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Abstract

A combinatorial anazlogue of the dynamical system theory is
developed. The combinatorial dynamical system is described by a
combinatorial analogue of the state-space equation Xppq = A X + B W ;
the matrices A and B are to be replaced by bimatroids (or linking
systems). Related concepts such as controllability are defined and their

fundamental properties are investigated.
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1. Intreduction
In the modern control theory initiated by [Kalman 1963], a linear
time-invariant dynamical system is conveniently described in the
state-space equation:
dx/dt = A x +Bu
_ (1.1)
y =0Cx

for a continuous-time system, or

Xpp A X+ By
e =0x

for a discrete-time system. Here x is the state vector, u the control

(1.2)

(input) vector, y the output vector, and A, B and C are constant matrices
of appropriate sizes.

In this paper we develop a combinatorial analogue of the dynamical
system theory. The combinatorial analogue of the state-space eguation
is obtained by replacing the matrices A, B and C with the combinatorial
objects of bimatroids (or linking systems). Several basic notions such
as conirollability and observability in the conventionzl dynamicsl system
theory are recast into their combinatorial versions and then scme
fundzzmental results in the conventionel dynemicel system theory zre given
their combinatorial counterparts.

This work is partly inspirsd by the recent development of
"structural" or "generic" arguments in the control theory. The
structural approach to controllability started by [Lin 1974], for
instance, considers combinatorial characterizations of the

controllability (in the ordinary sense) of a dynamical system when the

nonvanishing entries of the coefficient matrices A and B of (1.1) or



(1.2) are algebraically independent parameters. Graph-theoretic
necessary and sufficient conditions are known for the structural
controllability in the sense above and its refinements (see, .8+, [Lin
1974], [Glover-Shilverman 1976], [Shields-Pearson 19761, [Hosoe-Matsumoto
1979}, {Maeda 1981], [Acki-Hosoe-Hayakawa 1983], [Matsumoto-Ikeda 19831,
[Hayakawa-Hayashi-Hosoe-Ito 19841, [Yamada-Luenberger 1985], [Murota
1985, 19861]).

It should be emphasized, however, that the notion of controllability
to be introduced in this paper for the combinatorial dynamical system is
different from that of the structural controllability., From the
mathematical point of vigw, therefore, thelcombinatorial dynamical system
theory of the present paper and the existing theory of structural
controllability are independent, although both aim at capturing the
structural aspects of a dynamicael system from the combinatorial
standpoint.

The present theory will be developed within the matroid-theoretic
combinatorial framework without direct reference to the conventionsl
dyramicel system thsory. Howsver, some familiarity with the conventional
dynemical system theory (e.g., [Keileth 1986], [Rosenbrock 1970],
[Wolovich 19741, [Wonhem 1979]1) 2s well as with the results on structural
controllability and related topics would be helpful in understanding the
intuition behind ths combinztorial notions introduced in this DPEDET.,

In the state-space equation (1.1) or (1.2), the matrices &, B and C
behave differently under the change of the coordinate system of the
state space, to which vector x belongs. That is, if the system is

~ -~

described in terms of X = Tx, the corresponding matrices, say A, B andva,



will be given by

1 1

A=TAT', B=TB, C=c0CT .
This shows, in particular, that A is subject to similarity
transformations and therefore it is meaningful to think of such concepts
as'the power product, the eigenvectors, and the Jordan canonical form,
for the matrix A; such concepts are meaningless for B and C.

Such differences in the nature of the meirices are carried over in
the combinatorial formulation of a dynamical system in terms of
bimatroids. To be more concrete, the bimatroid which takes the place of
the matrix A has an identical ground set both for the row set (exit set)
and the column set (entrance set). For such a bimatroid as has a natural
cne-to-one corréspondence between the row set and the column set, we can
consider the power product and define an "elgenset®, which is a
combinatorial analogue of an eigenvector. The maximum size of an
eigenset of a bimatroid will be characterized by the rank of its power
product.

The conients of this pzper mey be outlined as follows.

In §2, basic results on matroids and bimairoids are summarized for

later references.

|._l

The combinetorial esnzlogue of z dynamicel system ig defirned in &3
together with the related notions such &s controlliability.

Then in B4, the behavior of & system without inputs, which we call a
free system, is considered. Specifically, soms fundamental properties
are shown concerning the power products and the eigensets of a bimatroid

which has a natural one-to-one correspondence between the row set and the

column set.



Section 5 treats the bimatroid arising from a combinatorial
dynamical system in connection with controllability. It will be shown
that some well-known facis about the controllability of the conventional
dynamical system (1.1) or (1.2) have natural combinatorial counterparts.
In Earticular, a criterion of controllability is established.

Another criterion of controllability is given in 86, which may be
thought of as a counterpart of the structural controllability theorem of
(Lin 19741, [Glover-Shilverman 1976], [Shislds-Pearson 1976].

Finally in 87, some possible extensions are discussed; among others
an attempt is suggested to define a combinatorial analogue of Kalman's
canonical decomposition [Kalman 1962, 1963] of state space into four

- parts with respect to controllability and observability.



2. Mathematical Preliminaries
2.1, Matroid

The purpose of this subsection is chiefly to fix the notations.
See, e.g., [Welsh 1976) for the precise definitions of matroid-theoretic
coﬁcepts.

Let M=(E,u) be a matroid defined on finite ground set E with rank
function y. The rank of M will be denoted by r(M). For X c E, M-X
denotes the matroid obtained from M by deleting X, while M/X the matroid
obtained from M by coﬁtracting X. We also say that M-X is the
restriction of M to E-X and M/X the contraction of M to E-X; M/X is also
written as Mx(E-X). For disjoint subsets X and Y (cE), the deletion of X
and the coﬁtraction of Y commuﬁe: (M-X}/Y = (M/Y)-X. The dual of M will
be denoted by M .

Let Mi=(Ei,ui} {i=1,2) be matroids. The union of M, and M., denoted

1 2’
as M1VM2, is a matroid on E=E1UE2 with rank function u1vu2 given by
(v, ) (%) = min{u.i(YnE1)+u2(YﬂE2)+|X-Y| | TX}, XcE. (2.1}
The following relations are mentioned here:

(M1-(XnE1))V(M2-(XnE2)) = (M1VM2)-X, XcE, (2.2)

gnd if X1 c E and X, c EZ-ET’ then

1752 2
Lssume E1=E2 end further supposs 2 weight funciion w: E+Z,_ is given.
For X ¢ B, w(X) means Z{w(x)| xeX}. Ths following is the fundamental

min-pax relation for ithe matroid interseciion problem.



Proposition 2.1 ([Edmonds 1970]).

max{w(X)| XcE, X is independent in M, (i=1,2)}
P q
=m1n{i£Ou1(Ii)+ jEouz(Jj)l 1,cE, T 5B,
[{i]osisp, eEIi}|+]{j|O§iéq, eEJj}|=w(e) for ecE} (2.4}

P q
=nin{ 2 1, (I;)+ L

U (J.)| I.cE, J.cE,
120 3 2] i ]

0]
|{i]o=iz=p, eeIi}]+[{j[Oéi§q, eer}[=w(e) for eck,

IODI13---3Ip, J03J13°-°3Jq}. (2.5)

Let 0. be the closure function of Mi=(E,ui) (i=1,2). M2 is szid
[Kung 1986] to be a gquotient of M1, to be denoted as M1 - M2 or M2 + M1,
ift
This is equivalent to

01(X) c 02(X), %cE. (2.7)

It is alseo said thet M1 - M2 is a sirong map.

Proposition 2.2. (1) If M? + M2 and T(MT) = r(M.), then M, = MZ'

(2) ([¥ung 19861) M VM, - M.

(Procf) (1} Puttiﬁg ¥=¢ in (2.6), we obtain

L (X) z uz(x), XcE.

On the other hand, it follows from (2.6) with X=E and n1(E)=u2(E) that

u1(Y) =1 uz(Y), YcE. o



2.2. Bimatroid

The notion of bimatroid was introduced first by [Schrijver 1978,
1979] under the name of linking system, and shortly later by [Kung 1978]
under the name of bimatroid.

