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C2-We consider the collective choice problem with full transferability as
constructing a mechanism in which truth-telling is a dominant strategy.
We assume that there is a public information commonly observed after
agents’ announcemnent, which a mechanism will condition on. We show that a
dominant strategy mechanism with budget balancing virtually exists. This
possibility result is robust with respect to the incentive of coalitions
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1. INTRODUCTION

We conslder the collective choice preblem explored by d’Aspremont and
Gerar&—Varei: [1], Groves [2] and Myerson [6], in which utilities are fully
transferable. Agents in the society agree to delegate a collective choice to
_the central planning board according to some mechanism, i.e., a pair of a
decision rule and some well-specified transfer rule amongst them.

Each agent has, a priori, his respective private information.concerning

all factors that determine all agents’ preferences. These knowledges are

- ounknown  to  the central planning board. Each agent simultaneously announces

some message as being his own information before the decision by the central
planning board. A mechanism will condition on these messages. We view the
collective choice problem as constructing a mechanism that urges each agent
to reveal his own information honestly. |

In this paper, we assume that all agents, teogether with the central
planning board, commonly observe some additional Iinformation after the
announcement and before the decision by the central planning board. A
mechanism will condition on the public information as well as their
messages.

Groves [2]1 has considered the case that no public information is
available. He showed that there exists typically no efficient dominant
strategy mechanism with budget balancing.

We will argue that the impossibility depends crucially on the
assumption that no public information is available. In Section 3, we
presents a condition on a common prior, Condition 2, under which, for every
decision rule, we can construct a transfer rule with budget balancing such

that truth-telling is a dominant strategy.
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Condition 2 requires only that, for every agent in the society, the
probabilities over public information conditional on his private information
are different each other. This requirement virtually holds if there is an
available public information. The impossibllity by Groves vanishes cnce we
permit the availability of public information.

Condition 2 ensures the existence of a transfer rule which imposes a
vast sum of penalty on each agent whenever he deviates from truthful
revelation. The penalty 1is regarded as a uniform transfer from him to the
other agents, which will guarantee the balanced hudget.

In Section 5, we shall take into account the incentive of coalitions as
well as the single agents. If a coalition is formed, agents in the coalition
will try to maximize the sum of éxpected payoffs for all members of the
coalition through the devise of inside transfer. Moreover, we permit that
the members of a coalition can commmicate each other and share iﬁfomation.

We show that, for the sustainability of the eff_ici_ent decision rule,
the possibility result in Section 3 is robu;t with respect to the incentive
of coalitions to conform truthful revelationf We shall expand the size of
message space. For each agent, his message is regarded as an opinion about
information in' whole possessed by him after full commmnication.

We introduce a condition on a comon prior, Condition 5, which is
similar to Condition 2. Condition 5 requires only that, for every agent in
the scciety, the probabilities over public information conditional on the
information possessed by the members of a coalition including him are
different each other. Condition 5 alseo virtually holds, although this is a
bit more restrictive than Condition 2.

In the same way as the argument concerning Condition 2, it is shown

that under Condition 5, we can construct an efficient mechanism in which if
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a coalition 1is formed, every member in the coalition has the incentive to
reveal honestly the true information in whole possessed after full
commmication, irrespective of the announcement by the counter-coalition.
Groves [2] assumed that each agent’s utility depénds on his own private
informatiocn only. One minor extension is that-each agent’s utility depends
on every agent’s private information as well as the public information.
Matsushima [5] has considered the Bayesian collective choice problem on
the assunption that no public information is available. In Section 6, we

will explain the relationship between the work and this paper.



2. THE BASIC MODEL

According to d’Aspremont and Gerard-Varet [1], Groves [2] and Myerson
[6], we define the following collective choice problem. N = {1,...,n} is the
set of agents in the soclety. Agents have to choose amongst the set of all
alternative public productions X.

We introduce a commodity called money in order to alloew any kind of

transfers amongst the agents. A transfer is denoted by an element t =

(t ..,tn) of R*, where t, is a transfer-payment to agent i.

1 i

Agent i has, a priori, a private information w, concerning all agents’

utilities. sai is the set of feasible wi- Qi is finite and nonempty. The

mmber of feasible ws is denoted by 1«:1 = :szi: pr 1 Let @ := i:N%' and 9—1
1= jiigj'

Agents commonly observé a public information ¢ before choosing amongst
X. ¢ 1is the set of feasible ¢. ¢ is finite and nonempty. The number of
feasible ¢ is dencted by q := ¢ = 1.

