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Limit Properties of Equilibrium Allocations of Walrasian
Strategic Games

Yoshihiko Otani and Joseph Sicilian

I. Introduction

As shown by Hurwicz (1972). honest reporting of preferences or demand
‘maPpPings is not a Nésh equilibrium of a ﬁalrasian strategic game where
agents can manipulate either preferences or demand mappings. As in our
' previous paper (Otani and Sicilian (1982)), we will be interested in
characterizing the set of equilibrium allocations of a Walrasian strategic
game instead of a question on whether strategies employed by agents are
true preferences or true demand mappings.

In our previous paper. we have provided a fairly complete charac-
terization of the set of equilibrium allocations, when either the number of
agents is two. or the number of commoditieﬁ.is two. We also note that a
similar results was obtained by Hurwicz (1879) for the case of two agents
and two commodities. After providing notations, definitions and basic
assumptions in Section Il, we provide a partial generalization of our
rprevious results in Otani and Sicilian (1982) to the case with arbitrary
‘finite numbers of agents and commodities so that the set of Cournot-Nash

(C-N) equilibrium allocations of a Walrasian stratégicAgame stays large
and. in the case of a replica economy. it does not shrink when the number
of agents of each type becomes larger. In Section IV, we first show that
-in the economy with*a continuum of agents, the set of C-N equilibrium

allocations coincides'with the set of Walrasian equilibrium allocations



with ftrue demand mappings. Therefore the set of C-N equilibrium alloca-

tions will not in general possess a closed graph property as a mapping from
distributions on agent characteristics to distributions on the set of
feasible allocations. See remarks by Dubey. Mas-Colell and Shubik (1980,
P.348) on this point.

In Section IV. we will introduce a sequence of economies and try to
lfind out whether or not a true VWalrasian allocation of a limit‘economy may
pPossess a nicer property than other limiting C-N equilibrium allocations.
We will argue that if preferences and demand mappings strategically
employed possess smoothness and if the limiting aggregate excess demand map
is regular at the limit of C-N equilibria. then the limiting C-N equi-
librium allocation must be a true Walrasian equilibrium allocation in the

limit economy.

I1. Notations. Definitions and Basic Assumptions
The commodity space will be Rg. The set of agent names will be
denoted by I which is eifher.a finite set with a counting measure or €0, 1]

with Lebesque measure. VWe use X to indicate a measure on I. The consump-

2

tion set Xt of agent t will be assumed to be the nonnegative orthant R+m

Agents will be characterized by a pair (w. }) whefe w € Rf.

w >> 0 and » is a complete and transitive preference relation on R% which
will be assumed to be continuous. monotone and strictly convex on Rf. The
set of agent's characteristics i§ denoted by & considered as a measurable
space as in Hildenbrand (1974). An economy will be a measurable mab

€: 1> Cas in Aunann (1963) and £(t) will be denoted by (w,. >.). The

price space will be the (Q;I) dimensional standard simpleyx denoted by A.



For each t & I. the true demand function generated by his characteris-
tic (mt' zt) is a function Et A Rf such that %t(p) is a 2t - maximal
element on his budget and ft satisfies the budget identity. i.e..

p - %t(p) =Py for every p £ 4. Let S be a collection of demand maps
(possibly multivaiued) f : A = Rf such that f Is upper hemi-continuous.
convex-valued on A and f satisfies Richter's congruence axion. (See
Richter (1966).) In our economy. the allocation (wt)tEI of initial! endow-
ments is assumed to be common knowledge to every agent. but each agent can
disguise his true demand changing his equilibrium consumption allocation to

his benefit. Thus we suppose that the set of strategies available to agent

t is given by
S,=(fes[p -1 =p-y)

and the collection of strategy assignments (f,),¢; Will be denoted by

F=iIS¢-
The set of feasible allocations will be denoted by

te]

2

X={x]x:1~» R.. X is integrable and I (xt - wt)dk = 0},
. [

Given f £ F. v(f) indicates the distribution of ft on 5. Since f £ § has
convex-values. the aggregate mean demand map depends only on v(f) as shown

by Hildenbrand (1974. p.114) and we can write

) dA.

3 (p. w(f)) = flcft(p1 - w



The Walrasian equilibrium map W : F » A xX will be defined by :

W)

{tpox)|ped. x=X and X, & £, (P) a.e. on I}

{tp.x) ] 0 = &(p.v(£)) and X, £ f (p) a.e. on 1}.

rojections of ¥ on A and on X will be denoted respectively by a(-) and
wi-). Note that n(f) in fact depends only on v(f) since
n(f) = {psalo s op.vif))}. Hence we can write n(v(f)).

