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Absinact

Welfare and work-incentive of the member citizens of an
inequal society, characterized by a considerable degree of differ-
ence in the productivity of their labor services, are considered
in the simple general equilibrium framework formulated by Sheshinskd
{1972]. Among thé others, an implication thereof Will.be proved
precisely: In sofar as the tax revenues heunce transfer incomes are
expended only upon consumption, the redistributive taxation; as a
negative income tax proposzl, will induce, on one hand, a rather
(the more inequal, the larger) number of citizems, to whom relatively
lower productivities endowned, to choose unemploymen; hence sub-
stantially decreasing the ''social" prbdﬁctivity, and, on the other
hand, induce the government to £ix, under the assumed objective,
a high (the higher) tax rate, which 1s more (the more) agreeable

to all the voluntarily unemployed (more.increased in number).



Introduction and Informal Presentation o {the Resulis

In the present analysis, an &nequq& society, in which
individual members have identical tastes but differ in the
productivity of their labor services such as their skills,
will be considered, from the wefl ft /2 viewpoint on one hand, and,
from the wo k-{ncentive viewpoint on the other hand.
To this end, we must relevantly simp}fy the framework for

analysis.

Consider the general equilibrium framework of £abox

o

supply under the public policy with taxation, formulated by

‘Mirrlees[1971] who considerd the nonlinear taxation problem

and obtained numerical results by using the sum of logarithms
of Neumann-Morgenstern utilities, an@, reformulated by the
followers like Sheéhinski[lQ?Z], Sadka[i§76], Varian{1980], for
example among others, who found relatively low tax rates in al-
most limear that are optimal in terms of some or other social
welfare criterion. -

We shall here concern ourselves with an e%tension of

the .model formulated by Sheshinski[1972]. There are the

continuum of economic agents called Lndividuals, who are

endowned with léﬁér"(incomej produgﬁivities,Aﬁeésuféd iﬁ efficiency
units, and preferences (both being fixed), and an agent called

the govesmnment who takes thé income nedistributive taxation policy
under the agsumed objedtive of maxiﬁizing the welfare of the indivi-

duals, for which the average, for example, is taken. Their-endowned
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productivities are distributed in a dissimilar (inequal) way,

but, their preferences are very similar, so that they may be
represented simply by a linear homogeneous real—?alued function

0f the Cobb-Douglas t&pe‘ The welfare is obtained by two goods;
one, non-traded, termed "leasure"*aénd the other, traded at market,
termed consumption (or '"income', essentially efficient labof in

cons umption units). A main reason why we keep the first and specify

more the second assumption is to bring, as a final analysis, more

-

precise conclusions By providing the basis for actual calculation
of tax rates and develope the arguments relevantly as a preclude

to fruitful empirical policy studies,

.'As the final analysis, we shall thus work out the full details

of the simple general equilibrium model. We shall there calculate the

welfare gain or loss of individuals, as well ag the aggregate (average),
of the taxation policy, which have not been done in the literature of
the previous authors.*s.In order to have a more explicit understanding
of how productivity structure affects the taxation structure, we shall
compute the various tax rates of individual after individual; in terms
of their welfare, income, optimizatien. We shall also compute the (
incentive<losing) tax rates, at which there will be some individuals

who completely lose their incentive for work hence a rational choice

to them being unemployment. Of course we shall examine how theutax
rates, egchahegﬁg optimal undey the assumed p_b_'_ie_ctiye_r vary.in diversely

giyen structures of productiyities,
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It would be most significant to investigate where ail
those tax rates are located in the unit interval of rates, in
particular, relatively to the tax rates, such as of maximizing
the aggregate welfare, the welfare of individuals of the lowest
productivity, or, trasnfer (the tax revenues) etc., as an
alternative policy.the government might choose. *6

Thus, the present analysis will reveal, for each taxation
policy and for each degree (somehow defined) of inequality, the
diverse structures of individual welfare, income, consumption and

(un)employment, hence, the whole economic schedule of taxation (we

shall henceforth say the taxation schedule for short), and their

structural changes subject to a variation in tax policy and/or the

degree of inequality.

