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A non-preemptive M /GI/1 queue with several job classes is considered. Atthe -
completion of the service time the muitiple feedback occurs. The objective is to
maximize the expected discouted reward with the infinite horizon. Using the Har-
rison's method [6, 7], the model is formulated as a bandit problem and its optimal
policy is characterized by the index rule.  The application to a discréte approximation

of a preemtive M/GI/1 queue is discussed.
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Introduction

We consider an M/GI/ 1 queue with several job classes. A single job is served at a time and the
served job is not interrupted by the other job, that is, nonpreemptive. When the service is completed, '
the multipie feedback will occur.  The cost structure is a pure expected reward received at a decision
epoch. Our problem is to obtain the optimal job scheduling which maximizes the expected discouted
reward with the infinite horizon. Our model is formulated as a bandit problem with Poisson inputs
and the multiple feedback.

In a single server queueing system the optimal job scheduling which minimizes the expected
holding cost has been studied. The optimal policy is characterized by a priority service discipline.
When the service time is known in a nonpreemptive queue “the shortest-processing-time-first” disci-
pline (SPTF) is optimal. When the expectation of the service time is known in a nonpreemptive
queue “the shortest-expected-processing-time-first” discipline (SEPTF) is optimal. When the service
time is known in a preemptive queue, “the shortest-remaining-processing-time-first” discipline is
optimal [16]. |

When the distributions of several job classes are known, the optimal priority is obtained by the
index rule. For an average criterion Sevcik [17] studies no arrival case and Klimov [10, 11] studies
an arrival case with the simple feedback. A multiple feedback job scheduiing is studied by Meilijson
and Weiss [12]. For a discounted criterion Harrison (6, 7] studies a nonpreemptive M/G/1 queue
without the feedback.

A bandit problem is constructed by independent projects. We decide to work on one of these
project_s, we receive a reward and the next state of the project is determined by the transition
proba@ﬁ:ity. Gittins [4] proves that the optimal policy is given by a dynamic allocation index (DAI)
and shows the several applications including job scheduling.  Whittle [20, 21, 22] obtains the integral
expression of the expected discounted reward and proves the optimality in both no arrival and arrival
cases. Many applications of the bandit problem are discussed in [2, 5, 8, 13, 14, 19].

In section 1, we introduce our model. In section 2, the transform formula of the holding cost
to the immediate reward is obtained. From this formula hoiding cost feedback problems can be
represented by a bandit problem. In section 3 for a fixed ordering set, the expected discounted
reward is obtained. In section 4, if the index is monotone decreasing with respect to the ordering set,
the integral representation of the expected reward is obtained and the optimality of DAI is proved.
In section 5, we apply our results to a discrete approximation of a preemptive M/GI/ 1 queve. Inthree
cases the optimal policy is obtained. For example, if the exiting probability is unimodal, the optimal

policy is one of the multilevel processor-sharing scheduling algorithm.



1. Model
We consider an M/GI/ 1 queue whose arrival jobs are distinguished into several classes. These
job classes are numbered as £=1,2,-- and the set of all job classes is denoted as K. The set K

is finite or countably infinite. Let »n. be the number of class & jobs waiting in the queue including the

job being served.  The state of the system is represented by s={m,****, #s,>=*) and the state space
is S={s=(sy,> g Py sreees ) kgxm< ®},  Suppose that arrivals of several class jobs are independent

Poisson processes and the arrival rate of class % jobs is Ak(AK=’§KA2<°°). Let Fiu(t) be the

distribution function of the service time X. for class & jobs with the Laplace-Stieltjes transform (LST)
%(ﬁ)=j;ue““dFk(t). We assume infi EX«>0. For a fixed 8, we simply denote it as &,

We assume that one job is served at a time and its service duration is not interrupted by the other
job, that is, the non-preemptive discipline. ~ For the state s, the set of available actions is {0}V {k : »
x>0}, the action & (>0) is to serve a class % job and 0 represents the idle action. At the completion
of the service time, a multiple feedback occurs. Let P (51, x) be the conditional probability of the
multiple feedback vector #={51-"-=, by,+++) when a class k£ job is served and its service time is x.
Assume that the expected number of feedback jobs is uniformly bounded, that is, for all % and x,

