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1+ Introduction

There have been proposed various kinds of graph-theoretic
representations of discrete systems. Among others, the signal-flow graph
(and its variants) has turned out to be one of the most effective tools
in capturing the structure of systems of equations. For instance, the
ingenious use of a signal-flow-graph representation has been the key to
the success of the chemical process simulators JUSE-GIFS and DPS
developed in Japan-[S], (91, [10], {16], [37], {401, [41]. A signal-flow
graph expresses the flow of information, or the causal relation, in a
natural and intuitively appealing manner, still admitting rigorous
mathematical analyses.

This paper proposes a generalization of signal—fiow graph, to be
called "bimatroid network", and develops a method of structural analysis
of a system of equations by means of it. Following [15] (sée also [26],

[28]) we consider a 'system of equations in the "standard form":

vy fi(x,u) (i=1,...,M), ‘ (1.1)

u, = gk(x,u) (k=1,...,K),
where X, (j=15+..,N) and u, {k=1,...,K) are unknowns, Y (i=1,...,M) are
parameters, and fi (i=1,...,M) and = (k=1,...,X) are assumed %o be
sufficiently smooth rezl-valued functions. In this form,-we lock at xj
{(j=1,+4.,4) as primary unknown variables while e (k=1,...,K) as
intermediate variables. This form is most natural and convenient when we
treat a physical/engineering system represented by a set of functional
relations among elementary state variables, where we want to adjust the

values of x~ and u-variables so as to have all the equations satisfied

for arbitrarily given values of y-variables [16].



The structure of {1.1) is expressed by a kind of signal-flow graph
G=(V,A), called the representation graph in [15], defined as follows.
The vertices of G correspond to the variables (i.e., unknowns and
parameters); i.e., V = XUUUY, where X = {x1,...,xN}, U= {u1,...,uK} and
Y= {y1,...,yM}. The arcs of G express the direct functional dependence
among variables. To be specific, the functional dependepce y; = fi(x,u)
is expresséd 5& auéet.af ércs coming into Y3 from those xj and u, which

1

effectively appear on the right-hand side. Similarly for u (x,u).

k Sk
The system (1.1) of equations is said to be structurally solvable if
it has a structure which-admits a unique solution for arbitrarily
specified values of parameters Y3 (i=1,.7.,M). (See §3 for the precise
definition of the notion of structural solvabilify.) Under the stronger
"generality assumption", labeled GA1 in [27], [28], that the partial
derivatives of f, (i=1,...,M) and g (k=1,...,K) can be regarded as being
mutually independent, the structural solvability of.(1.1) is known [15]
to be equivalent to the existence of a Menger-type vertex-disjoint
complete linking from X to Y in the representation graph G (see
Theorem 3.1 beiow). This characterization of structural solvability has
led to effective methods for the hierarchical decompositiog (i.e.,
block-triangularization) of the whole systex into structurally solvable
subsystems [15], [22], (23], [24]. The decomposition methods, called the
L-decomposition and the M-decomposition, will be described briefly in §3.
Although the graph-theoretic method explained abovelhas been proven
very effective, the generality assumption GA1 is sometimes too stringent
to be satisfied. A more faithful modeling under a weaker generality

assumption, labeled GAR, has been proposed in [27], [28]. It is based on



the physical observation that the numbers characterizing physical systems
are to be classified into two groups, one of accurate and mutually
correlated numbers and the other of inaccurate and mutually independent
numbers. The notion of mixed matrix has been introduced (see §3) as a
useful mathematical tool. The structural solvability of (1.1) is then
reduced to the nonsingularity of a mixed matrix, which can be checked by
efficient matroid-theoretic algorithms. Furthermore, the combinatorial
canonical form of a mixed matrix [29] (see also [26]) provides a powsrful
method for the hierarchical decomposition of the whole system into
structurally solvable subsystems.

The method of [27],7[28] under the weaker generality assumption GA2
is baézd on‘a bipartite model as compared with the signal-flow model used
in the graph-theoretic method under GA1 mentioned above. By this we mean
that the method of [27], [28] does not distinguish between the primary
‘variabies X (j=1,+...,N) and the intermediate variables 0, (k=1,...,K) in
(1.1);ﬁ6r alternatively, a system (1.1) with K=0 is considered. In other
words, we may say that the matroid-theoretic method of [2'7],~ [28] under
GAR exploits the incidence relation between the unknown variables and the
equations expressed by a mixed matrix, whereas the graph-theoretic method
under GA1 considers the inecidence relation smong 2ll the veriables,
including primary and intermediéte variables and psrameters, expressed by
the representation graph G. Although the signal-flow model and the
bipartite model are mathematically convertible in general, the
signal-flow model might be preferred for the intuitive understanding of

physical structures deseribed by (1.1).



The objective of this paper is to develop a method of strucitural
analysis of systems of equations which is a natural extension of the
graph-theoretic method based on the signal-flow model, and which works
under a weaker generality assumption than GA1. The signal-flow-type
model introduced in this paper can represent in a natural manner the
hierarchical structure of physical systemé usually consisting of nested
subsystens, suchmas fhose called dévices, units, modules, multiports. A.
subsystem may be described by a matrix, when linearized if necessary.

For physical reasons, it is plausible to assume that the entries of the
matrices describing different subsystems are mutually independent whereas
the entries in one matrix may be correlated. BSuch local dependency amoug
phjsical charééﬁeristics can be treated in the proposed'ffamework;

The contents of this paper are as follows. Section 2 introduces the
termiﬁology on graph and bimatroid, and Section 3 summarizes the
previcusly known results on the structural solvability and the
hierarchical decomposition of systems of equations. In 84, the notion of
bimatroid network is defined and its significance in system modeling is
discussed. Then in §5 and 86, the structural solvability of systems of
equations under a generality assumption, weaker than GA1, is expressed in
terms of the linking in the associated bimairoid network. 4 method for

block-triangularization is proposed in §7. Section 8 concludes ths paper.



2. Preliminaries

This subsection introduces some notations used in this paper. See
(51, (111, (18], [35], [39] for precise definitions of the concepts not
defined here.

Let G=(V,A) be a graph with vertex set V and arc set A. For ach,
a*a (resp., 9 a) denotes the initial (resp., terminal) vertex of a. We
sometimes write (u,v) for aeh if 9%a=u and 8"a=v. For veV, we put
6+v={aeA] 3*a=v} and 8 v={ach| 37a=v}. A vertex veV is said to be
maximal (resp., minimal) if & v=@ (resp., stv=g).

When two subsets X and Y of V are specified as "entrance" and
"exit", we write G=(V,A;X,Y) to indicate the two distinguished sets of

g .

vertices. (We do not assume Xn¥=@.) By a Menger-type linking from X to

Y in G=(V,A;X,Y) is meant a set of pairwise vertex-disjoint directed
pathsﬁfrom a vertex in X to & vertex in Y. (A directed path may consist
of a ;ingle vertex when XnY#@.} The size of a linking is defined to be
the ﬁimber of directed paths from X toY contained in the linking., A

linking of the maximum size is a maximum linking, and a linking of size

|X[=|Y} is a complete linking. A separator of (X,Y) is a subset of V

which intersects any directed path from X to Y. A separator of the

pinimum size is a minimum separator. It is widely known as Menger's

theorem that the maximum size of a linking is equal to the minimum size
of a separator.

When G=(V,A;X,Y) is a bipartite graph (with V=XUY, XnY=@), the
linkings reduce to the matchings. The canonical decomposition of a

bipartite graph due to Dulmége—Mendelsohn (1], [2), [3] will be referred

to as the DM-decomposition (see also [21]).
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The notion of bimatroid was introduced first by [35], [36] under the
name of linking system, and independently, but shortly later, by [17]
under the name of bimatreid.

A bimatroid (or linking system) is a triple I=(S,T,A), where S and T

are finite sets, and A is a nonenpty subset of 2S><2T such that

(1) if (X,Y)eh, then [X|=]|Y

H

(L2-1) if (X,Y)eA and X'cX, then (X',Y')eA for some Y'c¥;
(L2-2) if (X,Y)eA and Y'cY, then (X',Y')eA for some X'cX;

(L3) if (Xi,Yi)eA (i=1,2), then there exists (X,Y)eA such that
X1cXcX1UX2, YchcY1
We call S the entrance set and T the exit set of L. A member (X,Y) of

UY2.

A=A(L) is called & linked pair; we also say that X and Y are linked.

The birank function {or linking function) A: ZSX2T+Z+ is defined by

AMX,Y) = max{]Xt] | (X',¥")ef, X'<X, Y'Y}, XS, YcT. (2.1)
Cbviously,
(X,¥) e A iff A(X,Y) = |X| = |¥]. (2.2)

With this correspondence, we may equivalently say that az bimatroid L is a
triple (S,7,A), where A satisfies the following:

(B1) 0 s AX,Y) = min{|X],]|¥i}, ZXcS, YcT;

(82) AZ',T') s AMX,Y), X'cXcS, Y'cYeT;

(B3)  A(UX',InYt)+A(XAX',TUT') s A(X,T)+A(X',Y'), X,X'cS, ¥,Y'cT.