Given f = (f) € F. the set of allocations agent t can obtain using a

ttel
demand map f; £ Sr can be written as :

“ LV UE/ED) = {x | xe £.(p) and p £ mV(E/£11)).

We can now define a Cournot-Nash (CN) equilibrium for our'economy as

follows,

Definition. A pair (3?, £%) £ X x F is said to be a Cournot-Nash or

C-N equilibrium if (i) X'& w(f ). and (ii) for a.e. t = [. and for every

)). then X' . x

. %
f, £8§,. if Xt Ew (ft.v(f /f t %t

t t t t t

The set of C-N equilibria for & will be denoted by C(€) and projections of

C(€) on X_and on F will be respectively denoted by CX(E) and Cf(£).



[1I The Set of C-N Equilibrium Allocations for a Finite Economy

In this section, we would like to show that. for a finite economy. the
set of C-N equilibrium allocapions will be large in the sense that it
generally contains an 9(/1/-1) dimensional subset where /1/ denotes the
finite number of agents. This provides us with a partial generalization to
the case with any 2 and any /1/<+» of our previous results in Otani and
Sicilian (1982} where we gave a more complete characterization for 2=2 or
/1/7=2,

&

For each t € [, we defing the (true) inverse demand map gt : R+ 2 A

by:
g,(x) = {p=ea] X'2:X implies p-x' 2 pP-X}.
Then we define X(, a subset of X(, as follows:

X = (xeX | Gp=int MYt 2 DIP -(x - u )=0] and
(¥t = DEp, & g, (x, )P, * (X - w ) > 01},

Lemma_1: If w = (u )tEI £ w(}), then (i) i;is star-shaped with respect

t
to w. (i1) (%, w) = {x[x = Ax + (1-A)g for A £ (0,10} C X where
i £ w(%), and (iii) if x = (E, @), then there exists a neighborhood of x

in RY denoted by N{xX) such that N(x) C i.

Since the true demand map ft is generated by a continuous, monotone
and strictly convex preference relation and wy >> 0, there exists

(p, X) & W(f) such that 5 £ inta, Xy >> 0 and xt » w .



Let utfxtl be a continuous utility function representing ». If

pt £ gt(xt) and pt-(xt - wt) e 0 for xt » u%, then we claim that

YA = ut{Axt + (1~A)wt] is strictly monotone increasing in A = {0,13. If
not. i.e.. if there exists A < A’ with $(A) 2 ¥(A'), then

vA) £ wa) S V(1) and the continuity of ¥ implies that there exists
Atte (A°.1) with W(X) = (A "), This contradicts the strict convexity of

Zt' Therefore if pt £ gt(x J. X # wy

A £ (0.1) and x£ = Axt + (I-A)wt we must have p%-(xg - q;) >-0 for every

Pi g gt(xi). This proves (i) and (ii).

and pt-(xt - mt) 2 0. then for every

To prove (iii), fix X & (0.1) and let xt(A) = A%t + (I-AJu% 2> 0.

First we claim that the map Gt(x) = gt(x)-(x - wt) is upper hemi-

1

continuous.  Hence {x = RfIGt(x) € R++} is open in Rf and so contains a

neighborhood in R‘Q of xt(A). Thus it remains to show that p-(xt - w) =0

(t £ 1) can be solved for P £ intA in a neighborhood of (xt(A))tE[.

Let z,(A) = x, (A) - u, and Z = {(Zi’tsllgél z, = 0).

Then dinZ = 9(/I/-1). Define a mapping F : & x Z » B/ by

F(p. (Zt)tSI) = (p-zl.....p-zt.....p-z/l/)'. Since (p, X} ; wify,
p-zt(k) = p-(xt(A) - ut) = Ap-(ﬁz - %’) =0 for every t € [, {.e.,
F(p.(zttk))tall = tzltk),...,z/I/(AJ) p =0. Since p £ intd, the rank of

(z;(A).....z, (M) must be at most (9-1). say (§ -1). Thus by the im-
plicit function theorem. in a neighborhood of (5. (Zt(A)tSI)' (QO-I) prices
can be solved for as functions of the rest of prices and (Zt)tEI proving

our clain..



For any arbitrary finite economy &. we will show that any allocation
in X can be supported as a Cournot-Nash equilibrium where agents try to

manipulate their demand functions. i.e..