‘%."(Zb;)P(blk, x)SB. We formulate our model as a semi-Markov.decision process. Assume that

the decision epoch is the completion of the service time, or the arrival time of a new job only when the

idle action is chosen. Let us put that for £>0, Fe={0,++ , 0,1, Qeeeees ) is the & th unit vector and
60=(0; ------ A RTIEEE ) is the zero vector. If a class % job is served and during this service time, the
arrival job vector according to Poisson processes is a=({a;, - , @x,~), then the state of next decision

epoch is s—dx+a+4.  If the idle action is ch.osen and the first arrival job is in class 7, then the next
state is -+ .

The cost structure in our model is a pure reward rx, which is immediately received at a decision
epoch when a class & job is chosen to be served. In Section 2, we discuss the reducticn of a both
reward and holding cost problem to & pure reward problem. To simplify the notation we put »n=0.
Let Vx(s) denote the expected #-discounted reward of an infinite horizon with the initial state s, when
a policy = is employed. Let T(n) and k{n)}(n=1,2,- ) be thel n th decision epoch and the »

action at T (»),respectively. Then we have
1.1 Ve(s)=E: [gle'”‘"’rumb].

Our problem is to obtain an optimal policy which maximizes Vx(s). We will prove that an optimal
policy is characterized by the priority service rule whose order is determined by an index.

Qur model is a bandit problem whose job classes ‘are countably infinite or finite. Jobs arrive
according to indenpent Poisson streams and at the completion of process time the multiple feedback

occurs. The criterion is to maximize the expected discouted reward.



2, Reward and holding cost case . ‘

In this section we prove the reduction of a both reward and holdding cost problem to a pure
reward problem. Such an approach to a stochastic job scheduling without the feedback is proved in
Bell [1], Stidham and Prabhu [18] and Harrison [6]. From this reduction technique, the both reward
and holding cost problem is formulated as a bandit problem (see, Varaiya, Wairand, and Buyukkoc
[19]). Using the Harrison's argument we prove this in feedback case. _

Suppose that 7" be the reward when the service of class k job is completed and /" be the holding
cost for each unit of time when a class % job stays in the system.  Asa natural assumption we put that
both supe |7'| and supx |hi'| are finite. The redution of a general problem (7 and /s*) to a pure
reward problem (r+) is proved. _

We define right continuous step functions as follows.

@+(#)=the number of class % jobs in a queue waiting or being served at time £.

A.(¢)=the number of class k£ jobs that arrive by a Poisson stream with the rate Ax before time ¢, not
including initial jobs Na.

B.(¢)=the number of class % jobs that arrive by the multiple feedback before ﬁme £

Di(f)=the number of class & jobs \\'rhose service is completed before time £.

From these definitions
(2.1) Qi(EY=Na+A:(£)4+Be(t)— D).

From the renewal theorem it follows that for sufficiéntly large ¢,

1 1 ..
2.2) TE;D:‘(HSSN,I)&E—}GTI.(C’O-

and

(2.3) %E;Dk(f)ﬁ [sups{l/EX:}+1] sk{€?§($b;)P(blk,x)<w,

where X: is the service time of a ciass £ job. These inequalities imply that E;D;.(t) and

E;Ba(t} are bounded by a linear function of time /. Under a policy 7, the total expected discouted

reward of infinite horizon with the initial state s in a general problem is given by
(2.4) Ve (s)=Ex[Zrat [ e aDu )= Sk [ Qu)at |.

) F3 ] & ']
From the partial integration we have.

(2.5) Ef ue'“"Qa(t)dt=Nx/B+E[ f “e""Ag(t)dt*—B"[e""Bk(t)}:+B“ ["e-aBu(t)

+87 [e#Dun)] -8 [Temanun)]

™
o



From (2.2) and (2.3), the third and the fifth terms in the right-hand side are zero and the second term
is E [ e ™Ax(t)dt=A:/8%. Substituting (2.5) into (2.4) we get that

(2.6) Vit(s)=Ea| T+ 1a*/8) [T dDu 1)~ S0 18) [TedBuU )|~ B

where H=;(kk‘/ﬂ)(Nr.+/h/B).

