), and

Di(t), respectively.

REMARK 7
Let
(4.6) yi{t) = ﬁ(vi(t) - vi_l(t-l)) 1<ig N,
Then both zi(t) - zi(t) and yi(t) can be expressed by use of linear
combinations of yl(t), yz(t), R yN(t).

4.2 Infinite time horizon process

For an infinite time horizon process, +the corollary 6.6 and
theorems 6.17 and 6.1l8 in (20) are avairable, which can be rewritten

as follows for our sequential selection process.
THEQOREM 5

Suppose a discount factor B < 1. Then the limit of vi(t) as t -y

exists for all i, denoted by Vi Assume that the partition space
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G?(ki+l) is finite for all i. Then

{a) (see theorem 6.6 in (20)) - ‘fhe limit vector (vo, Vit see

vN) is the unigque solution to

_ N
(4.7) v, = R;(D;) + BZj:o Qij(Di)vj ' 0

(173
b
A
=

in which D; is given by (l.l1l) where
k.
r _ i x
{4.8) z] = B'Zr=0 pijvj
Then the optimal stationary strategy is provided by a” where
d=1{D;:0 g i N}.
(b) (see theorem 6.17 and 6.18 in (20)) For the limits v define

Y. = a(vi - vi—l)’ and suppose B_lyi is bounded uniformly in g for all

1

i. Then there exist us and g satisfying

_ N .
(4.9) g+u = Ri(Di) + Z}=0 Qij(Di)uj y 01N
; in which Di is given by (1.l1l) where
(4.10) 25 = Z’ki T
‘ i T br=p Pig¥y
n n
Furthermore we have Bn(vi - vi_l) -7 u; - ;g for some sequence
n

By —> 1~ where vy is a limit of vi(t) associated with the discount
factor Brye Then for any i we have

= 14 _ n
(4.11) g = llmn—aw {1 Bn) vy

(which provides the maximum expected reward per period for an infinite
time horizon process without discounting(that is, B = 1). The g is

attained by d* , called an optimal stationary strategy, where d =

{pj:di =0, 1, ...., N}.

We shall refer to Di in the above theorem as a limit 0P, which
can be obtained in the finite number of steps by using the Howard's

policy iteration algorithm (8).

REMARK 8 If a distribution function F takes positive value only on a
finite domain, then the partition space G?(ki+1) can be defined to be

finite for all i.
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REMARK 9 In order to aveoid the confusions from employing the same
term " limit " in both discounted-process (8 < 1) and undiscounted
process (8 = 1), two terms f-limit and 1-1limit will be very often used
in the subsequent sections, for example, as pg-limit Yis g-limit oP,
l-lipit OP, .... Particularly in (b) in theorem 5 we shall define Yy =

i i1 and call it 1-1imit Y;.

REMARK 10 Limit Yi inherits the structural form of yi(t). For

example, if yi(t) is increasing in i(is convex) for all t, then it

follows that both p-~limit Y; and 1-limit Y5 (if exist) are also
r

increasing in i(is convex), Moreover limit z; - zi can be expressed by

use of linear combinations of limits Yir Yor eeses yN(see remark 7).

REMARK 11 For any i % i', the difference expressions Vi T Vi
derived from (4.7) and U= gy from (4.9) become of just the same
form.

4.3 Policy iteration algorithm

Here the policy iteration algorithm is provided for seekipg the
limit OP in both CASEs A and B. Whenever an infinit time horizon
problem is discussed in the present paper, we will assume the next two
things by implication.

(L} A limit ci satisfies the monotonicity regirement in theorems 2
or 4,
(2) The partition space G?(ki+l) is finite for all i.
Under these conditions we may restrict the partition space to its
subspace §?(ki+l) consisting of such (ki+1)—partitins Bi as defined

below.
CASE A

Let the three requirements (1}, (2), and (3) in theorem 3 be

satisfied. Then
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r r . r _ r r+l

If both ay and cy A in r, By = (bi, bi ) 0crx< ki
r r . r _ r+l xr

( If both ay and ¢y £ in r, Bi = (bi ' bi} 0 gxrg ki )
r 0 ki+l
where by A} in z, by = —w(00) and by =0 (~00)
1faf Ainrand ol L inr, 80 = (oo, b,) and B = (b
i n i rRLT foTd n i 7 it © )

k.
i
(bi, oo ) and Bi = (-0o, bi] )}

0
i
r . r . 0
{ 1If ay Y in r and ey Adin r, B

where BE =¢ for 0 < r < L

CASE B
0 _ . 1
B; = {0 : 0, ¢b;}
r _ . wE r+l
(4.12) B = {9 : by < 6, and 6.1 & bi }, 0<rc< ky
k. k.
i _ . i
B, = {e : by < eki}

where bi Ain r.

Then the policy iteration algorithm for both CASEs bhecomes as

follows.

In discounting case( 0 < B < 1 )

Step 1 Set v, = 0 for all i.
Step 2(policy improvement)

In CASE A, compute ci using {(2.1). When both az and ci M) in

r, find the bi maximizing

X,
(4.13) 2.y af - al™) r(el,ph)

X,
(4.14) (2.3 @it - ah ne )

subject to bi /(/) in r. when a; A¢) in r and ci Z{AY in x, compute

cy from (2.8) and set bi = cy for all i,

In CASE B, compute ci using (3.1) and find the bi maximizing

k.

(4.15) PN MRS

subject to bi 2 din r.
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Step 3(value determination) Selve a system of equations (4.7) in
. . =Int
which Di is replaced by Bi C Gi(ki+1). Then Ri(Bi) and Qij(Bi) are

given as below where E(b) = IBI(G < blar.

In CASE A, if both ai and ci M) in r,

k.

(4.16) R, (B;) = [ __o aj(oI™) - Bb]) )
ki r r+1 r
(4.17) Q; 4(B;) = 2 pet pi; (FOI™) - F(B]))
ki r r r+l
(4.18) R, (8,) = J__¢ al(Bp]) - mipI™) )
Z k:i. r r r+1

If ai A4} in r and ci (A in r,

k.
(4.20) R, (B;) agE{bi] + a,(E - B(b;))

(4.21} Qij(Bi

)

k.
0 i

X,
(4.22) R, (B, ) ag(E - E(b;)) + a, E(b,)

k,
0 L
(4.23) Qij(Bi) Pi4(1 ~ F(b;)) + Pij F(b,)

In CASE B, we have, referring.to the proof of theorem 4,

k,
_y _ r
(4.24) R, (8;) =/ 1 (s - ]))
(4.25) Q..(B,) = Z “ipr (F__, (05 - p_(6T))
. i3'Bi? T Lip=o Pig'Fraa'Pi r'Pi
0 K, +1 _
where Fo(bi) = 0 and Fki+l(bi y = 1.

Go to step 2. If the solutions vy from two successive steps 2 are
identical, then the Bi associated with the solutions vy provides the

limit OP.

REMARK 12 The expressions (4.13), (4.14), and (4.15) are derived
from arranging the right-hand of (4.7) and (4.9) by substituting

r .
(4.16) to (4.25) for Ri(Di) and Qij(Di). Now let cy be said to be
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regqular if it has the monotonicity in r. It is clear from lemma 2 that

r

the regularity of ci vields the solution bi = cj,

0z rxg ki, to the
maximization problems in step 2. On +the other hand if ci is not
regular, then it can be directly solved by use of dynamic programming
technique (l). In step 2 for CASE A, when ai 7(4) in r and ci LAY in

0

i 0
-~ ai)T(cirbi) ( (ai -

" r, the right-hand of (4.7) are arranged as (ai

ail)T(ci,bi) ). Clearly this is maximized at bi = ¢ from lemma 2.

In undiscounting case(g = 1)

In the case we shall assume that a chain with transition matrix
. : =m .o
(Qij(Bi)) is completely ergodic for all Bi¢5 Gi(ki+1), i=20,1, ... ;

N. Then the above algorithm may be only slightly changed as follows.
Step 1 Let u, = 0 for all i,
Step 2(policy improvement) ci is computed by use of (4,10},

Step 3(value determination) A system of eguations to be s=olved is

{4.9) instead of (4.7), in which any one of u Ups eener Uy is set

o'
Zero,

5. APPLICATIONS

5.0 Preliminaries

(1) In a finite time horizon preoblem, the monotonicity of ci for

all t will be proved by use of structural forms, that is, non-negativity,
non-positivity, or monotonicity, of Y- And the structural form of Y5
for all t will be in turn verified inductively by starting with the
terminating conditions yi(O) = B(vi(O) - vi_l(o)), inherent in each of
the examples.