This income-redistributive taxation system, in fact, may
well be reformulated hence interpreted as a negative income tax

propoggifby the introduction of a tax rate in the net sense.

e

The NIT proposal was made originally as an attempt to overwheiﬁ

a strongly adverse, psychologically corrosive, effects on the
incentive for work of the existing welfare-relief arrangement

for support of the unemployed. However it has been argued against;
the NIT itself may constitute of a source of psychological corros-
ion for a much larger number of workers . For @ff individuals now
will be able to receive unearned income supplements from the
government, even though they are remaining, at any rate, employed.

(Hirshleifer([1980, pp.454-459]). Wershall see how a moie inequal



productivity structure make the latter argument easier to hold
at low.tax rates, and, the higher the tax rate, the larger a
number of individuals will chioose a complete unemployment. We
thus reformulate the employment vs welfare controversy in a wider
scope of view, covering social welfare and policy, and wish to:
‘shed a new light on this moral hazard problem.

A rathern Lengthy summary could be made by presenting
the taxation schedule in a largely informal but illustrative
way; it rests upon, however, technical analysis that will be

4availab1e in the later sections.

¥

Inorder to make the exposition easier, it would be a
greaé convenience to define fowrr kinds of hypoéhetical
individqals. The first one is an individual, with the product-
ivity R(t) for each tax rate t, whose labor supply is zero for
the tax rate t, hence, é rational choice to him 1s always a
complete unemployment. The intended interxrpretation for this
definition is that, if productivity Ri is larger than this R(t)
fq; tax rate t, then, the individual i of Ri will more or less
work at that rate t, whereas, if Ri is equal to or less than R{t),
then, this individual won't.work at all. Naturally, this product-
ivity R(t) will increase with the tax rate t, with its range
interval [O,ﬁ]‘where R is the highest productivity. In fact, a
large class of distributions, including both Pareto and Gibrat
distributions, will reveal this properéy. Let R be the lowest

productivity, and define the ecritical rate t to be such that R(t)

=R. Then, ¢t 2 E} for any i such that R(E})=Rl. (Subsection 2.1)



The second one is defined to be an individual with the
productivity ﬁ(tl endowned for each tax rate t, whose labor supply
is the aggregate (average) for that tax rate, E(L(t)). ﬁ(t) is
the average productivity over working individuals at that rate t,. -
This individual is interdded to be, for every tax rate t, neither
a tax payer nor a recipient of taxes, in the net sense., He is
always an earner of the breakeven level of labor income. In view of
R{t}, this i(t) will stay to be a comstant, that is, the average
E(R), in so far as every individuzl is working at any rate, but,

?il} increase with the tax rate as soon as some indiyiduals

*

reserve employment. See Subsection 3.1.

The third one is an individual, to whom. the productivity

R*(t} would be endowned for each tax rate t, whose welfare would

be maximized at that“fate t. Aﬁ.inferpretatioq for this is clear.
That is, ti* is optimal to individual.i if Ri is equal to R#(ti*).
In so:far as the productivity of a working individual is below the
average, the higher the productivity, the lower the optimal tax rate
of the individual, provided that the_qptimal rate is unique for a
productivity. Thﬁs, we may take R*(t) as a decreasing function of .
the rate t with itslrange [E(R),R(ti°*)], where ti°* is both . .
an optimal rate and the smallest incentive losing tax.rate to i°.

In general, the uniqueness need not be true, on which we shall fully
discuss in Subsection 6.3. There we shall see this Rx(t) will, after
decreasing and attaining its minimum, then increase with tax rate t.

See also Subsection 4.1,5.1 & 5.3.
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The optimal tax rates of the voluntarily unemployed are
the rate £°°, at which the transfer income hence tax revenues, T,
will take its maximum T(t°°). No taxation (t=0) is optimal to those
8

whose productivities are equal to or above the average. (Subsection 5.2)

The last one is a hypothetiical individual, to whom the product-

ot
¥

ivity %(t)'would be endowned for each-tax rate t, whose welfare is
(equalto) the average (aggregate) one. ﬁ(t) will stay to be a
constant ﬁ whenever t < t, while it wiil decrease as the tax rate

t increases when t> t. Thus, the préductivity E(t), producing

the aggregate welfare for each ?? will decrease as the number of
the voluntarily unempléﬁed increases. Here, E is the ratio of the
aggregate of (_ij_)_OE over the aggregate ;f (Ri)a_lgver individuals,
In the large class.of distributions relévant here, the ratio % is

less than the average preductivity E(R), See Subsection 5.3 & 6.1,

~ cr ) Lo e
- With those hypothetical productivities thus far introduced,

we may have a diagram below, that is termed taxation schedule and
able to depict the whole problem, for each ultimate parametric
variables, such as the degree of inequality, the expenditure-income

. 210
- 3 - =
ratio ¢that. is, the marginal propemsity to spend on consumption, ).

