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is considered as a specification of Coase's liability rule.
We consider a community which consists of a damaging
firm 1, and suffered households, 2, ..., n, Firm 1's
revenue function is £(g) with £(0) = 0, where activity
level g is measured in terms of private cost of production
f(g) is defined on the set of all nonnegative real numbers

E When firm 1 has no liability nor needs to compensate

4
households for anything, 1l's profit is f(q) - g.

Household i's utility function Ui(q, m) 1s defined on the
nonnegative orthant of the 2-dimensional Euclidean space
Ei. g denotes firm 1l's activity level and m household i's
consumption level. Household i has the initial endowment
of money Ii >0 (i =2, ..., n). Note that we call the
consumption good "money".

Since a rise of firm L's activity level increases his
revenue and decreases the households' utility levels, a
conflict between firm 1 and households 2, ..., n neces-
sarily occurs. For the resolution of such a conflict, it
is necessary to specify a liability rule: Who should
compensate whom? Liability rule is a device for conflict

resolution. We introduce a concept of allowance level

g 2 0 as a specification of liability rule as follows.

1) Ratio equilibrium is determined independently of the

measurement of activity level. BSee Ito and Keneko [5].
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The firm can choose freely an activity level if it is not
greater than g. If the firm desires to increase its activ-
ity level beyond g, it must obtain the households' consent.
Without their consent, firm 1 can not operate at a higher
activity level than the allowance level g. Hence the firm
may compengate them to obtain their consent. Or if house-
holds desire to decrease firm l's activity level smaller
than g, then they compensate firm 1 so that they obtain
firm 1's consent, because firm 1 has the right to operate
freely at not greater activity level than the allowance
level g. The introduction of allowance level to the
community enables us to treat the problem of compensation
for external diseconomies in the same way with that of cost
share in a public goods economy. Hence we can define ratio
equilibrium in our coﬁmunity. In this paper, we consider
the behavior of ratio equilibrium in our community when an
allowance level is exogeneously given. But we do not con-
sider a decision problem of allowance level.

Let an allowance level g 2 0 be exogeneously given.

We denote, by E(I, q) = E(Iys ever I q), the community

with income levels I = (I,, ..., I_) and allowance level q.
We call (x, g*%) = (rl, sery Loy g*) a ratio equilibrium in
E(I, gq) if
n
(1.1) T r, =1 and g* 2 0,
i=1



(1.2)  f£(aq*) - q~r(g* - q 2 £(q) - q-ry(qg-q

for all g 2 0,

(1.3) for all i = 2, ..., n, I, - r (g% - q) 2 0 and

i

I

Ut(g*, I, - r {a*-@) 2 U (q, I,

i - r;la - Q)

v

for all g 0 satisfying I, - ri(q - q) 2 0.

i =

This definition can be interpreted as follows. Under
a given allowance level & and a ratio r = (rl, Lor ever rn),
firm 1 pays (or receives) total compensation (rl-rl)(q-a)
and household i receives {pays) compensation - ri(q - q)
(i =2, ...y, n) when £irm 1 operates at activity level qg.
The total compensation that firm 1 pays (receives) should
be equal to the sum of compensations received (paid) by

households 2, ..., n. That is,

R

(1.4)  (ry - 1) (qa-q = -r;(q - q.

i=2

This equation is satisfied because of (l1.l1l). Condition
(1.2) means the profit maximization of firm 1 under the

assumption. that ratio £y is fixed, i.e.,

£(q) ~q-(r;-1)(g-q =£(q) -~g-r;(g-q) ~ max.



Condition (1.3) means the utility maximization of the house-
holds under the assumption that Lyr «ssy L, are fixed.
The definition requires that the "demands" of all households
and firm 1 for firm's activity level coincide.

We can ensure the existence of a ratio equilibrium in

the community under natural assumptions:

Proposition 1. Assume that £(g) is a continuous and concave

function with £(q) - @ = max{f(g) - g} for some ¢ 2 0 and

. gz20
that Ul(q, m) (i =2, ..., n) is a continuous, guasi-concave
function of (g, m) and is monotonically increasing with

respect to m. Then there exists a ratio eguilibrium (r, g¥*)

in E(I, g) for any g 2 O.