We transform the reward ».* at the completion of service and the holding cost /i.* to the pure immediate

reward r. at the decision epoch such that

@7 n= e (n+ a8 S8 Sbchi VP (b, 5)| dFu(x)

= Ui+ hat[B)= e S8 Dbeh VPl k, 2] dF(x),

where the last term in (2:7) is the expected discounted holding cost of multiple feedback jobs incurred

in advance. Using the expression of the decision epock in (1.1) we have

{2.8) V;:‘(S)=Ex[n212"”m)?’k(m]—H

Since H is independent of the policy 7, using (2.7) the general problem and the pure reward problem

are equivalent and the reduction is completed.

3. Ordering set and index

First we Fonsider the priority service discipline }Vhose order is determdned by a ordering setr I'.
For any / and j (i=/)in K, one of (i, /) and (j; /) isin I". If (i /)ET then we interpret that .job !
should be served before job /. Therefore I” has a transitive property such that (7, /YT and (j, k)=
I imply (7, ). Let Ye={i: (i )T} be the set of higher priority jobs { than . Aﬁd also we
put Zi=Y." (k). ©If the set JCK satisfies that 2] and (i, )" imply /€], we say that J is a
cut-off set of I". If Jis a cut- off set, there is a cut-off point of ording I” and any job whose priority
is higher than the cut-off point is contained in /. [t is trivial that both Y% and Z: are cut-off sets. In
this section we fix the ordering I" and pbtain the job index. .

Denote by B (s,j) the first epock when all jobs in J are cleared under the initial state 5. Put
&(s, J)=E[e "] and in particular e(i, 7/)=£(8:, /). Since each service time is independent we get

E(s,J)= I;ra(i,f ). Let U(s, J) be the expected discounted reward during B(s, 7). For the empty

set ¢ we put £(s, ¢)=1and U(s, $)=0. For any s€.1 we introduce s"=(n,*****, 7a-1, 9, Has1, " )



and s =(0,+ L0,00,0, ). Let us define the index of the class % job as

(3.1) Cx=U(s, Z4)

=U (8, Za) (1—alk Z:)).

From the assumption #fx EX«>0, we have that C =supx|rl/ (1—sups Ue)Z supe|Cl or Ce is uniformly
bounded. Suppose that the initial state is s.  According to [, all jobs whose priority is higher than
k, including arrival jobs from Poisson streams and by the multiple feedback, are served. During this
time interval B(s, ¥.) the expected discounted reward is /(s Y.) and the LST of this expected
discouted time interval in &(s, Ye). After that Ci is obtained. Then the total expected discouted

reward with the initial state s’ is

Us', ZO=Ul(s, Ya)+£(s, Yi)Cu
Using the saﬁne discussion we also l}ave

Us', Z)=U(s, Zu)+E(s, Z:.)Cg.
Finaily we get

(3.2) Uls, Za)— Uls, m=(s(s; Yi)—&(s, z,,))c,,.

Lemma 1. For any cut-off set /, we have

3.3) U N=Z(&s Yo-#s 2)Ce

&

Proor. First we assume that J is finite. Put /= {#(1),--==+, {({)} such that for all u=1,--, [ Ju=

{#(1),+=" , i(2)} are cut- off sets, that is, #(a) (u=1,--- , 1) is the service order accordingto I°.  Then

we have
! = &
Us, )= 285, Ju)=§(s, 1)) Cotw
=3(#s vo-#s. zn)ce
Next suppose that J={i(#); #=1,2,~--} is an infinite cut-off set. But i(z) (a=1,2,-- ) is not

necessarily the same as the order of I'. For any cut-off set /* we define N(/’) as the number of

decisions during B(s, /). For each sample path,

™

3 (N(Zii) =~ N(Yian)—N() (as i—~e0)



Since |C4l is uniformly bounded by C, the right hand side in (3.3) is absolutely convergent.

from the dominated convergéence theorem we have

N(Ziw)

;211(6(3, Yew)—£&(s, Z:’(u))) C:‘tu)=E[ é P e"’”’”mm]

U=1n=N(Yyu)+l

N
—*E[ 2 2_”(")7'1.(;:)] (as {—o)

=1

=U(s, J)

Thus the desired result is obtained.