P is a probability over ¢ x g, which is called a common prior. For
convenience, we assume that

Pld,w) > O for all (¢,w)sd x Q.

Agent 1 has a von Neumann-Morgenstern utility function Ui: X xR x ¢ x
Q - R. Ui(x.ti,tp,wJ is the payoff for agent i under (¢,w) given that an
alternative =xsX 1is chosen and ti is transfered to agent i. We shall admit

urestricted side-payments with full transferability:

QN
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ASSOMPTION. For every isN, there is a hounded function ui fromX x ¢
x @ to R such that for every xsX, every tiaR and every (¢,wlsd x Q,

Ui(x:ti’q’sw} = ui(x,q),UJ) + tiv

Agents agree to delegate the choice of altarnative, together with the
choice of transfer-payments, to some central planning board according to
some well-specified rules. Before choosing (x,t), the central planning board
also observes the public information ¢, but does not observe the private
informations .

Each agent, agent i, has to publicly and simultanecusly announce some

message m; as being his own true information. M., is the set of feasible m

i i’

and let M= x Mi. . We assume that agents arnnounce messages before observing

i=N
¢, and the central planning board takes m = A(mi)iENsM into account as well
as ¢.
To be precise, a decision rule is a function g:¢ xM » X, and a
transfer rule is a function s = (S1)isNid x M = FP. g(4,m) and si (¢,m) are

the altemative and the transfer-payment to agent i given that the messages
are m and the public information 1is ¢. A pair of a decision rule and a
transfer rule (g,s) is called a mechanism.

Throughout this paper, we shall require that a transfer rule should be

budget balancing in the following sense:

DEFINITION 1. A transfer rule s is budget balancing if for every msM -

and every ¢=¢,



b si(¢,m) = 0.
i=N

A message of agent i is regarded as a strategy for agent i. A strategy

rule for agent i is a function ¢gi from Qi into Mi. ol {wi)sM is the message

which agent i announces when his true private information is w; -
Given a mechanism (g,s), the agent 1i’s expected payoff given that
agents conform g is

vi(o:g.s) = ¥ [U&(g(¢,dfm)),¢,m) + %_(¢,a(w))]P(¢,m].
{(¢,uw)

where olw) = (o; (0 )); -

DEFINITION 2. A profile of strategy rules g = (Ui)izN is dominant in a

mechanism (g,s} if for every ieN and every g’,

vyl »0l;:9,8) 2 v, (67:9,8).

The expected payoff for agent i conditional on wy given that agent i.

announces m, and the others conform a_; in a mechanism {(g,s) is

~

Vi(mi,l:i_i;g,s.wi) = (¢ E )[lli (g(‘i’,(mi ’G—'j. ((ﬂ_i ))"pa(ﬂ)
YW .

1
+ Si(‘P,(misd_i(w_i)))]Pi (‘P,w_i :U.i )’

where p.(¢,w_,lw;) 1S the probability of (¢,u ;) conditicnal on w induced

by p. From the assumption that p(¢,w) > O for all (¢,w), we can check that g

is dominant in (g,s) if and only if for every i=N, every w, » Every m and

every o_;
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- ~

vi(ci(mi),o_i ;gss’mi) P Vi (n}- ,Ci_i ;gsssﬂi 1.

REMARK 1. Dominant strategy in Definition 2 requires that g; (w;) should

be the best response for agent i irrespective of the other agents’ strategy

rules whenever w, is his private information. Notice that this is the same

i

as the Groves’ [2], on the assumption that ¢ 1s a singleton and U, is

independent of w_, .

REMARK 2. Later, we will consider the case in which agents can
cammnicate and share information. In this case, agent 1’s strategy will
dépend on the other agents’ private information as well as his own.
Therefore, we have to modify the definition of strategy rule in this

respect. See Subsection 5.2.

Throuchout this paper except Subsection 5.2, we shall assume that

M, = @. for all i=N.
1 1

wWe confine attentions to mechanisms in which truth-telling is a dominant

strategy: We denote by o: the honest strategy rule for agent i, such that

®
Ui(wiJ = wy for all Wy s%_ .