Since the ratio equilibria coincide with the Lindahl
equilibria in E(I, g) when the cost function is linear, which
is pointed out in Kaneko [8, Lemma 1], it is sufficient to
show the existence of a Lindahl equilibriumz). But this can
be proved by modifying the proof of Bergstrom's existence

theorem of a competitive equilibrium [l]. As we can prove

it without much difficulty, we omit the proof.

2) Davis and Winston [3] considered a price mechanism in
an economy with externality introducing the concept of

allowance level.




The concept of ratio equilibrium is just a mathematical
solution, and so we must provide a mechanism through which
a ratio equilibrium can be attained as a result. Kaneko [7]
designed a decision process called "voting game G(N, W}" for
this purpose and proved that the core of the voting game
G(N, W) coincides with the set of all ratio equilibria.
This means that a ratio equilibrium can be characterized as
a result of the majority negotiation according to the rule
of the voting game G(N, W). The theorems of [7] are also
true in E(I, a), the formulation and proof of which need to

be slightly modified. But we omit the precise. formulation

and proof of the following proposition .

" Proposition 2. Let g 2 0 be an exogenously given allowance

level., Assume that Ui(q, m) (i=2, ..., n} is monotoni-
cally decreasing and increasing with respect to g and m
respectively, and that f(g) is strictly concave and mono-
tonically increasing with f(&) = mgg{f(q) - q} for some

- 9=
4§ > 3. If Conditions (B)-(L) of [7] hold®), then Theorem 2

3) Condition (K) must be rewritten in the context of this
paper, as follows:
i

(k): U'(0, 0) < U'(F, I;) for all i =2, ..., n.

This means that if the households compensate the firm and
decrease its' activity level to the 0-level using their
total incomes, then the utility levels are lower than
those of the state that they give consent to the firm for
any activity level without any compensation.




of [7] holds, i.e., the core of the voting game G(N, W) in
E(I, q) coincides with the set of all ratio equilibria in
E(I, q).

In the following, we do not discuss the voting game
further but focus our investigation on the relation between
ratio equilibria and allowance levels. However we should
bear in mind that game G(N, W) exists as a decision
mechanism through which a ratio equilibrium can be attained.

Finally we provide a proposition which orients us to
our purpose. Let us consider the case Ui(q, m) can be

foera

where
represented as

(1.5) ul(q, m) = g ut(q) +m) for all (g, m) € Ei,
where g1 is a monotonic function4). This condition means
that there exists no income effect in household's demand
for firm 1l's activity level. Then we have the following

proposition:

Proposition 3. Let E(IT, &l) and E(I%, az) be communities

. , 1 1 1 2 2 2
with income levels I~ = (12, ey In), I° = (12, sy In)

4) Kaneko [6] provided a necessary and sufficient condi-
tion for a preference relation to be represented as

(L.5).
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and allowance levels al, &2, respectively™’. We assume
Ul(q, m) is quasi-concave and satisfies (1.5) for all
i=2, ..., n. If (r, g*) satisfies
3 _ _ =]
Iy —rylg* - g’) >0
{1.6)

for all i =2, ..., n and '3 =1, 2,

then (r, g*) is a ratio equilibrium in E(Il, al) if and

only if {(r, g*) is a ratio equilibrium in E(Iz, &2).

that

Proof. It is noted that when gt is gquasi-concave and satis-

fies (1.5), ut given in (1.5) is a concave function, which

is proved in [6, Proposition 3].

Tt is easily verified that (1.7) and (1.8) are

equivalent:
£(g%) - G - £ (a* - @)
(1.7) -1 -1
= max {£(q) - g - ryla - a)}
qz0

E(gh) = & - rp(a* - T)
(1.8) -2 -2
= max { f(q) - q° - rl(q - g“)}

q20

5) Note that E(Il, &l) and E(Iz, &2) consist of the same

households 2, ..., n and that household i in E(Il, g

has the same utility function with that of i in

2 =2
E(I7, g7).