Take a cartesian product IO,le{O,ﬁ] as the taxation—product-
ivity space. We shall take the tax rates along the horizontal line
and the productivities along the vertical line. Then, we are able to

draw the graphs of R(.), ﬁ(,), R*(,) and k(ﬁl as 'in the diagram.



Figure 1 Taxzation Schedule
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Suppose the government takes a taxation policy t* under the
assumed objective; see Figure 1. Here the rate t¥* is set relatively
high to any rate which would be lower if there is no unemployment
at all (that is, if E be larger than Rf, then.t* would be deter- 1

*

. 2 o .
mined so that R#*(t*)=R(t*)=R). However, in case R is less than Rt

(as in Figure 1), the larger the tax rate t (>:t), the lower (than
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R) the productivity R(t) for this t. Hence, the rate t* must be

+12
determined so that R*(t*) may be larger than E(t*)."

Any taxation policy will here induce all working individuals

to choose, more or less, a £e44 degree of employment. Not only that

but also it will induce lOOfg(tn)g(R)dR % of them to choose a

complete unemployment. Their-comsumption expenditure must be
R(t*

equal to the transfer incomes. lOOIEEE*§g(R)dR Z will work to some

extent but will be the (net) recipients of income supplements. The

_R
rest lOOfﬁ(t

Heré, the function g(R) is the density function of R. (Subsection 3.1)

L)g(R)dR % will work, being the tax payer in the net sense.

The percentage of the voluntarily unemployed would become the
i,
largest (lOOIRR g(R)dR %), if the govermment would take the policy

t°®, which maximizes the tax revenues hence the welfare of the un-

employed. See Subsection 3.1.

The above argument, however, presumes a certain degree
of the inequality in the produetivity structure. Let Rt be the
productivity of an individual whose welfare will be maiximized at’

the smallest incentive losing rate t. Then, how far BRI will be

away from R, depends entirely upon, how much less the ratio of

R over E(R).will be than a certain value 1/{1+(¢T:E3—1}(<1/2).

In fact, R = Rt if and only if R/E(R) = l/{l+(VT:63—%}.~Therefore,
the ratio E(R)/B' could be an appropriate measure of the inequality

*13
of which we can take an expository advantage. Further, we shall



gee that the higher the degree of inequality} the larger the number

of the unemployed, who think of the rate t°° as optimal, and the
higher the revenues maximizing rate t°°, hence the higher the optimal
rate t* approaching closer to the fate t°°. Thus, the greater extent,
to which workers differ in the productivity of their labor services,
would induce the larger the number of the voluntarily unemployed, on
one hand, and, on the other hand, induce the government to také the
higher tax-rate t*,-which would become more agreeable to the increased

number of the unemployed. See Subsection 5.3, 5.4 & 6.3. for this.

Suppose the degree of iﬁequality be so small thaﬁ_ﬁf may be
less than R , then, the government tax rate t¥* will be situated
within the open interval (O;E); see the figure. Thus, all indivi-
duals will work, and each will choose a £arger degree of employ~
ment. The extreme .case of perfect equality, that is, E(R)/R = 1,

would easily show that t* = ti$ ="0;__Seé Subsectiog 5.1.

Propositions that Chma.cfte/u{zé the Taxation Schiedule

We shall prove precisely the propositions listed below
in the. derivation order.in technical analysis.
1. (i) Labor supplies, both individual and the aggregate (average),
will monotonely decrease as the tax rate ¢t increases.
-(1i) The (work-incentive losing))tax rate, E}, at which some

individuals including individual i1 will lose work incentive,

follows precisely the order of productivities. The smallest
rate, t, is simply the ratio of R over a.convex combination of

R and E(R), that is, t = R/{aR+(1-w)E(R)} .



