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We show a sequence of several commands of Mathematica, a software with functions for
symbolic formula manipulation, that calculates algebraically the distribution moment of any
order from the Pollaczek-Khinchine formula for the waiting time of an M/G/1 queue with
first-come first-served discipline. An additional command generates the IATX source state-
ments for formatting the resultant equations. Similar programs are also provided for the
queue size, the length of a busy period, and the waiting time in the last-come first-served
system. The moments of up to the 10th order for these quantities are explicitly displayed.
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1. Introduction

The waiting time, the queue size, and the length of a busy period are basic characteristics
for an M/G/1 queueing system. Therefore, every standard textbook on queueing theory, for
example, Cooper[1981] and Kleinrock [1975], shows the equations for their distributions in
the form of transforms, and derives the expressions for their mean values. Calculating the
higher-order moments is straightforward in principle, because it only involves the evaluation
of the derivatives of a given function or a given functional equation. However, the expressions
for these derivatives soon become so complicated as the order goes up that only the first few
moments are explicitly available in the literature. Such limitation of manual calculation
can be broken through by using a software package for symbolic formula manipulation that
prevails today.

In this paper, we show that a set of several functions of Mathematica {Wolfram 1991]
can calculate the moments of up to any order (as far as the computational time and the
memory space allow) for the waiting time, the queue size, and the length of a busy period.
The results are given in terms of the arrival rate and the moments of the service time. An
additional command can be used to generate the IXTRX source statements for formatting the
resultant equations. This method is in contrast with the numerical evaluation of higher-order
moments for the length of a busy period by Klimko and Neuts [1973]. Our symbolic moment
calculation also complements the use of Mathematica for the numerical evaluation of formulas
and the discrete event simulation for computer performance analysis shown by Allen [1990,
1994).

Specifically, we deal with the waiting time and the response time (the waiting time plus
the service time) in the first-come first-served (FCFE'S) system in Section 2. In Section 3, we
consider the queue size in the system as well as that in the waiting line. In Section 4, we
treat the length of a busy period. In Section 5, we handle the waiting time in the last-come
first-served (LCFS) system.



In each of these sections, we start with the equation for the quantity whose moments
we are to calculate. We comment on the available results. We then provide a Mathematica
program that symbolically calculates the moments of any order, rearranges the terms for
better appearance, and finally generates the JATEX source statements for formatting.

As examples, we obtained up to the 10th moments of each quantity. Minor cosmetic
changes (such as line breaking and global symbol replacement) were made manually on the
I TEX source for the final expression. The results are shown in the Appendices. Some
comments on extension and limitation of the present technique are mentioned in Section 6.
All the programs in this paper were written and executed using Mathematica Version 2.2 for
SPARC from Wolfram Research, Inc. [Wolfram 1991].

Let us introduce the notation for the M/G/1 queueing system considered in this paper.
The arrival rate is denoted by A. The Laplace-Stieltjes transform (LST) of the distribution
function (DF), the mean, and the nth moment of the service time are denoted by B*(s),
b, and b™ (n = 2,3,...), respectively. The traffic intensity is defined as p := Ab, which is
assumed to be less than unity for the stability of the queue. The LST of the DF for the
waiting time W of a customer is denoted by W*(s). Similarly, that for the response time
T is denoted by T*(s). The probability generating function (PGF) for the queue size L in
the system at an arbitrary time (also immediately after a service completion) is denoted by
II(z). Similarly, the PGF for the queue size £ in the waiting line at an arbitrary time (also
immediately after a service start) is denoted by x(2). Finally, the LST of the DF for the
length © of a busy period is denoted by ©*(s).

2. Waiting Time and Response Time in an FCFS System
The waiting time W of a customer is a time interval from the arrival to the service start.

