No.57 (79-21)

. Optimal Distribution of City Sizes

in a Region

by
Takatoshi Tabuchi

November, 1979

TN reabe Ml enlR



ABSTRACT

This paper first proposes an optimal spatial distribution
model of population sizes in a country. The objective function
to be examined consists of the amount of inter-action benefit
which is formulated by accessibility, and the amount of intra-
action congestion cost which is’measured by population density.
Second, by this optimization model, the optimal population
distribution is cobtained and the necessary and sufficient
conditions for the optimal solution is given. Third, based
upon the data analysis of population distribution in Japanese
pﬁefectures in 1975, it is shown that Japanese population is
suburbanizing and that this suburbanization would lead to the
optimal population distribution: Finally, by use of this
model, the optimal grid system population distribution 6f the

Tokyo Metropolitan Area is obtained and analyzed.
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1. INTRODUCTION

Since the work of Auverbach (1913), a considerable
amount of studies of city size distribﬁtion has appeared,
for example, the rank-size rule (Zipf, 1949), and the Parato
or leg-normal city size distribution. (A good review is
provided by Richardson (1973).) To understand these empiri-
cal "laws", a variety of mcdels has been proposed, guch as
the éntropy model (Curry, 1964), the order statistiés model
{Okabe, 1979), the central place theory (Beckmann, 1958),
the stochastic theory (Simon, 1955) and so forth. In these
models, however, a spatial aspect of ¢city size distribution
is not always taken into account explicitly. 'In this paper
we first formulate a spatial diétribution model of city
éiées as an optimization model whefe "inter-action benefit"
and "intra-action congestion cost" are optimized under givgn
geographical conditions (f.e?; distances between cities and
inhabitable areas of citigs are given). With this model,
second, the opEimal‘diétribution of regional population in
Japan is obtained and its empirical implications are dis-
cussed by comparing with the actual regional populations,
third, the optimal distribution of Tokyo Metropolitan
population is obtained and examined in comparison to the

actual regional populations.



2. AN OPTIMIZATION MODEL

P Consider a closed region whose total population is

- given by a fixed amount P and assume that all people P have
to reside in one of n cities (includiﬁg towns and villages)
of the region. To allocate P population in n cities, we
optimize an objective function ;hich is given by a linear
combination of "inter-—action benefit" and "intra-action
congestion cost. By "inter-action benefit" we imply the
benefit derived from the acqessibility which shortens com-
muting time, facilitates commedity and information transfer,
and so fofth. Mathematically we consider that the inter-
action benefit perceived by an inhabitant in city i is

ot proportional to the accessibility éil_Pj/d:; of city i
[where Pi_is a population size of city i; dij is a distance
between cities i and j (note that dii is given by the avergge
intra-urban distance shown by-Koshizuka, 1§78); G and A are
pésitive constants]. The inter-action benefit of city i is,
therefore, given by

P

n .
A, =3 —L -, , i=1,2, ..., n. (1)
3=l 4 L

...:"- ij

In a sense, since this inter-action benefit can be consid-

-

ered the gravity model's sum total, we may say that its

maximization means a maximization of migration or commodity



flows. We may alsc say that it means a maximization of inter-
action between cities.

By "intra-action congestion cost" we imply the conges-—
tion cost, such as traffic congestion, unhealthy housing, air
pollution, and so forth. Mathematically we assume that the
intra—-action congestion cost perceived by an inhabitant in
city 1 is proportional to the éépulation density Pi/si of
city i, {where 8y is an inhabitable area of city i,) and
hence the intra-action congestion cost of city i is given by

P,

i .
C:.L = 3 - Pi ' i=1,2, ..., n. (2)
i

It is noted that the smaller intra-action congestion cost is
desirable. )

With the inter-action benefit Ai and intra-action
congestion cost Ci defined above, we now fix an objective
function to be a linear cémb%nation of the total inter-
action benefiféilAi and intra-action congestion COStEilci.

