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Abstract

Let (E,p) be a polymatroid with a ground set E and a rank
function p. A base X = (x(e))egE of polymatroid (E,p} is called
a lexicographically optimal base of (E,p) with respect to a weight
vector w = (w(e)) . if the |E|-tuple of the numbers x(e)/w(e)
(e€E} arranged in order of incréasing magnitude is lexicographically
maximum among all |E]-tuples of numbers y(e)/w(e) (eé:E) arranged
in the same manner for all bases y = (y(e))esE of (E,p). We give
theorems which characterize the relationship between weight vectors
and lexicographically optimal bases and point out that a lexicographically
optimal base minimizes among all baser a quadratic objective function
defined in terms of the associated weight vector. Also, we preseht an
algorithm for finding the (unique) lexicographically optimal base with
respect to a given weight vector. Furthermore, we consider the problem
of determining the set of weight vectors with respect to which a given
base is lexicographically optimal and provide an algorithm for solving
it, which is useful for the sensitivity analysis of the optimal base
with regard to the variation of the weight vector. The algorithms
proposed in the present paper efficiently solve the problem, treated
by N. Megiddo, of finding a lexicographically optimal flow in a network
with multiple sources and sinks, which is a special case of the problem

considered here.



1. Introduction

N. Megiddo [8] considered the problem of finding a lexicographically
optimal flow in a network with multiple sources and sinks described as
follows. Let N be a network with a set st of sources, a set S
of sinks, a vertex set V2 S+FJS—, an arc set A* and a nonnegative

capacity vector ¢* = (C*(a))éaA* . For simplicity, suppose S+r\S_ = @,

A vector £ (f(a))aEA* is a flow in N if

0 < £(a) £ c*(a) {a e AF), {(I.1)
], f(a) - I _ f@=0 (veV-sUs) a.2 |

aed v aed v g

st = I L@ - I f@20 (vesh, (1.3)

~ aed v aed v

sp(v) 2] f(a) - ), f(a) 20 (veST), (1.4)

A aed v aed v

where &'v (resp. 8 v} is the set of all arcs having v as their
s . + L * .
initial (resp. terminal) vertex. Vector §£ = (Sg(v)]ves+ and vector S¢

= (SE(V))VES— are, respectively, called a supply vector and a demand

vector. Let T be a function from the set of all real vectors of
finite dimension to the set of all real sequences of finite length

such that for any real vector X = (X(eJ)eeE (E: an arbitrary finite’
set) T(x) is the sequence (or the ]El—tuple) of the numbers ‘x(e) (e €E)
arranged in order of increasing magnitude. A flow £* in N is called

source-optimal (resp. sink-optimal) if T(g}d (resp.T(gg*)) is lexico-

. graphically maximum among all T(EE) (resp.T(g%)) for all flows £ in N.

A lexicographically optimal flow is a flow which is both sink-optimal




and source-optimal.

The set of all supply vectors ,§£ (resp. demand vectors '5;)
coincides with the set of all independent vectors of a polymat?Zid
defined on §" (resp. S ), which is in:fact shown in [8] (though not
in terms of polymatroids). Since a lexicographically optimal flow is
a maximum flow from S  to S™, we can consider source-optimality and
sink-optimality separately and source-optimality (resp. sink-optimality)
is thus related only to the structure of the polymatroid defined on st
(resp. S°). Therefore, it is natural to examine the optimal-flow
problem of N, Megiddo from the point'of view of polymatroids, which
provides a deep insight into the problem, and some results obtained in
polymatroid theory can be employed. |

The present paper is concerned with the problem of finding a
lexicographically optimal base of a polymatroid with respect to a
weight vector, which is a generalization of the problem treated by
N. Megiddo [8]. We show theorems which characterize a lexicographically
optimal base with respect to a weight vector and point out that a
lexicographically optimal bése ﬁinimizes among all bases a quadratic
objective function defined in terms of the associated weight vector.