1

)
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We need to prove that the following (1.9) and (1.10) are

egquivalent:

ul(q*)+-Ii-—ri(q*-él)==max{ul(q)+-11-ri(q-q )

{1.9) 1 _1
q%O and Ii—ri(q—q );0},
ul(q*) + I?~ ri(q*- 52) =max{ul(q) + IJ%_— ri(q— 52)
{1.10)
> -2

: q20 and I5-1,(q~gq) 20},

Let Fi ={g20: Ii - ;g - &l) 2 0} and F? =

fqg2 0 : I? - r. (g - &2) 2 0}. Let Fi > Fi, Then clearly
(1.9} implies (1.10). Suppose that (1.10} does not imply
(L.9), 1i.e., there is a qo such that ui(qo) + Ii -

r(¢® - @) > ul(gh) + Iy - r(a* - @), ¢° € Fy and

q° £ Fi. Though I? - ri(qo - &2) < 0, it is also true that
i -2 i 2 -2

ut(q®) + Ii - ri(a” - @) > U(gh) + I - ry(ar - @)

Since u’ is concave and (1.6) holds, there is a A > 0 such

that

wbigEr -0+ 13- (gt + (1-0)%) - gD >
Ul(q*) + I?_ = I’l(q* - 52) ’
and

- r (Oar+ (1-06%) -3 > 0.

This is a contradiction. When Fi c F?, the argument is

symmetry. (Q.E.D.)
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Proposition 3 means that in the absense of income
effect a ratio equilibrium (r, g*) is independent of income
levels I and allowance level &. Of course, we should note
that when the income levels or the allowance level in E(I, §)
change, the income distribution derived from a ratio egui-
librium also changes. This kind of result is often called
Coase's theoremG). Qur main purpose, however, is to

investigate the behavior of ratio equilibrium in E(I, &) in

the presence of income effect.

"2. Limit Properties of Ratio Equilibrium

In this section we will consider the "global" behavior
of ratio equilibrium in E(I, ¢) when the income levels
Iz, ceey In change. That is, we will show two limit
properties of ratio eqguilibrium when 12, .oy In become
small or large.

First we assume that the firm's revenue function f£(q)
is a strictly concave, continucus function of g 2 0 and is

continuously differentiable on the open interval (0, +e) with

. df(q) af (q)
(2.1) lim aq <

J— oo q—’+0 d

6) See Inada and Kuga [4].
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af
We would need to explain the meaning of lim (@)
: g-+0 dq

When the firm is in a "competitive" market of the good
which it produces, its profit function is px - C(x), where
X 1s an amount of the good produced by the firm, p the
market price and C(x) the firm's cost function. Since we
measure the firm's activity level g by the cost C(x), the

profit function is rewritten as pQ(q) - g, where Q(g) is

the inverse function of C(x). Hence the revenue function

. . ac(0) . dQ (g)

is £(q) = pQ(g)}. Since =0 and lim -—S—- = 4
d dx got0 99

are equivalent under some appropriate conditions,

lim aflq) = + & means that the marginal cost at the zero

level is zero. This assumption is slightly strong, but is
rather a technical condition to assure that the ratio
equilibria are not in the corners,

Second, we assume that the households' utility func-
tions Ui(q, m), i =2, ..., n are decreasing functions of
g, increasing functions of m, strictly concave, continuous
functions of (g, m) in Ei and are continuously differenti-
able on {(g, m) € Ei :m > 0} with

2ut(q, m) N

2.2y 1im &2 7 - 4+ o for any g

0.
m—+Q oM

Note that (2.2) reflects an income effect. As these
assumptions are standard and familiar, we would need no

explanation.
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Let § denote the activity level such that

(2.3) £(q) - g =max {£(q) - q}.
q;O

This q is positive and unique under our assumptions. 1In

the following, we always assume
(2.4y 0<% g<aq.

If g 2 4, the firm always chooses q as his activity level

and no compensation is made, that is, there is no problem.

Lemma 4. Let (r, g*) be a ratio equilibrium in E(I, q).
Then (i): (r, g*) i1s an inner solution7);

(ii): ry > 1, £y <0y ey r. < 0.