10

2, The average (aggregate) income and the income of an indi-
vidual i with the productivity R:-L higher than a certain multiple
of the average (aE(R}), will both, in the full income terms,
decrease as the tax rate ¢t increases. That of an individual of

less productivity will, from the very begining, increase with the

Lo

tax rate, attaining its maximum at a certainrate, t”°, and, then

decreasing at increasing rates, ending up with 0. at 100%Z tax rate.

3. The tax revenues hence transfer income will, in the
begining, increase with the tax rate t. They will increase at

decreasing rates, attaining their largest value at a certain rate

(ol

t®®, then decreasing at increasing rates ending up with 0 at 100%

tax rate. The revenues maximizing rate t°° is larger than 1/{1+

R 1 R(E®®)
R(t°®) =1 {g

there is a number of the unemployed. Otherwise t°°=1/{1+/1-a}.

Y1-a} where t°°=l/{l+{£l—®d§g(R)dR}, IR-=I , if

&, ‘ Every individual, to whom the average or higher income productiv-
ity is endowned; will lose, at any positive tax.rate; parts of the )
welfare, more or less, that woul@ be gained at 0 tax rate.

With the productivity endowned lower than the average, an
individual will gain, more or leiia an extra welfare relatively to
the welfare gaimed at no taxation. The lower the income productivity,
the more the extra welfare at certain pesitive tax rates,
5. .. With the lower proﬁuctivity endoewned, the higher tax ratgw
an individual will think of as his (smallest) optimum . Thus, the

e i \
(smallest) welfare maximizing rates, t *'s, are ordered inversely

with the order of their productivitiesg. See Section 5, Subsection 6.3,



6. The aggregate (average) welfare maximizing tax rate t*

is less than or equal to the smallest incentive losing rate t

if and only if the productivity ﬁ is (less than the average and )
larger than the critical productivity R,

7. The optimal rate t* is larger than the rate t if and only '~
if the productivity ﬁ is less than the productivity Rt.and larger
than the smallest productivity R. Thé latter-is equivalent to

that the social productivity %(t*) is less than the productivity

Rt (but not necessarily larger than R).

8. The propositions 6 & 7 hold for the set (ti*,Ri) in stead

of the set (t*,ﬁkt*)), provided that the individually optimal rate:
ti* is unique for each Ri.

9. The condition of 7 holds if and only if the ratio of the the
average over the lowest productivity; E(R)/R, the inequality measure,
is larger than l+(/T:E-)_l, which is also equivalent to that the
largest optimal rate t* of individuals of the lowest productivity R
is higher than their incentive losing rate t. Hence it is also
equivalent to the condition of 8 if the uniqueness is true. This
condition is equivalent also to that the revenues maximizing rate t°°
is larger~than the incentive losing tax rate E.

10. Suppose further a Pareto distribution for the given productivi-
ties. Then, the Pareto index B, the inverse of which can measure

the inequality degree, is less thar a certain small index f+(less than
1+/1-a) if and only if the optimél rate t% will be 80 large (larger

than the réte t) that there will be a number of the unemployed.

11
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11. There exists a certain 87, smaller than Bf, such that (i) B
is not larger than B~ if and only if the-rate t* is equal to the
rate t°° and (ii) B is larger than B~ if and only if the rate t*
is less than the rate t°°,

12, The Pareto index £ 1is ﬁot smaller than 2-c, if and only if
R*(t) is decreasing on an:interval [t, tf°) where t°°=1/8.
Consequently, .8 is smaller than 2-o, if and only if R*{t) is not
monotone on that interval, where R*(t) decreases, attains its minimum
(larger than R), then, increases as t increases from t to t°°,

13. There exists a smaller B° such that the index B is équal

to or émaller thén 82 if and only if the (largest) productivity (=
R(1/8)), individuals of which will vbluntarilf choose unemployment

at t£°Y is equal to or larger than the average E(R).
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Part II Technical Analysis

1. A Simple General Equilibrium Model of Taxation
1.0 The (Income) Productivity Distribution and Identical Tastes

Representable by an Linear Homogenious Cobb-Douglas Functiom .