We present an algorithm for finding a lexicographically optimal base.
The algorithm solves the optimal-flow problem of N. Megiddo more
efficiently than that proposed in [9]. Furthermore, we consider the

problem of determining the set of weight vectors with respect to which

a given base is lexicographically optimal and provide an algorithm



for solving it, which is useful for seeing whether or not an obtained

optimal base remains optimal when the weight vector is altered.

2. Definitions and Preliminaries

Let E be a finite set and p be a function, from the set ZE

of all subsets of E into the set R, of all nonnegative real numbers,

satisfying
) e =0, (2.1)
(ii) oA < o(B)  (AGBEE), | (2.2)
(ii1) p(A) + p(B) > p(AVB) + p(AnB) (A, B CE). (2.3)

That is to say, the p is a monotone nondecreasing submodular function

with p(#) = 0. The pair (E,p) is called a polymatroid, where E

is called the ground set and p the rank function of the polymatroid.
We denote by RE the set of all vectors X = (x(e))eeE with

- E
nonnegative components. For any X € R+ we let

x(A) = ¥ x(e) (ACE). (2.4)
ech

A vector X € RE is called an independent vector of polymatroid (E,p)
if _
x(A) < p(A) (ALE). (2.5)
The following lemma shows a fundamental property of submodular

functions.



Lemma 2.1 : Let x be an independent vector of a polymatroid (E,p).

For any A, BC E, 1if

x{(A) = p(A),. x(B) = p(B), (2.6)
then

X(AVB) = p(AVB), X(AAB) = p(ANB). (2.7)
(Proof) Easy. Q.E.D.

Let an order relation X be defined by
x=y <> x(e) <y(e) (ecE) ' (2.8)
for any x and Y in RE. A base of (E,p) 1is an independent vector

of (E,p) which is maximal with respect.to order relation =.

For a vector y € RE, a reduction of polymatroid (E,p) with

respect to v 1is a polymatroid (E,pv), where

pv(A) = min{p(D} + v(A-D)} (ACE). (2.9)
~ DEA

Proposition 2.1 : The set Pp of all independent vectors of (E,pvj
v
is given by

Pp = {x]0=x=y; X 1is an independent vector of (E,p)}. {2.10)
v

A base of (E,pv) is called a base of v with respect to polymatroid

(E,p). For an independent vector x of (E,p), a contraction of .

(E,p) with respect to x is a polymatroid (E,pz), where

pP(A) = min{p(B) - x(B)} (ACE). (2.11)
B=A

Proposition 2.2 : The set pr "of all independent vectors of (E,p§)



is given by
Ppg = {x ] YE RE; yrx is an independent vector of (E,p)l}.
(2.12)
In particular, a reduction of P = (E,p} with respect to a vector
v, such that for some S & E

0 (e e E - 8),

1l

v(e)
v(e) > p({e}) (e £ 8)

is denoted by P-S = (E,ps), where

pg(A) = p(ANS) (ASE). (2.13)

The reduction P+S is called a reduction of P onte S. Moreover,

a contraction of P = (E,p) with respect to a base x of P-(E-§)

for some S &S E is denoted by Px§ = (E,ps), where

0°(A) = p(AV(E-S)) - p(E-S) (ASE). (2.14)

The contraction ‘£><S is called a contraction of P onto §. Note

that PS5 and PXS are determined by P and § alone. A minor
of P = (E,p) 1is a polymatroid (P-5) X5* expressed in terms of
subsets S and S* of E such that S* < S.

Let Pp be the set of all independent vectors of (E,p). The

saturation function sat from Pp into 2E is defined as follows.

For any u e E let ¥x ¢ RE be defined by

Lu
X, =1, X, (e) = 0 :(ctu.
Then, for an independent vector X, sat(5) is the set of all elements

u e E such that for any d > 0 the vector y € RE defined by



y =X+ dx, (2.15)
is not an independent vector. In other words, sat(x) is the set
of those u ¢ E for which x(u) cannot be increased with x

remaining independent. The set sat(x) 1s called the saturated set

with respect to the independent vector Xx.