To sum up, our model is formulated as:

2
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subject to
n
I P, =P, (4)
i= .
P, 20, i=1,2, ..., n. {5)

It is noted that the above optimization problem takes a
form of the quadratic programming. The parameter Kk (= K'G)
indicates the degree of relative importance of the inter-
action benefit to the intra-action congestion cost. The
parameter X assumes an important role between inter-action
benefit, which might be maximized in view of economic
activities, and intra-action congestion cost, which might be
minimized in view of human activities. Because trade-off
occurs between these two factors, we shall consider changes
of the parameter K in the next section,

Alternatively equatioﬁsvﬁB), (4) are written as the

Lagrange function:

t £ £ t
Max. L = K'pbp -~ BSp + {(p - "&)p , {6)
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p = [Pl, P2, ernaney Pn] P

-
]

[P/n, ecenves, P/n] ,

[Hy eeavenennany U]

=
L]

tp is a transposed vector of p, and U is the Lagrange
multiplier. By taking the first derivative with respect

to p, the first-order condition is given by
2KkDp — 25p + p = O, ' (7

Upon scolving equation (7), the optimal population distribu-

tion p* is obtained as
1 -1
p* =3 (5 - xD) "W, (8)

It is noted that equation (7) is a necessary condition. The
necessary and sufficient COnditioné are that the determinant
of (8 - kD) is non=-zero and that matrix (S - kD) is non-
negative definite, (see Kohnq,and Yamashita, 1978). 1In
addition, the non~negative condition (5) should be satisfied.

The non-negative condition of p* is the same as the Hawkins-

Simon's condition, which is given by
|Hk| > 0, k=1, 2, ..., n, (9)

where H = § - kb, and
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It can be shown, however, that this condition is eguivalent

to the non-negative definite condition (see Appendix).

As is seen in equation {9}, since Si and dij are given,

the non-negative condition depends on parameter K.

Hence, we

shall examine the range of X that guarantees the non-negative

population p*. By multiplying each row of equation (7), we

a

obtain

2kMp - 2Ip + Vv = 0 ,

where .
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and I is a unit maktrix. It then follows from this eguation

that
I _1
(K I-Mp-= > V. (11)

It is well known that this problem is equivalent to a non-
negative eigen value problem which can be solved by the
Frobenius' theorem. Hig theorem shows that the'rgnge of K
is determined by the maximum eigen value of M, (see Nikaido,

1960), and that the range of K is given by

say S K> 0 (12)

where ¢(M) is the maximum eigen value of M. Within this
range it is guaranteed that there exists the positive

optimal solution p* of equation (8).

I

3. OPTIMAL POPULATIONS OF PREFECTURES IN JAPAN

Having cbtained the optimal populations in a theoreti-
cal context, let us now examine its empirical implications
by use of Japanese data. For convenience, we use the data
of 46 prefectural population of D. I. D. (Densely Inhabited
District)} from 1966 to 1975 (Japanese Bureau of Statistics,
1977} because the amount of city-based data is too large to

analyze. (There are more than 600 cities in Japan.)



There are two parameters A and K that cannot be obtained
by the data. We may estimate the values of the two parame-
ters by use of multiple regression analysis or canonical
correlation analysis, bué-these are not suitable for the
purpose of our study. Hence, we fix A = 2 and change the
value of parameter K within 0 < k < 1/0(M) (this is later
subjected to sensitivity analysis). As a matter of fact,

it is not possible to definitively determine the value of

- A. For example, according to an analysis of inter-prefectural

migration (1966 -~ 1975}, the value of A by use of the gravity
model was estimated at 1.3; for inter-prefectural automobile

flow it was estimated at 3.1 (see Moriguchi, 1974); for the

'inter-prefectural commodity flow of cement it was estimated

at 5.0. While recognizing the possible advantages of setting
the value of A within the above values, we set A = 2 (the
original value in Isaac Newton's Gravity Model) soras to
standardize the dimension between Ai and Ci (populationz/kmz).
We would like to analyze, on a later occasion, the impact
of changes in the value of A. |

| First, to see the level of the inter-action benefit,
the absolute value of § Ai [where A = 2] is calculated and
is shown in Figure 2a. This figure shows that the value is
increasing over time. Since the model assumes the constant