Proof. (i): Since 12, ceoy I 0, we have, from (2.2),

n

>
0 < I; - r.(g*- q) for all i = 2, ..., n. Also we have

0 < g* from (2.1).
(ii): Since (r, g*) is an inner solution, necessary condi-

tions for it to be a ratio equilibrium are

(2.5) —?; ~r, —m— =0 for all i=2, ..., n,

7) A ratio equilibrium (r, g*) is called an inner sclution

if g > 0 and I, - r;(g* - g) >0 for all

i=2, ..., n.
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df

(2.6) aa - ry = 0.
If there is at least one i (2 é i é n) such that £y 2 0,
Jut 2ut
then (2.5) does not hold, because — < 0 and — > 0.
94a om
Therefore we have Ly ¢ 0 for all i = 2, ..., n and ry > 1
n
because of ¥ r. = 1. (Q.E.D.)
i=1 1

The main result of this section is the following

propositions.

Proposition 5. Let (r(A), g(A)) be a ratio equilibrium in

213, ..., ™, q) for all A > 0. Then

E(AI; q) = E((AI
we have (i) and (ii):
(i): There is a A > 0 such that g < gl(h) < g for all
<
h - A’O.
f{ii): Assume that for anv g 20,

i
(2.7) 1im 29729

- ‘ = - for all i =2, ..., n.

Then 7\'Zl.im g{h) = 0.

Proof. (i): Suppose that there is a sequence {hv} such that
AY >0, gAYy £ @ for all vand AY - 0 (v~ ). Since

(r(Av), q(hv)) is an inner solution by Lemma 4. (i)} and

ri(kv) < 0, we have 0 < KVIi - ri(hv)(q(hv) - g) & Kin'

Hence thi - ri(KV)(q(hv) - q) - 0 (v— ). Therefore we have,

by (2.2),



- 15 =

. out
Lim 5o v v Vy_my T
Vo 0™ | (g(AY), A I,-r (M) (@) -q))

This implies ri(hv)-+ 0 (v— =). For otherwise, there is a
s vS s ,
sequence {v } such that ri(K ) > a <0 (v = >}, which
. .oyt : vs, oyt
implies lim =—— = 1lim r.(AY ) =—— = = because of neces-
v 004 ol V8o oo - am
gary condition &= - r, (AY) =—
Y © 29 1 (M) 3

0 < q(hv) < a, this contradicts that U* is a concave func-

= 0 for all v. Since

tion of ¢g. Since ri(Ay) = 0 (v— o) for all 1 =2, ..., n,

we have rl(KV) -+ 1 (v - ). This and necessary condition
% - r (W) = 0 for all v imply that q(A”) = (v o).

But this contradicts g(AY) £ @ < g. Therefore we can not
take the above sequence {Ay}.
(ii): From Lemma 4, necessary conditions for a ratio

equilibrium are

i Y
%g__rimgz =0 for alli =2, ..., n,
af
ag ~ 1M = o.

Suppose that gq(A) - 0 (A — =) does not hold. Then we can

take a subsegquence {Ay} such that q(KV) = 4, > 0 and

df (q(AY))
dg

is a number M > 0 such that rl(AV) ¢ M for any v. Since

n

r.(ﬁ)) <0 (iL=2, «o., n) and ¥ r.(xY) = 1 for all v,
1 i=1 1

there is a number M' > 0 such that M' g|‘ri(hv)| for all

Ay—+ oo (v = ), Since rl(kv) = for any v, there

i=2, ..., nand all v. Hence thi - ri(hv)(q(hv) - &)—+
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o (v —>m): Using q(hv)-+ qo > 0 (v— w), we have lim ri(kv)

_ vt out - Vo
99 T 9m | (gAY, WIzmri (W) (@) =)
This is a contradiction. Hence lim g(A)}) = 0. (Q.E.D.)