By the rank r(L) of L, we mean the maximum size of a linked pair,
i.e., r(L) = X(S,T). If (S,T) € A, L is said to be nonsingular.

The underlying bipartite graph (8,T,A) of L=(S,T,A) is a bipartite

graph with vertex set SUT (disjoint union) and arc set A c 2SX2T such

that



(x,y) e & iff ({x},{y}) € A. (2.3)

Proposition 2.1 ({351, (36]). If (X,Y) € A, there exists a matching

(of size |X|=|Y|) between X and Y in the underlying bipartite graph

(s,T,A). 0

Let Li=(Si,Ti,Ai) (i=1,2) be bimatroids. The union of L, and L,,
denoted by L

VL,, is a bimatroid (S USz,T1UT2,A1VA2), where

1 1
A VA, = {(x1ux2,z1u22)[ X, nX,=4, Y,nY,=@, (x1,x1)en1, (Xz,Yz)eAz}.
(2.4)
If T1=82, the product of L,1 and L2’ denoted by L1*L2, can be
aefinéd; it ié a biﬁatroid (81,T2,A1*A25, whefe -
hy¥h, = {(%,2)] (X,Y)eA,, (T,Z)eh, for some YcI,}. (2.5)

The birank function A1*A2 of L1*L2 is given by

(X, *4,)(X,2) = min{A (X,T -Y)+)A,(Y,2) | YT}, Xe8,, ZeT,.  (2.6)

19
With a matrix A over a field F is associated a bimatroid .
L(A)=(S,T,A), where S and T correspond to the column-set and the row-set
of &, and (X,Y)el iff the submatrix of A with column indices in X and row
indices in Y is nonsingular. Such a bimatroid is said to be linearly
represented over F;
A poly-linking system [35], which we call a bi-polymatroid here,

is a triple L=(S,T,A), where S and T are finite sets and A: 2SX2T+R+

satisfies (B2), (B3) and
(B1') A(@,Y) = MX,8) = 0, X8, YcT.

As with bimatroids, we call A the birank funection,



4 pair (x,y)} of vectors xER+S and yER+T is said to be linked iff
(x,y)eA, where
A= {(x,7)] xER+S, yER+T, x(8)=y(T),
x(X)+y(Y)sA(X,Y)+x(8S) for all XS, YcT}.
Here x(X)=X{x(e)| ecX} for xER+S; ete. N is a nonempty compact subset of
R+SXR+T such that
(L1') if (x,y)}ed, then x(S)=y(T);
(L2-1') if (x,y)eh and Osx'sx, then (x',y')eA for some y'sSy;
(L2-2') if (x,y)eh and OsSy'sSy, then (x',y')eA for some x'sx;
(L3') if (xi’yi)EA (i=1,2), then there exists (x,y)eA such that
x1 =x = x1Vx2, 32.5 y = y1Vy2f | | |
Here for two veétors u And v, ﬁSv meanéhu(e)év(e) for all e, an& ﬁVv
denotes the vector with (uvv)(e)=max{u(e),v(e)}. Conversely, a
bi-polymatroid (S,T,A) is obtained from A by putting
AMX,Y) = max{x(X)+y(Y)}-x(8)] (x,y)eA}.
Let Li=(Si,Ti,Ai) be bi-polymatroids with birank functions Ai

(i=1,2). When T1=82, the product of L1 and L2, denoted by L *L2,'is_a

’
bi-polymatroid (81,T2,A1*A2) with

Ay#h, = {{x,2)] (x,y)EA1, (y,z)EA2 for some y}

and the birank function of (2.6). When §,=5, (=8) and T,=T, (=T), the

sum of L1 and L2, denoted by L1+L2, is & bi-polymatroid (S,T,A1+ﬂ with

2)
:’\,]+A2 = {(x1+x2,y1+y2)l (x1,y,|)eh1, (xz,yz)enz}

and birank function k1+A2.



3. Previous Results on Structural Solvability

We describe briefly the results of [15], [16], [27], [28] on the
structural solvability of systems of equations. More detailed accounts
may be found in [26], [28]. We also mention some methods for the
hierarchical decomposition of the whole system into structurally solvable
subsystens.

First of all, it is postulated that the collection (multiset) D of
the partial derivatives of f, (i=1,++.,M) and g, {(k=1,...,K) of (1.1) is
a subset of a field F, which is an extension of the rational number field
Q. Then the Jacobian matrix J=J(x,u) of (1.1) with respect to xj
(5=1,...,N) and w (k=1,.00,K)

Jle,x]  JlE,ul
J = s (3.1)
Jlgyx]  Jlgyul-Ip
where

e J£,x]

(afi/axj)’ J[f,u] (afi/aul)’
Jlg,x] = (3§k/3xj), Iig,ul = (3g,/3u,),
can be regarded as a matrix over F. The system (1.1) of equations is

said to be structurally solvable iff J is nonsingular as a matrix over F.

As has been mentioned in §1, the representation graph of (1.1) is a

graph G=(V,A;X,Y) with entrance X and exit Y defined as follows. The
vertex set V consists of three disjoint parts as
V=Xuluy¥,
where X = {x1,...,xN}, U= {u1,...,uK} and Y = {y1,...,yM}. The arc set
A is
M K

A=(udy,)u{udu)
i=1 2 =y KU
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where

§7y, = {(xj,yi)l afi/axj;éo, 1j=N} v {(ul,yi)| of ; /8u.#0, 1sl=K},
(3.2)
G"uk = {(xj,uk)l ng/axj#o, 15jsN} U {(ul,uk)l agk/aul¢o, 1512K},

In the case where the strong "generality assumption"
GA1: The collection of the nonvanishing elements of D (cF) is
algebraically independent over Q,
can be accepted, the structural solvability of (1.1) is expressed by G as

follows.

Theorem 3.1 ([15])}. Assume GA1. The system (1.1) is structurally
solvable iff there exists a Menger-type complete linking from X to Y in G.

=]

On the basis of this theorem, two kinds of decompositions of the
represenfation graph with respeet to maximum linkings have been
considered for the block-triangularization of the system (1.1) of
equations. The one is the L-decomposition of [15], [16], and the other
the M-decomposition {abbreviation of Menger-decomposition) of [22], [23],
{24].

The L-decomposition is defined as follows. Suppose there exists a
Menger-type complete linking from X to Y in G=(V,A;X,Y), and fix one.

Let 0:X>Y denote the one-to-one correspondence between X and Y with
respect to the linking fixed, i.e., O(x) € Y is the vertex linked with x

€ X. Consider an augmented graph G'=(V,A') with

- 10 -



At = A U {{o(x),x)]| x<X}.
The partition of V, as well as the partial order on it, induced by the
strong components of G' ig called the L-decomposition of G. It is known
that the L-decomposition does not depend on the choice of the complete
linking in G.

Let B=(X,Y,A) be the bipartite graph with

A = {(x,y)| there is a directed path from xeX to yeY¥ in G},
which agrees with the underlying bipartite graph of the bimatroid defined
in terms of the Menger-type linkings from X to Y in G=(V,A;X,Y). The
following may be interpreted as a statement that the L-decomposition
yields the finest decomp031t10n of (1. 1) into structurally solvable
subsysfems as long as u (k=1 ,...,K) are treated as 1ntermed1ate

variables to be eliminated.

Proposition 3.2 (Prop.3.2 of [22] and [24], Th.8.6 of [26]). Suppose G

has a Menger-type complete linking from X to Y. The decomposition of XuUY
induced by the L-decomposition of G agrees with the DM-decomposition of B.

(m]

See [24], [26] for more on the L-decomposition.

The M-decomposition of G=(V,A;X,Y) (V=XuUUu¥, XnY=@) is defined as
follows. For simplicity we assume § v=@ for veX and 6+v=¢ for veY. We
associate with G a capacitated network N = (G,K,c;s+,s_) with underlying

graph (ﬁ,ﬂ), capacity function c: K+R+, source s and sink s , where

- 11 =



V={s",s"} UX, U T, UT y T, (3.3)
X, = {xl,...,xg}, U, = {ul,...,uﬁ},
U* = {u?,-.-,uﬁ}, Y* = {y:l*""’yﬁ})
E=%uﬂw (3.4)
B = {(vy,w®)| (v,w) € A},
Ay = (7%, [xeX} U {(u¥,u,) [uel} U {(y%,s7) |yed,
1, -a€ Kﬁ,
cla) = (3.5)
to, a € i
o]

There exists a one-to-one correspondence between Menger-type maximum
linkings from X to Y in G and integral maximum flows from s+ to s in N
.ﬁhich‘have no ciréulation.(i.e.,:flow aloﬁg ; c&éle). On-the othér.ﬁand,
minimun separators of (X,Y) in G correspond to minimum cuts with respect
to (s+,s-) in N.