According to g:, agent 1 always announces his private information honestly.
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3. INFOCRMATIONAL CONDITION

In this section, we will present an informational condition on the
common prior p which are sufficient for the existencé of dominant strategy

“Muw

mechanism with budget balancing. We dencte by p

1

i the probability over ¢

oyl

conditional on induced by p. We will regard p ‘ as a g-dimensional

¥

vector.

CONDITION 1. For each 1isN, there is a function by from 5 ® %. to R
such that for every wieﬂi,

“luyl “lw; ]

(¢) whenever % o g -
bed $EP

The interpretation is that Hy is the transfer rule for agent i which

imposes a penalty on agent i whenever he deviates from truthful revelation.

Under Condition 1, we construct, for each real number z, a transfer

rule s[ZI = (S§ZI)isN in the following way: For every i=N and every (¢,m},
[z] e . c
S (¢,m) := Zhﬁ(¢J%) o1 _2lﬁ(pJ%)].
Jel
Under the transfer rule s[Z]. the penalty on agent i imposed by Zuy is

regarded as a uniform transfer from him to the other agents. Notice that

S[Z] is budget balancing. The following proposition shows that for every

decision rule g, we can find z such that (g.s[Z]) is a dominant strateqgy

mechanism:
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PROPCSITION 1. Suppose that Condition 1 holds. Then, for each decision

rule g, there is a transfer rule s with budget balancing such that the

honest strategy rule s is dominant in (g,s).

Proof. Let

Di = max [ui(g(¢,m).¢.ml - ui(g(tp,m’),(v,w)].
{¢$,w),m,m’

Cheose a positive real number z which is so large that for every isN, every
miaszi and every l'l'li » @

A[wi]
Z Y [u(ow) - (o,m3]p (®) 23 .
PP

Notice that for every isN, every wy, GVELY My o @y and every ay -

—~ ~

IZJ !Wi ) - vi (mi !G_i ;g!S[Z]

'Vi(lﬂigﬂ_i;gys ’u'i)
) "[wi]
z % [y (o) —yle,m)Ip (¢)

pzd

+

( E )[ui(g((P’wi ’U""j. (w_i))’q)glU)
q’:lﬂ_i

ui(t_:j(cts.mi.c_i(m_i)).q),m)]p:tl_(cp.ui_i Iﬁ )

“lw, ]

Ped

w

z 0.

[z]

Therefore, the honest strategy rule 0* is dominant in {(g,s ).

Q.E.D.

We wll show that Condition 1 is weak from the informational view-polint:

We introduce the following informational condition:
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“lw, ]
CONDITION 2. For every isN, p * is injective with respect to miEQi;

that is, for svery ieN,

A[wil A[wi']
p » P wmmammuiﬁ:%.
Notice that Condition 2 virtually holds if the number of feasible ¢, q,

is at least two, i.e., if there is an available public information.

REMARK 3. The framework of Groves [2] corresponds to the case that ¢ is
a singleton, l.e., the case of "g = 1". "g = 1" means that no public

information is available. Condition 2 excludes this case.
The following theorem shows that Condition 2 1is sufficient for
Condition 1, and therefore, for the existence of dominant strategy mechanism

with budget balancing:

THECREM 2. Suppose that Condition 2 holds. Then, for each decision

rule g, there is a transfer rule s with budget balancing such that am is

dominant in (g,s).

Theorem 2 means that a dominant strategy mechanism with budget
balancing virtually exists if g z 2, i.e., if there is an available public

information. The complete proof is presented in the next section.
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4. THE PROCOF OF THEOREM 2

k
For each isN, we define mi s ,wii recursively in the following way: wi‘

1
“lw;l
is an element of gzi such that p 1 is an extreme point of the convex hull

“lwg ]

of the set {p 9 }. Morecover, for each ws(z,...,ki }s u;l:' is an element

ij.

~lo?]

ll’-l) such that p +

of szi/(mi, SRR is an extreme point of the convex hull

“fw.]

Of the set (P © 1 w =@ /... d )},

~

LEMMA 5. Suppose that for each i=N, there is a function Uy from ¢ x %

to R such that
~ e ~ ~w?
¥V ou, (¢,wi Ip (¢} > ¥ Y (¢,ui )p ($)

e ¢

whenever ¢ < ¢’, Then, for each decision rule g, there is a transfer rule s

with budget balancing such that a$ is dominant in (g,s).