total population, the comparison of the inter-action benefit

between years may require a certain normalization. To do
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so0, we use the relative population size Pi defined by Pi/P
instead of the absolute population size Pi' The change of
the relative inter-action benefit is depicted in Figure 3a.
Like Figure 2a, the value is increasing with a decreasing
rate over time. This fact may imply that people migrate
from rural areas to the Metropolises (see heavy iine in
Figure 1). Second, concerning éheAintra-action congestion
cost, the absolute and relative values of ? Ci are respec-—
tively shown in Figure 2b and 3b. BAlthough the value in
Figure 2b is increasing, Figure 3b indicates that the value
is decreasing with a decreasing rate in the period of 1966-
1975. These phenomena observed in Figure 3a and 3b may show
that the population éistribution is approaching the station-
ary state. s

To obtain the optimal regionai population of Japan,
the parameter value K must bé specified.- As it is, howevér,
almost impossible to determine the value of K using the

range 0 < K < 1/0(M) (Equation (12)}, we divide the range

into five egual segments as follows:

- _—’ m:'ll 2, o« ey 6- (13)

These segments are then individually subjected to sensitivity
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analysis. After completion of the calculations stated above,
we can obtain six optimal population distributions P; {m =1,
2, ..., 6) for each value Kl (Table 1). The significant poipt
to be considered is the change in the value of Km rather than
the determination of the true vaiue of K

From Table 1, we can observe that the populations of
Tokye, Kanagawa, Saitama and Chiba prefectures (these are
within the Tokyo Metropolitan Area) become larger in accordance
with the increase of the value Km {i.e. in accordance with the
relative increase in éccessibility sum-total E A. rather

i=p !
o

n
than with an increase in density sum~total T This

j=1 17
increase of K, means that the benefits of accessibility are
relatively more important than the costs of density congestion.
This ig likely due to shortened‘time distances through the -
improvemenﬁ of transportation services rather than by the relief
of housing and air pollnticn problems. At the same time, we

can observe that the populétions of prefectures such as
Hokkaido, Kagoshima, Nagasaki and Miyazaki (situated at the
extremities of the Japanese Archipelago) become smaller asg

the value of'Km increases. Hence, we can consider that the

increase in Km (the relative increase in accessibility rather

than the decrease in density) leads to population égglomera-

. tion in the Tokyo Metropolitan Area, and that the decrease in

Km (the ralative decrease in density rather than the increase

in accessibility) leads to population decentralization.



A

11

Interestingly, we can also observe that the populaticons of
Osaka, Hyogo and Nara prefectures (within the Osaka Metropolitan
Area) first increase and later decrease in accordance with the
increase of the value K

Next if we define a norm Nm of a vector as

- - *
No=|p-~-el |
46 5
= T (P, - P ) m=1, 2, eeu, 6 (14)
i_.:._ i im ' 1 r r r

we can compare the similarity between the actual populaticn

distribution of 1975 p, and six optimal population distribu-

W

tions p* (m =1, ..y Gf. Figure 4 shows that the value of
m

the norm Nm is lowest when m = 4 (i.e, Kk, = 0.330) are

4
limitations in setting the optimal pobulation distribution

as PZ' however we first thought that the optimal distribution
would be obtained by maximizing accessibility sum-total and
minimizing density sum-total.. Hence, it is thought that

-

*
|4

4 is closer to the actual population distribution p than any

other optimal population distribution. More specifically,

although the value Km may be within K, to K there is no

_ 3 5'
available method to determine the precise value of K. Hence,
for simplicity's sake, we call pz an optimal population
distribution.