A bimatroid (or linking system) is a triple I=(S,T,A), where S and T

are finite sets, and A is a nonempty subset of 2SX2T such that

(L1) if (X,Y)ed, then |X[=|¥

(L2-1) if (X,¥)eh and X'cX, then (X',¥')eA for some Y'cY;
(L2-2) if (X,¥)eh and Y'cY, then (X!',Y')eA for some X'cX;

Y cY¥cY. uY

(L3) if (X,,Y,)eh (i=1,2), then (X,¥)eh, X cXcK UK,, Y c¥cY UT,

1UX
for some Xc8 and YcT.

We call S the row set (or exit set) and T the column set {or entrance

set) of L; we write S = Row(L) and T = Col{L). A member (X,¥Y) of A=A(L)

is called a linked pair; we also say that X and Y are linked.

The birank function (or linking function) A: 2SX2T+Z+ is defined by

AMX,Y) = max{|X'] | (X',¥')eh, X', Y'Y}, XcS, YcT. (2.8)

Obviously,

(X,¥) ¢ A iff AX,Y) = |X| = |¥]. (2.9)
With this correspondence, we may equivelently szy that z bimatroid L is &
triple (S,T,A), where A satisfies the following:

(1) © = AMXY,Y) = min{|X|,|¥]}, XZeS, YcT;

(B2) X(X',Y¥') = MZE,¥), X'cXcS, Y'cYcT;

(B3) A(XUX',In¥")+A(XnXT,YUY') s A(X,¥)+A(X',¥'), X,X'cS, Y,Y'cT,

The property (B3) is referred to as bisubmodularitiy.

By the rank r(L) of L, we mean the maximum size of a linked pair,

i.e., r{L} = A(8,T). L is called a trivial bimatroid if r{(L)} = O.

- 10 -



The underlying bipartite graph (8,T,A) of L=(8,T,A) is a bipartite

graph with vertex set SUT (disjoint union) and edge set A c 2°%3T such
that

(x,y) e & iff ({x},{y}) € A. (2.10)

Proposition 2.3 ([Schrijver 1978, 1979]). Suppose (X,Y) € A, For any

I' ¥ there exists X' c X such that (X',¥')eA and (X-X',Y-Y')eA, In
particular, there exists a matching between X and Y in the underlying

bipartite graph (S,T,A). o

A bimatroid I=(S,T,A) determines & matroid M(L) (suT, A%) with ground
set SUT (disjoint unlon) and rank function A defined by
A (XUT) = MX,T-Y)+|¥|, XcS, YcT. (2.11)
Note that T=Col(L) is a base of M(L). The restriction of M(L) to
S=Row(L) is named the row matroid of L and denoted by RM(L)=(S,)”), where
A(X) = A(X,T), XcS.

. . *
Similerly, the restriction of M(L) +o T=Col(L) is the column matroid of

L and denoted by CM(L)=(T,A+), where
A(T) = A(8,T), Yl
Obviously, we have
r{L) = r{RM(L)) = r(CM(L)).
For X c 8and ¥ ¢ T, L[X,Y] will mezn & bimsiroid such that
Row(L[X,¥])=X, Col(L[X,Y¥])=¥, A(LIX,¥})=A', where
= {{X",¥")] XX, Y'cY, (X',¥1)eh(L)).
In parallel with the multiplication of & matrix with a vector, we

write

-1 =



L*Y = {XcS| (X,Y)epA(L)}, YcT. (2.12)
Note that LY agrees with the family of bases of RM{L[S,Y]) if Y is
independent in CM(L), and that L*Y = ¢ if not.

The dual of L, denoted by L*, is a bimatroid such that
Row(L*)=Col(L), Col(L*)=Row(L), A(L*)=A*, where

A= 1T, (X,1)eA(n)).

If (5,7) € A, L is said to be nonsingular. Then the inverse of L,
denoted by L™, is defined to be & bimatroid such that Row(L™)=Col(L),
Col(L-1)=Row(L), A(L_1)=A-1, where

a1 = 1(T,%)] (S5-X,T-Y)eA(L)}.
Let Li=(Si,Ti,Ai) (1=1,2,3) be bimatroids. The union of L, and L

1 R’

denoted by L1VL2, is a bimatroid such that Row(L1VL2)=Row(L )URow(Lz),

1

Gol(L1VL2) 1

A1VA2 = {(X1UX

=Col(L )UCol(Lz), A(L1VL )=A1VA2, where

2

2,Y1UY2)| X NX,=p, Y1nY2=¢, (Xi,YT)eAj, (Xz,Yz)eAz}.

(2.13)

That is, L VL =(8,us,,T,UT,,A VA2). The birank function A,VA, of L, VL,

2 71T TN
is given by

(MM%HXJ)=IﬁﬂkﬁXhW}MéKhP)ﬂL&ﬂﬂYJﬁ | x1ex, TrcY),

¥

XCSTUS_, YcTﬁuTz. (2.14)

i

VLZ) = M(L1)VM(L2). (2.15)
if Col(L1) = Row(LE) (i.e., T1=82),

*Lz, can be defined; it is a bimabtroid such that

the product of L, end L,

denoted by L1

Row(L1*L2)=Row(L1), Col(L1*L2)=Col(L2}, A(L1*L )=A.*A_, where

2 172
A*h, = {(x,2)] (X,¥)ed,, (¥,Z)eh, for some YeT, }. (2.16)
That is, L1*L2=( 1,T2,A1*A2). The birank function h1*12‘of_L1*L2 is

- 12 ~



given by

fl

ZcT,.. (2.17)

(A ¥3,) (%,2) 1» T,

min{lj(X,TT-Y)+A2(Y,Z) | TeT,},  XcS

We see

1]

*
M(L1 L2) (M(L1)VM(L2))/T1.- (2.18)
ir Col(L1) = Row(Lz) and Col(Lz) = Row(LB), we have the associztive law:
* * = ¥* s
(L1 L2) L3 L, (Lz LB),
which permits the notation: L1*L2*L3.

Suppose a matroid M=(T,u) is defined on the column set T=Col{L) of a
bimatroid L=(S,T,A). Then another matroid, denoted by L*M, is induced on
S=Row(L). The rank function A¥U of L*M is given by

(M} (X) = win{MZX,T-¥)+u(Y)| ¥cT}, XcS. (2.19)

The following relation plays important roles later.

Proposition 2.4 ([Kung 1978, 1986]). L*M is a quotient of the row

matroid of L:
RM(L) -+ L*M,
Or equivelently,
RM(L1) - RM(L1*L2) and GH(L2) + CM(L1*L2)

or two bimetroids Li (i=1,2) such that L1*L2 can be defined.

C1

Suppose thers is a one-to-one correspondence U: S=T batween

o}
[ €]
1}
b
Q
=N
-
-

and T=Col(L), L is said to be symmetric iff

(X,Y) € A dimplies (¢~ (Y),0(X)) < A.

- 13 -



A bi-polymatroid (or poly-linking system) is a triple L=(S,T,A),

where S and T are finite sets and A: 2SX2T+Z+ (or R+) satisfies (B2},

(B3) and

(Bi') A(g,Y) = AMX,8) = 0, XS, ¥cT.
As with bimetroids, we call A the birank function and A(S,T)=r(L) the
rank of L. Much of the notions for bimatroids can be naturally
generalized for bi-polymatroids. In partiecular, for two bi-polymatroids
Li=(Si,Ti,Ri) (i=1,2) with T,=8,, the product of L, and L, is a

2
bi-polymatroid (51,T2,A1*k2), where k1*A2 is given by (2.17).

- 14 -



3. Combinatorial Dynamical Systenm

4 combinatorial dynamical system is a triple (4,B,C) of bimatroids

such that Row(A)=Col(A}=Row(B)=Col(C) (=S) and that S, Col(B) and Row(C)
are mutually disjoint. If we write Col{(B) = P and Row{C) = T, we have
A = (8,8,A(4)), B = (S,P,A(B)), C = (T,S,A(C)). (3.1)
The bimatroids A, B and C will be called respectively the transition

bimatroid, the input bimatroid and the output bimsiroid. The birank

functions of A, B and C are denoted by o, 8 and vy, respectively. The set
S 1s called the state space, whereas P is the input space and T the

output space.

Up to §6, we consider a system without outputs, i.e., a system
(A,B,C), where C is a triviai bimatroid. In othéf words, we investigate
the properties of a peir (4,B), which is also referred to as a
combinatorial dynamical system.