The supposition in Lemma 3 means that the expected transfer-payment to

agent 1 conditional on miw induced by Ly is larger than the one conditicnal

on u)iw whenever ¢ < ¢’ and he announces mi = u);l-).
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Proof of Lemma 3. Fix ieN arbitrarily. We construct a function by

from ¢ x §. to R recursively in the fellowing way: Let
‘i

~

1, ._ 1 1 1
Lli(q’.wi) = a lli (‘p,’-lt) + b s

where a1 and b1 are real numbers which satisfy
~ ~r 1

1 1 Loyl 1
b

) Ty Nl

a' max [ T (e, )p T (@)] +B =- 1.
w1l o=¢
1

Notice that a~ > 0. Moreover, for each ws{2,...,k1}, let

~

h, . _ W Y \

. where a¥ and b¥ are real numbers which satisfy

= “w,l

a¥max [ L (e.u)p T (9)] + B =M§L‘_l, and
wisgi PP
~ [p’
“a, ]
a¥ max [ X Ui((b,w;-ll_))P oy o+ o= -1,
W' 0 bsd

where d{y) 1Is the expected transfer-payment to agent i conditicnal on w?

~

induced by us whenever he announces w? honestly; that is,

~ ~ ¥l
1} 1
d(p) = § ui(¢,wi 'p ().
Psd

Notice that d(y) is larger than - 1, and a¥ > 0. We can check that such a Hy

satisfies Condition 1, that is, for every wisgi,
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“[wil “[mi]
X ui(¢>.wi)P () > ¥ W (wg p (¢) whenever moxy -
b PEd

This and Proposition 1 ensure that Lemma 3 holds true.

Q.E.D.

~

All we have to do is to show that for each isN, such by exists under

Condition 2. Fix i=N and ws{l,...,ki} arbitrarily. Notice from Conditicn 2

¢ W’
“luwg ] Muy 1
that p i 1s separable from the set {p 1 i ¢’ > ¢}, Therefore, we can

| . . ~tw?]
choose a basis of R-, {yl,...,y }, such that for every ¢’ > ¢, p is in

v
w1
the interior of the convex hull of the set {yl....,fq}, whereas p = 1is not

in the convex hull. For every w“s{l,v::uki}, there is a unidue g-dimensional

»

Y
¥ » A[m- ] q » *
W W g ) i _ ' h . g
vector (al AL JeR* such that p = ¥ o ¥ - Notice that Y > 0 for

h=1

l]J'
“lw, 1
all hs{l,...,¢} whenever ¢’ > ¢, because p 1 is in the interior of the

*
convex hull. Moreover, notice that there is an integer h =(1,...,g} such

v o} ]
that g * < 0, because p is not in the convex hull., Dencte yh =
n

~

(Yh(¢))¢5¢. Choose ”i(¢’dg)’ ¢=p, such that for every hs(l,...,q)/(h" ),

~

2w (o) () =0,
hzd

whereas



_l'{_

b

¥
Ly (0.a)Y (o) = - 1.
Ped

S

Such ui(cp,m;’), Ped, exist, because yh, he(l,...,q}, are linearly

independent. Notice that
v ey
E Lli (¢ ’Wi )p
¢

{(¢) < O whenever ¢' > y,

»

bhecause a‘”* > 0. On the other hand, notice that

h
I T
E oy (e,00)P (¢) > 0,
$=d
because a‘”* < 0. These imply that
h
L T ey
¥ ui(¢,mi)P (¢) > ¥ W (¢,ui Ip {(¢) whenever ¢’ > u.
bed PEd

Hence, the supposition of Lemma 3 holds, and therefore, the proof of Theorem

2 is completed.
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5. COALITION FORMATION

In this section, we take Iinto account the possibility of coalition
formation. A nonempty subset of N is called a coalition, which is denoted by
C.

There are two merits of forming a coalition: The one is that agents can
transfer money amongst the coalition independently of the rule by the
central planning board. If a ccalition 1is formed, all agents in the
~coalition will try to maximize the sum of expected payoffs for all agents in
the coalition through the device of inside transfer.

The other merit is that agents in the coalition can communicate and
share information., If a coalition is formed, strategy chosen by each agent
iﬁ the coalition will condition on the information possessed by the other
agents in the coalition as well as his own.

For._convenience- of -the -argument, we divide into the following two
cases: The one is the case that full inside transfer is permitted, whereas
ne comminication 1is permitted. This will be considered in the next
subsection.