To compare the optimal population with the actual

population, Figure 5 is depicted. (The correlation coefficient

R



is 0.953.) Provided that the parameter value is determined
by the lowest valué of Nm' we may say that.prefectures whose
ratio Pi/P:4 is smaller than 1.0 may potentially accommedate
more population, while prefectures whose ratio is greater
than 1.0 have excessive populations. The former prefectures,
such as Shiga, Ibaraki, Nara and Tochigi are situated around
the Tckyo or Osaka metropolitan)areas and they have in-migra-
tion flows. The phenomena of migrating into those prefectures
may be reasonable because they have great accessibility but
less populaticn density. The.latter prefectures, such as
Yamagata, Kagoshima, Iwate and Nagano, are situated far from
the metropolitan areas. 1In those prefectures, we observe out-
migration flows which may be due to either less accessibility
or more population density or both.

Finally, corresponding to the optimal population distri-
bution PZ, we calculated the optimal distribution of population
density for all prefectureb and classified them into four

-

groups as shown in Figure 6. Note that this population density

12

distribution has a positive linear relationship with the optimal

accessibility distribution because the first-order condition

given by equation (7) is alternatively rewritten as

%* *

Pi n Pj

=KL 4. (15)
i J=1 g,
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Hence, we can regard Figure 6 as the optimal accessibility
distribution. Figure 6 clearly shows that there exist two
population density cores; the Tokyo Metropolis and the Osaka
Metropolis. In the following section, we examine the larger
core (the Tokyo Metropolitan Area; éee Figure 1) and illus-
trate its suburbanization by use of the same optimization

model.

4. OPTIMAL POPULATIONS OF TOXYO METROPOLITAN AREA

By use of grid system data for 1975 (National Land
Agency, 1977) for the Tokyo Metropolitan Area (120km x 120km,
the Tokyo Station is about the center of this area), we
examine the empirical implications of the optimal population
distribution. 1In this case, we consider this area a closed
region and divide it into i44:equal sguare sectors (each
sector is 10km x 1l0kmp lOOkm2 area; see Figure 7). As there
is no inhabitable area kkajﬁchi menseki) data for this grid
system, we use built-up area (tateméno y&chi menseki) data
instead, and because of a lack of development area in ﬁive
regions (water and mountain areas) we eliminate these reéions
and consider 139 regions. With n = 139 and A = 2, we calculate

the maximum eigen value o(M'), then
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Ké = * ’ m=1,2, ..., 6. (16)

Using these six values of Ké, we can obtain six optimal
population dist;ibutions pé*(m =1, 2, ..., 6) as shown in
Table 2. From this table, we can see that with an increase
in the value Ké, population concentrates in the central
sectors, while with a decrease in K%, population disperses
to all sectors.

Calculating the norms N& (m=1, 2, ..., 6) by use of
equation (14), we can determine an optimal population distri-
bution pé* (m =5, Ké = 0.214 and the correlation coefficient
is 0.943) by the same method as stated in the previous
section. By depicting the actual population distribution B!
in Pigure 8 and the optimal population distribution pé* in
Figure 9, we can observe slight differences beﬁween them.

The main difference, as indicated in Figure 10, is that p' is
skewed southward in comparison with p'!*. Assuming that the

5

actual population distribution p' will approach the optimal

‘population distribution pé*, we may predict that sectors

whose actual population exceeds the optimal population (Pi -
Pig) by more than 100,000 may experience future population
decrease. Conversely, sectors whose actual population is
less than the optimal population by more than 100,000 may
experience future population increase. These predictions

may not be unreasonable if we remember that the southern



parts of the Tokyo Metropolitan Area developed first and

that now the nothern parts of the Tokyo Metropolitan Area are
being developed. At a later date we would like to undertake
a more detailed analysis of these trends by introducing

population dynamics.

5. CONCLUDING RAMARKS

In this paper, we first showed the optimal spatial dis-
tribution of city sizes in a region by optimizing the objective
function consists of "inter-action benefit" represented by
accessibility and "intra-action congestion cost" measured
by population density. By examining this optimization model,
it is shown that the necessary and sufficient conditions for
optimality are given by equation (12) and the optimal solution
is given by (é).

Second, in this model; an increase in the parameter
value K, which indicates a relative increase in accessibility
rather than population density, leads, at the national level,
to population agglomeration in the Tokyo Metropolis and the
Osaka Metropolis. When applied to the Tokyo Metropolitan
Area through the use of a grid system, it leads to population

agglomeration in the center of the Area.