The LST W*(s) of the DF for W in an FCFS system is given by the Pollaczek-Khinchine
formula [Cooper 1981 (sec. 5.8); Kleinrock 1975 (sec. 5.7)]:

Wi(s) = s ——(z\l-:ig*(s) (2.1)

The mean waiting time can be obtained by evaluating the first derivative of (2.1)at s =0,
which involves the application of L'Hapital’s rule twice. The result is given by

262
2(1-p)
In order to obtain the nth moment E[W?] = (~1)"W*(™)(0), we can differentiate the r.h.s.

of (2.1) n times and evaluate at s = 0; but this would be very cumbersome even for n = 3.
Instead, we write (2.1) as

E[w] = -w*1)(0) = (2.2)

W(s) [1 - Al_“_:gB'ﬁ] —1-p (2.3)

and differentiate both sides n times and let s = 0. We then get the recursive relation that
expresses E[W"] in terms of E[W™], 1 < m < n — 1 [Takdcs 1962]

plm+1)

n _L_ . n n—m = .
E[W]_l—pﬂgl(m)m+lE[W ] n=1,2, (2.4)




£[s] = (i- lambda b) s /(s - lambda + lambda B[s])
B0l = 1
B’[0] = -b

Derivative[n_]1[B]1[0] = Derivative[n][bl*(-1)"n

taylor = Series[f[s],{s,0,10}]

coeff[n_] := Coefficient[taylor,s"nl*n!*(-1)"n

ew[n_] := Expand[Apart[coeff[n],bl]

ew2tex[n_] := Do[TeXForm[ew[il] >>> waiting_time.tex,{i,1,n}]

Figure 1. Symbolic calculation of the moments of the waiting time for an FCFS M/G/1
system: Taylor series expansion of the Pollaczek-Khinchine formula.

Tak4cs [1963] also shows how to calculate E[W™] by evaluating the nth derivative of (2.1) at
s = 0 using the Fai di Bruno formula, which is a formula for the nth derivative of a composite
function. He thus gives the expressions for E{W?) and E[W?].

A Mathematica program that calculates E[W?] by evaluating W=(")(0) from the Taylor
series expansion of (2.1) is given in Figure 1. Let us annotate each line. Line 1 defines the
function W*(s), that corresponds to (2.1). Lines 2 through 4 simply specifies the replacement
of B*(0) by 1, B*1)(0) by —b, and B*(")(0) by (—1)"b(*) whenever these expressions appear
in the subsequent calculation. Line 5 expands W*(s) in Taylor series around s = 0 up to
o(s'°). Line 6 sets the coefficient of s® in the Taylor series, multiplied by (—1)"n!, into
coeff[n], which is already E[W™]. Line 7 rearranges the terms with respect to the power
of b. Line 8 requests to generate the BTEX source statements for E[W?, i = 1-n, in the
waiting_time.tex file. In this file we make several global changes of symbols manually. The
results of formatting are shown in Appendix A.

Note that we have used the Taylor series expansion in order to obtain the derivatives
of (2.1) at s = 0. This is because the Limit function of Mathematica does not handle the
indefinite form 0/0.

The LST T*(s) of the DF for the response time T is given by
(1~ p)sB*(s)

T*(s) = W*(8)B*(s) = 531 B () (2.5)
The mean response time is then given by
' Ap(2)
E[T] = -T*M(0) = +b 2.6
7] O = 57— (2.6)

For the calculation of the moment E{T™], we can use the same Mathematice program as in
Figure 1 with the only replacement of Line 1 by

£fs] = (1~ lambda b) s B[s] /(s - lambda + lambda B[s])

The moments E[T™] for n = 1-10 thus obtained are shown in Appendix B.
From (2.5), we easily get [Allen 1990 (sec. 5.3.1); Kleinrock 1975 (sec. 5.7)]

n

E[T =) (;) Y EW ™ n=0,1,2,... (2.7)
m=0
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Comparing (2.4) and (2.7), we get the relation [Takécs 1963]

E[T™] = E}W™] + -}E[Wﬂ--l] n=23... . (2.8)

3. Queue Sizes in the System and in the Waiting Line

We next consider the number of customers (queue size) L present in the system at an
arbitrary time. The PGF II{z) for L is also given by the Pollaczek-Khinchine formula [Cooper
1981 (sec. 5.8); Kleinrock 1975 (sec. 5.6)]:

(1= p)(1 = 2)B"(A = A2)
B*(A—)Xz)—z (3.1)

II(z) =

The mean queue size can be obtained by evaluating the first derivative of (3.1) at z = 1,
which needs to use L’Hdpital’s rule twice. The result is given by

A2p(2)

E[L] = H(l)(l) = ‘-2"(‘1_—'0)

+p (3.2)

Allen [1990 (sec. 5.7, prob. 40)] gives Var[L).