— OO

We would need some brief explanation and interpretation
of Proposition 5. Proposition 5. (i) says that when the
households' income levels are very low, the firm always
compensates the households and increases the activity level
beyond the allowance level g in equilibrium. When the
income levels are very low, the households are eager to get
income but hardly want to decrease the firm's activity level.
Of course, if no compensation is made, they want to do so.
This is just an income effect. By this reason the firm can
obtain the households' consent by paying small compensations
to them, and so the firm can increase the activity level
beyond the allowance level. Proposition 5. (1i) says,
conversely, that when the income levels are sufficiently
high, the households compensate the firm to decrease his
activity level to the zero-level. This meaning would be
intuitively clear. The case of Proposition 3 (case without
income effect) is usually interpreted as a case with suf-
ficient large income levels, i.e., in this case we can
approximately regard it as a case without income effect.
Hence we can say from Proposition 3 and 5. (ii) that when

the income levels are sufficiently high, a ratio equilibrium
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is approximately independent of the income levels and the
allowance level, but the activity level in equilibrium is
always small. Finally note that condition (2.7) is neces-
sary for this proposition, but that it would be economi-

cally trivial and is satisfied by many plausible examples.

3. Local Property of Ratio Equilibrium

In this section we will investigate relationships
between allowance level and ratio equilibrium and effects
of some changes of allowance level or the households'
income levels upon ratio equilibrium.

We add the following assumption on the households'
utility functions Ui, i=2, ..., n to the previous assump-

2

tions that Ul's are functions of C° and

2,1
24U <

>Dn 20 for all (g, m) with g 2 0

(3.1)

(q,m)

and m > 0.

Condition (3.1) means that the marginal utility of money is
a nonincreasing function of firm's activity level. In other
words, when the activity level becomes lower, i.e., the
environment for the households becomes better, each house-
hold can gain greater (not smaller) additional satisfaction

by an additional income.
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i . .

U i i
Lemma 6. (i) s —L (g, m) = EQ_/fQ__ is a nonincreas-—
= = ul °a “am | (qm
ing function of g and m with 9 2 0 and m > O. )

g | v} _
(ii): For any negative Lyr ET (g, Ii-ri(q-qn is a non-
2
2

increasing function of g, where g £ 0 and Ii-—ri(q-a) > 0.
{iii) Let Di(ri, I., &) denote household i's demand for the

i
firm's activity level in E(I, &).9)

For any negative Lor
Di(ri, Ii' &) is a nonincreasing function of Ii >0 and a
nondecreasing function of g 2 0.

Proof. We will use the following notations

. . i R
T3 2 Ton T 2 iz T amg
I

22 T 52

iy . i i i i i ¢
(i): Since Ul <0, U2 >0 and Ull,r U12’ U22 = 0, by the

assumptions of the previous section and (3.1), we have

8) We can employ this proposition as an assumption in
place of (3.1) for the following discussions; But
since Condition (3.1) has a clearer meaning than (i);
we employ (3.1} as an assumption.

9) Dyfr;, I, q) = q; is defined by Ui(qi, Ii_ri(qi-a))
= max{Ui(q, I,

I, - r. (g - q

- ryla~q): g2 0 and

0}.

v



i igi |
Q Y1 UoUpy = UiUys
'——'(—I)_ . 1.2 =OI
29 U3 (U3)
i i, i i1
9 V1, UiUip ~ UiUss o
o 1T T o
Us (UZ)
2 U3 _
(ii): It follows from (i) that —= (— (g, I,~-r.{(g-4g)))
—_— 9 Tyl i i
5 Ui 5 Ui 2
1 1
== (—<)-r. = (=)< 0.
3q U%— lam Ul
s 1 2 1 1 = 2 2 -
(iii): Pet Ii < Ii' q - = Di(ri, Ii’ gq) and g~ = Di(ri’ Ii' q) .
pi
: _L
Since Ui is a nonincreasing function of m, we have
2
i
U
Y1 o1 1 1 -
ri__i (q ’ Ii rl(q Q[))
U3
i
U
1 L 2 1 =
2 = (q, 14 - r; (g -a)).
Ul 1
2
Ui
Hence we have ql 2 q2 because of (ii) and r; = -% (q2,
U
I? - ri(q2 - q)). It is similarly verified that2

D,(r;s I, g) is a nondecreasing function of g. (Q.E.D.)