The cut funetion K of N is defined by

k(W) = Z{c(a)| ach, 3" acW, 07acV-W}, WV, (3.6)
The maximum size of a linking from X to ¥ in G is equal to

min{k(W)| WV, s'ew, s¢wl. (3.7)
S8ince K is submodular, the minimizers W of (3.7) constitute a sublattice,
say L{K), of the boolean lattice 2v. The lattice L(k) determines a
partition of v into partially ordered blocks, and hence determines a
family, say {N(i)l ie{O,w}Uf}, of subnetworks of ¥ (e¢f., e.g., [R6],
[311).

Roughly speaking, the M-decomposition of G is a family of subgraphs,

say (6D =(v®) a0 3D vy iio whuT), of @ induced by (N}, The

- 12 -



partial order is naturally induced on {G(l)}. A concrete example is

given in Example 7.1 of 87. See {24), [26] for the precise definition.
(4) oD _(p(1) 43 () J0),

Fach subgraph G is called an M-component.

(ieI) has a complete linking from X(l) to Y(l), and a maximum linking

from X to ¥ in G is obtained as the "direct sum" of maximum linkings in

0) and G(w) and complete linkings in G(i) (iel).

al
When G has a complete linking, both the L-decomposition and the
M-decomposition yield a hierarchical family of subgraphs that have
complefe linkings; an L-component is an aggregation of a number of
M-components. Both decompositions, when applied to the representation

graph of (1.1}, yield a hierarchical decomposition of (1.1) into smaller

subsystems of equations, which are structurally solvable under GA1.

In [27], [28], the structural sclvability is discussed under a
weaker "generality assumption"
GA2: D-Q is algebraically independent over Q.
The argument of {27], [28] is based on the physical observation on "two
kinds of numbers" and on the mathematical tool of mixed matrix.
Let K (QcKcF) be an intermediate field. A matrix A=QA+TA over F is

called a mixed matrix with respect to K iff (i) QA is & matrix over K ang

(ii) the collection of nonvanishing entries of T, is algebraically
independent over K. The following relation makes it possible to compute
the rank of A (a matrix over F) by means of arithmetic operations in the

subfield K using efficient matroid-theoretic algorithms.
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Theoren 3.3 ([27], [28]). Let A= QA+T be a mixed matrix. The
bimatroid defined by A is the union of bimatroids defined by QA and TA:

L(A) = L(QA)VL(TA). m]

Under the weaker assumption GAR2, the Jacobian matrix J of (1.1) can
be regarded as a mixed matrix J=QJ+TJ with respsct so Q, and then
Theorem 3.3 above provides the structural solvability condition which can
be tested by efficient algorithms usipg rational arithmeties.
Furthermore, the combinatorial canonical form of a (layered) mixed matrix
[29] gives a powerful method for the hierarchical decomposition of (1.1)
into structurally solvable subsystems.

By definition, the system (1 1) is structurally solvable iff the
bimatroid L(J) represented over F by its Jacobian matrix J is a
nonsingular bimatroid. Under GA1, L(J) reduces to a bimatroid expressed
by Menger-type linkings in the representation graph of (i1.1). Under GA2,
on the other hand, L{J) agrees with the union of two bimatroids L(QJ) and
L(TJ), the former being represented over Q and the latter being
transversal. In this paper, we extend this line of approach for the
signal-flow-type model by generalizing the notion of representation
graph. Namely, we shsll express the bimatroid L(J) in terms of simpler

bimetroids under a certain generality assumption weaker than GA1.
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4o Bimatroid Network
A multiterminal capacitated network N=(V,A,c;X,Y) with entrance X

and exit Y provides a typical example of bi-polymatroid with entrance set
X and exit set Y. When a number of multiterminal networks are
interconnected, there arises another network, which determines a new
bi-polymatroid. In this section, we.observe an analogous phenomenon for
interconnected bi-polymatroids. That is, we show that a network-type
connection of bi-polymatroids results in another bi-polymatroid. This
construction generalizes the known composition operations for
bi-polymatroids (resp., bimatroids) such as sum (resp., uvnion) and
product. ' N _
o Suppose a family of bi-polymatroids {Lp=(Xp,Yp,Ap)| peP} is given,
where it is assumed that

Xpan=¢ for peP, (4.1)
and

XPan=¢, anYq=¢ if p#q (eP). (4.2)

Also suppose a capacitated network N=(V,A,c;X,Y) with entrance X and exit

Y such that
int=p
end
XPUYP cV for peP (4.3}

is given. We consider a composite system in which the bi-polymatroids Lp
are interconnected by the network N. The composite system (N,{LplpeP})

will be named here a bimatroid network. We put

- 15 =



ﬁ =V-(XuYu u(Xur)).
peP p P
It would be natural to define the feasibility of a flow in bimatroigd
network (N,{LplpeP}) as follows. As is easily recognized, the feasible
flow in a bimatroid network is a variant of submodular flow (or
independent flow) of [4], [6], [7], [19], [20].
Without essential loss of generality we first consider the case where
Xpan=¢ if pfq (eP) (4.4)
and
(XUY)n(XpUYp)=¢ for peP. {4.5)
We say f: A+R+ is a feasible flow of such a bimatroid network iff
() 0sf(a) sola), ach, -
(11) 32(v) = 0, vel, (4.6)
(iii) ((-Sf(v)|v€XP),(af(v)|ver)) € AP, peP.
Here 9f: VR denotes the "boundary" of f defined by
3f(v) = Z{f(a)] acs v} - r{f(a)| aed™v}, veV. (4.7)
The third condition (iii) says that the flow flooding out of N at Xp is
lirked to the flow into N at Yp by bi-polymatroid Lp. For Wec V, we

define the cut function by

<(W) = Z{c(a)| acA, 8+aew, 3 aeV-W}
+ Z{)\p(xpnw,l’p-w)[ p=P},  Wcv. (4.8)
We observe the following fact, which might have been noted elsewhere

in some disguise or other.

Theorem 4.1. Suppose a bimatroid network (N,{Lp]peP}) satisfying (4.4)

and (4.5) is given. By defining
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A= {(x,7)] x=(af(v)lv€X)eR+x, y=(—8f(v)|v€Y)ER+Y,

f is a feasible flow}
we obtain a bi-polymatroid (X,¥,A). Its birank function A is given by
AMX1,Y') = min{k(W)| X'cWcv, wnY'=g}, X'cX, Y'Y, (4.9)
(P;oof) First we may assume & v=§ for veX and 5+v=¢ for ve€Y without loss
of_generality. For otherwise we can modify the network so as to meet
this condition without changing A. For the same reason, we may also
assume that 6+v=¢ for veXp, 8§ v=g for veY_, |§"v|=1 for veXP, ang |6+v|=1

P
for ver (peP); and that {3+a,8_a}nU#¢ for ach.

Next note that each vertex vea may be regarded as defining a
bi-polymatroid with entrance set 6 v and exit set 6+v, since
(((£(a) |a€6™v), (£(a) [ac6™v)) | Ost(a)se(s) for acs vus'v; 3£(v)=0)
satisfies (L1') to (L3'). By introducing a vertex v, for each aed-vu5+v,
therefore, we may equivalently replace veﬁ by a bi-polymatroid with
entrance set {va[aeﬁ—v} and exit set {vala65+v}. Hence we may further
assume that ﬁ=¢ and that c{a)=+» for all acA.

By the above argument as well as by the fact that the sum of
{Lp[ peP} is again a bi-polymatroid, the proof is complete if the

following lemma is established. o

Lemma 4.2. Let L=(S,T,A) be & bi-polymatroid, where S=XUU and T=YUU
(XnU=Y¥nU=@). Then

A= {(x,y)] xR.F, yeR.S, (xBu,yBu)eh f R, U}

0= yY) | x€R. ™, yeR 7, u,ybu}ed for some ue +
determines a bi-polymatroid (X,Y,AU), where ® denotes the direct sum of

vectors. The birank function AU of (X,Y,AU) is given by
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AU(X‘,Y') = min{A(X'OU',Yru(U-U')) | U'cU},  X'eX, YT,
(Proof) Let LO=(S,T,AO) be a bi-polymatroid defined by

Ay = {(OXQu,OY®u)| ueR+U, u(e)sC for ecl},
where 0X ER+X and OYER+Y are zero vectors, and C is a sufficiently large
constant. We also define bi-polymatroids LS=(S,S,AS) and LT=(T,T,AT) by
A = {(z,3) | zeR+S, z{e)sC for eeS},
and

Ay = ((2,2)] 2€R,7, 2(e)<C for eeT}.
Then we may consider a bi-polymatroid LS*(L+LO)*LT, which we denote by
I=($,T,A). It is not difficult to see that

(x,5) € AU iff (xBw,ydw) € E, (4.10)
where WER+U is the vector with w(e)=clf§r eEU.l‘ | .