(2} In an infinite +ime horizon problem, the monotonicity of

limit ci will be determined using theorem 2 as a limiting monotonicity
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of ci for a discounted finite time horizon problem with the final
conditicn vi(o) = 0 Ffor all i. Here notice that yi(O) = 0 as the
starting point of induction is 7 and / in i and bounded uniformly in B
for all i. Finiteness of partition space Grj‘_l(ki+l) is always assumed by
implication.

(2) Distribution functions of all random variables defined in

each example take the value 0 on (-, 0), hence the expectations of

them always becomes > 0 .

{4) Except for a y-dependent model, random varables o', b",
g''', .... at successive times are independently and identically
distributed.

(5) wWe frequently encounter a problem in which there may exist
multiple action spaces A‘i" = {Aiw:r =0, 1, oo k‘;} r 02w g Wi’ and
one of them appears with probability p"j‘f when in state 1 where wpw
= 1. In'the problem it is natural to consider +that the immediate
reward and transition probability may dJepend on an appearing action
space. Consequently the after-effect and OP also may depend on the
action spa;ce. Thus the FE is rewritten as vy =ZI§%O p‘ix(right—hand of
the FE in the previous sections, dependent on w). In the case,
however, any major changes in +the relative formulas dose not take
place and any new difficulties in its mathematical treatments do not
occurs. Index w is always attached as superscript to the related
notations.

(6) Next we shall cl‘arify some properties of T-functional (sece
definition 1). They will play a central role in proving the monctonicity

of ci, essencial to applications of theorems 2, 3, and 4, and
cgorollary 1 to the examples in the sections 5.1 to 5.11. Let ()

represent Gauss' symbol and Ex]+ = max-{0, X}.

LEMMA 2(E.L. Lehmann (13] )
For Fy, Ey(g), and g in definition 1,
(a) If Fy (A inyand g A in 8 , then Ey(g) () in y, and

(by If Fy J(A) in y and g £ in @ , then Ey(g) JI{AY in vy,
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LEMMA 4

Suppose F(0)}) = 0 and let L be a space of all real-valued
non-negative measurable functions of €. Then we have on 1
(a) l. T(g) Y in g

2. T(0) = E

3. E > T(g) > E - E(g)

4., T(g) >0
(b) 1. Mg) Ain g
2, To) = E

3. E+ E(g) 2 ¥(g) > &
4. %g) > E(g)

{c) 1. 1T{g) - T(g")|

A

E(jg - g'l)
2. 1%(g) - ¥(g'i

A

E{tg - g'{)
(@) If F(M) = 0 for an M > 0, then T(M) = 0 and T(M) = M.
(e) Letting Tab(g) = aT(g/a) - bT{g/b) for real numbers a and b such

as 0 < a < b, we have

A
[=]

1. Tab(g) <
Tapl9) Zing
3. Toplg) 2 (a - b)E.
(£} For any non-negative real number g, define
AT (g) = T, _,(g) - T (g)
where T. is a T-function(shortage function) associated with a

distribution function Fr of pr in order statistics g

v
"
.

v
O

129 2
(m is fixed). Then we have

1. AT {g) L in g
2. ATr(g) 20
(g) Suppose Fr V(7A) in y. Then we have
1. Ty(g) Ay dny df 8 - g » in o
2. Ty(g) (A) iny if 8 - g ¢ in @
3. () AW diny if g+ (6 - @)t A in 6
4. %y(g) V(A) in y if g + (6 - g)T £ in @
, , . + .
5. Ty(gy) AMY) in y if gy (/) in v and (& -~ gy) Adn 8

. . . + B
6. QQ(QY) 7)) in y if g M) in y ana 9, + (0 - g 3" Ain o
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PROCF (al) For g > g', we have T{g) - T{g') & T(g) - T(g',9) =

ftg' - g)T(g g e)aF ¢ 0.
(bl) For g > g', it follows that &‘(g) - &‘(g') = E(g - g') + T{(g) -
T(g') > E(g - g') + T(g,g') - T(g') = E(g -~ g') + j(g' - g)I(g' g 8}dF

=I(g - g')I(e < g")aF 2 0.

(el) we have T_ (g) = [(ae - g)I(g < as)ar - {we - g)1(g < be)aF
ve..(*). Since I(g < a@) g I(g < be) due to {g < aB}C {g < be}, we get
T, (9) < f(as - g)I(g < a0)aF - fbe - @)I(g < a0)4F = (a - b) fe1(g <

ag)dF ¢ 0. (ez)*

Since [ g < be} = g <« ae}U{ae§g<bB}, it
follows from {*) that Tab(g) = (a - b)JaI(g < ag)dar —J(be - g)I(ae“é g
< be)dr. Now for any two functions g' and g such as g' >4g 2 0 we have
{fg' < ag} = {g < as}y g’ < a6 ¢ g} and {g' < b8} = {g < as}fl{g' < as

g}U{ae < g' < be}. Hence it follows that Tab(g‘) = (a - b)JeI(g <

A

ag)dr + (a - b)JeI(g' < ad g g)dr - J(be - g')I(as < g' < be)}dr. Thus
we have Tab(g) - Tab(g') = —(a - b)JeI(g' < ap g 9)4F + J(be ~ g'YI(ae

g < be)dF ....(**), Now letting A = {g'

A

g' < bd)ar -~ j(be - g)I(a®d

na

<ae_g_g<be},B={g'<ae

na

be_<___g},C={_a9ég'§g<be},D=
{as < g' < bo < g}, we get {g* <a0 ¢ g} =AUB, {as g g' < be} = CcUD,
and {a® ¢ g < b8} = AU C. Applying these relationships to (**)
yields T, (g) = T, (g') = ftg - as)z(a)ar + (b - a)jex(s)dp + ftg -
g')I(C)dF + [(be - g')I(D)&F > O.

(f) In general, if g is a real number, then T{g) can be transformed
into T(g) = I;_ (1 - F)ds by using integration by parts. Hence we

have A'I‘r(g) = f (F_ - Fr_l)de. Thus it follows that ATr(g) > 0 and ¢

o

g+ r
in g because of F,. > F __,.

. . _ _ o+ _
(g) Suppose Fy / in y. Since Ty(g) = [te gl dFY and &'y(g) = j'(g +
(g — g]+)dFy, gl to g4 are clear from lemma 3. Furthermore if gy LM
in y and & - gy # in 8, then y' < y leads to Ty,(gy.) <(2) Ty,(gy)
. . + .

<(2) Ty(gy). I1f gY AM¢) in y and 9, + (8 - gy] 7 in 8, then y' < ¥
leads to "i‘y.(gy.) <(2) &‘y,(gy) <(z) :fy(gy). Hence g5 and g6 hold. The

proof is similar for case of Fy Adin y.

¥ For this proof using an indicator, the auther is much indebted to

Dr. Y. Nogami.,
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5.1 Purchasing problem (3] [(12) (18}

Let N units of a certain kind of material have to be purchased
within a given number of days so as +to minimize the total expected
purchase price. It is assumed that a per-unit price of the material at
each day, © , is a random variable with a known distribution function
FY dependent on a Price v at the previous day. If r units are bought
at the day when a price is @, then the immediate total purchase price
of hre is gained where h0 = 0 and hr-z in r, hence we have Ahr = h_ -

r
h

r-1 > 0. Let a discount factor g = 1, We shall here discuss the next
two cases:

1. case of quantity-discount, i.e., Ahr  in r

2, case of quantity-premium, i.e., Ahr Aidin r

In the problem the state space is given by 1 = {o, 1,...,8} where
4 state i means the number of units having already purchased, and the

action space by A, = {A ir =0, 1, ..., N-i} (k; = N - & ) in which

A denotes the action of Purchasing r units at the day when in state

i, Then for an action Ai we have the immediate reward xi = -hre (hence
r _ _ . - re _ 0, ]
ay = hr Z in r) and after—-effect zy " = vi+r where V4 represents the

maximum total expected reward starting from day t in state i, provided

that the price at the previocus day, i.e., day t + 1, is s, Noticing

vg' = O0O(hence ziiE 0) for all + and h0 =0, (2.11) and {(2.22} become,
respectively, cie = l+r/Ah and cg = _V§|/hN—i where yg = vg - vg_l
and v2(0) = ~hy_;B., hence yJ(0) = Bhy . 1B
Case of guantity-discount

In the case we have y (0) A in i and 2 0 and ¢y (1) = EB 2 O.AHere
notice that <y (l) is independent of i. For any t suppose that yg' 7 in
i and 2 0 and that cg 2 0 and independent of i, hence let ce = cg for

all i. Then since we have c ﬂ in r, from (2.27) the FE becomes

Y _ _ — - i
(5.1.1) vy = hN_iEY + by . Y(c ) hN_i(EY TY(c(t))) ¢ <i<nN

A
A

+ and the OP is given by (2.25) where ki =N -~ i, From (5.1.1) we get
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yI = AhN_i+l(EY - TY(C)). Hence we have yI >0 from lemma 4(a3) and
Y . . Y — oV = -
Yy A in i, Moreover from (5.1.1) we get ci(t+l) = Vi/hN—i EY

TY(C) > 0, independent of i. Hence let cY(t+l) = cI(t+l) for all i.
Thus by induction it follows that for all t > 1 we have the 0P (2.25)

and the formula
(5.1.2) cV(t+l) = E, - T,(c(t))

where ce(l) =Ek Now we have cY(2) < EY = c¥(1l) for all vy. Supposing

o
c®(t) < c®(t-1) for amy t 3 2 yields c'(t+l) - c'(t) = T (o(t-1)) -
TY(c(t)) £ 0 from lemma 4{(al). Hence it follows by induction that
cY(t).¢ in t for all vy.