An input (or a control) is a sequence (Uk!k=0,1,...,K—1) such that
Uch. We someiimes call K the length of the input.

When given an input (Uka=O,1,...,K-1), we say that a sequence

(Xklk=0,1,...,K), X, <8, is & frajectory compatible with

(Uk|k=0,1,...,K—1) iff

(X

Lispr e A(AVB) (3.2)

Xk UUk)

for k=0,1,.4.,8~1, This condition can be sxpressed in & form similzar to
the conventional siate-space sguation:

Xp4q € A'X VBT (3.3)

for k=0,1,...,K-1, if we introduce, in addition to (2.12), the notation
F,VE, = {X1UX2| X,MX=f, X;eF, (i=1,2)}

for Fic2S (i=1,2) in general. The formula (3.3) will be referred to as

- 15 -



the state-space equation for the combinatorial dynamical system (A,B).

The underlying digraph of (4,B) is defined to be a directed graph

(8UP,A) with vertex set SUP and arc set
A= {{xt,x)]| ({x},{x*Der(a)} u {(u,x)]| ({x},{u})er(B)}. (3.4)

X ¢ 8 is said to be reachable at time k from XO c S iff there exists

an input (Ui|i=0,1,...,k-1) of length k and a trajectory (Xi|i=0,1,...,k)

compatible with it such that Xk

of reachable sets at time k from XO’ i.e.,

=X. We denote by Rsk(XO) the collection

RSk(XO) = {Xch| (Xi[i=0,1,...,k) is a trajectory compatible

with some input (Ui]i=0,1,...,k-1)}, X,cS,k20. (3.5)

X c 8 is said to be reachable from XO cSiff X e RSk(XO) for some
k20, We put
RS(X,) = U{RSk(Xo)l k=0,1,...}, X8, (3.6)
and
RS, = U{RSk(XO)I X,c8}. (3.7)

A system (A,B) is said to be reachable iff {x} € RS(#) for each xeS.
This is equivalenit to the condition that for each x£5 there exists a
directed path from P to x in the underlying digraph of (A,B).

A system (4,B) is celled controllable iff

RS(p) = 25, (3.8)

An input (Uk[k=0,1,...,K—1) will be called admissible iff there

exists at least one trajectory compatible with it. An input

(Uk|k=0,1,...,K—1) is said to be admissible for (X',X) (X',X c 8) iff
there exists a trajectory (Xk|k=0,1,...,K) compatible with
(Uk|k=0,1,...,K—1) such that X =X' and X,=X. If X ¢ RS(X!'), there exists

an input admissible for (X',X).

- 16 -



4+ Free Systenms
This section deals with a free system in which input bimatroid B is
trivial, In other words, we investigate some fundamental properties of a

bimatroid A such that Row(A)=Col(A).

4.7. Power products of a bimatroid

Since Row(A)=Col(A), we can think of the product of A with itself

k X _ pk=Tup

for k=1,2,..., where, for convenience, we put AO =

in the sense of (2.16). A
k-1

is defined recursively by A
= A%p
(5,8,4(A%)) with A(a%) = {(X,X)| XcS}. For a free system, RS, of (3.7)
agrees with the family of independent sets of RM(Ak), which we are going
to study.

To investigate the rank of products of bimatroids, the following
result weuld be of funéamental importance. In the light of a similar
inequality for matrix products known as the Frobenius inequality, we

name it the Frobenius ineguality for bi-polvmatroids.

Theorem Z4.1. (Frobenius inequality for bi-polymatroids). Let L

(i=1,2,3) be bi-polymatroid such thesi L,I*LQ*L3 cen be defined. Then
#* + * *
T(L1*L2 LB).r(Lz) 2 I‘(L1 L2)+r(L2 L3)’
where r(+) denotes the rank of & bi-polymatroid.
{Proof) Put Li=(si,Ti,Ai) (i=1,2,3), where T,=8, and T,=85. By (2.17),
we have
* = i -
r(L,*L,) min{A, (8,,T, X1)+A2(X1,T2)| X,cT.}
and
3* = i -
r(L, L3) mln{Az(sz,T2 x2)+A3(x2,T3)| XyeT, ).

- 17 =



From these relations as well as from

A (X To) 425 (8,,Ty-X,) 8 A (X, T =Xy ) +A, (S,,T,)

2( 2'72 72
which is due to the bisubmodularity of Ag, it follows that
#* 3*
r(L,1 L2)+r(L2 L3)
< mln{k1(81,T1_x1)+A2(x1,T2_X2)+A3(X2,T3) | X,cT, Xl
+ A2(82,T2)

= r(L1*L2*L3)+r(L2). o

As an immediate consequence of Theorem 4.1, we obtain

r(L *Ly)+n 2 r(L, )+r(L,),

where L, and L, are bi-polymatroids end n=[Gol(L1)|=]Row(L2) . This may

be named the Sylvester inequality for bi-polymatroids after the analogous

inequality for matrices.

Theorem 4.2.

k+1)

(1) (A Hor () 2 r(A9r (A, x=1,2,....

(2) There exists T=T(4) (20) such that
r(4%) > r(ah) > cer > 2 (AT > 2(a7) = r(8%),  x=1+1,7:2,....

-
=, T.=A%",

{(Proof) {1) This follows from Theorem 4.1 with L1=L 5

3
(2) First note the obvious relation:

%)

k+
r(8%) 2 v (&5, x=0,1,....

A

Let T (20) be the smallest k such that the equelity holds., Then (1)

implies that the equaliiy must hold for all kzT. o

The integer T=T(A) will be called the time constant of A;

evidently 0 s T £ |S|. We symbolically write r(A”) for r(AT).

- 18 -



Since
r(8%) = r(RM(A)) = r(oM(a)),
the latter two also satisf{y the similar inequalities given in Theorem 4.2
for r(Ak). The following establishes a much stronger assertion for
RMkAk) and CM(Ak) than is implied by the second inequality of
Theorem 4.2. For two matroids M, and M,, M, 1 M, (or M, 4 M1) means that
Mé is a guotient of M1 and not isomorphic to M

,]o

Theorem 4.3. Let T be the time constant of A. Then
T-
1

0 1 s o N T X
RM(A~) ; RM(A') ? X RM(A 2 RM(A") RM(A™),
k=T1+1,T+2, ...,
and

cM(a¥),

eM(a%) 3 oM(A") g oo+ 3 oM"Y y om(aT)
7002 =
K=T+H1,TH2, ...
(Proof) It follows from Prop.2.4 (with L1=Ak and L,=A, and with L =A and
k k+1 k+1

L,=A%) that RM(A®) + RM(A"'T) and cM(a¥) > oM(2¥*"). Combining these

with Theorem 4.2(2) and Prop.2.2(1), we establish the theoren. o
e ® T . e T
We shall adopt the notation RM(A )=RM(A") and CM{4 )=CM(A').

Theorem 4.2(1) allows us tc define a s=t of characteristic indices
for a bimatiroid A such that Row(a)=Col(4). For a bimatroid erising from
a matrix, the indices to be introduced are closely related to the Jordan
canonical form of the matrix. Thus the indices might be regarded as a
combinatorial characteristic of a bimatroid that corresponds to the

Jordan type of a matrix.

- 19 -



To explain the correspondence that motivates our definition, we
first consider a bimatroid A arising from a bipartite graph. (Such a
bimatroid is called a deltoid in [Schrijver 1978, 1979].) .In other

"words, A is assumed to come from a matrix, say A, of which the nonzero
entries are algebraically independent transcendentals.

As will be seen without difficulty, & has no nonzero multiple
eigenvalues; every Jordan cell with a nonzero eigenvalue is of size 1.

0

k sufficiently large, where r{+) denotes the rank of a matrix. On

The number of nonzero eigenvalues of & is obviously equal to iﬁ&ﬂk) for

R T

Lok e

the other hand, the number of the Jordan cells of size k {21) with
eigenvalue O is given by

&, = (Y w2 (B Y L oap (3K,

In this way, the Jordan type of & is completely characterized by the set
of numbers (50;51,62,...).
Based on the above-observations, we shall define the Jordan type for

a bimatroid A=(8,S,A{A)) as the set of numbers (wO;w .), where

-]swz!"

m0=r(5”),

1 (4.1)
w, = r(A5+1) + r(A

=Ty 2r(Ak), k=1,2,.00.