Third, with this model, the optimal population distri-

15
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bution of Japanese prefectures is obtained using certain
reasonable parameter values. The result is tabulated in
Table 1 and compared with the actual population. From this
examination we may draw the following two conclusions:

(1) in 1975, prefectures around the metropolitan areas
have less populations than the optimal populations,
and the most of these brefectures have population
increase due to in-migration;

{2) in 1975, prefectures situated far from the metro-
politan areas have more populations than the
optimal populations, and the most of these pre-
fectures have population decrease due to out-
migration.

Finally, with this model, the optimal population distri-

bution of the Tokyo Metropolitan Area is obtained using certain
rreasonable parameter values. The result is tabulated and
compared with the actual ﬁopulation distribution in Table 2

and illustrated in Figures 8, 9 and 10. From these Figures

we may say that:

(1) in 1975, as the northern parts of the Tokyo Metro-—
pelitan Area are less populated than the optimal
populations, we may expect these areas may experi-
ence relatively greater population increase than
the scuthern parts of the Tokyo Metropolitan Area;

(2} in 1975, as the southern parts of the Tokyo

16
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Metropolitan Area are more populated than the
cptimal populations, we may expect these areas
may experience relatively greater population

decrease than the northern parts of the Tokyo

Metropolitan Area.
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[APPENDIX]

We shall prove that the Hawkins - Simon's condition
fequation (9)] is equivalent to the non-negative definite
condition as follows (see Kan, 1979}.

It is obvious when n =.1, because
1 .
o, = " 3 P (a)

Assume that this is true for an integer n-l1. H is

given by quadratic form

t

¢ = "pHp,
_ £ 2
- pn--lHn—lpn--l + 2Pn hn-lpn—l * hnnPn
ot £ -1 2
Y LN P hn-lHn—lhn-l)Pn ' (b)
where = + P -1 . {c)
%-1 = Pn1 n'n-1n-1 ’ ¢
Hn--l hn—l pn--l Pl
H= . B = Po-1 7] ;
hn—l nn r Pn ! Pn—l '
-_ . N
A
dln
- . =LK
b1 ’ bon 55 T T .
. n d
X nn
A
n-ln '




As Hn—l is non-negative definite,

] pot -1

>
& - nn hn-lHn—lhn—l=0 (@)

. is necessary condition for H being non-negative definite.

Conversely if |H >0 k=1, 2, ..., n=1) and

N
{h - th -1 ) 2 0, equation (b} is non-~negatiwv
nn n-1"n-1"n-1’ £ Yr &4 s g €

definite. If we express

-1
G = . - n—lhn—l
tO 1 '
then
> Bp-1 0
£, = ‘
EET GHG +
L . t _t -1
N T L LN (e)
which is the Jordan's normal form. Therefore, as |G| =1
- ju| = |cHe| -
' t -1 :
- [Hn—l| (hnn_ hnn—thélhn-l) ) (£)

Compared with both sides, it can be shown that

. |Hn_1] >0, (h-"h 't

S . .
nn n_lHn_lhn_l) 2 0, if and only if

IHn_ll > 0, IHnl > 0. (9)

Combined with equation (b), the proof is completed.

19
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(iv)