Now from (2.28) and (5.1.2) we obtain bY(t+1) = vy - EY +
TY(c(t)). Suppose FY Z in ¥ and vy - EY #(¢) in y. Then applying lemma
4(gl and g2) yields n! MY in vy for all t by induction, noticing

bY(1) = v - E,. Hence the OP is given by (2.31)((2.34)) for all t.

Finaiiy since cg is independent of ai's for all %, from remark 5
all the above things hold also in the case of hr 7 in r(that is,

monotone model).

case of gquantity-premium

In thé case we get yz(O) ¢ in i and > 0. Suppose yg' ¥ in i and >

reé

0 for any t > 1. Then we have c¢;~ 2 ¢ and ¢ both in r and in i. Hence

the FE becomes from (2.15)

; N—i
(5.1.3) vl =-h B+ F 7

r
] w-iBy ah T (c;)

, and the OP is provided by (2.13). We can derive from (5.1.3)

Y _ _ N-i+l N~-i r, _ r
(5.1.4) y; = ahy ; 5(E - T (c; ) + Ly Ah (T (ey) - T(ey o))
_ _ ' N-1 I
(5.1.5) - AhN—-i+lEY Athy(yi/Ahl) +Z:r=1 Ty:Ahr,Ahr+l(yi+r )

It is clear from (5.1.4) that ¥; z 0. From (5.1.5) we have
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(5.1.6) y! -yl = 8hy (T (y{ ) /Ah)) = T (y!/sh)))

+ ({Ah - Ah

N-i+l N—i+2)EY - T

T
Y:ahg . o, 8h (ygh)

N-i+ N-i+2
N-i
+Zr=1 (T

' - 1
y:Ahr,Ahr+1(yi+r) Tyian_,an_, Yisp g V)

r+l
All of the three terms in +the right-hand of (5.1.6) become < 0 ,

applying lemma 4(al}), (e3), and (e2), respectively. Hence we obtain yI

Y

¥ in i. Thus it follows by induction that Yi

e

2 0 and ¥ in i for all t.

This yields ci 2 0 and ¢ both in i and in r for all t.

5.2 Inventory problem (3] (12)

We shall here discuss the problem of purchasing a cexrtain kind of
item cousumed at a constant rate of w(; 1) units every day where w ig
a fixed positive integer. Assume that (1) a price per unit at each
day, 0 , is a random variable with a given distribution function F,
(2) any shortage cannot be permitted, that is, a shortage cost is
infinite, (3) the item is delivered immediately after being ordered,
and (4) the maximum N(; w) units can be stocked.

The objectove is to minimize the total expected purchasing price
over an infinite number of days. The state of the Process can be
characterized by the number of units in stock at the morning of each
day. Hence the state space iz given by I ={0,1,...,N}. Let AE r {w -
-i]+ 2 © £ N ~ 1, represent an action of buying r units when in state

i, where [w - i]+ and N ~ i correspond to r = 0 and r = k, respectively,

in the action space of the decision model in section 1, In the pProblem

the immediate reward becomes XE = -x6, that is, ai = ~r, and the
. . r _ r _ ]
after-effect is given by 2] = Bvi+r—w' From (2.1) we get ¢y = Yiirew

for (w - 137 < x <N - i,
Suppose §E > yi > 0 and yi ¢ in i for any t 2 1. Then since ai e

in r and cz ¢ in r, we get from (2.5)

) o0

A
H
na
=1

i N-i
(5.2.1) v, = ={N - i)E + Bvl'q_w +Z +

1
i r=(w-1) +1 T(Yi+r~-wr

- 24 -




, from which the next expressions can be easily derived

Yy BE for 1 < i
(5.2.2) -

— 1 +
y; = B(E - B(y;_ . )) for w < i ¢ N

W

A

The above expressions yield BE > ¥y 2 0 for all i. Now since Y, =

BE 2 B(E - T(y])) = ¥

.. . ' .
w+landyi¢1n10nw<1§Nduetoy. Y in i

1-w

from the inductive hypothesis, it follows that Yi Y ini on 1 < i £ N.
Therefore we have BE > v, 2 0 and y; ¥ in i for all t. Consequently if
B < 1, for p-limit y, we have also BE > y; > 0 and y; Y in i which,

r

for B-limit ci, leads to gE > ci 2 0 and c‘;- ¢ both in i and in r, It

should be noted here that, using (5.2.2) in which Y:;.—w is replaced by

v the p-limit y; can be computed in order of Yy Yopr eenes '

i-w’
independent of N, or capacity of storage. Then the B-limit OP for each
i is given by the intervals (2.3).

lyi > 0 for p-limit ¥y that is, B_lyi is bounded

Now 'since E > B~

uniformly in B, the maximum expected reward per day for an undiscounting
o n o ol -

process becomes g = lim N Bn(vN-i vi), noticing the FE for a

discounting process Vy = BvNuw' associated with p-limits Vi Hence the

minimum expected purchase price per day, g, is given by, using

l-limits Yy

' = — =
(5.2-3) g - g YN + YN_l T e + yN"W‘l‘l

5.3 _warechouse problem (26]

Consider the probiem ‘0f buying and/or selling a certain kind of
item with the aim of profit-maximization over a given number of days,
taking a lease of a warehouse with the maximum capacity of N unuts.
Now let p_, w = {b,s), denote the probability that at each day an
offer of selling b units and offer of buying s units come where both b
and s are non-negative integer, We shall call the vector w an offer
vector where szo P, = 1. Assume that a selling price Gs for the

buying offer and buying price §_ for the selling offer are always

b
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identical and that a price o(= 8y = eb) at each day is a random
variable with a known distribution function F determined by the market
mechanism. Moreover suppose no commigsion is charged on any transaction.

The objective is to maximize the +total expected marginal profit
from buying and/or selling actions over a finite number of days. In
the problem it is clear that a substantial decision variable for a
given offer véctor w = {(b,s) are not the number of units to be sold,
s'(; s), and the number of units to be bought, b'(; b), but the
difference r = s' - b', Notice that the difference implies selling =«
units if r > 0 and buying -r units if r < 0.

The state of the process can be provided by the number of units
being stocked at the morning of each day, i, hence the state space
becomes I ={0, 1, ..., N}. Now let h‘i'_’ and k‘j'f represent the maximum
permissible buying number and maximum permissible selling number
rrespectively, provided that an offer vector is w when in state 1i.
Then we have h“j‘_7 = min{N - i, b} and k‘; = min{i, s}. Hence the action
space becomes A‘J’.‘_T = {A‘_fr- : —h‘j‘f £ r < k‘:f} in which A‘fr indicates an
action of selling r units if r > + ©therwise buying -r units. Then

the immediate reward and after-effect for action A";r become x‘;r = r@

and z‘__fr = ij'.mr ;respectively, where vi(O) is given as the final

A . wr _ _, LW
conditions for all i, Thus from {2.1) we have ey = yi—r—}-l for hi < t

New suppose that for any t 2 1 we have yi 2 0 and / in i. Then

since a‘gr= r 7 in r and cgr 71 in r, the 0P is given by (2.2) with —-h‘;

kA

r < k‘g and the FE becomes

x¥
- W 1 1 '
(6.3.1) v, = F p (-h"E + BV 4 +Zr=_h‘;+1 Y )

where the third term = 0 if k‘; = —h‘;. Now the wvector
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( n¥ , nY ., k¥, k¥ ) equals
(a) ( b , b S s )ifbéN—iands<i
(b) (W ~-4i, N-1 + 1, s , ] ) if b >N -1iand s < i

(¢ ( b , b , i1 ,1i-~-1)if b N - i and s

il
(1893
|.l

{(8) (N -4i, N -4i+1, 1 ,1-1)if b >N - i and s

v
|.l

Noticing the above vectors, we can get from (5.3.1)

1 - t
Myl - DUyl o) for (a)
E - Tyl ) for (b)
1-3
(5.3.2) v, = BZ P x
1 w oW [l
&"(yi+b) for (c)
E for (4)
It is easily seen from (5.3.2) that Y; 2 0 for all i. Now, for
convenience, for all t define ¥, = cw for i <0 and y, = - for N <
i. Then "since we have y_{ £ in i on - e < i <eo, (5.3.2) can be

compiled into the one expression below, using definition 1(4),

(5.3.3) v; = L, P (Hwl) - Tyl ) 1gigw

A
A

Hence we obtain ¥y / in i because both a‘(y_{_'_b) and - T(yj'__s) Z in i on

-0 < i <o,

Conseguently if yi(O) 2 0 and Y in 1, then it follows by
induction that, for all t, y; 2 0 and ¢ in i. This yields c‘;r 20, ¢

in i, and A in r for all t.