Lemma 2.2 : Let x be an independent vector of a polymatroid (E,0).
Then the set Al = sat(x) satisfies

x(Al) = p[Al). {2.16)
Moreover, let 341 be defined by

Al = A ASE,x(W)=p(A) }. (2.17)
Then Jql is a distributive lattice with an order relation defined
by set inclusion and sat(x) is the maxiuum element of /Ql.
(Proof) Because of Lemma 2.1, /a defined by (2.17) is a distributive
lattice. Also, it follows from the definition of the saturation
function that e e sat(x) if and only if x(A) = p(A) for some
A CE such that e € A. Therefore, sat(x) is given by

sat{x) = U{A | ACE,x(A)=0(A)} (2.18)

which is the maximum element of Jql' Q.E.D.

Furthermore, we define the dependence function dep from

Pp><E into ZE as follows. For an independent vector x, if
u € sat(x), dep(x,u) 1is the set of all elements v £ E such that
for some d > 0 the vector y ¢ RE defined by

y = X + dxu - de (2.19)

s



is an independent vector. If u € E - sat(x), define
dep(x,u) = #. (2.20)
Note that for any u € E, if dep(x,u}# @, |

u € dep(x,u). {(2.21)

Lemma 2.3 : Let x be an independent vector of a polymatroid (E,p)
such that sat(x) # #. Then, for each u ¢ satfg), the set A2 =
dep(x,u) satisfies

x(A,) = p(A,). (2.22)
Moreover, let ﬂz be defined by

Ay = {a ] ACE,ueA,x(A)=0(A) }. (2.23)
Then /42 is a distributive lattice with an order relation defined
by set inclusion and dep(x,u) is the minimum element of /Qz.
{Proof) Because of Lemma 2.1, ,42 defined by (2.23) is a distributive
lattice. Furthermore, we see from the definition of the dependence
function that e € dep(x,u) if and only if x(A) < p(A) for any A
€ E such that ue A and e g A. Therefore, dep(x,u) is given by

dep(x,u) = Nn{A|ACE,ueA,x(A)=p(A)} (2.24)

which is the minimum element of /42. Q.E.D.

Lemmas 2.2 and 2.3 characterize the saturation function and the
dependence function in terms of the rank function p. The saturation

function and the dependence function were first introduced in [3].

Lemma 2.4 : Let x be an independent vector of (E,p). Then, for



any subset S of E, the following two conditions are equivalent:
(i}  p(8) = x(8);
(1i) for any e €8, § # dep(x,e) C S.
(Proof) Suppose (i) holds and e £ S. Then (ii) follows from Lemma 2.3,
Conversely, if (ii)} holds, then by (2.21) we have
U {dep(x,e) | ees} = s.

Therefore, (i) follows from Lemmas 2.1 and 2.3. Q.E.D.

For any real sequences a = (al,az,...,ak) and b = (bl’bz’

""bk) of the same length k, a 1is called lexicographically

greater than or equal to b if for some j e {1,2,...,k}

a,=b, (i=1,2 ..., 31,

a. > b.
] ]

or
a; = bi i=1,2, ..., k).
A vector w € RE such that w(e) > 0 (e€E) 1is called a

weight vector. For a vector x € RE, let us denote by T(X) the

|E|-tuple (or sequence) of the numbers x(e) (e€E) arranged
in order of increasing magnitude. Given a weight vector w, a base

x of (E,p) is called a lexicographically optimal base with respect

to the weight vector w 1if the IE[-tuple T((x(e)/w(e))eeE) is
lexicographically maximum among all |E|—tuples T((y(e)/w(e))eeE)

for all bases Y of (E,p).

For polymatroids, also see [2], [3], [4], [7] and [11].
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3, Lexicographically Optimal Base

In this section, we consider the problem of finding a
lexicographically optimal base of a polymatroid (E,p) with
respect to a weight vector.