It follows

Fix a cut-off set L and let x be a priority policy such that for any i€ L the service order is

determined by I' and any job in class i€ K —L is never served. Let U*(0, L) denote the expected

discounted reward under a policy & during the initial busy cycle when the initial state is erripty. Let

A:.Eé}!_/h be the Poisson arrival rate of the set L. Then

U*(0, L)=Ac/ (A+B)X T, AU (84, LY/ A

=D AU (8% L) (AutB).

kel

We define a(L)EELLa(k, L)/ A, as the LST of the busy period with the dummy variable 8. Then

the LST of the busy cycle is A.a{L)/ (A+8) and

n=0

Va(0)= 3 [A,,a(L)/ (AL+/§)]"U*(0, L)

=§L,uU(ak,Li/ (B+Ac—Awa(L)).

TI;IEOREM 2. We have
Vx($)=U(s, L)+ £(s, L)Vz(0),

where U(s, L)= 5(#(s, ¥)— (s 2))C: and

Ve(0)= S AU (8, LY (B+ Ai— Mra(L)).

Using the policy improvement technique, the optimality is proved.  For the initial state s=(im,

------ , M%), fix an action % such that #=0 or z is positive. Let #’ be a policy such that if 2K



then one job in class & is served and if £=0 than the idle action is chosen until a new arrival of any job
in K occurs and thereafter according to the policy 7 all jobs in a cut-off set L are served and all jobs
in K—L are never served. As was defined under the policy x, for the policy 7° we put

Bu(s, J )=the initial busy period until the first class % job and all jobs in J are served.

Ei(s, ] )=E[e™xe),
and ‘

Usls, J }=the expected discounted reward during Bi(s,/) under the policy z’,
where Bo(s, J ) is equal to -the first arrival time of any job in K plus the initial busy period until all jobs

in J are cleared. Especially we put

(3.4) 2u(J)=8:(8, T} : (ke K)
and
(3.5 al)=é80, )= (ZAad )+ Ae=AM (B+ ).

If J=4¢, then ax(d)= ¥, (£=0) and aold)= ¥o=Ax/(B+Ax). From these difinitions we have

&(s, J) - kE]

(3.8) E&(S,f)={
. alJ)é(s,J)  A=EK-J or k=0

Let 2 and b be a Poisson arrival vector and a muptiple feedback vector, respectively. For y=

a+b,let p{ylk x)be the probability of y under the condition that the. service time of a class # job is

x, Then we get that for k€K

(3.7) Ug(s,L)=r,.+fe-’x§:?(yik, X U(s =84+, L)dF(x)
"=n+j:e""|:;F(ylk,x)%{é(s—é‘;ﬁy, Y —2(s—6x+y, Z:’)}Cz‘} dF.{x)

= ret T {&ls, ¥ &ls, ZOIC

It is easily proved that for £=0 the gbove equation is also satisfied. Moreover, we define Vi(s) as

the expected discouted reward for the infinite horizon problem under the policy z’.

TueoreMm 3. We have’

Vils)=Ux(s, L)+ &x(s, L) Ve(0),



where

Uils, L)= ?'k'r'ia{fk(s, Yi)—&u(s, Z:)}C.

Another expression of Cx defined by (3.1) is

(3.8) Ck=Uk(6k, Yk)/(l_ak(Yk))

=[rk+f§,{a"( Y-')—m.(Ze)}C.-]/(l—a;.( Yk)).

In this expression Ci is represented bﬁ' higher indices of ¢ than k.

4, Optimality
In this section we obtain an optimal policy, which is characterized by an index rule. At first we

assume that the index C: is monoctone nonicreasing with respect to the ordering I'.  That is, (i j)E
I implies Ci= ;. Next, suppose that L is the largest cut-off set with the lowest index M (M= 5;_1{ C;

and L={ . C;2 M}).

For an infinite cui-off set / we prove the following Lemma,

LEmMa 4. Suppose that the sequence of cut-off sets {Ji} (1=1, 2, )} is monotone increasing (or

decreasing) and {;_72 Ji=J. Then we have
lim £(s, J)=4(s, ] ).