Next we shall_discu*ss the case of an infinite time horizon
process without discounting. First suppose B < 1. If 0 < yj'_ < BM(< M)
for a sufficiently large number M such that &‘(M) = M(see section 5.0
{(2)), from (5.3.2) we have 0 < y:.:_ < 5ZW P, max{E, &‘(M)}é M < M.
Hence since it Ffollows by induction t‘hat 0 < B_lyi < M for a pB-limit
Yo the maximim expected marginal profit per day for an undiscountiﬁg
process is provied by, noticing the limit FE Vg = BVN + Zw b, Zril
T(le.-r-i-l) for a discounting process,

kw
(5.3-4) g =Zw pW Zr:?l{ T(YN—r+l)
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in which Y is an l-limit,

Next we shall apply the above results +to three special cases

b,s

w W b,s
below. Here let P h and ki be denoted by pb,s’ hi , and ki

il

respectively.
Example 1 Let }_:)0’S 2 0 and pb’S =0 for b > 0

Example 2 Let pb 0
r

v

0 and pb s = ¢ for s > 0
r

Now for simplicity let P, = p0 n for example 1 and pn for
L

= pn,O'
example 2. We shall suppose that both examples are of finite time

horizon.

In example 1, no selling offer is made, hence no units are bought
at all. This means that the example is equivalent to¢ the problem of
selling out inventory in the warehouse so as to maximize the total
expected selling price over a given number of days.

On the other hand, in example 2, no buying offers come, in other
words, no units in stock are sold. Now let +the objective in the
exanple be to buying the item to reach N units of storage capacity in
such a way as to mimimize the total expected purchasing price over a
finite number of days under the following final conditions. Suppose
that i units have been purchased by the end of day 1 and the offer
vector is w = (n, 0) at day 0. If n 2 N - 4, then N - i units must be
bought at the current price at day ¢. Conversely if n < N - i, first n
units are purchased at the current price & and then the additional N -
i ~ n units must be done at a higher Price than the current price, hse,

where h is a fixed number > 1,

Now we have for n 2 0
(5.3.5) nJ'™ =, k{'" = min{i, n} for Ex. 1
(5.3.6) 1'% = min{N - i, n}, k0o for Ex. 2
The final conditions become
(5.3.7) v, (0) =Zf;__‘_3 np E + i Z;i p_E for Ex. 1
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N-i-1

(5.3.8) v (0) = -JF 4

{(n + h(N - i - n))an
v (N - 1) 77 E for E
1 n=N-i Pn or Ex. 2
Hence it follows that

(5.3.9) y;(0) =" pE20

for Ex. 1
(5.3.10) y;(0) —y; ,(0) =-p; 4E L0
o N-1
(5.3.11) y.(0) =2 . ..  PE+hY "~ pE>0
i n=N-i+l *n n=0 *n = for Ex. 2

(5.3.12) y,(0) - y; 4(0) = (1 - h)pg , ,E L0

From the above four expressions, for both examples we have yi(o)

> 0 and yi(o) - yi_l(O) <0, hence yi(O) Y in i. Then (5.3.2) becomes

i-1
(5.3.13) v, = ¥y} -F1 0 p ly!_ )
. * n=0 “n"'7i-n for Ex. 1
(5.3.14) =y} + 2. p Ty]) +F 10 p (Tly]) - Tyl y))
_wN-i ' «w _ 1
(5.3.35) ¥g =Jntg P¥(¥in) + Znonoign Pof - TO¥))
for Ex. 2

(5.3.16)

1]

¥i +Z§;3 p (Myl ) - Fwin)

p (E - F(y!))

&
+ n=N-i+1l

From (5.3.14) and (5.3.16) we obtain y; > y; and y; £ v!

< respectively.
= <1,

Hence it follows that Y3 Y in t for example 1 and ¥; A in t for

wr

example 2. Thus eventually by induction we have ¢tz 0, A in r, and ¥

in i for all t, and czr # in- t for example 1 and ¢ in t for example 2.

Example 3 Let Py 1 = 1 and %time horizon = @ . Por simplicity, the
¥

vector w = (1, 1) as superscript is removed from all the notations

below. We have hi = min{N - i, l} and ki = min{i, l}for the example.

Hence the 0P (2.2) becomes as follows.

0
DO = (_wl Y1] r DO = (Yltw )
(5.3.17){ D31 = (=0, w13, Df = (i3, ¥;), D} = (y;ie0 ) 0 <i<N
Dg = (-0, YN]l DLJ& = (YNI oo )
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where y. satisfies (see (5.3.2))
i

-1
By, = &'(yz)'
{5.3.18) B'ly=%‘{y y - Ty, ) 0 < i< N
e i i+l i-1
=1
B lyy = E - Tlyg q)
In an discounting process, (5.3.4) becomes g = T(yN), using

1-limit Yy«

5.4 Buying-selling problem {6) (23)

Let us call the action of buying one unit of a certain kind of

item and selling it at ancther day a buying-selling action cycle or

simply action cycle. & selling price es is always assumed to be egqual

to buying price eb. Then let us set 9 = es = eb’ assumed to be a
random wvariable with a known distribution function F. Furthermore
postulate that no commission is charged on any transaction and that a
discount factor g = 1. The goal is here to optimally repeat the action
cycle the maximum M(> 1) times in a sence‘ of maximizing the total
expected marginal profit over a given number of days.

For convenience, let action cycles be numbered backward from the
final action c¢ycle n = 1. Now by s (b) we shall denote a selling(buying)
situation, in which there exists one unit(no unit) on hand. Then a
state of the process can be characterized by the wvector {n,h) in which
n and h denote a cycle number and situation index, respectively. Hence
a state space becomes I = {(n,h) : 1 £ r<Mand h =35, b}, Then the
state transition law can be described as follows. A state (n,b)
changes into (n,s) if one unit of the item is bought and a state ﬁn,s)
into (n-1,b) if one unit on hand is sold, otherwise both states {n,b)
and (n,s) remain unchanged. Let us set the £final conditions as
follows. Xf the process is in state {n,b) at day 0, it terminates
immediately, and if in state (n,s) at day 0, it stops after disposing

of the one unit on hand.

- 30 -




When in state (n,b), by A;g and Agb we shall denote a buying
action and not buying action, respectively. On the other hand, when in
state (n,s), by Ags and A;s a not selling action and selling action,
respectively. Then the immediate rewards for these actions become x;;
= -0, xng = 0, xgs = 0, and xis = 8§, provided that the current price
is &, That is, we have a;é = -1, agb = 0, ags = 0, and ais = 1. From

the state transition law defined above, the after-effects for these

) —1_ N 0 — 1 0 — ] l — T
actions become an = Vg7 znb = Voo Zos = Vng! and Zog = vn—l,b where
Voh represents the maximum of the total expected marginal profit

starting from day t in state {n,h). The final conditions defined above
vield vns(o) = E and vhb(O) = 0 for all n 2 1. Here, for convenience,

define th(t) =0 for all t > 1 and h = b, s.