- - a5 3 4
-— e Prefecture P’? 5% P * P % Tk % n
i1 i i3 i4 P P1e e
1 Hokkaido 3437519, 3095107, 2688324, 2175065, 1445571, 346277, 3240194,
T3 Aomord T SHa5ii. T 4994500 434931 353153, 234394, 5438, se2iig.
3 Iwate 297343, 2468869, 234724, 191270. 128999, 7693, 356878,
4 Miyagi 1111842, 1013264~ BY2592. T 7358530 506932 53847, 2117687
5 Akita 2046284, 276918, 241734, 1946966. 132815, 7827. 340938.
TN Yamagata T 258704. 2354147 207090, 77717052777 11742%. 128464, 435679
7 Fukushima 1128943. 1034440. 919500. 770390. -55284%. 130014. 5578464,
Tt T TIbaraki 18024340 17347120 T 18486700 15346568, 1383543, 1142947, 548449,
9 Tchigi 1425200. 1375624, 1307412, 1211218, 1064801. 801100. 535058,
" 10 " Gumma T 954052, 9140627 B&68436. BOGREE, ™ 7226951 584882. 6012937
11 Saitama 3989785. 4303517, 47454618, 5438514, 6742450. 10324184, 3112732,
- 12 "Chiba 9554212, 26371517 2778900, 30384127 35907717 52422910 23938330
13 Tokyo 6195321 . 7406142, 9109951, 11744029. 16561838, 29354125. 11278685,
T Kanagawa T 39324445 4316650, 486956307 97491020 74129727 120112047 §4008730
" 15 Niigata 861385. 784333, &95551. 578999. 410797. 82494, 952533,
1% Toyama 519418, 481124, Pl Nz 285737, BE4071. T 52R%4T 07481,
17 Ishikawa 634974, 584991. 522325, 438844 . 312297, 51774, 406597.
CTTTTTTTTIR T Fukui T 25621607 237126077 21308307 180%21.7 129908 19959, 287463007
- 19 Yamanashi 273713, 2462480, 249515. 233404. 212891. 1847764, 241184,
TR0 T Nagano 435049, 4045790 3672407 318752777 24829077 1iT4sse  SeosilT
) 21 Gifu 7819%64. 74798B8. 697610. 417588. 472393, 108735. 677859.
T 32 Tshizudka T 1891582. 7 15853727 7714522077 127472007 100848, ZY1477° 1461%295.
23 Alchi 5179446, 5078411, 4858954, 4416713, 34469657, 793764, 3434549,
T w4 Mie 10117277 9718547 912048 T 813850 5247300 105128° S8E050T
25 Shiga B254%4. 806191, 765408. 698348, 544864, 87162, 245590,
26 Kyoro T 1445932, 1440555 " 13BR194 T 1277815 1044597 1392877 18295217
27 Osaka 44224623, 4707203, 4941052, 4988485, 43764132, 617505. - 7482085.
T R8 Hyego T 3439110077 34406990 3390061, 3208595, 2627388, 324807, 345544377
2¢ Nara 993954, 1055719, 1109155, 1123940. Fe287%. 145875, 4701 44.
TTTTTTTTTUED TWakayama 402823077 377790, 34538307 298833. 19786, 218Y9. 4%8070.
3i Tottori 277309. 254501, 226179, 188479, 131047, 9064, 151707.
%2 Shimane | L766890 7 1611241 142044 117080 79993 40847 167995,
33 Okayama 1227004, 1143582, 1033358. 877079, 622857, 434650. 5460615.
34 Hireshima 1858935, 1719878, T 15388R47 12878132, 8%3755. 494157 1478187,
25 Yamaguchi B&BOT3. 7946473, 704295, 584568, 399343, 15033. $45%924.
T34 Tokushima 429586 T TTERRLILTT 3597510 T 30488230 7 2148410 140735 20020177
37 Kagawa 424330. 398143, 3462201, 309510. 221280. 1548%. 297291,
28 "Ehime’ TB77L42. T T 421404 T 5511770 458811 3135060 T4792. 54086217
39 Kochi 338303. 309148. 273121, 2254612, 154481. 77%6 . 288347,
40 Fukuoka TREE776T.TTTR479245.) T 22254707 1864651, 1287677 41748, 25178060
ot 41 Saga 239896 222370. 199069, 166257, 114343, 3417, 204B&4.
TSR T 42 Nagasaki | 68%191.7 T 6314727 558589.  460767.7 312778, 8591. 6049507
- 43 Kumamoto 717060.  455053. 577725. 4751B2. 321788, 9497. 547993,
T TR Odka T T Te61322. T T 6064667 537174, 444051, 302742, 10408° 412275,
=y 45 Miyazaki 528753, 4794693 420063. 342982, 230530, 4844, 334046,
TTTTTT 44 Kagoshima 369076077 334009.777 7 291701.7 23743407 158922, 4126, 5283 44.
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