Let w be a weight vector. For each a e R, let X, € RE
be defined by

Y, = (aw(e))eeE . | (3.1)
Also, let 8, (aE:R+) be independent vectors of (E,p) satisfying
(i) for each a ¢ R+, u, is a base of LA (3.2)

(ii) u <u

u < (0£agh). (3.3)

b
 Such independent vectors u, (a¥3R+) are uniquely determined by the
weight vector w. Since the set of all independent vectors is bounded,

there exist <c(e) (e€E)} such that for each e € E

u (e) = aw(e) (=v_(e)) (0 2aZgcle)), (3.4)

c{e)w(e) (c(e) < a). (3.5)

u, (e)

Now, we show the following.
Theorem 3.1 : Suppose that c(e) (e €E)} are those defined by (3.1)
v (3.5). The vector x* defined by
£ = (c(ew(e))  p (3.6)

is the unique lexicographically optimal base of (E,p) with respect

to a weight vector .

11



{(Proof) It is clear from the definition of X* that ff is a base
of (E,p).
Let the distinct numbers of c(e) (e€E) be given by c: {i=1,

2,...,p) such that

N < c, < vee < Cp' (3.7)
For each 1 =1, 2, ..., p, define the set Sj_g; E by
8; = {e | ecE, c(e) ;ci}. (3.8)

Then we have

28,68 Gt &8, = F (3.9)

and by the definition of <c(e) (e€E), Lemma 2.2 and (3.6)

p(3,) = I cle)wl(e) = x*(S;,)  (i=0,1,...,p). (3.10)
esSi :

Let E: be an arbitrary base such that T((Ete)/w(e))eeE) is

lexicographically greater than or equal to T((x*(e)/w(e))eeE) = T(c).
Define a vector E: by

g = (x(e)/w(e))eeE . (3.11)
We shall show that, if

x(e) = x*(e) (e €8,) (3.12)

for some i = iO < p, then (3.12) is also valid for i = i_  + 1.
Since (3.12) is trivially true for i = 0, we shall then get by
inducticn

x(e) = x*(e) (e e SP = E},

which shows the optimality of the base x* and the uniqueness of

12



the optimal base.
Now, suppose that (3.12) holds for some i = iO < p. Since
T(g) is lexicographically greater than or equal to T(c), we have

from {3.7) and (3.8)

c(e) > c(e) = S 41 (e € Si o1 - Si 3. (3.13)
0 0 0
Consequently,
x(e) > x*(e) (e € Si0+1 - Sio). (3.14)
By (3.10),
* = )
X (Si +l) p(Si +1). {3.15)

0 0
It follows from (3.12), (3.14) and (3.15) that

x(e) = x*(e) (e €8, ),
0
since E: is an independent vector. This completes the proof of

the theorem, Q.E.D.

A careful examination of the above proof of Theorem 3.1 yields

the following.

Theorem 3.2 : Let X be a base of (E,p) and w be a weight
vector. Define

c(e) = x(e)/w(e) (e € E)
and let the distinct numbers of c(e) (ecE} be given by N < c,
< see K cp. Furthermore, define S.l CE (i=1,2,...,p)}) by

S, = {e | e€E, c(e):ici} (i=1,2,...,p).

13



Then the following'three conditions are equivalent:
(i) X 1is the lexicographically optimal base of (E,p)
with respect to the weight vector u;
(1) x(S;) = p(8;) (i=1,2,...,p);
(ii1) ¢ # dep(x,e) < Si (e ESi; i=1,2,...,p).
(Proof) The proof of the equivalence of (i) and (ii) almost parallels
that of Theorem 3.1. The equivalence of (ii)} and (iii) follows from

Lemma 2.4. Q.E.D.

Based on Theorems 3.1 and 3.2, we can propose an algorithm
for finding the lexicographically optimal base of P = (E,p) with

respect to a weight vector w,

Algorithm for finding the lexicographically optimal base

1° Let L be a list such that its elements are the sets @ and E,

¢ is the head of L and E is the tail of L and next to @.

Set
5% := ,
x* 1= 0 (a zero vector in RE).
~ ~ o+

2° Let S be the element next to 8% in list L. Put
d := {p(8) - p(S*)}/w(8-5%)
and let v be a vector in RE given by

v(e) dw(e) (e £ 8)

4 (e £ E-8).
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3° Find a base y of v such that y - x* ¢ RE. If sat(y) = S,

2

then put
X* =y,
S* 1= §;

or else (then S8* C satgx)gg S), insert sat{z) into list L
such that sat(z) is the element next to S8* and that S is
next to satgz).. If S* = E, then the algorithm terminates and
x* is the lexicographically optimal base; or else, go back to

Step 2°.