. -1 0 0 1
Now since anb < agny, and a < a

ns ne * from (2.2) and remark 3 we

have the OP

It

(a44)'1§§w) (-00, o (t)) ,D&Jﬂ

(cnb(t), e« ) for (n,b)

(5.4.2)  DY_(£) = (e, c (t)) , Dpg(t) = (e (), 0 ) for (n,s)
where
{5.4.3) qnb(t) = vns(t—l) - vnb(t—l) n >0
(5.4.4) %ns(t) = Vns(t—l) - vn—ljb(t_l). n > 1
From (2.4) we havé the FE for t > 1,
(5.4.5) an(t) = ~B + Vns(t~1) + T(cnb(t))
(5.4.6) = v, (t-1) * F(c  (£)) - E nx1
(5.4.7) Vns(t) = Vns(t—l) + T(cns(t)) n>1l
(5.4.8) = vy_p,p{t1) Fle st
where notice vlS(t) = %(cls(t)) because of cls(t) = vls(t-l) due to

the definition Vos(t—l) = 0. By induction it is clear from (5.4.6) and
(5.4.7) that both vns(t) and vns(t) > 0 for all t > 1l. We obtain from

{5.4.3) to (5.4.8),
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(5.4.9) Cop (E+L) = 0
(5.4.10) cnb(t+1) = T(cns(t)) - T(cnb(t)) + E n>1
(5.4.11) e, (t41) = H(c, (£))
(5.4.12) e (t+l) = v__(t-1) - Vo1, {81

+ T(e _(t)) - T(cnul’b(t)) + E n > 2
(5.4.13) = ¥ (1)) - ¥lop 1 plE)) + B n > 2

Now define

(5.4.14) Avnh(t) = vnh(t) - Vn—l,h(t) n>1l, h=s,b
(5.4.15)  ac ,(t) = ¢ () - Chp () = Av , (£-1)) n>1
(5.4.16)  Be,p,(£) = o (t) - c ) (t-1) nzo
(5.4.17) Ecns(t) = ¢ (t) - C gl t-1) nz1l
(5.4.18) dc (L) = ¢ (t) - cn—l,b(t) nz1
(5.4.19)  Ac () = c__(t) - €h1,g(E) n> 2

For simplicity, in the expressions below we shall employ the

definition of He(g - g') = H(g) - H(g') for a given function H. Its

mathematical treatments, however, must be sufficiently carefull. Then

for t 2 1 we have

(5.4.20)  avy(t) = vp,(t=1) + F(c,, (£)) ~ &

(5.4.21)  av,,(t) = Avg, (1) + Henc  (t) n > 2
(5.4.22)  avy (£) = F(c, ()

(5.4.23) av (t) = av, (t-1) + Tedc,  (t) n>2
(5.4.24) ac, p(t+l) = Avnb(t) = {(5.4.17), (5.4.18) n>1
(5.4.25)  Ae, (£42) = Teldc (t+l) - TeAc_, (t+1) n>1
(5.4.26)  Rep_(t+2) = Fehoy_(£+1)

(5.4.27)  Bo _(t+2) = Tl _(t+1) - ¥.ch_l’b(t+1) n > 2
(5.4.28) Aoy (t+1) = T(o, (£)) - T(cy, (£)) + E
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il

v
[

(5.4.29) Acnb(t+1) TOAcnS(t) - Toﬁcnb(t) n

(5.4.30)  Ac, (t+1) %-AcZS(t) - %(clb(t)) + E

[

{(t) n

v
w

(5.4.31)  Ac (t+1) %-Acns(t) - Teac

n-1,b

Let us now define the following seven statements for n

v

'l and t 2 1

St. 1 av_p (£-1) > 0

st. 2 av, (t-1) > 0

st. 3 Ac 4 (E) 20

St. 4 Ao, (E+l) £ 0

St. 5 Be  (t+l) 2 0

St. 6 Ac , (t) 20

St. 7 Ac () £ 0 where n > 2

Then we have

(a) cnb(l) = cns(l) =& > 0 for n > 1

.+ (b) Sts. 1l to 6 hold for £t = 1 and n >

v
|_!

(¢} Sts. 1 to 7 hold for t = 1 and n > 2

{(a) cnb(t) >0 for n > 1 and t > 1

{e) Sts, 1l to 6 hold for £ > 1 and n = 1
(£) sts. 1 to 7 hold for t > 1 and n 2 2
> 1 and all ¢ > 1

(g) cns(t) > 0 for all n >

PROOF

{a) is clear from (5.4.3) and (5.4.4).

{(b) Avnb(O) = 0 for n 2> 1{st. 1), Avls(o) =E2>0 and AvnS(O) =
0 for n > 2 (st. 2}, and Acnsb(l) =0 for n > 1(st. 3). Since vnstl) =
E + %(E) and vhb(l) = T(E) for n > 1, we get cnb(2) = E for n 2 1,
cls(z) = &'(E), and cns(z) = E for n > 2. Hence it follows that

Acnb(z) = 0 for n > 1(st. 4), Acls(z{ = T(E) and AcnS(Z) = 0 for n

ilv

2 (st. 5), and Aclb(l) = clb(l) = & » 0 and Acnb(l) =0 for n > 1
{st. 6).

(c) we get Acns(l) =0 for n > 2 (5t. 7).

(d) cnb(l) = E > 0 for n 2 1 from {(a). For any t > 1 suppose

cnb(t) > 0 for n > 1. Then from (5.4.10), we get cnb(t+l) > 0 for n 2
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1, using lemma 4{a3).

(e) The assertion is true for t = 1 from (b). If it is true for
any t > 1, then it becomes also true for t+1 by applying lemma 4(a,b)
and the above (d) to (5.4.20) to (5.4.31),

(£) For n = 2 the proof is exactly similar to (e). Now suppose
it holds for n' = 2, 3, ... , n-1. Then the assertion for n becomes to
be true for t = 1 from (c). If it is true for any t > 1, then so also
is it for t+1 from (5.4.20) to (5.4.31). Hence by induction it holds
for all ¢ 2 1. Thus eventually it holds also for-all n 2 2 and allpt 2
1, using induction again.

{g) Chgl{l) = E >0 for all n 2 1 from (a). We obtain Gy (t+1)

2 0 for all t > 1 from (5.4.11) and cns(t+1) 2 0 for n > 2 from
{5.4.12), using Avns(tnl) > 0 and cn—l,b(t) > 0. Q.E,D,
From the above (a) to (g) we obtain

(1)' o ()

v

cnb(t)

(2) c_. (%)

v

nb ¢, ¥ in t, and A in n

(3) cnS(t) 20, Ain t, and ¥ in n

5.5 Job search problem /(4]

This is the problem of determinig one +to be accepted among
sequentially arriving job offers within a finite number of periods.
Let S = {s:s =0, 1, ...., K} be a finite space of the possibe economy
stétes. An economy state changes according to a discrete time Markow
chain with one-step transition matrix (psu), assumed Zugopsu ¥ in s
for all g e 8. A per-period wage of a job offered at each pericd, o,
is a random variable with a known s—dgpendent'distribution function F
with an expectation Es' Let Fs ¥ in s, hence Es 7 in s from lemma
3(a). A job can be always offered at the next peried if h (> 0) dollar
are spent for searching a -job at the current period.

The objective is to maximize the total expected reward, or the

difference between the total expected wage over +the period and the
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total searching cost. It should be noted here that the state space I
of this search process as a sequential selection process must be
distinguished from the economy state space S. In the process the state

space is given by I ={0,1} in which i = 0 represents the state of not

yet accepting any job offer, and i = 1 the one of already having
accepted a job offer. Then the action spaces are given by AO = V{Ag,
Aé} for state i = 0 and A {Ag} for state i = 1 where Ag and Ag
denote an action of rejecting an arriving job offer and.‘Aé one of
accepting it.

Let v, represent the maximum total expected reward starting

i,s

from period £ with an economy state s and process state i and let
_wt n : — -
ay _Zn=OB . It is clear that VOS(O) = E, and vls(t) = 0 for all t.

Then for a job offer of per-period wage ©® made at period t with state

i = 0, the immediate reward is provided by xg = 0 and xg' = ate and the
0 — B 1 . .

after-effect by Zo,s = B 0 qsu 0 a h and zo's = 0. Now since

clearly xg = 0 and zg s = 0, suffice it to discuss only the case of

!
state 1 = 0. Since a0 =0 < aq, = al, from (2.4) we have the FE v =
0 t 0 0,s
0] _ 1 1 _ .0
gy o * T (c0 $) = at&’s(co’s) where ¢y o = zg /e, from (2.1). Then
— _ 0 _ 1

lettlng;vs = vo's, z, = Zo,s , and cy = cO,s ;, the above FE can be

rewritten as

(5.5.1) vy = at:fs(cs)

- | B .
where c = z_ /o, and z_ BZu—O 4g,Ve - b. Then from (2.2) the OP is
given by Dg = (-0, e,) . Di (cgre0).

R _ _ . ' .
Now notice vs(o)(— VO'S(O)) = E5 7 in s. Suppose vl A in s for
any t 2 1, then we obtain z Jin s from lemma 3(a), which yields cg A
in s. Moreover since Cy F (s = cs]+ 7 in e, we get @S(cs) A in s from

lemma 4(g6). Thus we have vy 7 in s. Consequently it follows by

induction that for all t > 1 we get v_ # in s, hence g 2 in s.

s
Now since vs(l) = al&‘s(cs(l)) 2 alES from lemma 4(b3), we have
K _ K _
c (2) 2 (8T g 9gu™Ey — Mo, = Blay/a,) Lin=o  9suFuq h/a, 2
—_ 1
B(l/al) -0 qsu . h/al = cs(l). Suppose cg 2 Cg for any ¢ > 1. Then
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_ t ™ _ 1 .
we have vs/at vs/at_1 2 Ts(cs) ?S(cs) 2 0, that is, vs/ut >

' - is - K
ve/a, ;. Bpplying this yields c (t+l) = zs(1:+l)/ott_|_l 2 (at/“t+1at—l)ﬂzu=l

g v! - h/a

su u t+1 2 Cg (= Cs(t))’ noticing at/a

v

£41%-1 l/at. Hence we

have Cq 2 in t by induction.