If we differentiate the r.h.s. of (3.1) m times and evaluate at z = 1, we get the mth
factorial moment of L:

E[L(L-1}L=2) - (L-m+1)]=0M1) m=12,... (3.3)

The nth moment E[L?] is then obtained by

E[L*] = an {;}n(m)(l) n=12,... (3.4)

m=1

where {7} is a Stirling number of the second kind generated by [Knuth 1973 (sec. 1.2.8)]:

(oo (o {oefieli) om0

Figure 2 shows a Mathematica program that calculates E[L"] by evaluating Im(1) (m =
1,2;...,n) from the Taylor series expansion of (3.1) around z = 1, and then using (3.4). Line
1 defines the function II(z) as in (3.1). Line 5 expands II(z) in Taylor series around z = 1
up to o((z — 1)!?). Line 6 sets the coefficient of (z — 1)* in the Taylor series, multiplied by
n!, into coeff[n], which is 1™ (1). Line 7 calculates E[L"} and rearranges the terms, using
the Stirling number of the second kind {"} given by StirlingS2[n,m]. Line 8 generates the
IXTEX source statements for E[L"], » = 1-10, in the queue_size.tex file. The results of
formatting are given in Appendix C.

Note that the PGF II(z) in (3.1) is also the PGF for the queue size in the M/G/1 system
immediately after a service completion (departure of a customer). Therefore, we have the

relation
N(z)=T"(A - A=) (3.6)
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glz]l = (1- lambda b )(1-2) B[ lambda - lambda z]/(B[lambda - lambda z]-2)
B[o] =1

B’[0] =-Db

Derivativeln_] [B][0] = Derivativel[n] [bI*(-1)"

taylor = Series[g[z],{=z,1,10}] .

coeffln_] := Coefficient[taylor,(-1+z)"n]} * n!

eL[n_] := Expand{Apart(Sum[StirlingS2[n,m]*coeff(m],{m,1,n}],b]]
elL2tex[n.] := DolTeXForm[eL[il] >>> queue_size.tex,{i,i,n}]

Figure 2. Symbolic calculation of the moments of the queue size in an M/G/1 system: Taylor
series expansion of the Pollaczek-Khinchine formula.

where T*() — Az) is the PGF for the number of customers that arrive while a departing

customer was in the system.
From (3.6), we get the relation [Allen 1990 (sec. 5.3.1), Kleinrock 1975. (prob. 5.25),
Marshall and Wolff 1971]

EL(L-1)(L-2)(L-n+1)]=XNET"] n=L2... (3.7)

Therefore, we have the following relationship for the moments of the queue size and response
time [Keilson and Servi 1990]:

E[L"] = i {;}AmE[T”"] n=1,2,... (3.8)
AME[T™] = i (—1)m [ZIE[L’”] n=12,... (3.9)
m=1

where [7] is a Stirling number of the first kind generated by [Knuth 1973 (sec. 1.2.6)]:

m =0, m =1, L’:J =(n_1)[n;1] . [:1:11] A>m>1  (3.10)

The PGF 7(z) for the number £ of customers present in the waiting line at an arbitrary
time (also immediately after a service start) is given by

_ (1-p)1-2)

w(z) = B0 - ) —2 (3.11)
The moments of £ are related with the moments of L by
n} = n [, T —_
E[L ]_p+3=:1 (m)E[E ] a=12... (3.12)
E[t"] =(-1)"p+ Z (;)(—1)""“E[L’“] n=12,... © o (8.13)
m=1
From the relation .
m(z) = W*(A - Az) (3.14)



(* Initial Setup *)

ew[0] =

Derivative[0][BI[0] =

Derivative[1]1[B] [0] = -rho/lambda

Derivativel[n_]1[BI[0] := Derivative[n][bl*(-1)"n

(* Finding E[W] *)

ew[1] = lambda Derivative[2] (Bl [0]1/(2(1-rho))

f[n_,m_] := Binomiall[n,m] * Derivative[m+1][BI[01*(-1)" (m+1)/(m+1)*ew [n-m]
ew[n_] := ew[n] = Expand[lambda/(1-rho) * Sum[f[n,m],{m,1,n}]]
Do[TeXForm[ew[i]] >>> waiting time.tex, {i,1,103}]

(* Finding E[T] #)

et[1] = rho/lambda + lambda Derivative[2] [B] [01/(2(i-rho))
et[n_] := et[n] = Expand[ew[n]+n/lambda ew[n-1]]
Do[TeXForm[et[il] >>> response_time.tex,{i,1,10}]