Propesition |: For any finite economy. X C cxrg).

In order to prove the above proposition. we fix x* € X and choose
¥* 3
P 2 intd and pt € A so that for every t £ I, -(xt u{) 0. 3; £ gt(xc)
and pt-(xt-wt) > 0. Several lemmas are needed to prove the above proposi-
tion.

Lemma 2: There exists & : R+++ f{0.1] such that (a) £ is continuqus and
homogeneous of degree zero in R++. {b) E(p*) = 1. (¢) for every t £ I and
. * % [
for every p £ intA. ptjft(p) s Pt xt.where

* %
fth(PJ Wit E(p)(xth - U

] (h = 1,-2_.“.‘-’-1&‘1.)

and

% 8 - I
ftg(P) = (I/pg)p-wt -

h=1
r * - -
and (d) for every p & Intﬂ. ft(p) 3_R+ and p ft(p) =p 4 .

(ph/pﬂlf* (p),

First. note that it f: is defined as above, then

P
%) = b - L _B. -
pt ft(p) = pt w + pm:(p)(p P }e (xt mt)
14 S
and '

* _ % . _ ' P, %
ftgtp) = E(p)xul + (1 E(p))”tﬂ E(p)pg (xt wt).

Therefore pt-f:(p) s pt'X: if and onl& if

St - By < ¥, pet Py )
P -4 x - ) —— UJ e lne = a— s -
Peg Pyt s % hotr,



and Bt(p) = g— -(x:-wt). Then At> 0 for every t € [ and [ B {p) = 0.

9 ts[
Hence { t IBt(p) <0} = o,

Assume for a while that S(p) £ (0.11 for every p € intA. Then

.-)(-. - _
pt ft(p) 3 pt X if and only if Sfp)(At Bt(pl) 2 At' If q:(pl > 0, then

. < . .* .
S(P)(A-B (P)) S €(p)A_ S A and if B (p) S 0. then p, f’t‘(p) S B ¥ if and

only if €(p} £ A /(At-Bt(p)). Therefore we can obtain that for every t £ 1|
* .
and for every p € intA. pt ft(p) ps p%-yi if

£(p) £ mln{A /(8 -B, (P)) | B, (P <0).
tel t

Now we consider a condition on £(p) to quarantee the nonnegativity of

*
ftgtp). If B(p) £ 0. then f ) E(p)xt51 + (1 -E(p})wtR - E(p)Bt(p) 20

o) =

provided that &(p) £ (0.11. On the other hand. if Bt(p) > 0 and

E(p) £ mln{xtﬁ tﬂ}/Bt(P)’ then

&£(p) B (p) S min{x } s £(p)¥ X g * (1 - E(pl)wtg. Hence £, . (p) 2 0.

9 “te te

Now define %,(P) and &, (p} by

Eltp) = mln{A /4, -B, (p)) | B (p) £ 0}, and

te t ot
&, (p) = ,gé?{mm{xm.um}/s (p) | B, (P)>0}.

Then we define £(p) as follows:
E(p) = min{E.I (p). '&ztpn if {t IBt (p) >0} ¢,
and £(p) = & () if {t | B, (p) > 0} =

From our construction, it is clear that £(p) = (0.11 for every p € intA,

* . *
ftg(p) @ 0 for every t €I and p £ intA. and pt-f:(pl < p{ Xf for every

t £1 and p & intA. Since £(p) £ (0.11. for every p £ inta,



= E(p)x*

%
f..{m th

th +(1 - &(pHw

>
th 2 0

(h = 1.2..... 8-1). This concludes the proof of Lemma 2.

Ve will now show that the function fz defined in Lemma 2 can be con-

sidered as a demand functicn in St'

Lemma 3: The function ft of Lemma 2 satisties the Strong Axiom of

Revealed Preference.

First note that we can write

* 21 %
ftg(p} = wg E(p)hzi(Ph/pﬂ)(kth - wth)

Suppose that f:(pl) is directly revealed preferred to fz(P0

pl-f’t‘(pl) =plew 29 'f:(po).