Remark 3.1 : The vector x* obtained at the beginning of Step 3°
is a base of P*5* and, when sat(y) =S in Step 3°, y - x* is

a base of (P*5)x (8-5*%) and

y(e) - x*(e) dw(e) (e € §-58%)
=0 (e € E- (8§ -5%}).

The validity of the above hlgorithm follows from Theorems 3.1 and 3.2,

Remark 3.2 : Since the number of elements in L is at most [E| + 1
and since in Step 3°, if the algorithm does not terminates, either

the pointer S* moves to the next in L or the number of elements

in L 1is increased by one, the algorithm terminates after repeating
Steps 2° and 3° at most 2|E| -1 times and gives the lexicographically
optimal base. The presént algorithm solves the optimal-flow problem

of N. Megiddo [8] with an 0((|s*|+[S"D|V]®) running time by the

use of the Dinic-Karzanov maximum-flow algorithm, which is more



efficient than the 0((|S+|-+|S_|)|A|]V|2) algorithm given in [9].

The following theorem shows the relationship between the
lexicographically optimal base and the base which minimizes a

quadratic objective function among all bases.

Theorem 3.3 : Let —5f be the lexicographically optimal base of
(E,p) with respect to a weight vector w and X be the (unique)
optimal solution of the ﬁroblem P: Minimize the quadratic function
given by

] x(e)%/u(e)

ecE

N

£, =
subject to the constraint that x 1is a base of (E,p). Then we
have x* = X.
(proof) Define

C(e) = R(e)/w(e) (e € E)

and let the distinct numbers of ¢&(e) (e€E) - be given by ¢, < c, <

1 2
aee < cp. Then we have
Bx?e) £, |gag = R(eI/Wle) = Ele) (e € B). (3.16)

Therefore, for any e and e' € E, if &(e) < €(e'), we have
e' ¢ dep(R,e), (3.17)
since otherwise, because of (3.16), there would exist a base which

o)

yields a smaller value of fw than X. Consequently, for each 1 =

!

1, 2, ..., p,s
B # dep(R,e) C8, = {8 | éeE, &(&) ;ci} (3.18)



for all e € Si' It follows from (3.18) and Theorem 3.2 that jé
coincides with the unique lexicographically optimal base x* of
(E,p) with respect to w. This completes the proof of the theorem.

Q.E.D.

Remark 3.3 : For some nonempty subset S & E, let zi (resp. g;)

be the lexicographically optimal base of the reduction (E,ps)
(resp. the contraction (E,ps)) onto S with respect to the

weight vector w. Moreover, let Y1 (resp..xz) be an arbitrary

base of the contraction (E,pE_S) (resp. the reduction (E,pE_S)).
Then 5; + 1 and 55 + Yo are, respectively, optimal solutions

of the following problems:

(P,) to find a base x of (E,p) which lexicographically maximizes

1)
T(c) among all bases, where ¢ is defined by
c(e) = x(e)/w(e} (e €38), c(e) =0 (e € E-8);

(Pz) to find a base x of (E,p) which minimizes

£ =5 I x(e)’/w(e)

ecS

among all bases.
This shows the fact that Theorem 3.3 does not hold in the limit as
the components w(e) (e eE-S) tend to infinity, which is due to

the definition of the lexicographical optimality.

17



4. Characterization of Weight vectors

In this section, we shall consider the problem of determining
the set of weight vectors with respect to which a given base is

lexicographically optimal. Such a problem arises in the case where

it is required to determine whether or not the obtained lexicographically

optimal base remains optimal when the weight vector is altered. A
method for solving the problem will be given below.