Note that Thsorem 4.2 gusrantses that wk;o for ¥21 and wk=0 for k>T.
Obviously, we have

I w = |8,
k=0 =
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4.2, Eigensets of a bimatroid

In this subsection, we iﬁtroduce two novel notions, eigenset and
recurrent set, for a bimatroid A=(S,S,A(4)).

A subset X c 8§ is called an eigenset of A iff (X,X) e A(A). Using
the‘notation (3.5) for the free system, we may alternatively say that X
is an eigenset iff X ¢ RS1(X).

A subset X ¢ S is called a recurrent set of A iff (X,X) € A(Ak) for

some k21. Ié-4ﬁ-aasya:4hsee-iha¢—I-is-a-aesuaxeni—sei—iﬁ#—RSE§X4—#-¢—£ar

i,

By definition, an eigenset is a recurrent set; however, the converse
is not true., It will be shown later ir Theoren 4+5 that the maximum
sizes of an eigenset and a recurrent set coinecide. We first consider a

recurrent set of maximum size.

Propogition 4.4.

(1) mex{ |X| | X is & recurrent set of A} = r(A7).
(2) If X is & recurrent set of A of maximum size, X is an eigenset of A<
for all k27, where T1=T(A) is the time constani of A,

recurrent set. Then (¥,I) ¢ A(Ak) for some

P
-y
]
O
O

i

e

PN
— N

g
[
b

13

g5
Q
m
j
=
|_l
4]
fm

1 i
k21. This implies thet (X,X) € A(A™) for any m. Choosing m so that

by Theorem 4.2(2).
To show the converse, we consider A" with maE'Sl. Since r(A™) =
r(A”), by Theorem 4.2(2), there exist X, (c8) (4=0,1,...,n) such that

(X,,X; ) € AMA), i=1,...,m,
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and

%, | = (A7),  i=0,1,...,m.
All of Xi's cannot be distinct, since m 2z ZISI and, therefore, there
éxist i and i!' such that 0si<i'sm and Xi=Xi" This means that (Xi,Xi) €
A(hk) for k=1i'-i. Hence

max{ |X] | X is a recurrent set of A} 2 IXi| = r(A),
(2) By (1), we have |X| = r(&7) = r(Ak) for k2T. Since (X,X) € A(A") for
some mzk, there exist Y (<S) and Z (c8) such that (X,Y) € A(Ak) and (Z,X)}
€ A(Ak). It then follows from the property (L3) of a bimatroid that
(Xr,x") € A(a%) for some X'oX and X"5X. We have here X'=X"=X, since |X]

= r(Ak). Hence (X,X) € A(Ak). o

The following theorem links the maximum size of an eigenset with the
rank of the power products. This fact may be compared to the power
method (see, e.g., [Householder 1964]) for computing the eigenvector of a

matrix corresponding to the eigenvalue of maximum modulus.

Theorem 4.5.

max{ |X]| | X is an eigenset of 4}
= mex{|¥X| | X is & recurrsni sst of A}
= r(a). o

To prove this, we first states a lemma, which is an immediate
consequence of Edmonds' min-mex relation mentioned in Prop.2.1. We
- + - - +
denote by 8 and S +two disjoint copies of 5; & : S5 and ¥ : S++S will

designate the one-to-one correspondences. For X c S, in general, we
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+ Fym - —- - + ok R
write X' = (01)7N(X) and X7 = (1) 7R, or vTXT) = v (@) = x
MO=(S_US+,UO) will mean the pertition matroid, where

ug(XTur’) = |Tur],  Xes, Yes. (4.2)

Lemma 4.6. Let M=(S™US',u) be a matroid and Mb=(S'US+,uO) the partition

matroid given by (4.2). Assume that M and M, have a common base. Then

nax{ |HN8~| | H is & c;mmon-base of M and MO}
= min{u(S-UX1+)—]X1|+i§:(u(xi_UXi+1+)~]Xi+1I) K,
| X8 (i=1,...,0}, (4.3)
where W 2 ISI.
(Proof) First define w:.S"'US+ + Z_ by
wix )=W+1, w(x+)=w, xe8, (hed)

where WaIS + Then a common independent set of M and MO of maximum weight

with respect to w must be 2 common base of M and MO and

max{ |HNS™| | E is a common base of M and MO}

= max{w(H)| H is independent in M and MO} - W|s]. (4.5)

Applying (2.5) of Prop.2.1 to the right-hand side of (4.5), we
obtein
mex{w(¥)| H is independent in M and MO}

. q
Ou(xi uzi*) +j§0|zjuuj| | X,c8, Y.c8, chS, chs,

= pmin{

i

i r1'g

I{i[xEXi}|+l{j|xst}]=W+1 for xs8,
l{ileYi}[+l{j|erj}[=W for xe3,
XO:X13'°'3XP, YODY13"'3YP, 203213-"32q, UODUTD"'DUq}.
(4.6)
On the right-hand side of (4.6), we may assume that p=W and YW=¢.

Furthermore, we may assume, in view of the nesting condition, that q=W
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and

Z, = S-Xw_i (i=0,1,¢..,W),
U, = 8-Y, . . (1=0,1,...,W=1),
UW=¢-

Hence (4.6) simplifies as follows:

RHS of (4.6)

W-1 Ww-1
s - + -
mln{iioy(]{i WY, } +u(xw )+]S—XO|+i£O}S-(Xw_inYw_1_i)]

| XgoX, 500 00X, Y oY o0eesY, )
W-1

. I -
mln{ls,x01+iio(u(xi UL, )= 1%, 40T, 1) Hux")

| XK, >0 00Ky, Y oY o000t )+ wls[

[since we may put Yi=Xi+1 (1=0,7y00s,W-1)]
W1 _ N _
mln{IS—XO[+iEO(U(Xi VX, 44 )-Ixi+1|) (X,

| X2X 50w ek} + Wls]

[since we may put XO=S]
. W-1 .
i - - + X Tux Ve =
min{u(S7Ux, ") |X1| 1_51(11(..i U 4 |Xi+1|) u(x,")

] X1D"‘DXW} + W|S|

min{u(S-UX1+)—|X1| D C AT SRS B S PRETTC My

| X8 (i=1,...,W)} + w|s|. (4.7)

The last equality follows from the alternative expression (2.4) in

Prop.2.1.

Combining (4.5), (4.6) and (4.7), we obtain (4.4).
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We shall now give the proof to Theorem 4.5. The matroid
corresponding to A=(S,S,a) will be denoted by M(A)=(s7us,a®)
(ef.{2.11}), where 8~ and st are disjoint copies of S standing
respectively for Row(A) and Col{A); i.e.,

oF(Xut) = a(X,5-T)+|¥], XcS ,YcS. (4.8)

(Proof of Theorem 4.5) In view of Prop.4.4(1), it suffices to show
max{|X| | X is an eigenset of A} = r(a7). (4.9)
We first note that X c S is an eigenset of A iff X u(s™-X') is a
base of M(A). In other words, X is an eigenset of A iff X =HNS™ for some
common base H c S7US' of M(A) and My, where MO=(S"US+,uO) is the
partition matroid defined by (4.2). It may be mentioned that ' is
common base of M(A) and My

From the above observations and Lemma 4.6 it follows that, for

w2 |sl,
nex{|X] | X is an eigenset of A}
= max{[HnS™ | | H is & common base of M{A) and. M, }
= min{a™(s” Ux, -]x |+ z o (X, " X, . _[x |) o’ (X,
i= 1 +
[ X8 (i=1,...,W)}
[y (4.8)]
W=1
= min{a(S,S- X, )+ z a(X, X7*1)+G(XW,S)| L.cS (i=1,...,W)}
. _] I iy -
_ [y (2.17)]
= (A" = r(a™).
This establishes (4.9). o
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Remark 4.1. A maximal recurrent set is not necessarily a maximum
recurrent set, nor is a maximal eigenset a maximum eigenset. In fact,

for the bimatroid defined by the maitrix

¥ 1 1 2 ,

{{y,z},{x},{y},{=},¢} is the family of recurrent sets and that of

elgensets; fx} is maximal and not maximum. o

Remsrk 4.2. A recurrent set of a bimatreid A is a common independent set
of RM(Aw) and CM(Aw). The converse, however, is not true in general.