5.6 Sequential stochastic assignment problem (2]

This section is concerned with another approach to the following
sequential selection problem posed in (2). The ¢ jobs arrive at a
group of t men(workers}) in a seguential order, that is, one by one.
They are called, respectively, bl—man, bz—man, aes bt-man, assumed
br 2 in r. If br—man is assigned to an arriving job of value &, then
the reward of bre is gained. A man assigned to a job is unavairable
for future assignment. A value of each arriving djob is a random
variable raccording to a given distribution functioﬁ F.

The objective is to maximize the total expected reward obtained.
We shall refer to the problem as b(t)-prblem where b(t) = (bl, b

PUERER
; bt)’ t-vector., Let w(t), vi(t), and vir(t—l) be the maximum +total
expected reward for b(t)- , bi(t)- ; and bir(t-l)-problems, respectively,
where bi(t) is a t-wector resulting from removing the i-th element of
a vector b{t+l) and where bir(t—l) is a (t-1l)-vector from eliminating
the r-th element of the vector bi(t). Let the r-th element of wvector
bi(t) be represented by bir'

Now the action space fo.r b(t)-problem is given by & = {Ar:r = 1,
2, «v.., t} in which at represents the action of assigning brnman to
the first arriving job. Then the immediate reward and after—-effect for
an action AT are given by xF = bre and zr(t) = vr(t-l). Hence from
(2.1) we have ¢™(t) = (v__,(t-1) - v (£-1))/(b - b ) for 2 < r < t.
Since af = br Z in r(strictly monotone model), if cr(t) 7 in r, then
the OP is given by (2.2) with k = t where cl(t) = - and ct+l = ,

and the FE become from (2.4)
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t

(5.6.1) wv(t) = bE + vy(t-1) + __, (b, -~

r
1 b, _)T(c7 (%))

For b(l)-problem, clearly v(l) = bE where b(l} = (b), l-vector.

For b{2)-problem, we have v(2) = blE + Vl(l) + (b2 - bl)T(cz(z))
in which 02(2) = (vl(l) - vz(l))/(b2 - bl) = E, using vl(l) = bZE and
vz(l) = blE. Here notice that c2(2) can be expressed as 02(2) =
F(el(1)) - T(c?(1)) by using definition 1(4) and that c (2) is

b(2}-independent for r = 1, 2, 3 and cl(2) < c2(2) 03(2), fhat is,

A

¢t (2) Ain x.
For b(t)-problem(for any t 2 2) suppose cr(t) is independent of

b(t) and A in r, Then (5.6..) becomes for the bi(t)—problem

- _ t _ r
(5.6.2) vi(t) = bilE + Vil(t 1) + r=2 (bir bi,r-l)T(c (t))
1< i g t+l
Now i > r leads to bir = br and Vir(t—l) = vr,i—l(t_l)' and i £ x
to bip;= br+l and vir(t—l) = vr+l,i(t_l)' For simplicity 1let v, =
vi(t), Yir = vir(t—l), and ¢© = ¢*(t). Then we have, noticing bi -
D1 = Py 401 7 Py, FOX 2 23
((v, - v,)/(b, = by) = ¥ely - m(c?)
1 2 2 1
’ nd - = (v! ., ., -w!. . = .
(vy g = vyd/lby =By ) = (Vg 5 5 = ¥y,40 /0y 59 =~ By ,55)
(5.6.3) ¢ + o™ - rieh) 3gdigt

- b

(Vg = Vg Wby g =Dy = (Vg o g = v Wby — by L)

+ T(ct)

.
Arranging (5.6.3) by applying the definitions of cr(t+l) and

crul(t) produces

(5.6.4)  c (t+1) = KT H(e)) - m(T(e)) 2grzt+d

In the above expressions, since cr_l(t) and cr(t) are independent of
bi(t) from the inductive hypothesis, cr(t+l) also becomes independent
of b(t+1). It is easy to prove that cr(t) A dn r leads to cr(t+1) A r.
Therefore by induction it follows that ¢t (t) is b{t)-indepependent and

A in r for all t.
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Now since for 2 £ r ¢ t we obtain cr(t+l) = cr(t) - (%(cr(t)) -
(™ (£))) £ oF(t) owing to oT(t) 3 ¥ l(t), it follows that c'(t) g
in t for all r.

Out of three requirements in theorem 3, (1) is verified just
above and (2} is clear from the formulation of the prohlem. It is
easily proved by induction that the last requirement (3) is satisfied.
Therefore the FE and OP for a model with br A in r, +that is_, for a
monotone medel are given by just the same forms as in the model with

b 2 in r as discussed just above, that is, a strictly monotone model.

5.7 Target attacking problem I (16]

Suppose that a submarine with N torpedos is starting to patrol a
sea area, over a given mission periods. Assume that a target can be
detected every periods and that the value of a detected target, 6 , is
a random variable with a known distribution function F. By q
(0 < g < 1) we shall denote a single shot hit probability, assumed to
be independent of a target value 9.

The objective is to maximize the toltal expected wvalue from enemy
ships hitted by the submarine over the given mission periocds. The
state space of the problem is given by I = {i : 0 < i < N} in which i
represents +the number of torpedos remaining in +he submarine on
pa+_.rol', and the action space by Ay = {Air : 0 ¢ r g i} where AJ.I:
denotes an action of firing r torpedos at a target detected when in
state i. Then the immediate reward and after-effect for an action Ai
become x§ = {1 - (1 - q)r)e and zi = vi_r respectively, given that
the detected enemy ships has a value 0f 8. It is clear that vi(O) =

(1 - (1 - q)l)E. Since ai =1 - (1 = q)r, it follows £from (2.1) +hat

r _ ' . _ - r-1 .-

¢ = Yi—r-}-l/h(r) for 1 £ ¥ £ i where h(r) = (1 q) g. Cbviously we
- ; _ - i-2 2

have y,(0) = h(i)E > 0 and y;(0) -y, ,(0) = -(1 - q) g°E g 0.

Now suppose that y! > 0 and vy! - y! £ 0 for any t > 1. Then
L = 1 i-1 = =
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noticing h{r) ¥ in r and yi Z in i, we have ci Ainr, 4 in i, and 2
0. Since ai 2 in r, the OP is given by (2.2) with ki = i, and the FE

becomes from (2.4}

(5.7.1) v, =v!+ Zril h(r)T(c])

From (5.7.1) we obtain

(5.7.2) y; = y{ + h(i)B{y;/h(i))

#2177 nee(reyy

1-r+l/h(r)) - Tlyj_p/B(z)))

i1 ,
r=1 Th(r+1),h(r) ¥i-y) 1

1A
p

A
=

(5.7.3) = h(1)¥(yi/h(1)) +

, and from (5.7.3)

(5-7-4) Yi _'Yi_l—

R(L)(H(y)]/n(1)) = Byl (/h(0)Y + Pyipy peio1y (v

i-2
; + Lor=1h(r+1),bez) Yicr) = Tniz+1),hix) Yi-r-2))

2 i r

A
A

We have Y, 2 0 from (5.7.2) and Y; £ ¥ from (5.7.4), hence Y

> 0 and £ in i for all t

¢ in i. Thus it follows by induction that Yy
2 1. Moreover since Y; 2 yi form (5.7.2), it follows that Y, A in t.

r

Hence we. have ¢y 2z 0, Ain r, and ¥ in i for all t > 1, and ci Ain t

for all i and all r.

5.8 Optimal target attacking problem II

In this section a wvariation of the optimal target attacking
problem I is discussed, It is here assumed that (1) a single shot hit
probability g = 1, that is, a hundred percent in bulls-eye, (2) a
fleet of m enemy ships can be detected at each period (m is a fixed
positive integer), and (3) a value of each of m enemy ships detected
is mutually independent random variable with a known distribution

function F, where let these wvalues be arranged as 91 > 8

v
.
v
©

.

2
The state space of this problem is just the same as one in the
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preceding section, but the action space becomes Ai = {Air:o < r < min

fi,mi} where Ai represents an action of firing at r ones from the upper

rank of values for m enemy ships detected in state i. Let ki = min{i,m}
. Por an action Az the immediate reward is given by xg = 0 and xi = 98,
+ 62 toeel + B, S}L{; r < ki' and the after-effect by zi = v:i..—r where
clealy vi(o) = Zr:i Er for 1 < i < N. From (3.1) we have ci = Y:;.—r+1

for0<réki. Defineci:w forr>ki. OnK={c§ : 0 < r;ki} we
have ci = ci::ll

Now we have y.(0) = E, > 0 for i < m and v,(0) = 0 for m < i
1 i = = i

na-

N.