Let x be a base of a polymatroid (E,p). Consider a directed
graph G(E,A*(x}) with a vertex set E and an arc set A*(x)
defined by

A*(x) = {(u,v) |u,veE,u#v,uedep(x,v)}. (4.1)
Note that dep(x,v) # # for all v € E since sat(x) = E. Moreover,
let Vi (i=1,2,...,9) be the strongly connected components of
G(E,A*(x)). A partial ordering <* is naturally defined on the set
V= {Vi | i=1,2,...,9} by " v, < Vj if and only if there exists a
directed path from a vertex in Vi to a vertex in Vj.” From Lemmas
2.1 and 2.3, G(E,A*(x)) 1is transitively closed. Therefore, for
each strongly connected component Vk and each u, v € Vk (u # v),
there is a pair of arcs (u,v) and {v,u) and if Vi <* Vj there are
arcs (u,v) for all u e Vi and v ¢ Vj'

An ordered pair (V,,7,) such that W{iQFL’(i=1,2), Wﬁ}JTE

=} and ‘y&fvvz = @ is called a monotone dissection of the ordered

set (W, <*) if for any U1 e'yi and U2 erLE there does not hold

18



*
U2 A Ul'

Now, we have the following.
Lemma 4.1 : Let x be a base of (E,p) and "/ be the set of all
the strongly connected components of G(E,A*(x)) as defined above.
Then
x(U) = p(U) ' (4.2)
if and only if A
= U ‘
U {v, |v. eUL (4.3)
where (E),W*-Ti) is a monotone dissection of V.

(Proof) The lemma easily folloﬁs frdm Lemma 2.4, Q.E.D.
Based on Lemma 4.1, we can show the following.

Theorem 4.1 : Let x be a base of (E,p} and let Vi (i=1,2,...,q)
be the strongly connected components of the graph G(E,A*(x)). A
welght vector w 1is a vector with respect to which x 1is the
lexicographically optimal base if and only if X is expressed as
x(e) = &w(e) (e €V i=1,2,...,q) | (4.4)

with nonnegative real numbers Ei (i=1,2,...,q) satisfying

cj S ck {4.5)
for any j, k=1, 2, ..., q such that
*
Vj £ Vk' (4.6)

(Proof} The "if" part : Let the distinct numbers of Ei (i=1,2,...,q)

be given by <y < <, < see cp' and define S.l (i=1,2,...,p) by



{3.8). Also, define for each 1 =1, 2, ..., p
(i) _ -
"Vl = {vj [vj_si, j=1,2,...,q}.
Since, for each i =1, 2, ..., p and j =1, 2, ... q, either
Vj QQSi or Vj CE - Si’ we see from (4.5) and (4.6) that for each

i=1,2, ..., p (Tﬁl),WLngl)) is a monotone dissection of V.

S,’]_ = U{VJ ]VJ EZT/]:E]-)} - (1=1:2:',P):

the validity of the "if'" part follows from Lemma 4.1 and Theorem 3.2.

The "only if" part : Let c(e) (e€E), c; < <, < see cp

C S, «+++ &8 =E be those defined as in Theorem 3,2

and @ = 8§
with respect to the lexicographically optimal base Xx. It follows

from Lemma 4.1 and Theorem 3.2 that, for each j =1, 2, ..., q,

.

there exists an integer i ¢ {1,2,...,p} such that ng; Si - Si—l
and c(e) = c; = ¢, for all e e Vj. Also, for any j, k=1, 2,

., q, if V, 4V then for some i e {1,2,...,p} either

j k’

V.UV, € 8. - 8. or V.&£ S. and V
i k i 1 j i

In either case,

C E - S, due to Lemma 4.1.
k i

-1
LR Q.E.D.

Given a base x of (E,p), an algorithm for determining the
set of weight vectors with respect to which x 1is lexicographically
optimal is furnished as follows.

If there exist distinct elements u, v € E such that

x{(u) = 0, v E dep(é,u),'

then (from Theorem 4.1) x cannot be lexicographically optimal with

20



respect to any weight vector (since x(v)} > 0); otherwise, choose
any positive real numbers w(e) (e€E) such that

x(e}/w(e) = Ei (ee:Vi; i=1,2,...,q),
where constants Ei (i=1,2,...,q} must satisfy
~ < o~
Cj 26
for any j, k=1, 2, ...,q9 such that
K

Then the weight vector w = (w(e)) is a desired one. Every weight
~ ecE Y &

V. Z* VvV
j=

‘vector with respect to which a given base is lexicographically .optimal

can be generated by this procedure.