Consider, for example, the bimatroid A defined by the mairix

X ¥ 3z
X 1 1 0
¥ c o 1 |.
z C 0 1

As is easily verified, {y} is independent both in RM(A) and in CM(4 ),

whereas it is not a recurrent set of A. n)
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The following itheorem states that the family of recurrent sets is

hereditary.

Theorem 4.7. If X ig a recurrent sét of a bimatroid A and ¥cX, then
Y is also a recurrent set of A.
(Proof) The proof consists of three steps (i)v(iii).
(i) First we claim that
if X is an eigenset and xeX, then {x} is a recurrent set. (4.10)
By Prop. 2.3, there is a matching between X  and X" in the
underlying bipartite graph (S_,S+,A). That is, there is a one-to-one
correspondence 0:X+X (or a permutation on X) such that ({o{x)},{x})eA(4a).
For each xeX,.there exists’k (21) such.that Ok(x) = x. This implies
that ({x},{x}) € AA), since ({c'(x)},{0" 1 (x)}) e A(A) for i=1,...,k.
This establishes (4.10).
(ii) Next we clainm that
if X is an eigenset and x€X, then X-{x} is a recurrent set.
{4.11)
Since (X,X) € A(A), A[X,X] is nonsingular (ef. §2.2 for notation).
Put A' = A[X,X]-1. Then X is an eigenset of A! and (4.10) implies that,
for each x£X, there exist Xq (=x), Kyyeoes X (=x) in X such that
({xi},{xi_1}) € AA') for i=1,...,k. This is equivalent to the following:
(X,_»%;) € MAILED),  i=1,...,k,

where X, = X-{xi}. Hence (X-{x},X-{x}) e A(Ak), establishing (4.11).
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(1ii) We finally claim that
if X is a recurrent set and xeX, then X-{x} is a recurrent set.
(4.12)
If X is & recurrent set, then X is an eigenset of Ak for some kz1.
B& (4L.11), we see X-{x} is a recurrent set of Ak, ices, (X-{x},X-{x}) €
A(Akm) for some mz1. This shows (4.12), i.e., that X-{x} is a recurrent
set of A. Obviously, the assertion of the theorem follows from (4.12) by

induction. o

Remark 4.3. The family of eigensets is not hereditary as seen in the

bimatroid defined by the matrix

X ¥y
bd 0 1
¥ 1 0
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Finally in this section, we mention some nice properties of a

syrmetric bimatroid,

Proposition 4.8. Let A=(8,S,A(A)) be a symmetric bimatroid.

(1) The time constant T(a) = 1.

(2) The Jordan type of (4.1) is given by w.=r(Aa), w1=]S[-r(A), w; =0 for

0 k

kz2.

(3) X is a maximum eigenset of A iff X is a base of RM(A) (=CM(A)).
(Proof) Suppose X c S is a base of CM(A). By symmetry of A, we have
(X,Y)eA(A) and (Y¥,X}eA(A) for some YcS. The property {(L3) of a
biretroid, combined with |X|=r(A), implies that (X,X)eA{A). This shows
that (&) =1, i.e.,‘r(A)=r(Am). The otﬂér assertions are immediate fron

the above argument and Theorem 4.5. m]

*
We shall say that a bimatreid A is definite if A=L*L for some

bimatroid L. Evidentl a definite bimatroid is symmetrie.
¥ Y

#
Proposition 4.9. Let A4=L¥L bz a definite bimatreid.

(1) r(4) = r(L).
(2)

-~

o
I

Bd
0]

iz &an eigsnset of L end Y c X, then ¥ is elso an esigenset of A.
(Proof) (1) By (2.17) end bisubmodularity of the birank function A of L,
we have

r(4) = min{A(S,Y)+A(8,T-1)| YT}

1l

= A(S,T) = r(L).
(2) The assertion is immediate from the fact that (X,X) € A(4) iff

X € RM(A} = RM(L). o
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5. Reachability and Controllability
In this section we deal with the reachability and controllability of

a combinatorial dynamical system (A,B).

5.1. Control bimatroid
' This subsection is to introduce a bimatroid, called the control
bimatroid, which is of fundamental importance in considering the
contréllability.

Let S(i) (i=0,1,...} denote disjoint copies of the state space S,
and P(i) {i=0,71,...) denote disjoint copies of the input space P. The
(1)

natural onse-to-one correspondences are expressed by wi: S8 and

T, ¢ P(i)+P. For i=1,2,..., we denote by A(l)é(S(l),S(l—1),a(i)) and

B(l)=(8(l),P(l"1),B(l)} the bimatroids which are respectively isomorphic
to A=(S,S,ua) and B=(S,P,B).
For {j,k) with 0s5j<k, we define a bimatrcid Dj 1! to be called the
’

control bimatrcid, by the identity

ik
(5.1)
e s _ _ (B _
By definition, we hav?.iow(Dj’k) =3 and 001(Dj,k} = Pj,k-1’ where
= u{P'*| i=3,...,k1]. .
R N (5.2)
The birank function of D, , will be writien as &, ,. Furthsrmore we put
JiE i,k
Dk = DO,k and Sk = 60,k for notational convenience.
The control bimetroids Dj . have the following fundamental
, |

properties.
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lLemma 5.1.

(1) {translation] Dj k=(S(k), Pj k—1’6j k) is isomorphic to
H » b
_(glk-J) .

Dk—j_(s ¥ Po,k—j—1’6k—j)‘

Dj,k = Dk—j’ Osj<k. (5.3)
{(2) [recurrence relation}

k k . .
Dj,k - A( )*Dj:k—'l v B( ) k=j+1,j%2,..., (5.4)

where, for convenience, we define Dj ' (S(J),Q,GO j) to be a trivial
- ] b ]

bimstroid. o

{(k-1)

Since Col(A(k)*D.’k_1)=Pj’k_2 and Gol(B(k))=P are disjoint in
(5.4), we see from (2.15) that
um, = ey v o). (5.5)

]

Using {2.18) and (2.3), we see that

(%), (k)
M(A J,k 1) v M(B*")
= (rual® )VM(DJ 1785y et
- [M(A(k))VM(Dj,k_1)VM(B(k))] /st 1), (5.6)
Substituting (5.6) into .(5.5), we obtain the recurrence relation for
M(Dj,k):
Mo, ) = D wo, 01780 a s
From this as well as (2.3) it follows that
MOD. ) = (v (a (1))) (v s (5.8)
¥ i=j+2 i=j+ J+, k=17 '
wnere
S = u{s(i)l i=j+1,..04,k-1}, (5.9)

j*1,k-1

Note that s¥)up is the ground set of M(D,

J,k—1 J,k)'
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5.2. Controllability criterion

The purpose of this subsection is to investigage the structure of
RSk(ﬁ) of (3.5}, the family of those sets which are reachable at time k
from the empty set. To be specific, we show that RSk(ﬁ), for each k,
céﬁstitutes the family of independent sets of a matroid, say Rk=(8,pk),
and that Rk's grow with k, in the sense stated in Theorem 5.2. Then we
see that the system (A,B) is controllable (ef. (3.8)) iff the seguence of
matrolds Rk grows to the free matroid on S.

We first observe, by the definitions (3.2) (or (3.3)), (3.5) and

(k)=wk_1(X) (cS(k)) is independent in

(5.1), that X € RS, (#) iff X
RM(Dk)=(S(k),5k—). We denote by Rk=(S,pk) the matroid isomorphic to
RM(Dk) (with the natural correspondence of the ground sets through

(k)+S) and call it the reachability matroid. We shall investigate

wk: S
the behavior of the sequence (Rkl E=0,1,004)0
The recurrence relation of Lemma 5.1{2) implies
r(0) = a%smin,_ ) v ™), k1,2, (5.10)

where A(k)*RM(D J meens the matroid on S(k) induced from RM{Dk_1) by

k-1

A(k). This indicates that pk is determined by the "linear iteration':

p. =0,
© {5.11)

a*p VB, k=1,2,...

" k-1

(see (2.19) for notation), where 8~ is the rank function of RM(B). We
may equivelently say that Rk=(S,pk) is defined by (5.11).
The properties of Rk are listed in Theorem 5.2, which is to be

compared with Theorems 4.2 and 4.3.
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Theorem 5.2. Let Rk=(S,pk),_k=O,1,..., satisfy (5.11).