}y f.e.,

t
Then
- 1 0
-t p P,
Io* 00 _ 1. ¢, 1 h h %
P ft(p ) = p w, + E(p )Py hzl(l 7 ) K T Wy
. ) P p
Q 9
q ! 0 1p1 Pl x
= p f (p°) + E(p )P (— - =)-(¥, - w).
2 P 0 t t
9 Py
1 % 0 1 1 pl p0 & .
Hence p -ft(p )£ p ft(p } if and only if & - -) (Xf ) £0,i.e..
Pg psz
1 ]
P o.v* E_
o (X = o) JEARRRY
9 Pa _
If ft(PJ+1) is directly revealed preferred to f:(pJ) {j=0,1,....r-11,
J+l : J
then we get B— o(x¥ - 00 s & X - w) (j=0.1,..., r-1).

TS IR T Tl G T
Py Py



r 0

Boo® . P_ X
Hence we have T (xt wt) £ 0 (xt wi]
Py Py

which in turn implies that f:(pr) is directly revealed preferred to fzfpol;

This proves Lemma 3.
The next lemma completes the proof of Proposition 1.

Lemma 4: Let f* = (fi)tEI where ft is defined in Lemma 2.
Then (x: £) & C(§)

For h=1.2. .... 8-1, we have that

P fmp = § o, +8mEGE ~u. 1= T

(] th rop th te] “h ~ “%n tel 4n

for every p £ intA. Therefore n(f*) = intd and f:(p) = Zwt - Et’;(p),
: t t#r
) % % * % ) * * %

Since pf (P} S PL"X_ for every p = inta. P, (tE wt-t,‘ETf,:(p)) s P X+
Hence § w, - X f:(p) { X' for every p £ intA.

t trt T T

Lemma 1 and Proposition ! imply that the set of C-N equilibrium allocations
will be large in the sense that it will contain an 2(/I/ - 1} dimensional
open subset in it. For example, if we consider a replica economy with
r types of agents. then regardless of the number of agents in each type,
the set of C-N equilibrium allocations for the replica economy will not
shrink and contain an 2(/1/ -1) dimensional open subset in it independent
of the number of agents in each type.

The construction of £(p) in Lemma 2 does not quite work at-a boundary

point ofj&. in particular when pt-fxt—ut) = 0 for some t. Then we will get

10



At = 0 for some t. But as shown in our previous paper (Qtani and Sicilian

(1982)). it is easy to show that for any finite economy. §

s

£ CX(E) and

y € CXIE) where ¥ £ w (£).
IV Limit Properties of C-N Equilibrium Allocations

In the last section. we have shown that the set of C-N equilibrium

~ allocations stays large regardless of the number of agents in the economy.
When we examine closely the nature of demand functions or offer functions
constructed in Lemma 2 to support an allocation as a C-N equilibrium, we
can find that the graph of an offer function exhibit a sharp kink at x:.
In this section. we try to argue that this should be a typical situation
unless the allocation converges to a true Walrasian allocation. In this
sense. a true Walrasian allocation possesses a nicer property than other
limiting C-N equilibrium allocations. _

In this section. we will consider a sequence of agent sets I® with
/1"/<a and /In/e,m and a sequence of economies ép : " » A, An economy
with a continuum of aqenﬁs will be denoted by & : 1% » A with I” = [0,11.
Let u and u” be distributions of agent characteristics in A for &M and &
respectively. Then En is said to converge to E? if ul converges weakly to
u”. First we establish the following elementary consequenses for a con-

tinuum economy.

Proposition 2 : For the economy &, (a) f & Cftﬁf) if and only if
Cw(f) is essentially single-valued. i.e.. if ¥, x € w(f"), then for ‘a.e.

® . ®. ~m
te], X, "X+ and (b) Qx(E,) = w(f ).

11



[t is easy to see that if w(?w) Is not essentially single-valued, then
£° 2 C (&™), Hence £ e Cf(E?) implies that w(f™) is essentially single-
valued. The converse to this does not appear to be trivial, but the proof
of the ccﬁuerse becomes easy oﬁce we can establish the following technical

lemma whose proof will be provided in the Appendix.

Lemma 5: If w(fm) is essentially single-valued. then there exists a

measurable subset I' of I such that AL 1 and for all x. X' = w(%w)

and for all t = 1°'. xt-txi.

Suppose that w(fm) Is essentially single-valued. but fm £ Cf(ET).
Then for any § & w(f™), (X, £°) £ C(EM), i.e., if AMI') = 1. then there
exist t & 1" f; & S,. and X € wify,v(f°/£',)) such that x; % X . If we
take the above I' to be the one in Lemma 5. then we get a contradiction
because Q/xi g w(fm). where g/xé denotes an allocation with ;t of g re-
placed by xi.