Now we analyse the relation of an allowance level g

and an equilibrium activity level dg (which is given by a

ratio equilibrium) using a concept of marginal social cos 10),

10) The marginal social cost can be always well-defined,
but the concept of social cost itself can not be

defined without Assumption (1.5).



If firm 1 increases his activity level from an allowance
level from & to & + dg, then it should compensate house-

held i for extra

i
et

3
Us

(g, I;) dq,

so that household i's utility level holds constant. Hence
the marginal social cost is the sum of the total compen-

sation and the private cost (here, 1), i.e.,

while the marginal revenue of firm 1 is

df -
3q (d).

If the marginal social cost is smaller (greater) than the
marginal revenue, then the allowance level q is not a
Pareto optimal level and it would be conjectured that an
equilibrium activity level is greater (smaller) than q,
because a ratio equilibrium is Pareto optimal. Using
these concepts, we have the following criterion for the
relation of an allowance level and an equilibrium activity

level.

Proposition 7. Let (r, qR) be a ratio equilibrium in



E(I, g). Then g $ g if and only if

i
df - n Ul _
3.2 -— S1+ & - I.).
( ) dq q) = i=2 U:|2- Qr l)

" Proof. Necessity: From dg < 5, we have, by the concavity

of £ and Lemma 6. {(ii)},

_af 5 df =
*1 % ag (qp) & gg (@  and
i i
r=—L—I-1—( I, - r,( —’))2Ei('1)
i 7 Vg 4y il\9r — @) 2 T3 A9y L5
03 Uz

for all i =2, ..., n.

Hence we have

i
n af _ n U _
1= 3 r, 2 = (@ + I L (g, I,).
i=1 d i=2 U%

Sufficiency: Suppose (3.2) and dg > &. Since (r, qR) is

a ratio equilibrium, it must hold that

i
_ii.:f, d —EJ: . - -G
S U T Y T A
2
for all 1 = 2, ..., n.
- df .. df =
From qR > g, we have rl =r—a (qR) < aa {(q) . -Further we

have, by Lemma 6. ({(ii}),



- 22 -

[|IFaN

1
U] _
U2

for all i = 2, ..., n.

I~
'_I

o)
EI (a, I;)
2
But this contradicts that (r, qR) is a ratio equilibrium.
(Q.E.D.)

Note that (3.2) is a condition only at an allocation

of an allowance level without compensation and that

Samuelson’s condition for an allocation to be Pareto

optimal is that (3.2) holds in equation at the allocation.
If {(3.2) holds in eguation, i.e., the marginal social

cost is equal to the marginal revenue at an allowance

level, then the equilibrium activity level is equal to the

allowance level. This allowance level has a special

property: 1In the ratio equilibrium (r, qR) in the community

with the allowance level, not only the equilibrium activity

level coincides with the allowance level but also any

compensations are not made. That is, if such an allowance

level is set, the result without compensations can become

a result of the majority bargaining of the voting game

G(N, W), which is assured by Proposition 2. We call such

an allowance level a neutral allowance level, denoted by
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&N’ i.e., if (¢, qR) is a ratio equilibrium in E(I, &N),

then dg = 9y-

Proposition 8. Assume that I = (12, .oy In) is fixed.
Then there exists one and only one neutral alleowance level
aN' and the following (3.3) is a necessary and sufficient

condition for 1it:

i
af _ n Ul _
. N— =1 + - - I.V.
(3.3) aq (qN) iEZ o1 (qu 1)
2
Proof.ll) It follows from Proposition 7 that (3.3) is a

necessary and sufficient condition for a neutral allowance

level. Also if a neutral allowance level exists, it is
i
unique because %% {(q) is a decreasing function and E%(q, Ii)

2
is a nonincreasing function of q for all i = 2, ..., n.
So we show the existence of a neutral allowance level.