We will now show that A; satisfies (L1') to (L3') of §2.
(L1'): Suppose (x,y)eAU, i.e.,r(x$w,y$w)eﬁ. (L1') for A implies
x(X)+w(U)=y(Y)+w(V), i.e., x(X)=y(¥).
(L2-1'): Suppose (x,y)EAU and 0sx'sx. Then (x@w,y@w)eﬁ and 0sx'Bw=x8w.
By (I2-1') for K, we see (x’@w,y"@u)eﬁ for some y"sy and usw. Noting
that (Oxﬁw,OYQW)EK and using (L3') for H, we then obtain (x'ew,y'Qw)eﬁ
for some y'sy"(sy).
(L2-2'): Similar to the proof of (L2-1').
(L3'): Suppose (x,,y,)eh; (i=1,2), i.e., (xiew,yisw)eﬁ (i=1,2). It
follows from (L3') for A that (x&w,y@w)eﬁ, i.e., (x,y)eAU, for some xeR+X
and y€R+Y such that x1§x§x1Vx2 and y2§y§y1Vy2.
The expression of AU follows from {4.10) and (2.6). n)
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In the general case where (4.4) and (4.5) are not assumed, the
notion of feasible flow may be extended (in a cumbersome way) as follows.
In addition to f: A*R , we consider x: VSR_ and y: V»R,. We say the
triple (f,X%,y) is a "feasible flow" iff

(i) 0 = f(a) = ca), ach,

(i1) af(v)+x{v)-y(v) = 0, veV-(XuY), (4.11)
’ peP.,

P
Then Theorem 4.1 can be extended as follows.

(iii) ((E(V)IVGXP),(ﬁ(v)]ver)) e A

Corollary 4.3. Suppose a bimatroid network (N,{Lp|peP}) is given. By
defining
b= () | = (Ee(nR)-F() [vener ¥,
y=(=32(v)-R(v) 1§ (v) |veD)eR, ¥,
(f,x,y) is a feasible flow}
we obtain a bi-polymatroid (X,Y,A). Its birank function X is given by

(4--9)0 m}

We may also think of a composite system in which bimatroids are
interconnected by a graph. To be specific, let {Lp=(Xp,Yp,Ap)| peP} be a
family of bimatroids satisfying (4.1) and (4.2), and G=(V,4;X,Y) be a
graph with entrance X and exit ¥ (XnY=@) such that (4.3) is satisfied.
(The conditions (4.4) and (4.5) are not imposed.) We shall also call
such a pair (G,{Lp|pEP}) a bimatroid network.

By a Menger-type linking (or simply linking) from X to Y in

(G,{LplpeP}) we mean a Menger-type (vertex-disjoint) linking L from

Xu{ u Y ) to Yu( U X ) in G=(V,A) in the sense of §2 such that
peP peP P
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(B_LnXp,3+Lan) €A, for peP, (4.12)

where 3 L (resp., 5'L) denotes the set of terminal (resp., initial)
vertices of the paths contained in the linking'L. L is called a complete
linking from X to Y if 5L 5 X and 8L 5 Y. The size of L, when regarded
as a linking from X to Y in (G,{Lp|peP}), will mean |3'LnX]| (=|d7Ln¥]).
Just as the Menger-type linkings in a graph (in the usual sense) can
be formulated as integral flows in a network associated with the graph
(cf. 83), the linkings in a bimatroid network can be treated as integral
flows in a certain bimatroid network (N,{LplpEP}), in which Lp are
regarded as bi-polymatroids, on the basis of the integrality property of
bi-polymatroids. In particular, we obtain the following as a_corpllary

to Theorem 4.1,

Corollary 4.4. Suppose a bimatroid network (G,{Lp|peP}) is given. By
defining
A= {(3'LnX,37LAY)] L is a linking in (G,{LplpeP})}

we obtain a bimatroid (X,Y,A). o

As is.easily seen, the problem of finding & maximum flow in =a
bimatroid network can be formulated as that of finding a maximunm
submodular flow (or independent flow) considered in [4], [6]1, [7]1, [19],
[20]. (The converse is also true.) Hence efficient algorithms are
available for finding & maximum flow or a maximum linking in a bimatroid
network.

The notion of bimatroid network seems to be useful for the

mathematical modeling of physical/engineering systems in general. A
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physical/engineering system is usually composed of many subsystems or
modules interconnected with one another. A module may be described in
terms of the input-output relation. In some cases the relevant
structural aspects of the inpui-output relation may be represented by a
bimatroid. In such a case we will be able to understand the structural
properties of the whole system by recognizing the system as a bimatroid
network and analyzing the combinatorial structure of the bimatroid
network.

Another common feature of a large-scale physical/engineering system
ig that it has a hierarchical or nesting structure among modules. The
whole system consists of modules, and each module is composed of a number
of interconnected submodules,'each of which is again made up of several
modules, and so on. Submodules contained in a module are localized to
that module in the sense that two modules belonging to different

hierarchical levels have no direct connection. Theorem 4.1 shows that

- such a hierarchical structure of & physical/engineering system can

naturally be incorporated into & mathematiical model using bimatroigd
networks as the unit of construction.

It may also be mentioned that, if necessary, we can attach "cost" to
gres in a bimetroid neiwork to represeni physical characteristics.

In the succeeding sections, we shall consider a specific problem of
the structural solvability of systems of equations using bimatroid

networks.
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5. Structural Solvability Criterion

The objective of this section is to establish an extension of
Theorem 3.1 by discussing the structural solvability of (1.1) under a
certain "generality assumption” weaker than GA1. The "generality
assumption' adopted here is based on the physical observation that the
algebraic dependency among the partial derivatives of functions fi and =i
will bs local and restricted to within subsystems, or mocdules. The
structure of (1.1) is expressed by a generalization of the representation
graph to a bimatroid network, which we call the generalized
representation graph. Then the structural solvability of (1.1) is shown
in Theorem 5.1 to be equivalent to the existence of a Menger-type
comple£é iinking in éhe éenefalized représentafion.graéh of (1.1).

Suppose the system (1.1) of equations describes a physical system
containing several modules which are given in terms of the input-output
relations. To be more concrete, let P be the family of modules and XP
and Yp denote the sets of input and output variables of module peP. That

is, we are given {(Xp,Yp)[ peP} such thet

Xp cXuv, Yp cYuU, (5.1)
Iny = £ c?P .
pp'@ or per, (5.2)
and
Xpnxq=¢, anzq=¢ if p#q (eP), (5.3)

where X={x1,...,xN}, U={u1,...,uK}, Y={y1,...,yM}, as before.
Furthermore we assume

xpan=¢ if p#q (eP), (5.4}
which states that an output variable of a module cannot be a direct input

variable of another module. The condition (4.5), however, is not imposed
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here. We put

X, = uX, Y, = utY.
Pooer P P Lep®

Consider the equations in (1.1) that describe the input-output
relation of a module p€P. Since the variables of Yp are determined by
the variables of Xp, those equations of (1.1) which correspond to module

p take the form:

1]

¥y fi(xp,up) for yier,

(5.5)
0, = gk(xp,up) for uker,

where xp and up are the vectors cérresponding respectively to the

variables of Xan and Xan. We allow the variables of Xp to appear also

‘as the arguments of fi for yiEY-YP or g for ukEU_YP'

For peP, we denote by Jp = Jp(xp,up) the Jacobian matrix of (5.5)
with respect to xp and up, defined similarly to (3.1). J_ is a submatrix
of J. The collection of the partial derivatives of fi for yier and =
xﬁor-uker will be written as Dp (cD). We put

D, = uDbD, (5.6)
P peP P
where the right-hand side means the union of multisets. D-DP will meazn
the collection of the partial derivatives of fi for yiEY-YP and By for
ukEU—YP. The elements of Dp belong tc a subfield of F, sey FD; the field

generated by {Fpl peP} will be denoted by F, (cF).

P

We now introduce a "generality assumption" which takes into account
the possible dependency among local parameters. It should be clear from
(5.6) that the partial derivatives of D-D; represent the global

functional relations which are not local to any module. Hence it would

be physically plausible to assume that the nonvanishing elements of D-DP
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are independent of one another, whereas there may be algebraic dependsncy
among partial derivatives in Dp which are local to a single module peP.
Thus we are led to the "generality assumption"
GAL4: The colleetion of the nonvanishing elements of D—DP (cF) is
algebraically independent over FP'
This is obviously weaker than GA1 and reduces to GA1 when P=f.