(1) P (X) )

ok
= min{ % a(yi,s_yi_1) +|x-zk|+‘£13“(Yi)| Yopees¥

cS; chX},
i=2 i

¥
XcS.

(2) r(R)-r(Ry_,) 2 r(R )-r(R), k=1,2,....
(3) There exists k=k(4,B) (20) such that
r(Ry) < x(Ry) < =er <r(R_.) <r(R) = r(R),  k=k+1,K+2,....

(4) R, z R, AR R ¥ R =R, k=xH,k42,.... Q

Before giving the proof to Theorem 5.2, we state a general result on
8 bil-polymatroid arising from the matroid union, which seems of interest
in itself. This result will be crucial to the derivation of the

inequality in (2},

Theorem 5.3. Let Mi=(E,ui) (i€T) be matroids and define

AMIZX) = (.v ui)(X), Ic?, IcE. (5.12)
(That is, A(I,X) isliie rank of X ¢ E in the union of M,'s (ieI).) Then
A is the birank function of a bi-polymatroid; i.e., A satisfies {B11),
{B2) and (B3) of §2.2. 1In particuiar,

r(M1vM2vM3)+r(M2) S r(M1vM2)+r(M2vM3) (5.13)
for thres matroids Mi (i=1,2,3).
(Proof) It suffices to prove the bisubzodularity (B3) of A, For I,J c T
and X,Y ¢ E, we have, using (2.1),

MI,X)+A(J,Y)

=min T (X)) 4+ D ou (¥) +|X-X0[+])¥-Y'] | XX, Tret). (5.14)
iel * jeJ d
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Substituting

Zu(X) + Zu (Y
jeI jed

Z ou{xn)+ oz [ui(X')+ui(Y')] Lo (1)
iel-J ieIng ied-I

[\

bX ui(X'ﬂY') + I [u.(x'uY')+ui(X'nY')] + I ui(X'nY')
ieI-J ielny * ieJ-I

= X w(X'ny') + o u (xrurr)
ieTus t ieInT

into (5.14), we obtain

AMILX)+A(T,Y)

min{ I u (X'nY') +[Xny-x'nye
ielud

D (Xr) Hxur-xiurt| | xex, vicy)
ieIng

nw

min{ I ,(2') +[Xn¥-3'| | Z'cxnt}
ieIud '

+min{ I 1y, (2") +|Xuy-z"| | Z"eXuY}
ilng

= AMIuJ,XnY)+A(INJ,XUY). O
We are now in the position to prove Theorem 5.2.

(Proof of Theorem 5.2) (1) This is sirsightforward from (5.11), combinsd
with (2.1} and (2.19).

(2) For simplicity, we put
k

w, = v ),
J!k l=j
k (1) (5.15)
N, = v RM(B''), j=k.
s J,k i=.
i

Then by (5.8), we have
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Rk = RM(Dk)
= D 0 /51 e
_ (k)
= M, W] x st (5.16)
S;nce S1,k-1 is a bags of Mé,k’ it follows that
r(R) = r(Mz,kVN1’k) ~ (k-1)[8]. - (5.17)
On the other hand, applying (5.13) of Theorem 5.3 %o M, =M, VN, 17
? ]
M2=Mj,kVN2,k’ M3=Mk+1,k+1VNk+1,k+1’ we obtain
T(My s VI peaq T (Mg WV, ) 8 My (N (M V)
(5.18)
Noting the obvious fact
My i Vio e % My e VNG
My 12,1001 ® MoV 0
and using (5.17), we establish the desired ineguality.
(3)&(4) Since
~ : {(k+1)
Biepg = TG oV, )V U VI sp) ] X8
and |
~ (k+1)
Rp = BMy p W gl X8 ’
we ses, by Prop.2.2(2), that R, is 2 quotient of R .q deen,

In perticular,

r(Rk) S r(Rk+1), k=0,1,40..
Let K (20) be the smallest k such that the equality holds. Then (2)
implies that the equality must hold for all k2K, establishing (3). The
assertion of (4) also follows from (5.19) coupled with (3) and

Prop.2.2(1). . O
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The integer k=«(A,B) will be called the controllability index of

(A,B); evidently, 0 £« 5 |S|. We symbolically write R for R and call

r(R_) the controllable dimension.
As a corollary of the above theorem, we obtain the first criterion

for the controllability.

Theorem 5.4. A combinatorial dynamical system (A,B) is controllable iff

[s] |s]
r{{ v M(a (l))]v[ v RM(B(I) 1812 (5.20)
i=2 i=1
0

Remark 5.1. In the donventional dynamical system fheory, the
controllability of (1.1) or (1.2) is known (e.g., [Kailath 19801,
[Rosenbrock 1970}, [Wolovich 1974], [Wonhem 1979]) to be expressed by the
rank of the controllaﬁility metrix; i.e., the system (A,B) is
controllable iff

r{B|43]A%B| -+ AIS|_1B] = |s].

As a combinatorial analogue to this criterion, one might be tempted to
consider the condition:

TLRM(B)VRM(A*B)VRM(A ®¥B)yve e o VRM(A ls[ 1y

B)] = |8] (5.21)
for the controllability of a combinatoriel dynamical systsm (A4,B). This
turns out to be wezker than the controllebility, though it is implieg by

(5.20). Consider, for example, a combinatorial dynamical system with
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bimatroids A and B defined respectively by the following matrices:

0 ¢ 0 0 e

a b 0] 0 G
An y B ;

0 c 0 o C

0 d g 0 0

where a, b, ¢, d and e are indeterminates. This pair (A,B) satisfies

(5.21) and not (5.20) of Theorem 5.4.
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5.3, Controllability indices
In parallel with the conventional dynamical system theory [Wonham
19791, we can define the notion of controllability indices for a
combinatorial dynamical system (A,B).
By Theorem 5.2,
Apg = T(Rk)‘T(Rk-1)' k=1,2,...,

form a nonnegative and decreasing sequence that vanishes for k>x. We

define

<, = k| so 2 1}, i=1,2,.... (5.22)
Evidently,

g =0 if i > [P| (z r(R)) = r(B));

Kq B Ky B tee 2K (z0) (5.23)
and

||

2« =r(R). (5.24)

i=1

The tuple (

€;| i=1,...,|P[) will be named here the controllability

indices of (4,B). Tt should be clear that Ky = K, where x=k(A,B) is the

coniroliability index introduced in the previocus subsection.
In the following we shall investigate the structure of admissible

hat an input (Uk| ¥=0,1,...,K-1) is admissible

cl

inputs., First we note
h)
ife u{U (ﬁ)] ¥=0,1,...,%-1} is an independeni sei of GM(DK), whera
(k)__ =1 o{k)
Uk =Ty (Uk) {cT ).

The following theorem may be compared to the similer

Fa)

fzet [Wonhan
1979, 85.7] for the conventional dynamical system. The theorem states
that for a controllable dynamical system we can find a nicely nested
input sequence which brings the null state @ to S. It also clarifies the

significance of the controllability indices.
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Theorem 5.5. Suppose (A,B) is controllable. Then there exists an input

(U, | k=0,1,...,K-1) admissible for (#,8) such that
k .

U0 c U1 c **r C UK—1 (5.25)
and that
{Eul ueP} = {Kil i=1,...,|P|}, (5.26)
where _
R, = K- min{k| OsksK, uel }, ueP, (5.27)
(we put UK=P for convenience). u,
Theorem 5.5 follows from Prop.5.6 below; it should be recalled that
m p(1)sp 15 the bijection and Py | . is given by (5.2).
. = . .
Proposition 5.6. For sach k {20), there exists U ¢ Py x_q Such that
k-
no @'y ¢ e < ee e (onptET)) (5.28)
and that
UnPj,k_1 is a base of CM(Dj’k) for j=0,1,...,k-1. (5.29)

(Proof) The notation U(j) = ﬁj(U), UcP, will be used frequently.

We construet U by means of Ui (cP) (i=0,1,...,k), which ars

'

determined =8 follows. Firs
order), find z oase ﬁj (CP(J

1

St

(1)

j+1 mn

L=

) of

CM(Dj’k)/(U{ﬁi| i=j+1,j+2,.0.,k-1}) and put Us = “j(ﬁj}' We then define

7= u{ﬁi| 1=0,1,...,k-1}.