Hence it follows that yi(O) - yi__l(o) = Ei E:i.—l £ 0 for i < m,
Ym+l(0) - ym(O) = _Em < 0, and yi(o) - yi_l(O) = 0 for m < i < N. Thus
for all i we have yi(D) 2 0 and yi(o) ¥ in i, FPor any t > 1 suppose yj'_
> 0 and yJ!_ Y in i, Then we have ci 2 0, Ain r, and ¥ in i, hence the

OF is provided by (3.2), and the FE becomes from (3.3)

k.
' o i r .
(5.8.1) v, =vl+) t ow (el 0<igN
from which we get (see remark 6),
— ! ry _ r
(5.8.2) y; =¥{ + [._q (T.(c}) T,.(cy 1)} l¢<idgN
St Srm—
B D

Noticing ci‘ e K and ci’_l € K for i > 2, from (5.8.2) we obtain

for 2 < i < N

(5.8.3) vy - ¥y o= (Fyf) - ¥ oqyf_nx

L r—1 r r-1 . r
= Loy UT, g (el - Teleid) = (T p(05 50 = Tl 5)))*»
| S S [S—— L p—
B B, - C D

where A, B, C, and D in (5.8.2) and (5.8.3) are not always finite, in
other words, not always in K.
Since k, 7 in 1, r < ki-l leads to r < k;« This means that if

D € K, then alsoc B € XK, Hence we have always B ¢ D, including

< ; which provides the second term > 0 in (5.8.2), that is, y; 2 0.
Now if r-1 » ki—l" then r » ki, r-1 > ki..z and r > ki—l’ if r » ki,
then r > ki-l’ and if r-1 > k;_ 5+ then r > ki—-l‘ These imply,
respectively, (1) A =® —» B = , C =® , D =& , (2 B =0 —>
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D=, (3) C =t —» D =& . Next let us show the impossibility of the

joint event of " r < ki, r-1 < ki—z' ki—l < r ", ¥If it is possible,

1 < ki' which leads to m > i, This yields ki_2 =i -

2, from which we have r - 1 < i-2, 0orrx < i - 1. Then we obtain ki-l

< i - 1 because of ki—l < r, This leads to the contradiction i < i.

Thus the above joint event, that is, (4) B <@ and C < and b = o,

then we have ki-

must be impossible. It is easily seen from (1) to (4) above that the
possible combinations as to finiteness(F) or infiniteness(o ) of each
of A, B, C, and D are the following five:

Table I

{a)
{b)
(c)
(d)
(e} P

Womom B
mom 8 88 w
m B w88 °
w 8 €838 ©

It is clear that the term ( )¥* <0 in (5.8.3). For each of (a) to

(e) in the above table, *the term ( )** becomes, respectively, 0 for

r=1 r-1 r-1

(a)t Tr-—-l(ci-—l) ; 0 for (b)l Tr_l(ci_l) - Tr—-l(ci-—2) ___>__ 0 for (C) [
r r r

ATr(ci) 2 0 for (d), and A'I'r(ci) - ATr(ci_l) 2 0 for (e). Hence

eventually we have Y, - Y33 £ 0. Thus it follows by induction that

for all t > 1 we get Yy 2 0 and Yy - Y31 £ 0, which produces ci > 0,

Ain r, and ¢ in i for all t. Furthermore from {5.8.2) we obtain vy

1%

yJE_, hence ¥y A in t, which yields cir Ain t.

5.9 Customer selection problem I (17)

Here we shall consider the following discrete-type version of a
continuous time customer selection prgblem in (17). Suppose there are
M customer classes and at most one customer arrives at the start of
each period. Let Pn be now the probability that an arriving customer
is of class m. Then the probability of no customer arriving is given

by Py = 1 "Zﬁ.—:]_ P, Assume a customer of class m has a fixed reward
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r, > 0. wWithout loss in generarity we may rearrange the rewards as r,

r, > 0. Every customer is served in a single station

> T 2 eens
= = m

2
according to probability Ay s by which we mean the probability of

[[AY]

completeing services for s customers in one pericd, Here assume 9y >
0. Then notice that 4if <there are i customers in the system, the
probability that services for all of them are completed in one period

is given by Z:;iqs. Furthermore postulate that the maximum perfnissible

number of customers in the system is N 2 1 and that we can select" the
customers to be accepted.

Our objective is to maximize the total expected reward over an
infinte time horizon. Then a state of the system can be characterized
by the number of customers in the system at the start of each period,
i , hence the state space is given by I = {0,1,...,N}. Now for a

mo 1

customer of c¢lass m arriving when in state i, let Ai and AI__TLL

represent the action of rejecting the customer and the action of

mQ
N I

the action of not accepting any customer, is avairable. Thus +he

accepting it, respectively. For state N only one action A that is,

action space becomes AI; = {AI:.IL‘O, Arinlj for i < N and AE = {Ago} . Then
for these actions the immediate rewards are given by xlfo = {0 and
xrjljl = rme, that is, a?_lo = 0 and aTl = L., where 0 is a random variable

distributed according to a unit distribution function Fm with

parameter X = l(see remark 4). The after-effects are provided by
mo _ . gi-1 , g
(5.9.1) z; = BZ$=0 agVi_ o BVO Zs:i qq

ml _ i ' 7 T
(5.9.2) 2i = BZ's=0 IWVisr-s T PV Zs=i+l g

Then from (2.l1) we have

ml i

- . 1]
(5.9.3) i = Zs:O 95¥i41-5""m
Now since both zrj{.‘o and zr:;_'l are independent of m, let z?_ = zl__;_Tlo and
s1 = 2™ Purthermore let ¢V = ¢™ ., Then we have
i i i i
I i - . i—l ] _ 1 t
(5.9.4) o5 = ey = (D Ty 9 ¥l _om Y g) + a¥i)/n
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Since ar__ir_10 < arjr_ll, the FE becomes for 0 < i < N, letting M=o R

v, = z. + 2 Ml pm(z + T P())

$1 hE L

_ ' @ M m
(5.9.5) - BZS 0 95V :L st BVO Zs:i g * Z:m=l pmrmT(ci)
from which we obtain for 1 < i <N

(5.9.6) B_lyi = Zl g' . ¥§ _g +Zm§1 Ppfn(T(e]) - T(c o)

i-1 m
(5.9.7) > Feis agvl_o - Dy ppr,Tlel )
Notiecing T(cg_l_l) - T(cl__:-l_z) = -(ciTl - cir_fz ) + &'(c’i‘_l) - &‘(cr__f_l , ) for
2 < i £ N, we get from (5.9.6).
(5.9.8) 8y, - p(Z agly o - ¥4 Yo+ oay q¥y)
e Y Y- l 0 s= 0 i-s i-g-1 -1°1
M m
+ X omy Pt (TeD) = 2T 1)) = (Fe] ) - Fe] M)
2<ig<N
For any t > 1 suppose yi ¢ 0 and y! - yl 1 £ 0 for all i. Then we
m N
have c; 2 ¢ and /A in i. Thus we get yi < 0 from (5.9.6) and Yy Yio1

< 0 from (5.9.8). Hence it follows by induction that ¥, £ 0 and Yy -
Yi_q £ 0 for all t. This produces cm 2 0 and A in i for all t. Thus we
have B-limit ¥; £ 0 and / in i and g-limit er[-l 2 0 and A in i.

)

q.¥;_o — h) where h = 2 Ml Ppfy 2 0. For

Now noticing T( c

A

-1 T(0) = 1, for B-limif y; we have from
. -1
(5.9.7) 0 > v; 2 B( =0

i =1, we obtain 0 2 yl 2 [3(‘:103;-1 - h). From this we get 0 z B lyl 4 Ml

= =h/{(1 - qo) and 0 2V >'M noticing -8h/(1 - qu) ¥ in B on [0,

£ M
’ . _oori-l
1), For any 1 > 2, we have 0 2 Yy 2 B(qoyi + di - h) where di th:l
¥y 1 £ 0. Hence similarly it follows that 0 > B_lyi 2 Moo= (di -

h)y/{1 - qo) and 0 2y 2 Mi. Suppose Yy yz, RIS are all
bounded uniformly in B. Then since di becomes bounded uniformly in g,
it follows that both {3_lyi and y; are aiso bounded uniformly in B.
Thus by induction these hold also for all i, Therefore the maximum

expected reward per period for an infinite +time horizon problem

. . . P _ M m
whithout discounting becomes, noticing the FE vy = Bvo +Zm=lpmrm'r(c0)
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for g-limit Vi
_ v M m
(5.9.9) g _Zm=l pmrmT(co)

where cgl is 1-limit.