In accordance with the above setting, we modify the notion of
representation graph as follows. Let a=(V,K;X,Y) be the representation
graph of (1.1) as defined in §3 except that the arc set is replaced by

K = U{ﬁ"yi[ yieY—YP}U{G-ukl ukeU—YP},

where G_yi and § u,_ are given by (3.2). With each module peP we

k
associate the bimatroid LP=L(JP), which is linearly represented over Fp.
Note that Xp and Yp are the column-set and the row-set of JP and hence
L =(X,Y ,A_). The bimatroid network (G,{LplpeP}) will be called the

P P PP
generalized representation graph of (1.1) with respect to {(XP,YP)IpeP}.

By construction, (G=(V,A;X,Y),{Lp=(Xp,Yp,AP)]peP}) has the following
properties:

(1) A vertex of XUY, is mexipal in G, i.e., § v=0 for VEXUYP;

(ii) A vertex of Y is minimel in G, i.e., 6+v=¢ for vey,

whereas a vertex of XP is not necessarily minimal.

Under the assumption GA4, the submatrix J[g,u]—IK in J of (3.1) is
guaranteed to be nonsingular. This means that the variables e
(k=1,...,K) can be eliminated, at least locally, and therefore {(1.1)

reduces to

Y-

; = fi(x,u(x)) (i=1,..4,M) (5.7) -
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with unknowns X {j=ty...,N). The Jacobian matrix J[y,x] of (5.7) is
given by

Ily,x] = 30£,x]) - J0£,ul(Ileg,ul-1)" 3lg,x]. (5.8)
Note here that J[y,x] has row-set Y and column-set X, and L(J[y,x]} is a

bimatroid with entrance set X and exit set Y.

The main result of the present paper is now stated. It is a direct
extension of Theorem 3.1 and enables us to check the structural
solvability under a weaker "generality assumption" by efficient
algorithms using arithmetic operations in the subfield F_. Its

P

extension to a hierarchical system of equationé is discussed later in §6.

Theorem 5.1. Assume GA4 as well as (5.2), (5.3) and (5.4).
(1) The bimatroid L(J{y,x]) agrees with the bimatroid (X,Y¥,A) associated
with the generaliged representation graph (a,{Lp|peP}) as in
Co?ollary boleo
(2} The system (1.1) is structurally solvable iff there exists a
Menger-type complete linking from X to ¥ in the generalized
representation graph (a,{LplpeP}).
(Proof) The equivalence of (1) and (2) is immediate from the fact that,
provided J[g,u}—IK is nonsingular, J is nonsinguler iff J[y,x] is
nonsingular.
We first claim that we may restrict ourselves to the case where

XPUYP ¢ U for peP. (5.9)

(This is equivalent to (4.5) since we have (5.1) here.)

Suppose, e.g., X € XnXp. We may introduce a new variable u, replace
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all the occurrences of x in (1.71) by u, and add a new equation
u=x (5.10)
to (1.1); u is added to U. The augmented system of equations is
structurally solvable iff so is the original system (1.1).
Furthermore, replace (5.10) by
u = tx _ _ (5.11)
with a transcendental number teF over FP' Note that we may assume F to
be large enough to contain such element t. This modification does not
affect the structural solvability of the augmented system, since it
corresponds to multiplying by t the column x of the Jacoblan matrix of
the aggmented systen., In addition,_the modified augmented system
satisfies GAA. |
It should alsc be noted that the corresponding change in the
generalized representation graph is to rename the vertex x as u and to
add an arc from a new vertex x to u. The existence of a complete linking
in the generalized representation graph is not affected by this change,
either. A similar argument applies to ernYP if any. Hence (5.9) is
justified.
Next we claim that we may assume
6+u=¢ for ueXP (5.12)
in a without loss of generality. This says that an input variable of a
module appears only on the right-hand side of the equations describing
that module.
If 6+uk#¢ for ukeXp, peP, we may introduce a new variable w ',

replace by uk' all the occcurrences of u, on the right-~-hand side of an

k
equation that has a variable of (YUU)-Yp on the left-hand side, rewrite
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uk=gk(x,u) as uk'=gk(x,u) and add a new equation

o =w' (5.13)

« 11 13 L= 1.
to (1.1); u, ! is added to U. We regard ukeXp and w, €l Xp. The

k
augmented system of equations is structurally solvable iff so is the
original system (1.1).

Furthermore, replace (5.13) by

w, = tuf (5.14)

with a transcendental number teF over FP' Taking notice of the facts
that the nonvanishing partial derivatives of 8 (now corresponding to
uk') are algebraically independent, and that the nonvanishing partial
derivatives with respect to uk' are also algebraically independent, we
see that.tﬁis modificétioﬁ keeps the sfructural solvabiiity éf the |
avgrented system invariant; the modification corresponds to multiplying
by t the column uk' and dividing by t the row uk' of the Jacobian matrix
of the augmented system. Then the modified augmented system meets GA4.

The corresponding change in the generalized representation graph is
to rename the veriex u, as uk‘ and to add an arc from uk' to a new vertex
. It is easy to check that the egistence of a complete linking in the
generalized representation graph is not affected by this change.
Therefore, (5.12) is not restrictive, either.

Under the additional assumptions (5.9) and (5.12), the Jacobian

matrix J of (1.1) {ef. (3.1)) can be written as follows:
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b
]
i
>

<
H
()
3
=

1 2 3
X T, I T T ‘
Jd = P 4 > 6 ' (5.15)
YP C M I #]
U T7 0 T8 T9—I

where U=U-(XPUYP), M is a matrix over FP that is the direct sum of the
Jacobian matrices Jp of (5.5), and Ti's denote matrices over F with the

nonvanishing entries being collectively algebraically independent over F

P*
Note that J is nonsingular iff
X XP YP u
Y T1 0 T2 T3
X T, -1 T_ T
gr= F 4 5 76 - (5.16)
YP 0O M -I 0
U T7 0 T8 T9-D
is nonsingular, where D is a diagonal matrix with the diagonal entries
being indeterminates over F. Then J' is a mixed matrix with respect to
Fo (see §3) with the expression
It =Qp, + Ty, (5.17)

where
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>

X XP YP U
Y 0 0 0 ©
XP 0 -I ¢ o
QJ' = ) (5'18)
Y o M -I 0
AP
U O o 0 o
X XP YP U
Y T1 0 T2 T3
X T, ¢ T. T
P
TJ' = 4 5 6 . (5o19)
YP o o 6 0 e
U T7 0 T8 T9-D

By Theorem 3.3, as well as the definition of the union of
bimatroids, we see J is nonsingular iff there exist X' c XP and Y' c YP
such that

the submatrix of Q, with rows in YPU(XP-X') and columns in
XPU(YP~Y') is nonsingular, (5.20)
and that

A

the submatrix of TJ, with rows in YUX'UU and columns in
XUY'UU is nonsingular, (5.21)
The former condition (5.20) reduces further to the following:

the submatrix of M with rows in ¥!' and columns in X' is

nonsingular.
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In terms of the bimatroids Lp=(Xp,Yp,AP), this condition is equivalent to
saying that

(xmxp,Y'an) € Ap, peP. . (5.22)
On the other hand, the latter condition (5.21) can be rephrased in terms
of the existence of a linking (in the ordinary sense) in a. Namely, it
follows from Theorem 3.1, due to the algebraic independence of the
nonvanishing entries of TJ,, that (5.21) is equivalent to the existence
of a complete linking L from XUY' (CXUYP) to YuX! (cYUXP) in a. Since
X'nXp=B_LnXp and Y'an=8+Lan in (5.22), the linking L can be regarded as
a linking in the bimatroid network (a,{LplpeP}).

Thus the theorem is established. 0

In this section we have discussed the structural sblvability of
(1.1) when it contains a number of subsystems, which we have called
modules. A module p is deseribed by (5.5) in terms of the input-output
relation between Xp and Yp. it is highly probable in practical
situations that the module p itself has an internal structure, consisting
of a number of submodules. Then module p is described by a system of
equations in the form of (1.1), where X=Xp, Y=YP, and U=Up denotes the
set of internal or local variables which are implicit in (5.5). In other
words, we may say the input-output relation (5.5) is obtained after
eliminating the variables of Up’ just as (5.7) is obtained from (1.1).

In such & case, structural analysis based on Tﬁeorem 5.1 would be
particularly advantageous when the modules possess relatively small
number of input-output variables while involving a large number of

internal variables. When certain types of modules are employed
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frequently, we can determine the combinatorial structures of those
modules in advance and store them in data base in some form or other, as

observed in [32] for the case of multiports in electrical networks.

Example 5.1. The assumption (5.4) is essential for Theorem 5.1 %o hold.

Consider, for example, a system of equations

¥y = au, + au,,
u, = bx,
u, = ~-bx.