Proor. For an increasing sequence we prove this lemma. In the decreasing case the proof is the

same as this. Since :Ul{a) : B(é, J:)St}={cz) : B(s, J)<t}, we have lim P{B(s, J)=t}=P(B(s, J)=
¢}, 1t fllows from the continuity of LST that fim (s, J)=4(s,7).

If C: is monotone nonincreasing with respect to I, instead of a cut-off set J/, we define *-function

of the value m as
(s, m)=inf&(s, Z;), a"(k, m)=infalk Z;)
. crzm Crzm
and

Ea*(s, m)=g_‘7§};$k(5, Zj), ak'(m)=.:iﬁfn"ak(zj).

For any m&(sup;,C;, C), £'(s, m)=a*(k, m)=1 and &*(s, m)=as*(m)}= ¥,  These four functions

are left continuous nondecreasing step functions, For example, a jump of £*(s, m) at m is



&*(s, m+)—&(s, m)=g}ggé(s, IG)—gfgf;é(s, Z;)

In Theorem 2 U(s, L} is represented by the Stielties integral of the monotone function £*(s, »2) and

from partial integration we have

[
(4.2) U(s,L)=j_; m d&*(s, m)-

.
=C—¢"(s, MM = [ &*(s, m)dm.

Whittle [21] modifies the bandit problem so as to allow the additinal option of retiring with the reward
M. If in our model the retiring option is employed with the reward M when all jobs in L is cleared,

the expected discouted reward of the modified process is
Uls, L)+ (s, MM =C— [ T a*(i, m)"d
s, £*(s, = o O (i, m)™dm

which is equivalent to (14) in [21].

Fpr the policy 7', a jump at m is
£ (s, m+ )& (s, m)=g12_££$z(s, Y;)—'g'ﬁj;&(s, Zi)
and from (3.6)

5*(3; m) Ckgm
ar(m)é*(s,m) Ci<mor k=0
If kL, then C=Ci2 M and from Therom 3.

Ex'(s, m)= {

(4.3) Uk(S,L)=?’k+jl;_cm d&"(s, m)

<
A

" ' C - * -
=rar Tl §7(s, M)M—./;kaﬁ(m}f‘(s, m)dm—f & (s, mlam.
If ke K—L or k=0, then we also get

(4.4) Ui, L)=rt BuC—a (& (s, MM = [ as*(m)E*(s, m)dm.

Lempa 5. If 7>0 and A€ L then
(4.5) Vels)— Vils)=— et (1= TC - [ (1= au*(m))E"(s, m)dm

and if #s>0 and k€K —L, or k=0 then



(4.6) Vz(s)— Vil(s)=—r+(1—- @'A)C—I(l-ak‘(M))E'(s, MY M- V(0))

~ [1=ac(m)E (s, mym.
Proor. From Theorem 2 and 3, we have
Va(s)— Vils)=U(s, L)= Usls, L)+(£(s, L)—&x(s, L) Vz(0).
Since for kS L, &(s, L)=&.(s, L) then it follow fror;n (4.2) and (4.3) that (4.5) is obtained. Also if
kEK—L or =0, then from (4.2) and (4.4) (4.6) is obtained.
Generalizing the index Cx in (3.8), for k€K —L or k=0, we define Ci(L) as

(4.7) CelLY= U84, L)Y (1—a(L))

= bﬁ;.-l- %C—m.*(M)M—Lca:.‘(m)dm}/(l—cn'(M)_).

Since from the definition Us(do, L)= ZA:U(84, L) (B+Ax) and 1-ao(L)=(8+Ac—AralL))
(8+ Ax), then |

(48)  ClL)=TAU(Sk LY (B+ A= MialL])

= V0).