Ve now prove (b). Suppose that X £ w(f"). Then there exists p £ A
suéh that (5. Q) € w(fm). Choose f* =4 Fm 50 that {5} = n(v(f*)). This is
pPossible Since we can modify Em so that 5 is the unique Walrasian
equilibridm. Then
WiEr. w7601 = (x [x = £1p) and p & m(w(£*/£2)) = £1(p) since
n(v(f*/f;)) = n(v(f*)) = {;}. Since % £ w(}m),we have ;r 2 X for every
X € £2(p). Hence X = C (E").

On. the other hand. suppose that i g CX(E?). Then there exists f* eF"

such that (%, £%) & C(ED), i.e., % & w(f®) and for a.e. 1 £ 1%, if f &S,

12



*® “ . * _ ~
and X ¢E w(fT. v(f /fT)l. then x_ 2 Since w(fr, vw(f /fT)) = f_gp) for

T X
50ime p € n(v(f*)). we must have xT f _(p}. Then xT € fT(p)J for a.e.

.
r e [” and § e X imply that 3 g w(f™).

Prorositions I and 2 together imply that the C-N equilibrium alloca-
tion map CX(E) does not have a closed graph property in general. Our next
proposition which is our major.result of this paper is intended to provide
a nicer feature which a Walrasian equilibrium allocation in a limit economy
possesses distinguishing it from other limit allocations of C-N

equilibrium.

Proposition 3: Assume that the following five conditions hcld in

addition to our previous assumptions. (i) Functions in § are further

1

assumed to be C° on intd endowed with the topology of the Cl-uniform

convergence. (ii) For every n & {1.2....}. for every t = I" and for every
t s IQ, zt is representable by a Cl-utility function denoted bY'ut and

D(u, ) (x > 0. (1ii) Let £ > £¥ in distribution,

RS t
(x%. M £ CEM and . M » 7, ) in distribution. Also let

} >> 0 for x

(gn.pn) g WM and pn converges to pcn € intA. (iv) For every
ne{l.2....}. and for every t In, utfn/fr) as a mapping of fT is a local
surjection from a neighborhood of f2 to a neighborhcod of pn. (v) Let

¥ (p) = [ (f:(p) - w,)dA. Then
IQ

DYy (p) = [aw?(p%/apj] has rank (8-1).

igj=li2gcocg2

Then we can conclude that (pm.gw) £ W(f") where f is the true demand map

for E°.

13



Let wn(p) be the excess demand function defined by

Wip) = I (f?(p) - wt)dAn where W' is a measure on I'.

II‘I

law. we have p-?n(p}

= 0 for every p £ A,

By the Walras'

Thus we can obtain that

(4.1) iy (pr11'p + Wipy = 0,
where DYty (p) = ann / ap 1 1.2, g and * indicates a transpose
operation.

Evaluating (4.1) at p? vields

(4.2) M 1! = 0

For a finite economy<£n. the feasibility condition can be written as

I n _ n -
jn £, (P)dX f;vu + X AlT) %
1"/{t} I
= Alf{t}).

where Al(T) Th_erefore at a CN equilibrium. agent t tries to

choose ft 50 as to maximize

[ ety

L5 ugf‘-f

& B V2T
It
nif/f ] as

subject to a constraint p € n[fn/fr]. But. by Assumption (iv),

a mapping of fT is a local surjection from a neighborhood of fﬂ to a
Therefore p must max1mlze

flfp)dA?}] on N(ﬁl) where N(ﬂl) is an ap-

neighborhood of pn.

1 n
I3 {5 nwtdA - Ill
I I"/7{t}

propriate neighborhood of pn in A, We may assume that N(pn) C intA since

14



Pn converges to PwE intA. The first-order condition of this maximization

problem yields:

(4.3) (| D(fg)tp“) dAn]'q2 = 0,
1%/¢r)

, n. n n
where 9. [D(ur)](xt)/ H[D(ur)J(xTJI[.
n < R . . n n ® ©
Let v and v denote distributions of (x . ") and (x . f ) respec-

tively on Rf X S and vn(fn) and vw(fm) indicate marginal distributions of

v" and v respectively on S.