X={x}, U={u1,u2}, Y={y}, and {a,b} is assumed to be algebraically
independent over Q. This system is not structurally soivable. If we
‘consider that tﬁis gystem is compésed éf two médules with X2=Y1={u1,u2},
X1={x} and Y2={y}, the "generality assumption" GA4 is trivially
satisfied, while (5.4) is not.
The generalized representation graph is given by

(é=(*V,K;X,Y),{Lp=(Xp,Yp,Ap)|p=1,2}), where V=XUUUY, A=,

A1={({x},{uk})| k=1,2}, A2={({uk},{y})| k=1,2}. It has a complete
linking L from X to ¥. In fact, let L consist of three trivial paths

{x}, {u.} and {y}. Then 3L = 371 = {x,u,,y}, and L satisfies (4.12). O
1 1

- 31 -



Example 5.2. Consider the following system of equations of the form
(1.1) with X={x1,x2,x3}, U={u1,...,u11} and Y={y1,y2,y3}:
Yy = f1(u4, u5),
y2 = OLI:L9 + u'i'l’
y3 = f5luyq),
Wy = gy (xgs wy),s
Uy = Eylxys W)y

u3 = gB(x1, Xz)!

u, = * uy, (5.23)
u5 = u1 + u2 —u3,

Ue = 2u3,

u7 = —u3;

ug = g8(x3’ ug, u10),
u9 = gg(u71 us)’
u =u9—u11,

Upy = gqq(ug u),
where G is a nonzero constant. We suppose the system contains two
modules; one with input variables X1={u1,u2,u3} and output variables
Y = ] i = =
I, {uL,u5,u6,u7}, while the other with X, {ug,u11} and Y, {yz,u1o}. That
is, among the squations (5.23), module 1 is described by

u, =u, +u

A 1 27
u. = u, +u, -u,,
5 1 2 3 (5.24)
u6 = 2u3,
Uy = ~Ug,
and module 2 is by
Yo =0u, + u,.,
2 9 11 » (5.25)
Y10 T Y9 T Y9t
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The representation graph G=(V,A;X,Y) in the sense of 83 and the
underlying graph G=(V,A;X,Y) of the generalized representation graph

(G,{L1,L2}) are depicted in Fig.5.1, where the arcs of A-A are drawn in

broken lines. The binmatroids L1 and L2 are defined by the matrices as

u,l u2 1.13
u, u
9 11
u4 1 1 0]
u5 1 1 =1 Vs a1
1.1 2" , L2 gv . (5.26)
u6 0 0 2 u10 1 -1
u7 0 0 -1

Let N=(§,K,c;s+,s") and N=(§,A*,6;s+,s_) be the networks associated

respectively with G and G as (3.3) and (3.5). They are shown in Fig.5.2,
where the arcs of K-A* are drawn in broken lines. The linkings in

tal

(G,{L1,L2}) can be treated as flows in the bimatroid network (N,{L1,L2}),

where, for p=1,2, Lp=(XP,YP,Ap) (XP c X,ul,, Yp c Y*UU*) is the
bi-pol troid di to L =(X ,¥ ,A }.
i-polymatroid corresponding to Ly ( R p) )
If ¢=-1 in module 2, the bimatroid network (N,{Lq,Lz}) hes the

~ A

minimum cut Wﬁ{s+}UX*U(U*-{u10})U(U*—{uﬁo})u{y?} with R(W)=2, where R is

the cut function (4.8) of (N’{LT’Lz})' By Theorsn 4.1, this means that

no complete linking exists from X to ¥ in (G,{L.,L.}). Eence, (5.23) is

172

not structurally solvable.
Suppose a#-1, and accept GA4. Then (G,{L1,L2}) has a complete
linking from X to Y and therefore the system (5.23) is structurally

solvable by Theorem 5.1. o
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6. Hierarchical System of Equations

It has been menticned at the end of 84 that we can use bimatroid
networks for modeling the hierarchical structure of a physical/
engineering system in general by virtue of the facts stated in
Theorem 4.1 and its corollaries. In the following, we shall explain how
this general approach can be embodied for the specific problem of the
structural solvebility of systems of equaticns. We consider the
situation where a system is composed of modules and each module is made
up of submodules.

The following example will illustrate the notations to be introduced

subsequently.

Example 6.1. Recall Example 5.2. We label system (5.23) as S(0) and put
X(O)={x1,x2,x3}, U(0)={u1,...,u11} and Y(D)={y1,y2,y3}. 8(0) contains
two modules indexed by P(0)={p1,p2} end described respectively by the
input-output relations (5.24) and (5.25); we put X(1,p1)={u1,u2,u3},
Y(1,p1)={u4,u5,u6,u7}, X(1,p2)={u9’u11}, Y(T,p2)={y2,u1o}.

Let us suppose, for example, that (5.24) and (5.25) are obtained
respectively from the following systems S(?,p1) and S(1,p2) by

):

éliminating the variables in U(1,p1) and TU(1,p

2
S(1,p1): u, = fA(u12),
v = f5(u12, u13),
g = Teluy s uyg),
uy = £(u,,),

Uyp = 8qplug, wy),
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u13 = €13(u12, u14.),

(u

By = Bq4lug Byg)s
Uis = &15(uye)s
b6 = B16luyr Uyl

where U(1,p1)={u12,...,ﬁ16};

§(1,py) e vy = £lugyy uypd,
u

10 = L1plugs Yyn)s

Uy = Byq(uygs Ug)s
where U(1,p2)={u17}. We further suppose that S(1,p1) contains two

submodules indexed by P(1,p1)={q1,q2}, while S(1,p2) contains none; a
has the input variables X(2,q1)={u14,u15} and the output variable
Y(2,q1)={u6}; similarly X(2,q2)={u1,u2} and Y(2,q2)={u12}.

The whole system S of equations of the form (1.1) with unknown
variables {x1,x2,x3}u{u1,...,u17} and parameters {YT’yE’YB} is obtained
by replacing in S(0) the equations of (5.24) and (5.25) by S(1,p1) and

8(135 )0 a
”2

To discuss the hierarchy of modules in general, let us fix the
notation as follows. The system of equations of the form (1.1)
representing the whole system is denoted by 8(0), where X, Y and U in
(1.1) are accordingly written as X(0), Y(0) and U(0). The set of modules
contained in S(0) is denoted by P(0). Each module peP(0) is.described
again by a system of equations of the form (1.1), which we denote by
8(1,p}; X, Y and U in (1.1) are written as X(1,p), ¥Y(1,p) and U(1,p). We
assume (5.1) to (5.4), where we understand that X=X(0), Y=Y(0), U=U(0),

Xp=X(1,p), Yp=Y(1,p). In addition, we have
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U(1,p)n(X(0)uU(0)u¥(0))=@, peP(0),
ard (6.1)

U(1,p)nU(1,q)=@ if pfq (cP(0)),
since U(1,p) is local to module peP(0). The set of submodules contained
in 8(1,p) is designated by P(1,p). (Evidently, P(0)nP(1,p)=g for peP(0},
and P(1,p)nP(1,q)=0 if p#q (eP(0)).) Each submodule geP(1,p) is assumed
to be expressed by a system, say S(2,q), of equations of the form (5.5)
that describes the input-output relation between the input variables
X(2,q) (<X(1,p)uU(1,p)) and the output variables (2,9} (<X(1,p)ul(1,p)),
although it is possible to go further into the internal structure of the
submodule q by considering a system of the form (1.1) for it. (5.2) to
(5.4) are assumed again with X=X(1,p), ¥=¥(1,p), U=U(1,p), Xp=X(2,q) and
Yp=Y(2,q).

It should be emphasized here that a module p (€P(0)) is recognized
as a set of relations between X(1,p} (cX{0)uU(0)) and Y(1,p) (cY(0)uU(0))
in the system S(0) of equations, whereas in S(1,p) it is given a full
description involving the internal variables U{1,p). The equations for P
in 8(0) are obtained from S(1,p) by eliminating the variables of U(1,p).