Let Ri be (labor) productivity of indiﬁidual i [0,1]. The
productivity distribution of Ri, i€[0,1], is externally given and
well known to the central authority which makes & decisicn on the
public poliey. For a later, specific analysis, we shall make use of

Pareto and lognormal distributions. Let.g be the given density funct-—

ion. Let Li.be a voluntary laber supply of i, both Ri and Li'measured
in terms of counsumption good. The.conéumptionfgoodjboughg by i.is given
byfy% Let ri measure leisure, and let us define ri = (Ri—Lil/Ri,

Assume all individuals possess the same taste; which is represented
by an identical utility function defined on two dimensional space of
consumption good and leisure, This utility function is further

assumed to take the form of linear homogenious Cobbeéuglas; that is,

i, e, i, 1-c
™).

ut = u(yl,rl) = (y7) ( . A main reason for thHese assumptions

is, we can avoid a difficulty often involved in the aggregation problem

of (different) preferences and productivities.

1.1 Linear Taxation Policy, ‘Ex—Ante Transfer and Ex-Post Tax

Revenues of the Government :“and- Individual Decision -

The taxation structure is specified by a linear tax rate,

designated t and Oitfl. We shall simply assume that the tax revenues .

S

are to be paid out to all indiyiduals in equal quantities, However,

—

the tax revenues, to be ex-post collected by the authority through .;_—f
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taxation on the realized labor supplies, need not be the transfer

to be ex-ante announced to deliver to every individual.

Let the density function of ex-post labor supply distribution
be given and known to the authority, designated f£(L) where L* is
supplied by f(Ll) individuals and fof(LY)dL =1. The (ex—post) tax

o f_ i, i , . i ,
tfol"£(L7)dL” are thus ex-post determlged with L7 realized.

- , . i .
However, a budget constraint, on which the realized L~ depends,

is.determiqed,.for each.t, only with the transfer ex-ante planned , T,
by the authority. The planned transfer, whatever it may be, is
feasible only if it does not exceed the revenues. Let L be the value
expected ex;ante by the authority on the basis of information elicited
from individuals of productivities, as well as preferneces. Then,T.
£fg LE(L)dLstsG treahydrt,  Given the policy (t, tfpLf(L)dL), the
budget constraint is in terms of full income,

(0), v r-0r Y < (oo rMesLe(Lyar,

vhere (1-t)R* corresponds to the after tax Wégé of individual i,

- With this ex-ante (full) income constraint, each individual maximizes

his utility .ui with respect to (yi, ri). A solution must satisfy
the necessary condition for CYi,ril to be individually optimal;

(i) yi(t, tf;Lf(L)dL) =aIi,

(2) (1=t) @rY= (-0 1,

as an interior solution, or,

(1) y*(e, tFQLE(LYAL) = t/5LE(L)dL,

as a corner solution.
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Here, I'=(1-£)R™+ t/LE(L)dL and LY=L(r, t/LE(L)dL).
The latter L(t,t/LE(L)dL) is equivalent to:
(3) L) =R -(1-a) efLE(LY AL/ (1-E)
which can Be negative but taken to be zero in that case,
An aggregation of both hand-sides of (3) (by the authorlty) will:
bflng out the-kevenues whlch is not always equal to the transfer al-

ready announced or dellvered. For Zthe phresent anaﬁgééé! we. assume.;

(&) the =1, or, fatosale)yale) =@, #s

Integrating (3) over the individuals, the authority has
(5) FOL(DELEIALIE) =FRRe(RAR{ (1-0) £/GLE(L) L/ (1-£) MG g (R)dR
;ﬁERg(R)dR—(l—&)t?Lf(L)dL/(l-t)' |
where L(t)=L7(£)20,. £(0)= £ R(t)gCR)dR F(L(E)=g(R) 1f L(t)>0, and
R of f; is R(t), such that t2£)=0 (to be defined precisely 1ater).