THeoreMm 6. Suppose that 1 is a priority policy with the ordering set I” and the cut-off set L such that

for k=L, C. is monotone nonincreasing with respect to [ and

IW’EZ'?ZIFC&E Co(L)g S.Zt_ﬁ Cz(L)
k=L kXK -L

Then 7 is optimal. _

Proor. We use the policy improvement technique.  To prove this it is sufficient to show that for any
fixed s=3&o and any A{m>0 or £=0), Vi(s)— Ve(s)=0. Since for n>0, £*(s, m)< £*{(6e, m) in
Lemma 5, we have that for 2&L, Vals)— Vi(s)Z Veldx)— Vk(ak)=0:. And since for k&EK —L or &
=0, £*(8s, m)=1(C=m=M), then

Vals)— Vils)Z Vel(84)— Val8s)

= — (1= B)C— (1= DM = VelO)= [ (1= au*(m))dm

— 10 —



=(1—a*(M)INCo(L)— Ck(L))?.O,

where the third equality is derived from (4.7) and (4.8).  This completes the proof.

In order to contruct the optimal ordering set I” and cut-off set L, the generalized index C:(L) is

useful.

ProposiTioN 7. Suppose tﬁa_t i and j€(K—L)V{0} and C(L)=<C{L). Then

(4.9) CALIS LY )< Ci(L)

and
(4.10) CiL)= C;(Luj)é CiL)

Proor For 50 and j+0 we get

(1-—-&th UiINCH{LY i)= U8, L)+(aJ'(L)_.a_f(L YiNCAL)
=(1—G.i(L))Cj(L)+(a:(L)—Q’J(L Vinc{L)
=(1—a;,(LY ij)Cé(L)—(I“QJ(L))(C:‘(L)_ Cis(L))

or
CAL)=CAL Y )=(CAL)= CALN 1= a{ L) (1=aiLV i),

Since 05(1—aj(L))/(l—aj(LUi)).S_l we get (4.9), Exchanging the role of i and j we also have

(4.10). " If one of 7 and j is 0, we can prove this using the same discussion.

The optimal ordering I is constructed by a successive addition of the highest generalized index
| job uniil k=0.is chosen. For a finite set £ th-e algorithm to obtain the optimal pelicy is shown [7].
In the next sectiorf we apply Prop. 7 to an M/GI/ 1 queue.
5. Approximation of preemptive M/GI/ 1 quene

In this section we consider the following M/ CI/ 1 queue. Customers; arrive at a singlé-server
station as a Poisson stream with the rate 1. Each arriving customer has a discrete service time =1,
PARTIRLY with the probability gk(élgk=1). Let a class % job be a customer who has served £—1 quanta
and is waiting for & th quantum. The conditional probability of a class & job exiting is pe=gu/ i%!g,v
and its probability of the single feedback as a class k+1 job is 1—pe. This model is a discrete

aporoximation of a preemptive M/GI/ 1 queve. For example, the CPU serves customers according to

— 11 —



.a round-robin discipline with the fixed quantum size 1. The problem is to obtain the optimal quantum

to be served in the waiting customers. -
The LST of the service time of a class £ job is ¥x=e*=¥. As a cost structure we assume

that, 7+*=0 and the holding cost for each unit time is constant. To simplify the notation we put

hk‘=ﬁe"f. Then the immediate reward in (2,7) is
vo= Taha* 8= Freha*(1—p)/B=Ds. .

Our problem is to obtain the optimal job scheduling which minimizes the expected discounted holding
cost.
At first we consider no arrival case and next we consider a Poisson arrival case. For i</ let

¥;; be the LST of the service time from ¢ #k quantum to ;. We recursively define as ¥:,= ¥ and
Vis=0:¥ -F(l-'.ﬁi) WW.‘-HT;.
During this interval the expected discounted reward is 7:'.f=p: and
?’u-’:Di‘i‘(l—Df.) QT?’;-H_.;.
TI}e séwit.:e. index from { to j is defined as
Ci..i.=7i..i/ (1— &,
The index of a class 7 job without arrival i
" (5.1) C,-'E'sfz‘c;b Cis.
Gittins [4] shows the following results : If the exiting probabity p« is nonincreasing, then ‘Ci is
nonincreasing and this is the deteriorating case. If p« is nondecreasing, then C: is nondecreasing and
this is the improving case.  Glazebrook [5] also prove this result when 2 single machine sometimes

breaks down. In the case of a Poisson arrival we will obtain the optimal poliey when p« is monotone

nonincreasing, nondecreasing or unimodal.