In accordance with the hierarchy of modules, we may consider the
hierarchy of the underlying subfields of F. For peP(0) and qeP(1,p), let
D(2,q) denote the collection of the partial derivatives of the equations
in 8(2,q) with respect to the variables of X(2,q); we put

u D(2,q), peP(0) (6.2)

D =
P(1,P) qu(‘l,p)

as in (5.6). D(2,q) is contained in a subfield of F, say F2 o the
]

subfield of F generated by {F, | qeP(1,p)} will be denoted as F .
2,q P(1,p)
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In a similar manner, let D(1,p) mean the collection of the partial
derivatives of the equations in S({1,p) with respect to the variables of
X(1,p)uU(1,p). We have

F1,p > D{(1,p) 2 DP(1,p), (6.3}
where F1,p is a subfield of F generated by D(1,p), and define FP(O) to be
the subfield generated by {F1,p] peP(0)}. By the construction, we have

Fo FP(O) =) F1,p > FP(1,p) > F2,q’ peP (0}, qeP(1,p). (6.4)

Consider the system S(0). The collection of the partial derivatives

of the equations with respect to the variables of X(0)uU(0) will be
denoted by D(0). We put

Ppo) = peP?O)DP, o | (6.5)
where DP means the subset of D{0) corresponding to module peP(0)}. Note
the difference between Dp and D(1,p). An element of Dp is obtained from
D(1,p) according to a formula similar to (5.8), Therefore Dp c Fﬂi’p and

DP(O) c FP(O)' {6.6)

Now suppose we are interested in the structural consistency of the

whole system. In other words, we are concerned with the structural
solvability of the sysiem 5 of squations which is obtained from 8(0) by
replacing the eguations for the modules peP(0) with their full
descriptions 8(1,p), peP(0). 8 is = system of squations in the fornm
(1.1) with X(0)uU(0)u{U(1,p)|peP(0)} as unknowr variables and Y(0) as
parameters. Our objective is to point out that the structural

solvability of S can be tested by applying Theorem 5.1(2) to S(0), in

which the modules peP(Q) are treated as bimatroids.
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Here we assume GA4 at each level of hierarchy. That is, we assume
(i} The collection of the nonvanishing elements of D(O)_DP(O) (cF)
is algebraically independent over FP(O)’ (6.7)
and
(ii) For each peP(0), the collection of the nonvanishing elements of
D(1,p)—DP(1,p) (CF1,p) is algebraically independent over FP(1,p)'
(6.8)
The former (6.7) assumes GA4 for S(0), in which modules peP(Q) are
described in terms of the input-output relations. The latter (6.8), on
the other hand, assumes GA4 for the individual modules.
It is worth noting that the present assumptions (6.7) and (6.8)
.aré less restfiétive than assuming GA4 for the whole s&sfem 8. if GA4

were stated for g, it would read as follows:

The collection of the nonvanishing elements of

[D(O)—DP(O)]U[ U (D(']’p)._DP('i,p))] (cF)

is algebraically independent over FP(1)’ (6.9)

where FP(1) is the subfield of F generated by {FP(1,p)I peP(0)}. It is
easy to see (6.9) implies {6.7) and (6.8). The converse, however, is
not true, since (6.8) does not guearantee the algebraic independence
among elements chosen from D(1,p)-DP(1,p) with different modules p=?(0).
The structural solvability of the whole system S can be checked
in two stages as follows. First we summarize the structure of each
module peP(0) into the bimatroid (X(1,p),¥(1,p),A(1,p)) applying
Corollary 4.4 and Theorem 5.1(1) to the generalized represéntation graph

of 8(1,p). As a result the internal variables U{1,p) will no longer be
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involved. Then we apply Theorem 5.1(2} to S{0) to test for the
struc£ural solvability of S{0) using the information about the modules
peP(0) expressed in the language of bimatroids. Such two-stage method is
justified by the theorem below. We put
X(1) = u X(1,p), ¥() = u (1,p), UM = u U(1,p),
peP (0) peP(0) peP(0)

and define a bimatroid network (G,{Lp]peP(O)}) as follows:

& = (X(0)uU(0)uUT(0),4;%(0),(0)),

where

>

2
il

{87y, | yex(0)-X(1)}ul67u, | u eU(0)-1(1)}

(é_yiland §_uk are.defined by (3.2) with respect ﬁo.S(O));
Lp=(X(1 ,p),1(1,0),A(1,p))

is the bimatroid defined (as in Corollary Led) by the linkings in the

generalized representation graph of 8(1,p). Note that é agrees with the

underlying graph of the generalized representation graph of S(0).

Moreover, the proof of the theorem revesls that (a,{Lp|p€P(O)}) coincides

with the generalized representation graph of S(0).

Theorem 6.1. Suppose (6.7)-and (6.8) hold. (We assume (5.2), (5.3)

and (5.4) for each of the systems S(0) and S(1,p), peP(0); (6.1) is also
assumed). Then S is structurally solvable iff there exists & Menger-type
complete linking from X(0) to ¥Y(0} in the bimatroid network
(a,{Lp|peP(0)}) defined above.

(Proof) Put

X(2,p) = u x(2:Q)1 Y(zyp) = U Y(21Q)1 PGP(O);.
q€P(1,p) qeP(1,p)
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X(2) = U X(2,p), Y(2)= U Y(2,p).
peP(0) _ peP(0)

Just as (5.9) in the proof of Theorem 5.1, it may be assumed that
X(1)¥(1) < u(o),
X(2,p)u¥{(2,p) < U(1,p}, peP(0).

Put
ﬁ(o) = U(0)-(X{1)u¥ (1)),

A~

U(1,p) = U(1,p)-(X(2,p)u¥{2,p) ),

U(1) = U(1)-(X(2)u¥(2)) = u U{1,p).

peP(0)
Furthermore, we may forbid an input variable of a module to appear
elsewhere on the right-hand side (ef. (5.12)). Then the Jacobian matrix
T of S with respect to the variables of X(0)uU(0)uU(t)

(=X(0)UX(1)UX (1) UX(2)UX(2) UT(1)UB(0)) will look as Follows:

P——————w———U(O)UU(T)————-——a—{
f——0(1) ;

x(0) X(1) (1) X(2) ¥(2) U(1) U(0)
Y(0) L 0 T, 0 0 0 1
X(1) , ;I T, 0 0 0 T,
Y(1) 0 M -I 0 My M 0

J=  X(2) o M, 0 -I M, M, 0 . (6.10)

Y(2) 0 0 0 . § 0 0
?(1) 0 M, 0 0 Mg M-I O
U(0) T, 0 T3 0 0 0 Tl
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. . . . .
Here N is a matrix over FP(1)’ Mi 8 are matrices over FP(O)’ and Ti s are
matrices over F with the nonvanishing entries being collectively

algebraically independent over FP( We put

0)"

(1) x(2) 1(2)  U(1)

(1) M, 0 My M3
X(2) M -1 M M
. 4 5 6 |, (6.11)
Y(2} 0 N -I 0
(1) M, 0 My Mg—I

By the same reasoning as in the proof of Theorem 5.1, T can be regarded
essentially as a mixed matrix with respect to FP(O)' Therefors, T is
nonsingular iff there exist X' < X(1) and Y' c Y(1) such that
the submatrix of M with rows in Y'UU{1) and columns in X'UU{1)}
is nonsingulear, (6.12)
and that
there exists a complete linking from XUY' (<XUY(1)) to TUX!
(cTUR(1)) in G. (6.13)
The matrix M of (6.11) splits into direct factors, esch
corresponding to z module peP(0}. That is, M is the direct sum of

matrices Mp, peP(0), where Mp takes the same form as (6.11), i.e.,
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X(1,p) X(2,p) ¥(2,p) U(1,p)

Y(1 0 M
(1,p) P, Ps2 Py 3
X(2,p) M -I M M
M = Psé Psd p,6 . (6.14)
P oy(2,p) 0 N, - 0
Ul M 0 M M -
(1,p) Ps7 P,8 P9 I

The condition (6.12) is equivalent to saying that, for each peP(0),
the submatrix of Mp with rows in (¥'nI(1,p))ul(1,p) and columns
in (X'nX(1,p)})ul(1,p) is nonsingular. (6.15)
The assumption (6.8) implies that, for each peP(0), the nonvanishing
entrieg of Mp i‘s are algebraically independent over FP(1,p) and Mp can

be regarded essentially as a mixed matrix with respect to FP(1
y

the identity matrix in the position U(1,p)xU(1,p) is modified as before).

D) (when

By epplying Theorem 5.1(1) to the subsystem S(1,p) we see that (6.15) is

further equivalent to (X'nX(1,p),¥'nI(1,p))eA(1,D). o

The two-stage methed explained above can be extended to a multistage
method in an obvious fashion when a multilsveled hierarchy among modules

is to bz considersd.
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7. Problem Decomposition
In Theorem 4.1 (and Corollary 4.3) we have observed that the maximum
flow of a bimatroid network is characterized by the minimum cut. Taking
notice of the submodularity of K of (4.8) and utilizing the general
decomposition principle associated with submodular functions [13],
sometimes known as "principal partition", we can obtain a unique
decomposition of & bimatroid network into subnetworks. One may be
tempted to use the principal partition of K associated with the
generalized representation graph of a system of equations with a view to
obtaining a block-triangularization of the system. It seems, however,
that this yields too fine a partition of the variables ito be useful for
block—triangularizatién (seé Example 7.i below). We sﬁall shoﬁ ﬁhat a
variant of the M-decomposition instead gives a successful decomposition.
Suppose, as in §5, that we are given a system (1.1) of equations
conteining modules peP of the form (5.5). The generalized representation
graph is denoted by (a,[Lp[peP}), where a=(V,K;X,Y) (V=XUUUY) and
Lp=(Xp,Yp,Ap), peP. The representation graph of (1.1) in the sense of
§3 will be denoted by G=(V,A;X,Y). If we denote by (XP,YP,AP) the
underlying bipartite graph of Lp (peP), we have
A= E U {API pEP}. (7.1)
We now consider a decomposition of a bimatroid nsiwork (a,{Lp[peP})
in general. Besides & consider a graph G=(V,4;X,¥) such that
IsAu {Ap| peP}. (7.2)
Note that the set of vertices of G is identical with that of E. If we
apply the M-decomposition to &, we obtain a family of subgraphs of G:
Do) 10 5@ y@y) seqo0,0bum. (7.3)
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A partial order is defined among the subgrephs. The family (7.3) induces
a family of bimatroid networks:

(@1 M| perh)| seto,=buml, (7.4)
where

S1)_ (D) §(5) 4(1) 4(1)

b y )’

Ay

Dy vy W0y
u , = p, »
Ap(l)={(X',Y')| X'cXp(l), Y'cYp(l), (X',Y')enp}.
By Prop. 2.1, the maximum size of a Menger~-type linking from X to ¥
in & is not less than that in the bimatroid network (G,{LplpeP}). Note

)

1also thaf, By the propertiés of the M—decompoéition, G(l has a complete

linking from X(l) to Y(l), for each iel.