Since f? is Cl. we can write by changing the variable of integration

to get

n

o™ (ph [ ey Mty = f D5y (B av( ) (s)
n t S

[I D(s) (pMrdv(fM (s) - I D(s)(p )dv(fl1(s)]
S 5

-+

f D(S)(p )dw(fP)(s).
S "

Since lim pn = Pw, the first term of the above converges to zero. Since
pms intA. D(s)(pw) is bounded on S. Thus the second term converges to

Iumup%mfw“NsL Thus
S
. n,, n, . .n _ s @
lim fInD(ft)(p X' () = j mD(fT)(p JdA(E).

n-o
I

Therefore we can conclude from (4.2) that

15



(4.4) (f D(f:)(pm)dk(tJ]’pm = 0,
IQ

Let u?(fn)'be the distribution on S generated by-fﬂ, t & M/¢t}. Fix

ACS. ufﬂsA,mm

1

vﬁ(f“)(A) = oM™t = Viear.

If fﬂ £ A, then

-1 -
vz(fnJ(A) = e aztem

-1
=A™ @ - .
since A1) » Alp) = 0. \ﬁ(fj} converges weakly to v (£ ). Thus we can

obtain

lim f D(f?J(pn)dAn(t) = liﬂf D(s)(p“)dvﬂ(f“)ts)
ne Ty @ S
= f D(sIPTIAV (£7)(5) = I DEET) (pTIA(L).

S [ t

Let yn‘and 1" be distributions of agent characteristics on A for £"
and E°. Let (u.uw) = Supp(um). Since T converges weakly to um, there
exists (u_ . w ) & Supp(unJ such that (u_ , w_ ) = {(u, w) in the product

T. T T, T
n n n n
topology of the C1 topology on u and the Euclidean topology on m.2 Since
the feasibility set is compact. we may assume that x? converges to xm. If
h

we let @ = Du_ (x2 )/ IDu_ 2 il and a = Dutx®)/ |IDux™ || , then g
n n n n n

converges to q. Therefore using (4.3), we can conclude

16



(4.5) lim [ DeEM (pMdaD(t) 1 q. = EI DIE (P™)AA(EII g = ©
t T t
n=w n n o

%/, I

for every (u. w) & Supp(u”) with q = Du(x" )/ ||Du(x™) ||.
Comparing (4.4) and (4.5}, since the rank of

Dv®y(p”) = I D(f:)(pw)dk is (2-1) and p", q9 £ A. we can conclude that for
IW
every (4. w) € Supp(u")

putx™1/ Ibux™ || = p=

Clearly. we also have that. for a.e. t € . pw-x: = pm-wt and

© -
Ilmxtdk = f mwtdk.

[
Therefore we must have (pm, xw) g W(fm).

Remark: It is certainly possible to obtain the conclusion of

Proposition 3 using some other approaches. One alternative approach may be
first to establish the cﬁhtinuity of the Walrasian equilibrium map with
smooth demand functions as in Mas-Colell(1985. Chapter 5}. Then we can use
a similar argument as in the proof of Proposition | in Dubey, Mas-Colell
and Shubik(1980}. We believe -that our approach in this paper is simpler

and more direct in obtaining the result of Proposition 3.

17



APPENDTX

Lemma 5: If w(f™) is essentially single-valued, then there exists a
measurable subset I' of I® such that A(I')=1 and for all x. X' = w(%m) and
for all tel". xt~£x£.

(B)}. Then

Proof: Let (p, X) & U(E™) and T = {t =1 | % =&
AD=1. For p & 1(5"), let G = {t =1 | x~% for some x £ T (p)}.
Define G = U(G(pi[p & n(£)) and 1'=17/6.

Clearly‘ for evefy X. X' € w(%m) and for every t € I, Xtﬁtxi‘ So it
remains to show that A(I') = 1. To show it, let ; be a countable dense

A

subset of n(f™) and let G =U{Gp)|p = 7). Since w(f®) is essentially
single-valued, A(G(p)) = 0 for ‘each pen(f"). Hence A(G) = 0. Let t & G.
Then t = G(p) for some b = n(£") and there exiéts X £ T°(P) such that
itftgt' By the continuity of preference and %:, the set

(p & n(f) -xtffgt for some x £ £ (p)} is a neighborhood of P open in
n(%m) and thus the abové:set intersets ;. Therefore t &. Thus G C & and

A1) =1,
Footnotes

1 To see this. note that gt : RR

R + A is an upper hemi-continuous mapping

with nonempty, compact and connex values., (See Lemma 1. p.B53 in Otani
(1980),)
2 As pdinted out by Hildenbrand (1974, p.192), the weak convergence of

the sequence {1} to u implies Supp(u) < LifSupp(if)1.
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