The other 1is the case that full commﬁnication is permitted as well as

full inside transfer. This will be discussed in Subsection 5.2.
5.1. THE CASE OF NO COMMINICATION

The following definition will describe truthful revelation in the
situation with full inside transfer and with no commmication. We assume
that if a coalition is formed, a devise of inside transfer makes each agent

in the coalition engaged in maximizing the sum of expected payoffs for all
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agents in the coalition. We denote by -C the counter-coalition of C. Let

DEFINITION 3. A profile of strategy rules g is dominant with full

inside transfer and with no communication in a mechanism (g,s) if for every

coalition C and every ',

Y v, (60 m39,.8) 2 L Vi (07:9,8).
fec 1 €’%C isc

Dominant strategy in Definition 3 requires that oo always maximizes the

expected payoff for coalition C irrespective of the strategy rule for the
counter-coalition -C. This is more restrictive than dominant strategy in
Definition 2.

According to the previous section, let Mi =9 for all isN. We dencte

by g* the efficient decision rule, such that for every (¢,wlsd x Q.

4
LU (g (¢,0).%,w) 2 T U (X,9,0) for all x=X.
. 1 N 1
i=N i=N

E3
g {¢,w} is the alternative that maximizes the sum of payoffs for all agents
under (¢,w).
The following proposition shows that wnder Condition 1, the honest

(21,

% ®
strategy rule g is dominant in the above sense in the mechanism (g ,s
provided that z is sufficiently large. "z is large" means that any deviation
by any coalition induces a large amount of transfer-payment from the

[z]

coalition to the counter-ccalition in the mechanism (g*,s ). This will

prevent any coalition from deviating from truthful revelation.
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PROPGSITION 4. Suppose that Condition 1 holds. Then, there exists a

transfer rule with budget balancing s such that g is dominant with full

inside transfer and with no commnication in (g*,s).

[zl

Proof. By definition of g and from the fact that s'2' is budget

balancing, we can check that 0* maximizes the sum of payoffs for all agents

in the mechanism (g*,s[zl

). Therefore, we confine attentions to coalitions
which are proper subsets of N.
Let
® *
Ei = max [ui(g (¢,m},¢,w) ~ ui(g (¢,m"),¢,w)].
(‘P,m),msm'

Choose a positive real number 2z which 1s so large that for every isN, every

. and ewv m, .
ml erYl#qu,

M, ]
Z % [ (bw) —w(em)]p - (03 2 (n=-1) TE.
osd i i M 1 jgNJ

[z]

In the mechanism (g ,s'2)), the expected payoff for coalition C

conditional on w3 given that agent i anncunces m, and the others conform o_;

is denoted by

i *
va(m, ,o_: jw. ) = ¥ yow(g (em g, (w. )),¢,0)
Crim-it 3=C (#r0_g) 7 e

. oL[Z] |
- Sj (‘pamiaﬂ_i(w_i))]pi (‘PQU}_i IUi .

g* is dominant with full inside transfer and with no communication in

(g*,SIZIJ if for every ccalition C = N, every i=C, every wj every m and

every o_;
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VC(UJisa_i :Wi) Z Vé(mi ’G_i |(l-li ) -
Fix coalition C » N arbitrarily. Denote ¢ := I1C! < n. Notice that for
every iseC, every Wy » every mi ”w and every a;

~

L oy -y .
VC(Wiso_i’wi) Vé(mi .G_i )wi)

n-c “lug ]

i
=51 2 b [l.li(QJ.wi} - Li(¢’ni]]p (¢)
PP
*
+ E Z [u (g (¢, s 0 (W_ 1).9,uw)
jEC (‘le_i) j u& i 1

* 1
Uj(g (¢,mi.0_i (N_i))"PvW)]pl (4”&_1 lui )

n-c “lug
2 5—71' z ¢§q>[ui (¢,u ) _‘l.i (¢,m )]P (¢) - js):CEJ
1 : “lwy
a-ﬁ.zqz) [ui(tp,ui) - 1i(t!>,n§_)]P (¢) _ja%EJ
z 0.
This ensures that Proposition 4 holds true.

Q.E.D.

5.2. THE CASE CF FULL. COMMUNICATION

In this subsection, we shall permit the possibility of full
commmication amongst the members in a coalition, as well as full inside
transfer. If coalition C is formed and agent i participates in €, agent i’'s

strategy will condition on not only wy but also o in whole.