As easily seen, U has the property (5.28) and ﬁnPj .q 1s en
k-

independent set of CM(Dj k)
L]

therefore, that

%5, 05 k1) = By g0
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put U, =P. For j=k-1,k-2,...,1,0 (in this

for j=0,1,+¢4,k-1. It remains to be shown,

=0,1, 000 ,k-1, (5.30)



Since CM(D,

where G, . denotes the closure function of CM(D. ; k)
b

Ik J,k)'
is a restriction of CM(Dk), we may show, instead of (5.30), that
ok(UnPj,k_j) > Pj,k_1, 3J=0,1,...,k-1, (5.31)
where 0y is the closure function of CM(Dk).
To show (5.31), we first note that (5.4), (2.2) and Prop.2. imply
(k-1)
CM(D, ) = CM(D,)-P ’

from which we see by (2.7) that

61T € o ()2 c o @), Tiery . (5.32)
By the construction, we have
. k-1
Ui(l_i) c Gk( 9 1Um(m)), 121,200 05k-1, (5.33)
m=i-

from which we are going to derive

. k-1
A °_°k(m=§_1”m(m)>, 1=2,3,0 00 k-1, (5.34)

For iz2 it follows from (5.33) that

. k-1
g, (3= ¢ g ( U U (m)).
i T,k & m
m=1i-1

By translation (cf. Lemma 5.1(1)), we obtain

k-1
v v By, | (5.35)

N m
m=i-1

(i-2)
U < o4

Using (5.32), we further obizin

. k-1
Ui{l'z) co( u U (m'1)),

k m=i-1 &

which, combined with (5.33), implies (5.34).

Repeating such argumenis we may claim
k-1

U Um
m=i-1

(m))

Ui(J) cao y 3=0,1,.00,1,

n

which implies (5.31). , . . o
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6. Another Characterization of Controllability

This section establishes the second characterization {Theoren 6.3)
of the controllability of a combinatorial dynamical system, which
corresponds to the structural controllability theorem ([Lin 19743,
(Glover-Shilverman 19761, [Shields-Pearson 1976]) for conventional
dynamical system. The characterization of the contrellability is derived
from a formula (Theorem 6.2) expressing the controllable dimension r(R_).
The formula is the combinatorial counterpart of the resuli of [Hosoe
1980] about the generic dimension of controllable subspaces for a |
conventional dynamical system.

We begin with a characterization of the reachability of (4,B). It
should be remembered that o is the birank function of A and B~ the rank

function of RM(B).

Proposition 6.1. (4,B) is reachable iff

a(X,8-X)+B (X)) 2 1 (6.1)
for 211 nonempty subsets of 8.
(Proof) First note that (A,B) is reacheble iff for each vertex xS in the
underlying digraph theres is z directed path from P %o x.
If (6.1) feils for some X (#f), thers is no direscted psth from P to

X. Hence (6.1) must hold if (A,B) is rezachzble.

(7]
cl
[
(2}
m
({4}
ct
Q
Fh

Conversely suppose {A,B) is not reachabls, and let 3-X b

*

vertices in S which are reachable from P by 2 directed path i

underlying digraph. Then X # @ and a(X,8-X) = 87 (X) =

In the theorem below recall that A[X,X] denotes the bimatroid A with

its row set and column set restricted to X; similarly for B[X,P]. It may
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be interesting to compare Theorem 4.5 and Theorem 6.2, though neither of

them implies the other.

Theorem 6.2. Suppose (4,B) is reachable. Then

r(R) = mex{|X| | r(A[X,X]VB[X,P])=|X|, XcS}. (6.2)
(Proof) As in §4.2, M(A)=(S_US+,at) denotes the matroid that corresponds
to A. We note that r(A[X,XIVB[X,P])=|X| iff X"u(8"-X") is a base of
M(A)VRM(B), where RM(B) in this notation is to be understood as the
matroid on S8  isomorphic to RM(B) by the natural correspondence between
S~ and 8. Hence (6.2) is equivalent to

r(R_) = max{|HnS™| | H is & common base of M(A)VRM(B) and MO},

. C(6.3)

where MO=(S_US+,uG) is the partition matroid of (4.2). In the
following, we will show (6.3).

The rank function u=aiVB— of M(A)VRM(B) is expressed, by (2.1}, as

w(xuz"y = minleS(ruzh )BT (T +|x-T] |Tex)

nin{a(Y,8-2)+|2]+B™(¥)+|X-¥| |¥cX}, XS, Z<S. (6.4)
Substituting this in (4.3) of Lemma 4.6, and denoting by RHS the
right-hand side of (6.3), we obbain

W1
i Y ,8-X )87 ({¥ V+|8-7 |+ Y. . 823
wmin{a(Y,,8-X,)+67 (%) E zo| 151[a(—i’s X, ..

+u(Yw,S)+8"(YW)+{Xw-‘W| ¥ e85 ¥, cX 8 (i=1,...,W)}

RHS

)+B‘(Yi)+|xi_zi]]

[since we may put X, =Y, (i=1,..4,W)]

W=t W
min{iioa(Yi,S—Yi+1)+a(Yw,S)+[S—YO|+i£OB (1,)
[ Y.c8 (1=0,1,...,W)}

]

W1 W
= min{a(YO,S)+'§ oY S-Yi)+[S-YW[+.§ B7(Y,)
i=0 i=0
| Y8 (1=0,1,...,W},  (6.5)

1417
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where W 2 IS].

On the other hand, by Theorem 5.2(1) we obtain
= r(R, )
k-1 Rk

= min[.Z G(Yi+1,
i=1 i

r(R_)
k —
s_xi)+]s-yk|+_£1s (Y,)] ¥,e8 (i=1,.00,K)}, (6.6)
where k 2 K,
Comparing {(6.5) and (6.6) with k=W+1, we readily see that
RHS 2 r(R_ ). (6.7)
The reverse inequality also holds if the system is reachable, as shown
below.

Choose k large enough, say k>n+2n, where n=|S], and let Yi=§i

(1=1,...,k) attain the minimum on the right-hand side of (6.6). Then

k-1 . ~ ~ k ~
r(R) = I Q(Yi+1,S—Yi)+|S-Yk|+‘E B7(Y,) (6.8)
i=1 i=1
k-n - o~
i=1
k-1 . AN | k .
+ [ I oY, ,,8-Y.)+|s-T. [+ I BT(Y.)]
st o0 E  ymgepr B
k-n ~ o~
2 i£1[a(Yi+1,S—Yi)+B (Y01 + r(R ).
Since r(Rk) = r(Rn) = r(R_), it follows that
a(§i+1,8-§i)+5‘(§i) =0, i=1,...,k-n. ©(6.9)
S8ince k-n > 2n, thers exist p and g (15p<q£2n) such that ?P=§q. Using

the bilsubmoduwlarity of ¢ and the submodularity of 87, we can derive from

(6.9) that

where
q-1 .
u X,.
. i

i=p ~
Because of the assumed reachability of the system, this implies Y=@ by

Y =
Prop.6.1. In particular, §p=¢.
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Substituting Y =¢ in (6.8) we obtain

p-2 p-1

r(Rk) [ Z a( ¥, .S )+121B (Y )]
G 5e T o s-, |
+ [a(Y ,S+ZaY S +SY+ZB(Y)]
pti i=p+1 i* 1—p+1
T o y+|8-F | ).
z oY ,S+ZaY ,SY +SY+ZB(Y
P i=p+1 1+ i=pt1

Comparing the last expression with (6.5), with the correspondence W=k-p-1
(zn=|8}), we see
r(R,) = r(R ) z RHS,

which establishes {6.3) when combined with (6.7). o

As an immediate corollary we obtain the following criterion for the

controllability.

Theorem 6.3. A combinatorial dynamical system (4,B) is controllable iff
the follicwing two conditions are satisfied.

(i) (A,B) is reachable.

{(i1) RM{A)VRM(B) is the free matroid.

(Proof) The condition (ii) is equivelent to the fact that the right-hand

side of (6.2) is squal Hence the sufficiency of (i) and (ii)
follows from Theorsa 6.2, whersas the necessity of (i) and (ii) follows

).