Theorem 7.1. If the maximum size of a Menger-~-itype linking from X to Y in
G is equal to that in the bimatroid network (a,{Lp]peP}), then, for each
ieI, the bimatroid network (a(i),{Lp(i)| peP}) has a complete linking
from X(i) to Y(i).

(Proof) As mentioned in §4, the linkings in (a,{LplpeP}) can be treated

as flows in & bimatroid network (N,{Lp|peP}). To be specific,

>

~ ~A A

N=(V,2%,8;s",s”) is defined for G as in (3.3) to (3.5); and L=(X,%,

=]

p)

(XPCX*UU*, YPCY*UU*) is the bi-polymatroid correspending to Lp=(XP,Yp,AP)
in a natural menner. We dencte by R the cut function {(4.8) associated
- with (N,{Lp|peP}). (Cf£. Example 5.2.)

As explained in §3, the M-decomposition of & is defined by means of

the minimum cuts of the associated network. We denote by
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o e -+
=(V,i*,c;s

»5 ) the network associated with G as (3.3) to (3.5), and by
K the cut function (3.6) of R,
Note that N and N have the same vertex-set V, and that K* c i*. By
the construction, we have &(a)=c(a) for aEE* and R(W)s<(W) for WcV.
Since
min{R(W)| WU, s'eW, s™¢W} = nin{R(W)| WV, s'eW, s ¢w)
by assumption, we see
L{K) < L(R),
where L(K) and L(R) are the lattices of the minimizers of ¥ and R,
respectively. Then the assertion of the theorem follows from
Theorem 4.1. o
As an application of Theorem 7.1 to the block-triangularization of
(1.1), we see the following fact, although it could be easily derived
independently of Theorem 7.1. Note that when (é,{LplpeP}) is the
“generalized representation graph of (1.1), the condition (7.2) reduces 1o
A 5 A, where & is the arc-set of the representation graph G of (1.1) and

expressed as in (7.1},

Corollery 7.2. If (i.1) is siructurally solvebls and a graph G=(V,E)

satisfies Ao4, the M-decomposition applied to B yislds a
block-triangularization with structurally solvable subproblems. (No

"generality assumption" is involved here.) o

If the M-decomposition is applied to the representation graph

G=(V,4), it may split a module into several M-components. In some cases,
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however, it may be desirable to get a block-triangularization such that a
whole module is contained in a single subproblem. For that purpose, we
mey modify G by adding ares {(x,y)| xeXp, yEYP} for each peP. The
resulting graph G satisfies the condition (7.2}, since it contains a
complete bipartite graph for each module peP. Corollary 7.2 means that
the M-components of G correspond to structurally solvable subsystems. It
should be noted, however, that such modification can be justified only
after the structural solvability is confirmed using the original

(generalized) representation graph.

Example 7.1. This is continued from Example 5.2, We assume 0#-1 and
accept GAL. Recall that R is the cut function (4.8) of (N,{L1,L2}). The

lattice L(R) of minimizers of R yields a partition of g-{s+,s_]:

~

P = {ﬁil i=1,...,12), (7.5)
where

61 = {xz, ufl, ﬁz = {xi, ug}, GB = {xl, ul, u¥, ui, uil,

~4 = {Y#, ui, uz, ui, ug}, §5 = {uf, uS}, %6 = {ug},

§7 = {u., ui, u$, uz, utl, GS = {u11}, ﬁg = {uz},

10 ).

Vo = (o3t ¥y =Eq&’vm==hﬁ’ Y3 (7.6)

The partiel order ( < ) on P is given by the transitive closure of the

following:

~ -~

V1 < VS < 9 < V11 < V12; V1 < V6; V5 < V7; V8 < V11; V9 < V1O;
Vg S Vg <V, <V, < Vg < V5 T, <V, < W (7.7)

The minimum cuts of N, on the other hand, produces another partition

P = (P-{vili=3,4,6,7,8,9,1o,11})u{v3uv » VeV, V8UV9UV1OUV11},
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A

which is an aggregation of P. From this we obtain the M-deconposition

A1) (1)

{G(i)=(v(i), : ,Y(i))l ie{0,®}uI} of G, where

I= {1,2,3,5,6’8112}1

v < g, 10t 1ag),

v = e,u, 1% o), v12)=tu);

v3) _ Ly 0,05, ), x(3)={x1}, 1(3)={y1};
+5) _ {ug’ug}’ X(5)={u8}, Y(5)={u9};

v(6) o fu3,u6,u7,u11}, X(6)={u3}, Y(6)={u11};

+(8) _ (g sty 11708, 01 X(s)={u9,u11}, y(8)={y2,u10};
v(12) _ (0,075} X(12)={u10}, v(12)

={y;}s
and G(O) and G(m) are null. The partial order is induced from (7.7) as |
| follows: |
v < y(5) 4 y(8) L (8) < V(12); vi2) o y(3) ;o)

The system (5.23) can be solved by successively solving the 7
structurally solvable subproblems corresponding to the M-components
according to the partial order.

It is worth while noting that the partition E, which is & refinement
of P, is too fine for the block-triangularization. For gxample, the

components V3 and V4 do not correspond to solveble subproblems; thsy ars

Iy

merged into one compornent in the M-decomposition of G.

Another observation is that the M-decomposition of G splits module 1

NE) 6)

into two components, i.e., and V( . Such phenomenon can be
avoided, if necessary, by considering an augmented graph G=(V,%;X,Y)

(A > A) with a complete bipartite graph for each module. That is, we may
putb

E=4Avu {(u1,u6), (u1,u7), (u2,u6), (u2,u7), (u3,u4)}. o
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8. Concluding Remarks

In this paper we have discussed the use of "bimatroid network" in
rathematical modeling of physical/engineering systems with special
reference to the structural solvability of systems of equations., The
method developed here will give a framework unifying the equation-hased
approach and the model approach in systems analysis.

In the field of electrical network theory, matroid-theoretic
approach has been proven effective [12]1, [14], [30], [32], [33], [34].
There exist a number of established methods -for discerning the unique
solvability of an electrical network. We could apply the method of this
paper to the problem of the unique solvability of an electrical network
conféining multiports, where the terminal cha?aéteristiés §f a.multiport
is to be summarized as a bimatroid. It seems, however, that this does
not result in a novel method of analysis, reducing, at best, to a variant
of the existing methods found in the literature.

The "generality assumption”" GA4 may or may not be accepiable in
practicel situations. Withoui assuming GAL we can say that the systen
(1.1) of equations is not structurally solvable if the generalized
representation grafh does not admit & complete linking. To assert the
converse we nesd a certain further zssumption, as demonstrated in
Example 5.1. The assumption Gi4 is motivated by the physical observation
on "locality" of parameter dependency as well as by the mathematical
result of [38] to the effect that the rank of a triple matrix product
AXE is equal to the rank of the product of the bimatroids corresponding
to the matrices A, X and B, provided the nonvanishing entries of X are

algebraically independent.
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There seem to be a lot of possible applications of the notion of
bimatroid network in systems analysis. For example, the combinatorial
structure of a dynamical system has been discussed in [25] by means of
what can be viewed as a special type of bimatroid network.

The author thanks Junkichi Tsunekawa of the Institute of Japanese
Union of Scientists and Engineers for motivating this work by telling his

practical experiences during the development of JUSE-GIFS and DPS.
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Fig. 5.1. The graphs G and G of Example 5.2.

A

The broken arcs are present in G and not in G.
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£. 5.2.

A

The networks N and N of Example 5.2.
Ths broken arcs are present in N end not in N.
The bold 2rcs ( e ) 2nd the broken arcs (— -¥»—-) have

infinite capacities, while the thin arcs (—>—) have

unit capacities.
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