C = (wj )jSC
Therefore, we must modify the definition of strategy rule in the following

way: B(i) is the set of all coalitions which agent i belongs to. A modified
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strategy rule for agent i is a combination of functions gi = (E,SEC] )CsB( i)’

[C]

{c1 . .
is a function from szc into Mi‘ 'Ei

where £ (ub) is the message which

agent i announces when coalition CsB(i) is formed and the information W is

shared.
In a mechanism (g,s), the expected payoff for coalition C conditional

o wa given that the members of C jointly announce M and the counter-

coalition -C conforms Eco = (gj)js—c is

VoMo 5.0i@Shug) = £ F (4 (9o Bac (g ))athw)
isC (‘P:UJ_C)
-c] .
+ Si(¢-mc.£_ (W_C))l% (‘P.w_c lut)s

where p.(®,w_~iws) 1s the probability of (¢,4 ) conditional on y. induced

by p.

DEFINITION 4. A profile of strategy rule £ = (“Ei)isN is dominant with

full inside transfer and with full communication in a mechanism (g,s) if for

every coalition C, every o., every M and every a_’c,

o (ICI - .
VC(EC (Wc)sg_cyglslut) 2 VC (n}: 'E_C ’gislut)-

Dominant strategy in Definition 4 requires that for every coalition C,

EéC] (wc) maximizes the expected payoff for C conditicnal on Yo irrespective

of the strategy rule for the counter-ccaliticn —-C. Notice that this is more

restrictive than Definitions 2 and 3.
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According to the previous sections, we start with the assumption that

M. = &

i 1 for all i=N. Let g; be the honest strategy rule for agent i, such

that for every CesB(i) and every %:EQ:,

*[C] -

where is the component of W which corresponds to agent i’s private

Y3
information. According to g:. agent i1 always announces his private
information wy honestly, even through coalition C is formed and the

information w., is shared.

C
We consider the possibility of sustainability of g* = Igz)iEN by

dominant strategies in the sense of Definition 4. We introduce the following

“wl
condition: We denote by p the probability over ¢ conditional on w induced

“wl
by p. p is regarded as the g-dimensional vector.

‘ “uwl
CONDITION 3. P , wsQ, are linearly independent.

PROPOSITION 5. Suppose that Condition 3 holds. Then, there exists a

transfer rule with budget balancing s such that g* is dominant with full

inside transfer and with full commmication in (g$,s).

Proof. Let E be a real number such that

Eznh-1% Ei,
i=N
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where Ei is the nonegative real number in the proof of Proposition 4. For
each isN, let e be the function from gi x 91 to R such that

and

ei(mi,wi) = - E whenever m o~ ouy

Il

ei(wi,wi) 0 for all "’isgi .

—~— ~

We construct a transfer rule s = (si)is such that for every i=N/{n} and

N

every wsQ,

~

ol L
L s {emp (o) = ,u) ~— L&mn,ul,
0ed i’ o171 n-1 $mi 33

and

~ ~

s =- Y s..
n iwn *

Notice that s is budget balancing, and

o~ Fal

(w] _ 1
ped i=n

~—

By definition of g* and from the fact that s is budget balancing, we

®
can check easily that £ maximizes the sum of expected payoffs for all

*®
agents in the mechanism (g ,s). Therefore, we confine attentions to
coalitions which are proper subsets of N.
Fix C x N arbitrarily. Denote ¢ = ICI < n. For every i=C, svery ¢ and

every m, if me = w s then

—_~

B3 - UJ]
jgc ¢E¢,[uj (g (0w My )o00) + 8 (0oy 118¢7 (99
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o~

L% U (g (e,m),e,) + 8 (0.m 15! (9)
jeC =@ J

n-c *
- —em,u)+ F § (Wig (¢,u ,m, ),d,w)
n-1 ~1"1'Y 5C pe j Yooty

]

Fa

uj(g’“w,m) Le,0) 12897 ()

L
E- $E 2-4-E- [E
jecd TP ey

n-c
2 n1
= 0.

This means that for every We s every qc and every ghc,

o (*ICI ) i
VC(E.C (wc):E_C,g,S-ut) = Vc (nb ,E;_c ’glssllt)o

Therefore, Proposition 5 is proved.

Q.E.D.