(* Finding E[L] *)

gln.,m_] := StirlingS2[n,m]*lambda™m et [m]

eL{n_] := oeL[n] = Expandi{Sum[g(n,m],{m,1,n}]]
Do[TeXForm[eL[i]] >>> system_size.tex,{i,1,10}]

(* Finding E[1] *) :

h{n_,m_] := Binomial[n,mJ*(-1)"(n-m)*eL [m]

el[n_] := elln] = Expand[(-1)"n*rho + Sum[h[n,m],{m,1,n}]]
Do[TeXForm[el[i]] >>> waiting_line.tex,{i,1,10}]

Figure 3. Recursive calculation of the moments for an FCFS M/G/1 system.

which can be obtained from the same reasoning as for (3.6), we get
E[f£—1)(£—-2)---(£-n+1)] = A"E[W"] n=1,2,... (3.15)

For the calculation of E[£*], we can use the same Mathematica program as in Figure 2 with
the only replacement of Line 1 by

glz]l = (1- lambda b )(1-z) /(B[lambda - lambda z]-z)

Appendix D shows the moments E{£*] for n = 1-10.

Capitalizing on the relationships shown above for the moments of W, T, L, and £, we
can also calculate them recursively starting with E[W] given in (2.2). Namely, we obtain
E[W7] from (2.4), E[T"] from (2.8), E[L"] from (3.8), and E[¢"] from (3.13). This is done in
a Mathematica program shown in Figure 3. We have confirmed that the moments calculated
by this program agree with those by the previous programs.

4. Length of a Busy Period

The LST ©*(s) of the DF for the length © of a busy period in a stable M/G/1 system is
given as the unique solution to the Takdcs equation [Cooper 1981 (sec. 5.8), Kleinrock 1975
(sec. 5.8)):

©*(s) = B*[s + A — A0™(s)] (4.1)
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eq = t[s] == B[s + lambda - lambda tIs]]

t[o] =1

B[0] 1

B’[0] = -rho/lambda

Derivative[n_]1[B] [0] = Derivative[n][b]*(-1)"n

solve[n_] := Derivative[n][t][0] = Derivative[n][t]1[0] /.
Solve[D[eq,{s,n}] /. s-> 0,Derivative[n][t][0]][[1]]

busy[n_] := Expand[Apart[solve[n]*(-1)"n,lambdal]

busy2tex[n_] := Do[TeXForm[busy[il] >>> busy_period.tex,{i,1,n}]

Figure 4. Symbolic calculation of the moments of the length of a busy period in an M/G/1
system: Differentiation of the Takédcs equation.

f{n_] = (s/(s-lambda+lambda B[s]))™n
B[o] =1
B’[0] = -b

Derivative[n_][B][0] = Derivative[n]{b]*(-1)"n
busy[1] = b/(1 - lambda b )
busy[n_] := Expand[(-1)~(n-1)/lambda*(n-1)!
*Coefficient[Series[f[n],{s,0,n-1}],s"(n-1)1]
busy2tex[n_] := Do[TeXForm[busy[il] >>> busy_period.tex,{i,1,n}]
[

Figure 5. Symbolic calculation of the moments of the length of a busy period in an M/G/1
system: Evaluation by the Biirmann theorem.

If we differentiate both sides of (4.1) and let s = 0, we get an equation for ©*(1(0), which

solves to give
b

E[6] = —0*0(0) = — (4.2)
1-p

Higher-order moments of © can also be found by solving the recursive equations obtained by
successively differentiating (4.1) and letting s = 0. Riordan [1962 (sec. 4.8)] gives E[0"] for
n =2, 3, and 4 in this manner.

Figure 4 shows a Mathematica program that calculates E[©"] using this algorithm. Line
1 defines the equation in (4.1). Line 6 solves the equation for ©=("}(0) obtained by differ-
entiating (4.1) n times and letting $ = 0, and places the solution into selveln]. Line 7
rearranges the terms.