Under the consistency condition (4), (5) may imply (6}, and the

authority knows the aggregate labor for each t;
(6)SQL(E) F(L(£))dL(t). =[a(l"tl/{(l"t)%(lraltf;g(RldR}]ﬁ;Rg(R)dR
Ziacl—t)/(1Tat)}2Rg(R)dR;

and also the aggregate (and average) income;

n

(7). FoI(£)h(T(t))dI(E). (l—t){:Rg(RldR+tIa(lftl/{(l~t)+(lralt{;g(RldR}
17 Rg(R) dR 2 [(T-t)+te(l-)/(1-at) JIERg(R)dR,
R

where the strict equalities hold only when L*>0 for all i,
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The authority exactly knows labor supply of each individual i,
in terms of tax aand productivity (t, RY); from (3) and (6),

9 i

aRi-[a(l—a)t/{(l~t)+t(l—a)IRg(R)dR}IfRRg(R)dR

oR - {a(1-a) £/ (1-at) }/ oRg(R) dR.

v

Also from (6) and the definition of Il(t) follows

(8) 1H(t) = (-ORM[ at(l-1)/{(1-t)+(1-u) f g(R) R} 1/ Rg(RIGR

(1-t) R +ta(l-t) / (1-at) £oRg(R) dR.

nv

Here the strict equalities hold only when Ll(t)>0 for all 4.

1. % The Walras Law ané Market Equilibrium

. Lastly, for each t, the Walras Law is obtained by integrat-
ing (0) when (1) and (2) hold, so .that from (6)

(9) Sy dy(e) =rgL(e) £(L(E))dL(E),

where j(y)=£(L), hence, the market is always in equilibrium.for
‘;n'arbirafy price-and supply of labor alwa?s creates its demand,

1.3 Labor Incentive and Tax Rate

We shall see first, from the ”incentive” view point; how
the levels of individual labor supplied are related-with:=tax . rates,
. .nFrom (3'),
10) 17250 + e< RY/[(lra) fuRg (RARH 1> (Lrad {2 (RARIRT],
" " Suppose RT is not less than the average over working individuals;
R 3/ Rg(R)LAR//, ‘g(RIR,
then, it follows that, for any t< 1,
Li.>0.

Otherwise, the right hand side of the inequality (10) is less than 1,

hence,
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(1) LEe o

if t < min [1, Ri/I(l—oc)_fRRg(.R)_dR-!-{J.—.(.J.:cc)_ég(.R),dR}Ri.]J .

In view of (3 ), let us define R (t) to be such that

(12)  R(t) = (1-o €/gRg(R) R/ {(1~t)+(1-0)ts g(R) dR.

Note that R Qt)=.Rl ++ LY (£)=0,

.For each.t, define such R(t}, then, IR =IR(t)’ and, we shall
see later this function is an increasing function in t. Define also
a work-incentive losing rate E? to be such that RQ511=R1, The. intended
interpretation is that E? is the critiecel tax rate, at which or at

wany rate higher than which , the indiyidual i won't work at alil,

Py e

The rc.>lel of R(t) will he important in the f;li;wiﬁg a.,n-a.lys__isw,
From (6) (7). €8) (3%) leié.,.it immedistely follows that,
(6')  tSFLIE)E(L(E))dL(t) = ¢(1-E)R(t) /(1) ,
(7'_) J“E’I_(t)h(.l (£))dr(e) =(1l-t) (.lra)_l{(.lva).fogRg (R) dR+eR(t) }
(8 TH®) = (16 (- (R er(®) } = (1) (-0 "k T ey

(3m L o), = efri-re)d.

2. Variation of Labor Supplies, Incomes and Tax Revenues,

Subject to Tax Variation

2.1. We shall first examine how this R(t) behaves as rate t
varies. It may be without loss of generality 1f we assume the
existence of supremum and infimum of Ri. Let R = infiRi and R

= SupiRi. Behaviour of R(t} in response to changes in rate t

will be investigated firstly when R(t) < R.
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Suppose

(13) R > R(D),

then, since in (125, IZRg(R)dR =foRg(R)dR, and f;g(R)ﬁR=f§g(R)ﬁR=1,
(14) R(t) = (1-e)tE(R)/(1l-at)

where E(R) =f§Rng, and, O<t<l,

(15) R(t)“laR(t)/at ={(1-at)t}“l > 0,. 3R(£)/8t =(1~-a)E(R)/(1l-at)?>0,
Let t be such that R(t)= R. Then,

(16) t = R/{aR+(1-)E(R) },

whith is less than or egual to Ri/{aRi+(l—a)E(R)}
From(g”lﬁ(i3l?for any t <t,

(17 1He) =a{rR*-Rr(t)} > 0, for all i,

with the equality only when Riég and.t = t.