The drawback is that Condition 3 is too restrictive from the
informational view-point; that is, Condition 3 requires that the number of

feasible ¢, ¢, should be at least gt = T ki' It must be noted that in the
ieN

[z]

mechanism (g*,s } constructed in Section 3, g* will not typically be

dominant in the sense of Definition 4. If w; 1S agent 1’s true private
information, then m = e will indeed maximize the expected value of

S£Z](¢,m) conditional on wy only, but will not maximize the expected value

conditional on both the information possessed by some coalition and his own

wy - This observation seems to suggest the difficulty of finding a dominant
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strategy mechanism in the sense of Definition 4 under a much weaker
informaticnal condition than Condition 3.
We will argue below that this trouble results from the fact that the

size of message space Mi ='9i assumed through the previous argument is tcoo

small: In the latter part of this subsection, we assume instead that

M, = x for all i=N,
1 CsB(i)RC
where Qc = x 9. Moreover, we modify the honest strategy rule for agent i
j=C

-~

E; to the strategy rule a: such that for every CeB(i} and every s

*[CI(

gi UJC) =L|.b.

~

According to g:, agent i honestly announces not only w; but also U in whole

whenever coalition C is formed.

We introduce the following condition on p, which is parallel to

“lwal
Condition 1: We denote by p c the probability over ¢ conditicnal on W
“lwal
induced by p. p is regarded as a g-dimensiocnal vector.

CONDITION 4. For each i=N, there is a function my from ¢ x ( x )
CsB(i}

into R such that for every CsB(i) and every %:sg:.
“uwal “lwal

C C
v ni(¢.q:)p () > F %_(¢.q_)P (¢) whenever no -
P ¢sd
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The interpretation is that ms is the transfer rule for agent 1 which

imposes a penalty on agent 1 whenever he doe not honestly announce his
information possessed after commmication.

Under Condition 4, we construct, for each real number z, a transfer

rule s[ZI = (S£Z])12N in the simmilar way to SEZ]: For every isN and every
(¢,m),
[z] o _ 1
sy (e,m) = 2[m (oum ) - == ‘Z_xﬁw.nﬁ)}.
. J#1
Under the transfer rule s[zl, the penalty on agent i imposed by Zmg is

regarded as a uniform transfer from him te the other agents. Notice that

-~

st is pudget palancing.

”~

wWe denote by g* the medified efficient decision‘rule, which is defined

in the following way: For each misMi, let mi(mi)sgi be the component of m

which corresponds to agent 1i's private information. We denote w(m) =

(wi(mi))iEng. For every (¢,m),

~

g*(¢,m) = g*(¢,w(m)).

For every i=sN, fix a coalition C(i)=B(i) arbitrarily. Notice that

¥[C(1)]

w = w(m) whenever mi = Ei (q: ) for all isN.

(i)

This, together with the definition of g , means that efficient public

”~

< s . . ® - :
decision is realized whenever agents conform &£ , irrespective of which

coalitions are formed.
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The following proposition shows that Condition 4 ensures that there is

~ ~

Z such that (g*,s[zl

) is a dominant strategy mechanism in the modified

sense.

PROPOSITION 6. Suppose that Condition 4 holds. Then, there exists a

~

transfer rule with budget balancing s such that g* is dominant with full

~

inside transfer and with full commmnication in (g*,s).

Fal ~

Proof. By definition of ¢ and from the fact that siZl

is budget

-~

balancing, we can check that g* maximizes the sum of payoffs for all agents

Y ”~

in the mammuan(dﬂsm]

). Therefore, we confine attentions to coalitions

.which are proper subsets of N.

Notice that & is dominant with full inside transfer and with full

S el

(z]

commmication in (g*,s ) if for every coalition C » N, every isC, every e

ssac, aevery rfbs% and every E_C,

~ ~ ”~ ~ ~

" £[C] . lzZ) L Iz]
vc(mc/gi (chvE_ng .S ;ut) = VC (nb ,E_C ng » S ,Ut),

el

(Cl

R
where rnC/g:.L (q:) describes the messages announced by all members of C such

LS

that agent 1 announces £:[C]

(%:) = uas whereas the other menbers of C

announce according to M.
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Choose a positive real number z which is so large that for every isN.,

every CsB(1), every ve and every mi ok

“[wal

C
2% [m(dyga) — i (0,m ) ]P ¢ 2n-1 Y E,
vep % 5 1 jsNJ

where Ej is the nonnegative real number in the proof of Proposition 4.