Alternatively, Takdcs [1963] gives the explicit formula

ny (_l)n—l dn.-l s n _
Eo7]="— [ds"-l (s - A+ AB'(s)) ] S RERE (4:3)

s=0

This is derived by using the Lagrange’s theorem or Biirmann’s theorem on the Taylor series
expansion of an implicit function. Using (4.3), he also gives £[@"] for n = 2, 3, and 4.
Figure 5 shows a Mathematica program for calculating E[©"] by using (4.3). Note that
Line 6 calculates the derivative and rearranges the resultant terms at once. The moments
E[0"] for n = 1-10 by both programs are given in Appendix E.
In passing, we note that the LST D*(s) of the DF for the depletion time D in an M/G/1



system at an arbitrary time is given by

[s + A — A@*(s)]

D*(s) = (1-p) (4.4)
The depletion time is defined as the time that the server requires to serve all customers
present in the system .as well as those that arrive subsequently until the system becomes
empty. The depletion time is equivalent to the waiting time of a polite customer who is
always served last in a busy period [Cooper 1981 (prob. 5.19); Takdcs 1963]. From (4.4), we
get the nth moment of D as
A1-p)
M= ——— ntl =1,2,... .

E[D"] o1 E[0™] n=12, (4.5)
Hence the expression for E[D"] can be obtained immediately from that for E[©"+!] given in
Appendix E.

5. Waiting Time in an LCFS System

The LST W*(s) of the DF for the waiting time W of a customer in an LCFS system is
given by {Cooper 1981 (prob. 5.20), Kleinrock 1976 (sec. 3.5)]

AL - 0%(s)]

W(3)=1—P+s+,\_)\®*(8)

(5.1)
It is well known that the mean waiting times in the FCFS and LCFS systems are identical,
and that the second moment of the waiting time in the LCFS system équals (1 — p)~! times
that of the waiting time in the FCFS system. .

From (5.1), the moments for the waiting time in the LCFS system can be obtained from
the moments for the length of a busy period. This is done in a Mathematica program shown
in Figure 6. This program must be executed after the program in Figure 4 has been executed.
However, the execution time of this program increases rapidly as n grows mainly due to many’
substitution and rearrangement operations.

Takacs [1963] shows the direct calculation

n_ (1) 47 s - o
BW™ = == [E&F(s—A+AB*(g)) ]FO n=23,... (5.2)

(The factor (—1)" on the r.h.s.’of (5.2) is corrected from (—1)"" in Takdcs [1963].) This
is also obtained by the Biirmann theorem. Figure 7 shows a Mathematica program that
calculates E[W"] by using (5.2). Again Line 6 calculates the derivative and rearranges the
resultant terms. The execution of this program is very fasi because it does not involve
substitution and rearrangement. The moments of E[W™] for n = 1-10 for the LCFS system
are shown in Appendix F. ~

6. Concluding Remarks

We have shown several Mathematica programs for the symbolic calculation of the moments
for the waiting time, the queue size, the length of a busy period for an M/G/1 system. These
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wls] = 1 - rho + lambda (1 - t[s])/(s + lambda ( 1 - t[s]))
taylor = Series{w[sl,{s,0,10}]

coeff[n_] := Coefficient[taylor,s™n]

ew[n.] := Expand[Apart[coeff[n] * n'!'+(-1)"n,lambdall
ow2tex[n_] := Do[TeXForm[ew[i]] >>> waiting_time.tex,{i,1,n}]

Figure 6. Symbolic calculation of the moments of the waiting time for an LCFS M/ G/ 1
system: Substitution of the busy period moments.

f[n_] = (s/( s - lambda + lambda B[s]))"n
B[] =1
B'[0] = -b

Derivative[n_][BI[0] = Derivative[n] [b]*(-1)"n

oew[1] = lambda b’?/(1 - lambda b )

ewln_] := Expand[(-1)"(n)/(n-1)*n!#Coefficient[Series[£{n-1],{s,0,n}] ,s°nl]
ew2tex[n_] := DolTeXForm[ew[il] >>> waiting_time.tex,{i,1,n}]

Figure 7. Symbolic calculation of the moments of the waiting time for an LCFS M/G/1
system: Evaluation by the Biirmann theorem.

programs only simulate manual calculation, but their speed, accuracy, and indefatigability
go by far beyond the human ability. In fact, the calculation part is rather straightforward,
and usually takes a small portion of the total computation time. It is the functions for
rearrangement of the resultant terms in order to gain simplified appearance, such as Expand
and Apart, that need careful programming. These functions also take a major portion of the
total computation time.

We note that all the expressions for the moments shown in this paper have a special
characteristic that simplifies the rearrangement of the terms. Namely, the numerator of
each term does not contain p. The moments for the number of customers served in a busy
period and the moments for the response time in an LCFS system do not have this property.
Therefore, it is not easy to present the expressions for these moments in a naturally looking
way, although their calculation is quite straightforward.