Suppose, instead,

(18) R <R(t)<R.

Then, from (3ti and ;121,

(19 Fpepy R(p) S9R 2 R(D)> (1=a) tE(RY/ (1vat), .g-<t< 1.

Let T be such that R(E)=R, then, L°(£)=0 and fL(E)f(L(E))dL(E);0’ and,

RegdR/ S

(20) t = R/{R+(1-0).{/; RgdR - Rfg gdR}

which is less than or equal to 1, since from (19).

- R R Co .
2 - - [
(21). Ree g SRee RgdR//5”_gdR .€>0,

By definition, 3 > fk(jl'Rng/IR(tlng s t gr< 1, hence
s

(22) _E'?_L

or 'equivalently,

j=~]]

(23). R(k). = R(1). =
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Thus, 100% rate is the smallest tax rate at which individuals with

the highest productivity R will not work, whatever his productivity

R may be. No one will work if 2nd only if the tax rate is 100%.
Differentiating (12) with respect to t and substituting from

(12), we can have,

(24) 3R(t)/3t/R(L). = 1/t + .'{1-—Cl—oa)_IRE;t)g,(R},dR}R('t)__/(1—&),tff'{(.t)Rg(R)dR

which is posiftive for any t, and may be reduced to (15) for ts t.

Now, by collecting the results thus obtained zbove through (13)-
(24), we are able to illustrate how R(t) varies with the tax rate

. - i
t. Figure 2 below shows a one-to—-one correspondence of the tax rate t

and the ‘productivity R™.

Figure 2 Variation. of R(tl_ig t.

1/9
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2.2 How Labor Supplies and Incomes, Both Individual and

Ageregate (Average), and Tax Revenues Change in Tax Rate ?

Now, we can examine how Ll(t), SL(e)YE(L(e))dL(L), Il(t),

SI(E)h(I(L)}dI(e), and, ¢t SLCEYE(L(L))dL(t), will vary as ¢t varies.

2,2,1 'Labor Supplies, Both Individual "and Aggreégate, Will

Decrease as Tax Rate t iricreases.

Differentiate both hand sides of (6')-(8') and (3"), then,
we can.havé;_
(25) art(e)/st/L(e) = ~ar(t)/at/(RI-R(E) Y,
where Li(0)=aRi, Li(E?)=Li(t)=O for any t 2 E?, BLi(t)/3t< 0
for every t g EE, and BLi(O)/3t=%(1;ﬁ)R%SQ‘an&:BLi(£?5}at7Li(Ei)=w_m_f”

. Let E(L(t))=IEL(t)f(L(t))dL, then, from (6'), we can have;. .

(26)  BE(L(E))/3t/E(L(t)) =3R(t)/3t/R(t)- t(l-t)

where note E(L(0))=cE(R), E(L(l))=0-froﬁ (23), 3E(L(D))/5t
=g (l-e)E(R)<0. 1In view of (25), in which aLi(t)/at/Li(t)< 0
for all «< Ef; there is a good rxeason why 3E(L(t))/8t/E(L(t))< O

for all t b 1.

Intuition would tell, moreover, fhét E(Lﬁtll_wiil decrease jﬁst
i, , It
as L7(t) decreases for every i for t £,

2,2.2 The (Full) Incomes gg_IndividuaIS'df.Low Productivities

Will Increase with Tax Rate, Attaining Their Highest Values at

Different Positive .Rates.

From (8'), we may hava,
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(27) T(E)/at/TH(e) = ~(1-0) HH{aR(E) /38/R(E) TR (£)/{ (1-a) RE4aR(0) ),
kwhere Ii(0)=Ri, Ii(l)=0, and,
(28) 31°(0)/3t = ~(R'-aE(R)} £ 0 as RZ E(R).

Full income Iift)_of indibidual i with‘Ri> E(R), thus, will
in the begining decrease as t increases., In féct, we can see
BIi(tl/at#Q for any t< t, hence it will continue to decrease until
t reaches éﬁ On the other hand, the income of individual of Ri< E(R)
will increase in the begining, then reach a maximum value, then it
will eventually decrease to zero.