Fix coaliticn C » N arbitrarily. Denote ¢ := IC! < n. Notice that for
every isC, every u.chS?C. every "bs% and every E—C’ if n}. g then

~ ~ ~ ~ ”~

- *[C] _* [z] . x [Z]
vc(mc/sgi (wod18 39 8 ,ut) Vc(nb.a_c,g 'S ,ut)

~Lug]
n— C
=7 Z L) = x (e.m)lp = (o)
P

x #[C1, . [-C]
+ ¥ ¥ [ujtg (4”"1:/‘31 (ut),-._c (w_c)).cp,m)

32C (¢,u_p)
T [-C] .
UG (@M S0 ()] 000 IR (Paug fys )
“lwal -
n—c C
2==2 ¥ [n, (¢.g) - n (p,m )]P () - T E
n-1 % e i ‘t ¢! 1 jec

1 “Lug ] .
HZE[”i((p’uC)—Hl((p’n}.)]P (cp)—.LEJ
¢ j=N -

v

z 0.
This ensures that Proposition 6 holds trﬁe.

Q.E.D.

In the same way as Sections 3 and 4, we can show that Condition 4 is
weak from the informational view-point: We introduce the following

informational condition, which is parallel to Condition 2:
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A[wC]
CONDITION 5. For every icN, p is injective with respect to

upE X Sb; that is, for every isN,
C=B(i)

~m 1 ~mgd
P P ‘whenever m, ,mie x G, andm ~m.

17 ceB(1) 1

Notice that Condition 5 virtually holds if the number of feasible ¢, q,
is at least two. In the same way as the proof of Theorem 2, we can prove
that Condition 5 1is sufficient for Condition 4, and therefore, for the
existence of dominant strategy mechanism with budget balancing in the sense

of Definition 4:

THEOREM 7. Suppose that Condition 5 holds. Then, there exists a

~

transfer rule with budget balancing s such that g* is dominant with full

~

inside transfer and with full commmnication in (g*,s).

Therefore, we can say that the possibility result of Thecrem 2 is
ropust with respect to the incentive of coalitions to conform truthful

revelation, even though agents are permitted to share information.

REMARK 4. In the argument apout full commmication, we should
distinguish the following two requirements: The one is that agents should
have no incentive to form ccalitions. The other is that any coalition should

have no incentive to deviate from truthful revelation.
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Notice that these are identical on the assumption that Mi = 521 for all

S~

[z]

i=N, and therefore, under Condition 3, the mechanism (g*,s ) constructed

in the proof of Proposition 5 will satisfy both of them.

On the assumption that M o= x for all i=N, these requirements
C=B(1)

will not be identical, and Definition 4 does not require that no coalition

should be formed. Some agents may have the incentive to form a coalition in

”~ ~

the mechanism (g*,s[ZJ

) constructed in the latter part of Subsection 5.2.

The former requirement, however, seems inessential from the view-peint of

Fal

efficiency, because g* always leads to efficient public decision with budget

balancing irrespective of which coalitions are formed.
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6. FURTHER COMMENTS

In the case of no public informatlon and on the assumption that there
exist at least three agents, Matsushima [4,5] constructed a Bayesian
‘~incentive - compatible mechanism with budget balancing (see also d’'Aspremont
and Gerard-Varet {[1]). The mechanism constructed in [5] leads to impose a
penalty on agent 1 whenever he deviates from truthful revelation. This
panalty is regarded as a transfer from him to another agent; agent (i), and
there is no transfer payment from agent 1 to the rest of all agents
‘N/{i,(1)) relevant to agent i’s incentive.
Matsushima [5] presented a condition on p for the existence of such a

@c@im, which requires that the probabilities over UN/(, (1))

conditional on w; are linearly independent with respect to w; - In the same

way as Sections 3-and 4, -we can-replace-the "linear independence" condition
by a weaker condition parallel to Condition 2 that these conditional

probabilities are different each other.1

The drawback of the Bayesian approach in the case of no public
information is that the possibility result may not be rcbust with respect to
the incentive of coalitions to conform truthful revelation. By forming
coalition {i,:(1)}, agent 1 can collect his panalty, and therefore, can

deviate from truthful revelation without punishment.
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1 To the contrary, we should not replace Condition 5 with the condition
"[mi]
that, for every isN, p » M= x  Q., are linearly independent: We must
CsB(1)

notice that this "linear independence" condition does not hold without

exception.
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