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Abstract

We show a simple proof of the vaiidity of Bland's anticycling rule for
the simplex method. The proof is made gy a reduction to absurdity,
assuming cyeling, as Bland's original proof. However, it is based only on
the structure of coefficient matrices but not on the right hand side
vectors, and, thersfore, the fact that the basic solutions are degenerate

during the cycle is not employed.



1. Introduction

A nice anticycling rule for the simplex method [3] was introduced by
R; G. Bland [1] in 1976 {(also see the exposition [4] by M. Iri). Most of
the recently published textbooks on Linear Programming or Mathematical
Programming, e.g. [2], [5] and (6], take up space to explain Bland's
- anticyeling rule. However, the proofs of the validity of Bland's rule in
{2], 5] and [é] almost follow Bland's original ore [1], and they are not
simple enough.

In this note we shall show a very simple direct proof. The proof is
made by a reduction %o absurdity, assuming cycling, as Bland's original
proof. However, it is based only on the structure of coefficient matrices
but not on the right hand side vectors, and, therefore, the facti that the

basic solutions are degenerate during the cycle is not employved.

2. Biand's anticyeling rule

In the following, we denote the (i,j)-th componeni of a matrix 4

(Ar, A", ...} by 85 (a'ij, a"ij’ «es)y and the i-th row of 4

(A1, A", ...) by a, (a'i, all.y ees).



Consider & linesr progremming problem expressed in a canonical form:

(2.1) Maximize x

subject to Ax = b

x; 20 (j=1,2,.+4,n).
Here, x 1is the (n+1)x1 column vector with variables Xgr Xqs see 5 X 28
its components, 4 is the £m+1)x(n+1) constant coefficient matrix, b is
the (m+1)x1 c;nstant right hand side vector, and the row and the column
index sets of A are I = {Cy1,+40s,m} and J = {0,1,...,n}, respectively.
Let B = {BO=O’B1"'°’Bm} be the basis index set such that

" (2.2) a 1, a

fl

iB. =0 ' (0<rém, r#i)
1

for each i

rB,
1
0, 1, «+ey ma We suppose that b, > 0 (1gim), i.e., (2.1)

is primal feasible. We call (A,b) a simplex itablesu. For simplex

tableaux (A',b') and (A",b") we write the basis index sets as B' =

{B! =O,B'1,...,B'm} and B" = {B"O=Q,B"1,...,B“m}, respectively, which

0
satisfy (2.2) for corresponding matrices A' and A",
Bland's anticycling rule [1] for the simplex method is:
(i) among all candidates to enter the basis, select the nonbasic variable
xj having the lowest indéx 73;
(i1) among all candidates to leave the basis, select the basic variable

X having the lowest index Bi'

B,
i
Theorem (Bland[1]): The simplex method under Bland's rule (i) and (ii)

cannot cycle.

{Proof) Suppose to the contrary that cycling occurs. We shall show a
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contradiction. Without loss of generality, we assume th

%3 (1jsn) enters and leaves the basis during the cycle.

Let (4',b') [resp. (4%,b")] be the simplex tableau which we have when
Bland's rule selects x, as the leaving basic [resp. entering nonbasic]
variable. Then, because of rule (ii), for some integers p and q such

that 1 {p<m and 1 <q < n-1 we have

(2.3) Bip = I,

(2.4) a'y >0, &l <O (igigm, ifp), a'y <O

Moreover, because of rule (i),

1 1 s e
(2.5) a on <0, a 0] 20 (Ongn 1).

(Bland's proof will be simplified hereaffer.) Since tablesu (A",b") is
obtained by piveting in rows ats (1<idm) of tableau (A',b!), the zero-th

row a"o of A" 1is expressed as

m

Y oAt = at 1
(2.6) a g=a'gt i£1aia i

for sbme coefficients o, (?gigm). Here, ai's are unigquely determined
from (2.6) as

{2.7) ¢, =a (1<igm)

It
OB‘i
due to (2.2) for A'. (2.3)~(2.7) lead us to the following contradiction:
n

I n 1 n
aly, + a2 Z a 0B, 'q < 0.

m
. n = gl + .al.
(2.8) 0 é & Oc a Oa §1ula ig q On pq

The simplex tableaux (4',b') and (4",b"} appearing in the proof ars
shown in Figure 1.

The above proof shows that if we have 2 simplex itabiesau (A',b')



satisfying (2.3) and (2.4), then we will afierward nevsr sncounter any
tableau {A",b") satisfying (2.5). The proof does noi depend on b! and
b" and hence not on the degeneracy, whereas the degeneracy is explicitly

employed in [1]1, [2], [5) and {6].:

Remarks: The author noticed the simple proof in January 1984 while reading
a draft of A: Schrijver's book [7] in which the proof of anticyecling also
almost followed Bland's [1]. In spite of its simplicity the proof shown in
this note does not seem to have been found elsewhere (cf. [2], [5], [6]).
The author has decided to publish it because it will benefit the readers to

further understand the essence of Bland's anticycling rule.
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Caption

Fig. 1. The simplex tableazux (A',b') and (A",b") in the
proof, where @, O, ﬁg, and [l denote positive,

negative, nonnegative, and nonpositive components,

respectively.
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Fig. 1.