Since U” is a continuously differentiable on {(q, m} € Ei:
df

m >0} for all i =2, ..., n and lim 3= (@) = +=, we have
d
g—+0
af n U
— (g + ¥ — (g, I.} > 1 for any sufficient small g > 0.
dq i=2 U 1

11) A neutral allowance level exists under the assumptions
of Section 2, and the assumptions of this section is

not used in the following existence proof.
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Ui
Also, since 9E (§) = 1 and —+(§, I;) < 0 for all i = 2, ..., n,
d U% i
we have
n vl
df , . 1 A
— (4) + & — (g, I,) < 1.
dq i=2 U3 1
af n v}
Further since =—=(g) + I —(g, I.) is a continuous func-
dq i=2 U} 1
tion of g, there exists a QN satisfying (3.3). (Q.E.D.)

Corollary 9. Let EN be the neutral allowance level in the

community with I and let (r, qR) be a ratio equilibrium in

E(I, q). Then dg 2 g if and only if q & &N.

af n U3 . , :
Proot. aq (gq) + 122 Ui u;,Ii) is a decreasing function
of g by the strict concavity of £ and Lemma 6. (i). Hence
dp 2 q if and only if g £ g by Propositions 7 and 8.

(Q.E.D.,)
By this corollary we can illustrate the relation of
an allowance level, an equilibrium activity level and the
neutral allowance level as Figure 1.
We have the following proposition on effects that a
change of an allowance level or households' income has on

an equilibrium activity level.

Proposition 1l0. Let aN(I) be the neutral allowance level

of the community with I and let gp(I, g) be an.equilibrium
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dp (@)

A

Figure 1.
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activity level in E(I, q). Assume a &N(I). Then
2z

(i): If A is a vector such that A 0 and A # 0, then

ap(I, @) 2 ap(I + 4, q).

(ii): If g < q' < &, then qg(I, q') 2 gg(I, Q).

When (3.1) holds in strict inequality, the results of (1)
and (ii) holds also in strict inequality.

Proof, (1): Let (ro, qo) and (rl, ql) be ratio equilibria

in E(I, a) and E(I + A, &) respectively. Suppose ql > qo.

Hence we have

e} arf ) df 1 1
r.- = — > — = ..
1= 35 (@) > 55 @) 1
There is an i (2 £ i £ n) such that r? < ri, because
n n
1= 3 9= ¢ ri. since q 2 q° by q 2 qy (I} and

i=1 1 i=1
Corollary 9, we have, by Lemma 6. (i) and (ii),

Ui
A R 1,1 =
fi = Ui (g™, Ii + Ai ri(q aQ))
2
i
U
1,1 1, 1 -
S5 (@, I; - (g - Q)
U3
i
U
£, 1 - et - @)
i
U
< 71 _ .0, 0 _ = _ .0
=1 (g, I; - ry(g q)) = x;
2
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This is a contradiction. Therefore qo 2 q%
(ii}: As we can prove (1l) analogously to (i), we omit
its proof. {D.E.D.)
We have shown monotonical effects that changes of an
allowance level and the households' income level have on an
equilibrium activity level. Such monotonical properties,
however, may not hold for any allowance level g < &N(I).
When g < EN(I), the equilibrium activity level gp(I, q) is
higher than g by Corollary 9. 1In this case, there may be
the possibility that when the allowance level decreases or
the households' income levels increase, the equilibrium
activity level increases. It is illustrated as Figure 2.
Roughly speaking, when the allowance level decreases, the
households agree with a higher activity level so that they
can get greater compensations. This possibility is in-
tuitively paradoxical. But we have not succeeded in
constructing any counter example for proposition 10 with
g < éN(I, gq) nor proving it. We can provide only a suf-
ficient condition for it.

" Proposition 1l. Assume that Di(ri, Ii' g) is a nonincreas-

ing function of r; < 0 for all i = 2, ..., n. Then (i) and
(ii) of Proposition 10 are true.
Proof. (i): Suppose q- = ap (I + 4, q) > qR(I,iE) = qO;

By the strict concavity of £, we have



~l

1= 35 (@) > gg (@) =17
. . < s < o 1
Hence there 1s an i (2 =2 i1 2 n) such that rs < ry because
n n
s 9= 3 r% = 1. By the assumption and Lemma 6. (iii)
i=1 L i=1 1
We have
© =p, (%, 1., @ 2D, (ct, 1,, @
! ity tye @S Pytrgy Lye
1 - 1
2 Di(ri, Ii + Ai,q) = q .

