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1. Introduction

Let N(V,A;2) be a network with a vertex set V, an arc set A and
a length functién 2t A+R, where R is the set of all reals. Consider
the problem of finding shortest paths from a fixed vertex Vo to-all the
other'vertices, where the length function is not nonnegative but the length
of any directed éycle is nonnegative.

We shall propose a new efficient algorithm which solves the original
shortest-path problem by repeatedly solving d+1 shortest—path problems
for modified networks to which the Dijkstra method [1] can be applied, whexe
d = min(d+,d_) and d+ (") is the number of distinct initial (terminal)
vertices of arcs of negative length. By the use of the Dijkstra method,

this algorithm solves the shortest-path problem in an i 0((d+l)|V[2)

running time. Note that d < |[V| and usual shortest-path algorithms [2]
require an O(]V[B) worst-case running time regardless of the value of d,

Therefore, the proposed algorithm is more efficient than the 0(|V|3)

algorithms when d is small, compared with |V].

2. Algorithm

We call an arc of negative length a negative arc. Also, we call a

directed tree T with root W

o o optimal directed tree with root Yo

relative to length function & 1if for any vertex v in T the unique

path, in T, from vertex Vo to vertex v 1is a shortest path relative
to 2 and if for any vertex v in V but not in T, if any, there is no
directed path from Yy te v in N. Moreover, we denote by V(T) the

set of all the vertices in .T.



Let us define:

A=1{a|acAh, 2(a) <0}, (2.1)
vt (v | v=3+a, aeA}, ‘ \. o @2.2)
vV = {v] v=3 a, aeK}, ) {(2.3)

+ -
where 3 a (3 a) denotes the initial (terminal) vertex of arc a.

Note that d'@ = V| and 4~ = [v7]. A‘iéo,’ define:

THw) = {a|aeh,aavl  (veTh, (2.4)
A (v) ={a|ach, 3 a=v} (veV), (2.5)

Now, the algorithm for solving the shortest-path problem is given as

follows.

Algorithm for Solving the Shortest-Path Problem

Step I: For a given metwork N(V,A;8), find the values d'@ = [¥F| and
d” = |[V7| defined by (2.1) - (2.3).
Step II: If d+ < d , then carry out Algorithm(+); or else, carry out

Algorithm(-). Stop.

Algorithm(+)

i(a):=0 (acAh),
= g(a) (acA - A).

Find an optimal directed tree T with root w. relative to the

0
length function £ by use of the Dijkstra method, Put

previous (v) = ata  for the unique axre a in T

such that d a = v (VEV(T) - {vo}), (2¢77)_



Step 2:

p(v):= the length of the shortest path from Vo to v
relative to the length function £ (veV). ¢ .- (2.8)
(Here, p(v) 1is equal to « if there is no directed path from
Y4 to v and functions previous and p are determined in

the course of carrying out the Dijkstra method.)

Also, put
ita):= 1(a) - p(o a) + p(a+a) (aeA), (2.9)
U:= ¥ | (2.10)

If IU[ = (0, then the algorithm terminates.
Otherwise, choose any "veU . and put
Ui=1U - {v}, , (2.11)
@)= B@ + i) - (a eAT (). v (2.12)
If 2(a) >0 (aJ:Z%(v)), then (T isfan optimal directed
tree with root v, relative to length function ¢ and)

0
go back to the beginning of Step 2.

Step 3 (A modified Dijkstra method):

{i) Put
v¥:= the set of vertices lying on the path, in T, from
vertex v, through vertex v, s (2.13)
B(v):= 0 (ve V%),
= (veV - V*), (2.14)
U%;= V%, (2.15)
(i1) For each arc aeA such that 3+a eU* and 3 aeV - V%,

if Pp(3 a) >§(B+é) + Z(a), then put

p(3 a):= ﬁ(a+a) + %(a), (2.16)



" previous(d a):= 3 a. (2.17)
(iii) If there is no vertex v in V - V¥ such that p(v) < e,
then gé to Step 4; or else, find a vertéx v in V - V%
such that |
P(¥) = min{p(v) | ve V-V*, p(v) < w}. (2.18)
If ;(G) = 0, then go to Step 4; or else,rput

‘Uki= {v|v is a vertex in the directed subtree, of T,

with root v}, (2.19)
Viy= yRUUsR, ‘ - (2.20)
p{v) = p(¥) (veU*), . (2.21)

If V¥ =V, then go to Step 4; or else, go back to (ii)
of Step 3,

Step 4: Let us put

p(v)i= p(v) + p(v) (veV¥), (2.22)
3a)i= i(a) - 3°) + p(3Ta)  (aed), (2.23)
T:= the directed t?ee with root AL defined by the function

Ereﬁious. | (2.24)

Go back to Step 2.

. Algorithm(—)

Step 1: (The same as Step 1 of Algorithm(+) except that - is
.- replaced by V .)
Step 2: (The same as Step 2 of Algorithm(+) except that E&(V) is
replaced by A~ (v).) -
Step 3(-): Let a* be an arc in A~ (v) satisfying

£(a*) = min{f(a) | ac A (v)?} (2,25)



and put
v:=ia+a*. " (2.26)
Step 3: (The same as Step 3 of Algorithm(+).)

Step 4: (The same as Step 4 of Algorithm(+).)

Remarks: When the algorithm terminates, p(v) is the length of a shortest
path from v, to v (veV) and T is an optimal directed tree with
root Vo relative to length function &:

Note that Step 3 is an efficient implementation of the Dijkstra
method to the network N(V,A;L) (cf. (2.18) - (2.21)), where use is made
of the fact that the length of.eve:y arc of T obtained in Step 1 (Step 4)
is equal to zero relative éo the nonnegaéive length funétion g given

by (2.9)((2.23)).

3. Validity of the Algorithm

First, let us consider the validity of Algorithm(+), We may have
only to show the validity of Step 3. At the beginning 6f Step 3,
for any vertex u the length of a shortest path from Vg to u relafive
to length function ¢ given by (2.12) can be negative only‘if such a
shortest path contains arcs in Z%(vi and thus vertex v, Therefore,
the unique path, in T, from Yo to v must be a shortest path from
Vg to v relative to E, since there is no directed cycle of negative
length in N(V,A;E). Consequently, the validity of the application of

the Dijkstra method follows from the fact that negative ares in K}(v)

are processed by (2.16) and (2.17) in the first application of (ii) of Step 3.



Next, we show the validity of Steps 3(~) and 3 of Algorithm(-).
Since there.is no directed cycle of negative length in N(V,A3%), any
elementary éhorpést path P from Y5 to v relative to length Ffuction
2 mnust contain one and only one arc, say '5,'in K;(v), where vertex
v is the original one before it is replaced by 8+é* in Step 3(-).
Since the path, contained in P, from Yo to 8 a does not contain
arcs in E?(v), by the way of determining a* by (2.25) the path from Y
to .v composed of the path from Vo to 3+a* in T and are a* must be
a shortest path from Yo to v relative to & as'well. The Dijkstra.
method is applicable since all the negative arcs in N(V,A;E) have vertex

v =9 a* as their terminal vertices and there is no directed cycle of

negative length in N(V,A;1).
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