Case 1. Suppose that p is nonincreasing. Let [n= {(§, /Y1 i</} be the deteriorating ordering set
and Yi={1,--* ,k— 1} beits cut-off set.  Under the initial condition §=81, a(1, Yi)is the LST of the
busy period B(8:, Yi) and.U{(8:, Ya) is its expected discounted rewa-rd. " Next for the initial condi-
tion s=08:(7€ ¥4), a:(Y.) is the LST of the busy period B:{&:, Yi). During the unit interval, e A%/

a! is the probability that the number of arriving class 1 jobs is 2.  And

ail{ Y= !P'éoe“/l“a(l, Y. a!

—12 —



=¥ oxp {~A(1—a(1, Y.}

is independent of {. We also have

™ L=iva
Udse, Yo=p+ ¥ EEL UG, Vll++all, v
UG Y
-P:‘l‘ 1_0(1, Yk)[w a:(Yk)],

where the second term of the last equation is independent of 7. Then the generalized index
C:’( Yk)= Uf(&-, Yk)/(l_d.'( Yh))

is a nonincreasiné function of ¢ (&, E+1, }.  From Prop.7, Cs is recursively determined as
Ci=Cu(¥Y:). Therefore Cx is nonincreésing and from Theorem 6, I’; is the optimal ordering set.
This ordeded round-robin is said to feedback-to-lower-priority-queue-discipline (see Schrage [16] and
Brown.[3]) or this. is the foreground-background (FB) gcheduling alogorithm with unit quantum
(Kleinrock [9] p.172).

Applying Prop.7 to Ci; we obtain the following.

ProrosiTioN 8. For any <7<k we have that
if C:'.jg Cisrx then G2 CinE Crrtn
-and

if C;JB Cj+1,k, then C:'.J; C:'.-J:-z— Cj+1.k-

Case 2. Suppose that p« is nondecreasing. From Prop. 8, we have that Ci=C: = Ci= which is the
monotone nondecreasing fuction of % and ={(i, 7). {>j} is the optimal ordering set. Using the

queueing terminology the FCFS discipline is optimal.

Case 3. Suppose that p« is unimodal and the peak of p« is ps.,=m§zx pe. In other words p. is

nondeceasing in £€ {1,+-, &} and nonincreasing in A€ {i, o+1,-~}. From Prop. 8, for any fixed
i, C; is an unimodal funuction of 7 and then Ci is also unimodal such that Ci is increasing in £ (1,
""" , %} and decreasing irll k< (i, 2.o+1,"-""}. In no arrival case I3={(i, 7). C'>C; or (C/=C; and
i<j)} is an optimal ordering set. Next we consider an arrival case. From (3,8) the index of class
1 jobs is not effected by an arrival and let 7(1) be such that Ci'= ;o) then for 1=%4=;(1) the optimal

index Cx is independent of Poisson arrival as Cs=Cs. From (3,1) and (3,8) we have Ci=U(8:1, Z1)/
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(1—a(l, Z1)) where Zi={1,- ,7 (1)}, For 2=2j(1)+1 we put Ye={1, , £—1} and as was shown

in Case 1 we get

ax( Yi)= Texp{—~A(1—a(l, Ye))}

Uw(Ss, Yx):i)k‘i'%[@-*ak( Yi)l
and
Co= U84, Yl (1—al ViD= Cu.
Using the same discussion in Case 1, for 22 7(1)+1 C: is nonincreasing. ‘ It follows that for k== 1, .

7(1) Cx=C. is the unimodal index without arrival and for £=j{1)+1,--- Cv=Ci«(Y%) is the nonin-
creasing index of Case 1. As a whole the order of C: is the same as the order of C4’ and an optimal
ordering set is the same as /3. For any initial state s there exists only oné job from class 2 to j(1)
after sufficiently long time spent when I3 is employed, At this situation from 1 to j(1) the FCFS
discipline is employed and if there is no job from 1 to 7(1), then from 7(1)+1 unit quantum the FB
discipline is employed. This mixed scheduling algorithm is one of Fhe multilevel processor sharing

algorithm discussed in Kleinrock [9, p.177].
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