This is a contradiction.
(ii): As we can prove (ii) analogously to (i), we omit the
proof, (Q.E.D.)
The firm's activity may be thought of as a supply of
an environmental good by measuring it in -(g-q) and -,
may be considered as the price and so, we can discuss the
demand for the environmental good in a standard way. Then
the assumption of Proposition 11 is that the demand for the
environmental good is a nonincreasing function of ~r;.
Hence it is just a Giffen's paradox that the assumption of
Proposition 11 does not hold. In other words, it is a
necessary condition for Proposition 10 for g < aN(I) not
to hold that the environmental good is a Giffen's good.
But it may be reasonable to assume’ that any environmental
good is not a Giffen's good when households' incomes are

fairly high.
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4. Property of the Neutral Allowance Level

In the previous section, we have characterized local
properties of ratio equilibrium when the households' income
levels or an allowance level change. As shown in Proposition
7, 10 and Corollary 9, the neutral allowance level plays
an important role as a criterion for the local properties.
In this section we will investigate the behavior of the
neutral allowance level when the households' income levels
change.

n-1

Proposition 12. Let A be a vector in E, such that A2 0

and A £ 0. Then aN(I) 2 &N(I + A),

Proof. Suppose aN < &N(I + A). Then %g(EN(I)) >

%g(aﬂ (I +A)) by the strict concavity of £, and

n U]J: _ N n U]]: _
z — (g (L), I,) ¢ § —= (g (I +A), I, + A.)
i=2 u; N * i=2 U, N 1 t

by Lemma 6. (i). But these can not satisfy (3.3) of

Proposition 8. (Q.E.D.)
Hence the neutral allowance level does not have the

possibility that it behaves in an irregular form such as

the behavior of qR(I, 3) pointed out in the previous section.

Further we can provide limit properties of the neutral

allowance level.
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vy WV Y
Proposition 13. Let {IV} = {(12, ..o In)} be a sequence

of income wvectors.

(A): IEf (1), +eey I))

g (v = o). ;
Y

- (+0, ..., +0), then QN(IV) -

(ii): Assume that for any g 2 0, lim = {g, m) = -« for

m—ioouz
, v v
all i =2, ..., n. If (12, ceey In)-—> {cop o

qN(IV) -0 (Vo o).

"Proof.lz) {(i): For any g (0 < q £
i
v
lim au” (g, I,) = 4o,

-v ., .
and so, by the fact that 0 ¢ Ay < 4,

13)

{fling s’

(Gyr T1) = 0 (Vow).

t\JdH I I-—'C:H-

Hence we have, by (3.3) of Proposition 8, 1lim

y)—> 0O

Therefore we have &g - g (Vooe), i
U

(ii): For any q (0 £ q £ §), we have lim —
=2 Vo oo gk
2

S0 we have

9 (G
dg 9y

WV
(g, Ii)

q), we have, by (2.2)

= 1.

— OO

12) ©WNote that we do not use the assumption added in

Section 3 in the proof of Proposition 13.

vV

13) &; stands for &N(I ) .
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i
n U _
lim % —}L (G, I3 = -
- V=0 i=2 [
2
Hence lim af (&V) = co Therefore we have &v -0 (Vo)
- \)_;oodq N - N L]

(Q.E.D.)
From Propositions 12 and 13, we can draw Figure 3
which indicates the full behavior of equilibrium activity
level when an allowance level and the households' income
levels change. All curves do not intersect each other and
are nondecreasing in the southeast triangle of the box-
diagram of Figure 3, which is shown in Proposition 10, and
they may intersect each other and may be decreasing in the
s north-west triangle, which is pointed out in the previous
section. Further, Propositions 5.(ii) and 13 say that curves

become flat when they approach. the bottom of .the box-diagram .

5. Conclusion

We have shown that an economy with external diseconomies
can be considered as a variation of a public good ecconomy
and can be treated in the same way by introducing the con-
cept of allowance level, and that the theory of ratio equi-
librium and the voting game G(N, W) can be directly applied
to this economy. It is a device for the resolution of the

conflict among the damaging firm and the suffered households
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Figure 3.
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