We can easily write down similar programs for the well-known variations of an M/ G/1
system, such as a system with the server vacations, a system with batch arrivals, and so forth.
On the other hand, it is not clear if Mathematica can be used to calculate the higher-order
moments of the waiting time in an M/G/1 system with random order of service for which an
explicit transform equation is not available.

The following implementation of Mathematica functions would be useful for not only
queueing theory but also calculus and discrete mathematics: (1) L'Hopital’s rule in the Limit
function when symbols are involved, and (2) Apart function with more than one reference
variables.

Acknowledgment

This work is supported in part by the Telecommunications Advancement Foundation.



References

(1] Allen, A. O. 1990. Probability, Statistics, and Queueing Theory with Computer Science
Applications. Second edition, Academic Press, San Diego, California.

[2] Allen, A. O. 1994. Introduction to Cbmputer Performance Analysis with Mathematica.
Academic Press, Boston.

[3] Cooper, R. B. 1981. Introduction to Queueing Theory. Second edition, North-Holland,
New York.

[4] Keilson, J., and Servi, L. D. 1990. The distributional form of Little’s law and the
Fuhrmann-Cooper decomposition. Operations Research Letters, Vol.9, No.d (July),
PP.239-247.

[5] Kleinrock, L. 1975. Queueing Systems, Volume 1; Theory. John Wiley and Sons, New
York.

[6] Kleinrock, L. 1976. Queueing Systems, Volume 2: Computer Applications. John Wiley
and Sons, New York.

[7] Klimko, E., and Néuts, M. F. 1973. The single server queue in discrete time - numerical
analysis II. Naval Research Logistics Quarterly, Vol.20, No.2 (June), pp.305-319.

[8] Knuth, D. E. 1973. The Art of Computer Programming, Volume 1. Fundamental Algo-
rithms. Second edition, Addison-Wesley, Reading, Massachusetts.

[9] Marshall, K. T., and Wolff, R. W. 1971. Customer average and time average queue
lengths and waiting times. Journal of Applied Probebility, Vol.8, No.3 (September),.
pPp-535-542.

“[10] Riordan, J. 1962. Stochastic Service Systems. John Wiley and Sons, New York.

[11] Takécs, L. 1962. A single-server queue with Poisson input. Operations Research, Vol.10,
No.3 (May-June), pp.388-394.

[12] Takics, L. 1963. Delay distributions for one line with-Poisson input, general holding
times, and various orders of service. The Bell System Technical Journal, Vol.42, No.2

(March), pp.487-503.

[13] Wolfram, S. 1991. Mathematica: A System for Doing Mathematics by Computer, Second
edition, Addison-Wesley, Reading, Massachusetts.

10



Appendix A. Moments of the Waiting Time in an FCFS M/G/1 System

EW] = 242
M=a=%

2 ,(2)2 3

Ew?) = o2 Ae(®)

20—p)%  3(1—-p)

3235 3242) (3) 2 6(4)

t1-p® (-2 40-5

aatp(®t 5a34%,43) 2524902 3242)4(4) A 5(8)
20— T G- Tsa-m2  (-pF s(-2

E[Wsl =

E[W‘] =

155525 10t 43) 523424817 1523 4(DT 44 | 5a2403)4(4)
T4 - {1 o) (1~ p)° 4(1-p)® 3(1-p)?
22 p(2) (5) 286}
GopF 6(-9
56528 7525520 3 304524307 10a34030% 15442340
T AP 2(1 —p)® (-at 3(1—pp (1-p)t
152352 53 60 5225817 9a34@%50) 24240 45) 228 ap(D)
(1-pp® 41 = p)? 2(1 - pp® (1-p)? (1-p2  T(1-0p)
as a7 87 31526525 48) 175255200 53?100t 5(2) 5P 55535 42 4(4)
TTsa-a 2(1 - p)° a-n° 3(1—p) 8(1-p)°
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Appendix B. Moments of the Response Time in an FCFS M/G/1 System
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Appendix C. Moments of the Queue Size in an M/G/1 System
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Appendix D. Moments of the Queue Size in the Waiting Line of an M/G/1 System
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Appendix E. Moments of the Length of a Busy Period in an M/G/1 System
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Appendix F. Moments of the Waiting Time in an LCFS M/G/1 System
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