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(1) INTRODUCTION

To measure the magnitude of spatial contiguity, the literature
often employs Geary's ratio (1949) defined by
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where n is the number of counties covering a region, Li is that of
counties being joined to county i, X is an attribute walue of county

i satisfying

n
L x. =0, (2}
i=1 *
and
1 if county 1 is joined to county j, (i # j),
§,. =
+J 0 otherwise or i = j. (3

Concerning the value of this ratio, it can be shown that Geary's ratio
always takes positive value. For the numerator of equation (1) is non-
positive, and if the ratio takes zero, X, = Xj for Gij = 1 which
implies X, = 0 for all i, (since all counties are topologically con~
nected), that makes the ratio meaningless. It is also showm that if
attribute values are randomly distributed over the region, the expected

value of Geary's ratio takes one. (See Cliff and Ord (1973)). It is

not explicitly shown, however, what the range of Geary's ratio is.



Furthermore few literature examines what spatial patterns will be

observed when Geary's ratio takes the maximum or minimum value. The

purpose of this note is to answer these questions explicitly.

(2) SPATIAL DISTRIBUTION MAXIMIZING OR MINIMIZING GEARY'S RATIO

The above question will be examined by considering the maximization

{or minimization) problem given by:

Max (Min) G (given by equation (1)), (4)
n

subject to r x, =0, (2)
, i
i=1
n
z xtz = 1. (5)
. i
i=1 '

The last constraint is added because Geary's ratio is unique up to a

scale transformation. Alternatively the above problem is written as:

Max (Min) G = @ 2—2% (4"

subject to

x' e =0, 2!
x''x=1, (5)*

- n
where o = (n - 1)/ iil Li’ r" = (xl, Koy <ers xn), e = (1,1, ..., 1)

and
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This problem may be solved by the Lagrange method but the derivation

appears to be not straightforward. We shall hence employ the following

method.

First the constraint equation (2)' is taken into equaiton (4)' by

* =3B ;} where *' = (xl, Kgs sues xn—l) and
{ 3
I 0
B=1| 0 " 1 , a nx {n -~ 1) matrix. (7N
L1 .. -1 J

The optimization problem is then written as:

X' B' ABx

x' B' Bx

Max (Min) G = d . 4"

subject to

¥' B Bx=1. (5)"

Second let us consider whether or not x'B'B w canbe transformed into

yv' yv. The eigen values A,, X,, ..., A

1° %o q-p OFf matrix B'BR is obtained

from



B'Bi--AI] = (L - M2 @ - ) =0, €Y
and hence

A = ')\2=---=_7t, =1, An_1=n. (9

Since all eigen values are positive and matirx B" B 1is symmetric,
there exists transformation that transforms =" B® B x into y' y.

To state explicitly, let e be the eigen vector of ki that satisfies

e}
[y
]

'i 3 I 0 if 14§ o

1 otherwise .

Note that such eigen vectors exist and non-unique. For example

y 1 1 i
ey =T s s — , 0 ... 0),
SYi(FL) Yi(it+l) Vi(i+l)
i=1, 2, ’ n-2, ‘ (ll)
1 .
' = (- e Ly, (12)
n-1 n-1
Let
Po=
C (cl, Cos +ves en_l), (13)
( 3
i 0
D = T (14)
1
e /n
Then the transformation %' = C' B y does tranform x' B' B x into

y' y. The optimization problem is therefore written as:



y'DCB'"ABC'DYy
vy - 4y

Max (Min) G = o

subject to
-y" y = 1. (5)»111.

The solution of this optimization problem is well-known: let

and B

i respectively be the maximum and minimum eigen values of

Bax
matrix D C B' A B C' D, (note that the eigen values are real since the

matrix is symmetric); then the maximum Gmax';and minimum Gmin values

of Geary's ratio are respectively given by

G =0 B |, G, =08 . (15)
max max min min
The spatial distributions =x ( = . Y that maximize (minimize)
max min

Geary's ratio is therefore obtained from

= 2 = 1 '
xmax BC"D ymax’ xinin BC'D ymin (16)

where ¥ and y . are respectively the eigen vectors of B
max min max

3 1 - L
and Bmin that satisfy ¥y y 1 and vy

. = 1.
max —max min

min
Last it should be noted that these distributions are non-unique for the

matrix C 1is not uniquely determined.

(3) NUMERICAL EXAMPLES

To see the above result in an explicit form, let us consider

three numerical examples; i) 3 X 3 county, #i) 5 x 5 county, and



7 ®x 7 county cases. i

The maximum and minimum values of Geary's ratio are tabulated in

table 1. From this table it is first noticed that the minimum value of

the number of G G
s max min
counties
3 X3 1.57 .54
5% 5 1.67 45
7 x7 1.65 43
Table 1

Geary's ratio decreases as the number of counties increases. Second
the maximum value of Geary's ratio appears to be almost constant around
1.6 regardless of the number of counties.

The spatial distributions maximizing and minimizing Geary's ratio
'are tabulated in tables 2, 3 and 4, Tt is read from this table that
the spatial distribution maximizing Geary's ratio forms like a checker
board, while the spatial distribution miniﬁizing Geary's ratio shows
the region being splited into two subregions showing positive and

negative values.