Remark 4.1 : For the optimal-flow problem of N. Megiddo [8], given
a flow £ in a network with multiple sources and sinks, the graph
G(S+,A*(§;)) (resp. G(S",A*(gg))J defined by (4.1) with regard to

the supply vector §;

~

by finding the set of strongly connected components (@and its partially
ordered: structure) of an auxiliary graph associated with the flow £
which is usually used for finding flow-augmenting paths in a network.
Once the graph is constructed, finding a weight vector w which

satisfies {4.4) v (4.6} is an easy task.

Remark 4.2 : It should be noted that the notion of lexicographically
optimal bases 1s closely related to that of the principal partition

of a graph [5], [6] and its generalization to a matroid [1], [10],

(resp. the demand vector g%) can be constructed
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which were originally developed for electrical-network analysis. Let ;

the rank function p of a polymatroid be equal to that of a matroid
(or a graph) and x* be the lexicographically optimal base of the
polymatroid with respect to a uniform weight vector W with w(e)
=1 (egE). Then the set of strongly connected components of the
graph G(E,A*(x*)) defined by (4.1) corresponds to the principal
partition of the matroid (or the graph) and the graph G(E,A*(x*))

expresses the ordered structure of the principal partition (cf. [10]).

Remark 4.3 : The principal partition of a set of random variables
is discussed in [4], where a polymatroidal structure is induced on
the set of rando# variables by the entropy function. The notion of
lexicographically optimal bases may be useful for the Shannon theory

of information (cf. [4]).

Acknowledgments

The author would like to express his sincere thanks to Professor
Masao Iri of the University of Tokyo for his valuable discussions on
the present paper and to Mr. Fumihiro Maruyama who completed a
graduation thesisunder the author's supervision which contributed

toward showing Theorem 3.3 of the present paper.

22



References

[1]

[2]

[3]

(4]

[5]

(6]

[7]

J. Bruno and L. Weinberg, "The principal minors of a matroid",

Linear Algebra and its Applications 4 (1971) 17-54.

J. Edmonds, "Submodular functions, matroids, and certain polyhedra,

Proceedings of the International Conference on Combinatorial

Structures and Their Applications (Gordon and Breach, New York,

1970) pp. 67-87.
S. Fujishige, "Algorithms for solving the. independent-flow

problems", Journal of the Operations Research Society of Japan

21 (1978) 189-204.

S. Fujishige, '"Polymatroidal dependence structure of a set of

random variables', Information and Control 39 (1978) 55-72,
M. Iri, '"Combinatorial canonical form of a matrix with applications

to the principal partition of a graph', Transactions of the

Institute of Electronics and Communication Engineers of Japan

54-A (1971) 30-37 (in Japanese) (English translation: Electronics

and Communications in Japan).

G. Kishi and Y. Kajitani, '"On maximally distinct trees',

Proceedings of the Fifth Annual Allerton Conference on Circuit

and System Theory (1967).pp. 635-643.

C.J.H. McDiarmid, "Rado's theorem for polymatroids', Mathematical

23



Proceedings of the Cémbridge Philosophical Society 78 (1975)

263-281.
[8] N. Megiddo, '"Optimal flows in networks with multiple sources

and sinks', Mathematical Programming 7 (1974) 97-107.

[9] N. Megiddo, "A good algorithm for lexicographically optimal

flows in multi-terminal networks'", Bulletin of the American

Mathematical Society 83 (1977) 407-409.

[10] N. Tomizawa, "Strongly irreducible matroids and principal
partitions of a matroid into strongly irreducible minors",

Transactions of the Institute of Electronics and Communication

Engineers of Japan J59-A (1976) 83-91 (in Japanese) (English

translation: Electronics and Communications in Japan).

[11] D.J.A. Welsh, Matroid Theory (Academic Press, London, 1976).

24