Suppose the system is conirollable. i.e., SERSK(ﬁ) for some K, By

|2

if we show the necessity of (

definition, (3.2) (or (3.3)) holds for some (Ukl k=0,1,+..,K-1) and
(Xkl k=0,1,...,K) such that XO=¢ and X =S. This in turn means there

exists (Ykl k=0,1,...,K) such that ¥ <X ..,

X )eh(a), (X ..-Y ,U)eA(B), 1k=0,1,...,K=1.  (6.10)

(X +1 Tk ? Uk

e+t 5k
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For xe3, we can find a sequence (xkl k=j,j+1,...,K), x €8, and ueP

k
guch that X=X,

(I bo b Pen(a),  k=§,j+1,...,K-1,
and

({Xj},{u})EA(B)
es follows. This shows the reachability (i) of the systen.

To find such a sequence, first put Xp=X. For k=K,K-1,..., either

(a): x, €Y, or (b): xkéYk oceurs. In case (a) we can find % _q€%,_, such
that ({xk},{xk_1})eA(A), by (6.10) and Prop.2.3; in case (b), where
x, &%, ~T, by construction, we can find ueP such that ({xk},{u})eA(B),

kT k
again by (6,10} and Prop.2.3.

We will say that a bimatroid F is a state feedback iff Row(F)=P and

Col(F)=S., The following theorem states to the effect that from a
controllable system we can obtain another controllable system with
smaller input space by means of a state feedback. This theorem may be
compared to the similer result (e.g., [Wonham 1979, §2.11) in the

conventicnal dynamical system theory.

Theorem 6.4.  Suppose (A4,B) is controllabls. TFor any P! < P such that
B[S,P']} is nontrivial, there exisis a state feedback F which makes the

system (4 B) controllable, where

)
A = A v B[S,P-P!]*F[P-P',S],
and
B = B{S,P'].
(Proof) We shall construct a deltoid (a bimatroid expressed by a

bipartite graph) F which meets the requirement.

- 45 -



Since (A,B) is controllable, (ii) of Theorem 6.3 implies that
(S-X,X") e A(4) (6.11)
and
(X,U) € A(B) (6.12)
for some X, X" (cS) and U (cP). Put U! = UnP' and U" = U-P!'. Then

(X,0'0U") € A(B) by (6.12) and therefore, by Prop.2.3,

(X',07) e A(B) (6.13)
and

(X-X',T") e A(B) | (6.14)
for some X'cX. Since |U"| s |X| = |8-X"|, there exists an injection

g: Um=3-X", Put
Ay = {(u",o(u"))| urel®}. . (6.15)
Since B is nontrivial by assumption. there exists erS such that
an arc (u,xo) exists for some ueP' in the underlying digraph of (4,B).
Put
62 = {(u“,xo)l ulel"}, (6.16)
The deltoid F=(P,S,A(F)) with the underlying bipartite graph
(P,S,A1UA2) haes the desired property, as follows. We see S-X' € RM(4) by
(6.11), (6.14) and (6.15), whereas X' € RM(E) by (6.13). These two imply
thet the system (4,B) satisfies condition (ii) of Theorer 6.3. It is

sasy to see that it also satisfies condition (i) of Theorsm 6.3 due to

(6.16). Hence (E,ﬁ) is controllable by Thecrem 6.3. o
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7. Possible Extensions

So far we have concentrated ourselves on a combinatorial dynamical
syster (A,B), or a system (A,B,C) with C being a trivial bimatroid. This
section is to suggest a possible direction of further developement of the
theory which incorporates the output (or the observation) of a
combinatorial dynamical system.

For a general combinatorial dynamical system (A,B,C), an output (or
an observation) will mean a sequence (Yklk=1,...,K) such that chT.. We
sometimes call K the length of the output.

%mghwaﬂﬂmtWﬂbmhuqhﬂaManwwm(ﬁMﬂ“nﬁh

we say that a sequence (Xk|k=0,1,...,K), Xch, is a trajectory compatible

with (U, |k=0,1,...,K-1) and (Yk|k=1,...,K) iff

(X Y.

g 15 U0,) € A(AVBVC) (7.1)

k+1Y
for k=0,1,...,K=1; (7.1) is equivalent to saying that there exist

X"k+1ch+1 and X‘chk_such that
(X0, ,,%1) € MA),
_xn
(Xk+1 X k+1’Uk) € A(B),
and
v _YI
(€, .1, %,-X1) € AC).

The underlying disrsvh of (4,B,0) is defined to be 2 directed graph

(SUPUT,A) with vertex sst SUPUT and arc sst
A= {{x',x)]| (Ix},{x'Den(t)} u ({u,x)] (Ix},{u})eA(B)}
u {(x,y) ] ({y},{x})er(0)}. (7.2)

X ¢S5 is said to be observable at time k from Xk c S iff there

exists an output (Yi|i=1,...,k) of length k and a trajectory
(Xi]i=0,1,...,k) such that X =X and (7.1) holds with U =p

{(i=0,1,+445k=1). We denote by OSk(Xk) the collection of observable sets
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at time k from X . A system (4,B,0) is called observable iff

os(g) = 2°, (7.3)

where

08(X)

1l

u{osk(x)] k=1,2,...}, XcS. (7.4)
* 3#* #
The combinatorial dynamical system (4 ,G ,B ) is called the dual of

(4,B,C). Note that (7.1) is equivalent to
(X* Y* 3 * ¥# * *
1+ 1YY jeaq X U k) € A(A VC VB ),

* * . ® % _®
where X k=XK—k’ Y k=U ¥ Evidently, (A ,C ,B ) is

K-k k K-k*
controllable (resp., observable) iff (A,B,C) is observable (resp.,

#*
and U

controliable). Using this relation we can translate the results
established in §85-6 for controllability into the corresponding results
for observability. ‘

In particular, we see thaf 08(@) (ef. (7.4)) constitutes the family
of independent sets of a matroid on S, just as RS{@) (cf. (3.6)) yields
the matroid R, on S. That is, we have two matroids on 8, one for
observability and thelother for controllability. Then we can define a
decomposition of the state space 5 by applying the decomposition
principle known as the principsl paritition [Iri 1979] to the pair of
those matroids. The decomposition of S thus obteined may be thought of
as & combinatorial anelogue of Kelman's canonicsl decomposition {Xaelmen
1962, 19631, [Wonham 19791 of the steis spece inte four perts., A similar
combinatorial decomposition has been considered in [Murota 1986, §15.2]
for a conventional dynamical system based on the same principle of
principal partiticn of z pair of matroids. The detail of this

decomposition as well as of further development of the theory will be

reported before long.
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Addenda to "Combinatorial Dynamical System Theory™
(DPS 317, Univ. Tsukuba, September, 1986) Kazuo Murota Oct. 24, 1986

1. Prof. S. Fujishige kindly pointed out that the proof of Prop.4.4(2)
implies the following characterization of maximum recurrent sets.

Proposition 4.4. (3) X is a recurrent set of A of maximum size iff X is a
common base of RM(Am) and CM(Am). O

2. An alternative simpler proof of Theorem 4.5 was found.

(Alternative proof of Theorem 4.5) For X ¢ 8, let Xx(X) € RS denote the

characteristic vector, and for x e RS, let x and x+ mean the
- +
corresponding vectors in RS- and'RS y Trespectively. For x, y € RS, we
S
denote the direct sum of x and y+ by x_$y+ er” U,
Suppose X. is 2 maximum recurrent set and that (Xi’xi—1) e A(4),

Then

0
i=1,...,m, with X =X.

- + + .
x(Xi) 8{x(s) 'X(Xi—1) 1 €eB, i=1,...,m,

-
where B (CRS us ) is the base polyhedron of the polymatroid P(A)

associated with M(A). Since B is convex, we obiain

B = x_ﬁ[x(8)+-x+] € B,
where
m-1
x= Z x(X.) /m.
R i
i=0

This shows that B is & common base of P(A) and PO, where P, is the
polymatroid associated with M,, and that E(S_)=[XO|.

Noting that lHﬂS—|§|XO| for any common base H (c57US™) of M(A) and
Hb, and using the integrality of polymatroid intersection, we see that
the maximum of h(S") for a common bese h of P(4) and P, is equal to |X0|,
which is attained by B. Then, by the integrality of polymatroid
intersection, we can conclude that there exists a common base H (cS"US+)
of M(A) and M, such that |HnS‘[=]XO
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