5.10 Customer selection problem II

Here the variation of the customer selection problém I is
discussed where there exists only one class but multiple customers of
the class arrive. Now let m customers arrive every period where m is a
fixed positive integer, and assume that a reward of each of them is a
random variable distributed according to a given distribution function

where we shall rearrange the rewards of these customers as o, > @, >

1 2
seee Zo0, order statistics. Then the maximum permissible number of

customers to be accepted when in state i is given by ki = min{m, N-i}<

m. Denote an action of accepting (0 < r < ki) customers from the

upper rank of rewards by Ai. Then for an action Ai the immediate
r

reward is given by X, = 8y + 92 + e b er for 1 < r < ki where
xg = 0, and the after-effect zi by
r _ i+r-1 ' . ¥
(5.10.1} zy = BZs=0 AVir-s T BV Zs=i+r dq 02 xr gk
ro_ itr-1 ' .

From (3.1) we have ¢y = - s=0 9¥iip g for 0 < r < ki. Define
x _ r r
¢; =« for r >k, (see remark €). On K = {cj : Lgr g k;} we have ¢

r+l _ r-1 r _ r _ . r _ rxr-1 _ it+xr-2 '

T G-l T CSia1 A C; - Gy = oep - ooy = - NTETT atvd, o
1 - T 1 T _ 1
Yigr-s-1 )~ 9igp_1¥1- Suppose that y; < 0 and y; - y! , < 0 for

any t > 1. Then we get cz 2 0 and A both in i and in r. Hence the QP

is given by (3.2) and the FE becomes from (3.3)

w ki

i-1
s=i qs + r=1

= I
(5.10.2) v, =8 s=0 9sVi_g

1 r .
i + 3v0 Tr(ci) Q é 1 é N

Noticing remark 6 and lemma 4{a4), we have for 1 < i <N

-1, _ g¢i-1 ' = r r
(5.10.3)  877y; = [ Toagvl o+ Loy (m(eh) - 1 (TN
, X,
i-1 t i-1 r
(5.10.4) 2 Ligog 95¥i_g - Zr=1 Tpleyly)



. . . . r
Since ki ¥ in i, r g ki leads to r < ki—l' Henice if c; € K, then

also cifl& K. Thus we have always cz 2 cifl' Consequently since the

second term of (5.10.3) < 0, we have ¥, & 0.

Furthermore for 2 < i < N, both ci_l and ci_z are in K because of

1 < ki-l' Noticing this, we have
-1 N 1 1
(5.10.5) B (y; -~ vy ) = (¥ (i ) - F(ej_ g N¥
2 r-1 r r-1 r
- Ly (T _q(ef ) = TLel p)) = (TL_j(ef 7)) = To(e] ;)) **
| —— L [S—p— —
. 2 B C D

It is clear that the term ( }* < 0 in (5.10.5). Now it can be
proved similarly for the problem that the table I in section 5.8 holds
also for A to D in (5.10.5), hence the term ( )*% > 0. Thus we get Y5
- Yiq ;IO. Consequently by induction we have y; £ 0 and Yi = Y31 2 0

for all 't, which yields B8-limit ¥y 2 0 and ¢ in i. This leads to

B—limit c§ > 0 and 7 both in i and in r.
. A i-1
Since for B-llmﬁr y; we have Y; 2 B{ s=0 9s¥i_g ~ hi) from
(5.10.4) where h, = rizl E_ > 0, the uniform boundedness of y; and

s"lyi in B can be proved in the exactly similar way as in section 5.9.

Hence the maximum total expected reward per pericd for an infinite

time horizon problem without discounting becomes, noticing the FE vy =
k

0 r . . .
Bvo + r=1 Tr(co) associated with B-limits Vi
(5.10.6) = Z-ko T_{c%)
M g r=1 "r*70

where cg is an l-limit.

5.11 Customer selection problem III [10)

In the section we shall deal wiéh the following wvariation of the
customer selection problem II. Let time points be taken at an equally
spaced interval and assume that every arriving customer has the same
fixed service time w(periods), integer > 1. We shall refer to the

total service time required for all customers now in the system as a
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backlog and assume that the backlog must be equal +o or less than
N(integer 2 1} at any instant. Now 'since a state of the system can be
given by the backlog at the start of each period, the state space
becomes I = {0,1,...,N}. The above definition of state implies that if
r customers are accepted; then the current state i becomes (i + ruw -
l]+ r = 0, 1, ... at the next time. Since it must be ¢ N from the
assumption above, the maximum permissible number of customers to be
accepted in state i is given by k, = min{m,((N-i+1)/w)} . Now the
action, action space, and immediate reward for the problem are of

quite the same form as in section 5.10, but the after—-effect becomes

r

= 1 i
i = Viitre-1t Now define

z

Blvy = vy) l<igu
(5.11.1) Yy = .
B(vi - vi_m) w<il<N
(5.11.2) = B(vi - v[i~w]+) lgigN
v u A
(5.11.3) &Y, =¥; - ¥y 4 221N
o r_ N,
Then noticing w > 1, from (3.1} we have ¢y = Yipprg.y fOr 0 <
: r _ _ r r _
< k;. Define ¢; =eo for r > k;. On K ={cj : 0 < r g k;} we have c; =
r+l _  r-1 r . r r-1 _
Ci-w T Sieet C1 7 CGio1 T TWigpyerr @84 ©5 - Sy T o= - AV
Yy _ o Al
Ayi+rm—2 v Ay 5

itrw-w °

Now suppose ?i £ 0 and A§£ £ 0 for any t > 1. Then it £follows

that ci > 0 and ci A both in i and in r. Hence the OP is given by

{(3.2), and the FE (3.3) becomes

X,
- i r
(5.11.4) vy = BV(; gyF Zr=1 Tpley)

From this we get, noticing remark 6,

e T r
(5.11.5) 3"l§l = Loy (T (c]) - T {cp))
a, « r r
(5.11.6) BTy, T Yia * Lpoq (T (el - To(p)) 2 sizgw
-1 e .
(5.13.7) 87, =¥, o+ L_jrtch - (e,T ) w<dign

Furthermore from (5.11.5) to (5.11.7) we have
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- oD
{(5.11.8) B 1A§'2 - gf'i + Zr=l(Tr(C§) - Tr(ci))

-1 o r, _ r .
(5.11,9) B by, = Ayi_l + r=1(Tr(ci) Tr(ci_l)) 3<izgw
Noticing ciiw & K and c.:'il..—w—l € K for 1 > 2, we have for w < i ¢ N
(5.11.20)  p71a¥; = (¥ (ef_, 1) - ¥ (e 1#

@ r=1 r r-1 r
= Lyl Uy (eiTyy = Tdef N - (Tp_pley 7) = Tpley )y
| —— ———— L [S—

A B C D

Since ki ¢ in i, r < ki leads to r < kj for i > j, 4in other

words, c;.": « K to c";.:e K for i > j. Hence we have always ci > cg and ci
> cifm. This yields ¥; < 0 for 1 ¢ i < N from (5.11.5) to (5.11.7) and

A¥; ¢ 0 for 2 ¢ i ¢ w from (5.11.8) and (5.11.9). It is clear that the
term ( )* < 0 in (5.11.10). When noticing that (1) k:i. ¢ oin i, (2) ki—w
is greater by at most 1 +than ki, and (3) (x) + 1 > (x + 1) is
impossible for any real number x, it is eaéily shown that table I in
section 5.8 holds also for A to B in (5.11.10). Consequently we have
the term ( }** 2 0, hence it follows that b&i:(: 0 for w < i £ N. Thus

by induction we get ?i < 0 and A}'i < 0 for all i and all t > 1.

Therefore we have pg-—limit yi < 0 and ¢ in i which leads to p-limit cz
= .
2 0 and 7 both in i and in r. Then letting h; =) 71 & (> 0), for the

B-limit ?i we get from (5.11.5) to (5.11.7) ?l 2 -Bhy > -h; and %i >

" ") : s : sy .
B(yi_l - hi) Yi 1 - hi for 2 < i £ N, From these inequalities it

A7)
follows that 0 > Y; 2 B(--hl - h2 - . — hi) 2 B(_hl - h2 —_ aee - hN)
for 1 < i ¢ N. Hence B_1§i becomes bounded uniformly in g for all i.

Ihv

Thus the expected marginal profit per period for an infinite time

horizon problem without discounting becomes, noticing the FE v, = gv

0 0
k0 r P
+ =1 Tr(co) for p~limit Vi
k
- 0 r
{(5.11.11) g = Zr:l 'I‘r(co)

where cg is an l1-limit.
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