/

T0-3806R*T-  T0-3T¥l6°C  [0-3806R°T= ¢

F0=37T,£6%8 00 3TEy0°TE 10-3TV/6'e 2
/T0-38062*T-  T0-3TTL6°9  T0-380ge*T~ 1

I ’ ’ ) C mus XVYHX duu

Sty et

. : . i
v [
o _ oy
, w f ) } SR
i . : H 5 [ .
) ! _ 1




L0+30602°T

T0-3TpL8°y

e ud 30Tgrte
03984049
T10-94810%2-

F0=3Tysgtve 7038702

T0-3¢BY0*Y
00 30%¥Gp*T

lﬁ -

xux NIHX #wax

n‘

c

3

3

B




~

L

‘o

- ™

L

—— s

)

-,

- <

’ -

i 4 ~

AR I e I S e ] o
&Olwmu.ﬂmw.n.l ﬁoawoccn-.‘r ﬁOimehh.-ﬁl 10=-36068"1 20-30TGp o G .

_ . )

POed606e T TU-32iL6 v T0-36822'9  1USH0TE6ve T0-36068°T b

F0e380470 3~ TO-3683¢%9

_F0736830%9  Y0-39060%8-  T0-36829'9  F0-3R0LL°T- g

P=360681T  T0-30FR6° V- T0-2682049  T0-39TE6" ke T0-36068'% 2

S 12 e 2 1

o e oAb e e RSN M

*an XYHX Wuw

vow 8 g @

i e e —
B

;
:
i
k t
1
. M ' i ¥
: : , w

i m



2

F0=30/80°T

20=302+v0' v

... e0e3L%i0t 6

TO=30p0/40 v~

T0=3900/ ¢~

gu=38L0T ‘e~

ZU=3L¥6°6  TO-3pGTT*E  T0-48.06°T

20=36922°¢ Z0=9g0g9ty G0=-32309°%8

80-399yG1¢-  20-HR00T"E

20=31809° 5=  0-30029%%a 20~3692¢° 0~

TU=38406"1= T0-APGTT*T-  20-38pev' e~

¥ 2 AR S, -

A MR

ek

%

it
i

Jei]

s
H
v

pin NIWX #uxw

Tk

T0=3004' g

10-3¢202°

W

LSRRIV RA LT g L

O

13 14

20-3£%L0°¢ g
20~31240*p~ 2

TO+39L8E'T« T

]




20=388bvg" 1
0=3vvga*to-
20=3CL9p %4
T0«39p9n* T
eN=3ci9b e
zZ0=3yrb52o-
20-38Er9*T

4

ZU=3btGd* o 20=32/.94°%6
Tu=-38n9¢*e  TO-3gkeG Q-

TedGpaytya

Y0-39520°%

TU-3GPEG Cw

TO=30000%2
CR=3¥vge 9=

J e

TO=3668Y° G
ﬁo.mmvoﬂuo.
103660y G
TO=35b8G L=
20=32.94°6

G

= YR, e B =
...-A-.’w_-iu-::'.:-_:-ﬂ,rr-d- e

e r b kb —— ——paco e

T0-39¢v90° F-
70739320°Y
10-32v07° 9+

T0-320s88°'9

L T0-32v0T 9w

TU=-39%20°¢

T0=39¥90°*%~

JEETR.

d0=3clob’e
10-35vg6° eu

F0=-36G90*G

 10-32407%9-

F0-36Ge¥ S
T0+3GbaGtea

g0-32L9%°%6

20=3bpGe 9

TO-48098°2

T0=-3GppG° 0=

To-39720% %
T0=3G48E° ¢
T0-38098°2

gu-3bpgety-

e

gh«3gep9 T
A LE ST
¢0=32L9%*6
10-39v90* T~
2U-30L9b%6
20-3rpg2tgs
ZU=38Er9°T

¥

#uk AVHX #xu




e0=3vbey'e  20=326v6°T  20-30G62°6%  2Ue368Sptys  TO-36/g0%F- TO-36p31°2- T0-358/2°v=

gU=32evTtes  e0-39T1Tic~  TH-3G090°T- 10-3%bpl’es 9

¢0=3ce9y*e  Zus3kgye’T _ ¢0-3/8%ele:

c¢l=368U9*e  C0-3¥y09*T  90-3796T*'¢  @0-3£4€9°g- 2U0=326pb*8~ 2U0-32Tye"c= TO0<3p650°F g

VOSAVEHOT  20-32Tse's  20-3068y’2.  90°3LL£9°8  £0-3U9gTiex  uideqlgiis 20-3m809%8- ¢

10=3UPLT*e Tu=3Geo0" Y <=39TTT'g g0=~jeevi'e ¢0~32618°2 ZU=3€6pe"T> z0-3625p'0s 2

10e3v8/2y  T0-38¥2F°2  TO=H6/20'T  3U~36L5v°'v 903094246  20-306b6°T- 20-30v3b°G~ T

£ T - b o 2 1

st NIHX #un

e PV
it N e i e
o ST et 7 e

-
-

iy L7 Al A,
-