The existence of income—maximizng tax rate:

We confirm the.existence of a tax rate ti°, at which the income
Ii(tj will.be maximized. We call this rate ?hexincome—maximizingrrate
of individuali-i.

Let tF- bé the largest rate such that 0:tf:l,_31i(t%)/3t<0.-1n fact, -
such t1 exists, because Ii(0)=Ri'and Ii(lf%o may imply the existence
of %:such that aIi(%)/Bt =—{Ii(0)—Ii(15}< 0, 0<g<;,.hence we can
choose tt=max t. Suppose that Ri<aE(Rj, then, from (28).81%(0)/8t>0
and BIi(tT)/Bt<O implies the existence of ti° such that IiCti°)2Ii(t)
for any t such that 0<t<l, O<ti°<tf§1;

Let E(I(t))=sIh(I})dI. We may have
(29) BE(I(t))/at/E(I(t)) = —(l—t)"1+czaR(t)/at/{(l—a>E(R)+aR(t)},
where E(I(0))=E(R), E(I(1))=0,

(30) BE(I(0))/dt-= -(1-a)E(R)<0,

hence, E(I(t}) will decrease as a small t increases.
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2.2.3 The Tax Revenues Are Concave and Takes its Maximum at a

_Certain Positive Rate t°°

iastiy, we shall examine how the tax revenues tE(L(t)) will change
as t increases. Let T(t)=tE(L(t)). Then, T(0)=T(1)=0, and,
(31) 3T(c)/3e/T(t) = —(l-t) “+3R(E) /3L/R(L),

where for '£<.t so that R(t)=fl-a)tE(R)/(l~gt), 8T(0) /3t =aE(R)>0.

The last inequality may imply the existence of t°° such that

AT(E®°)/3t=0 and T(t°°);T(t). From (12)(24) end (31) we can derive;

(32)  t°° = 1/{1+/(1-a)f g(RL4R ,
hence this relation implies;
(32")  1/{a+/1-adse®0< 1.
Observe that t°°=1/{1+/l1-gHf t°°<t.
The second derivative of T will be reduced to

(33) 327(t)/at2/T(t) = —23R(t)/3t/ (1~t) +32R(t)/3t_2'[.Rf.t),:,___

— - e -

hence, for t such that t< t,

(337) 82T(t)/8t2/‘1‘-(“t)=' = —(i-q-i,';-/{t(l—at)(l—t)}'<o,_

We assume this is negative for any'f>'£. In fact, this holds
for a Pareto distributiom.
Thus, the tax revenues will increasevin,t at decreasing rates,

attain its maximum, then decreasing at increasing rates.
We shall see this rate t®% is the largest possible that the

goverament might take as its policy and is optimal to all the

voluntarily unémployed, : !
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3. A Negative .Trcome Tax System : An Interpretation

The government policy provides the equal transfer, T(t),
for each tax rate t. The average labor income (hence consumption)
E{L(t)) is established as the breakeven level of labor income
(consumption), We shall here recensider the taxation policy
as a whole, ‘as a:negative income tax proposal. Figure 3

will depiect the NIT proposal for a fixed tax rate t.

3.1 Net Tax Rate and A NIT Proposal

_ Lgt'ri be.aAnet:tax rate . of individual i. Then, for each t,
36y (-trte), = (-oot (£)+EE(L(E)).
or, from-(ﬁ’) and (3"),.
(350 ot= (Y, e,00m £ - (1-t)/ (1-0) (RE/R(£)-11,
"7 Taividual 4 is a payer of (positive) taxes if = is positive
and is a recipient if Ti is negative. The net rate T will change

together with. productivity Rl; aTl/BR{ = (l—t)/R(t){Rl/R(t)—l}zso,

Suppose €t s &, that is, R(t)<R> for any 1. L
Then, from (14), R(Il?(lma)tE(R)/(lfatl, herice,

(36) 1 _= (1- cxt){R E(R)H(l-—ot){R [ RG).= 132 % 0 as R %@_(R)

Thus, whenever all 1nd1v1duals are worklng, whether 1ndlv1dual
i will be a tax payer or a recipient;'depaﬁds entirely upon whether
his productivity Ri is larger or less than the average E(R).

Then, what about the case in which t>;£, s0 that there are some

»

individuals who "are not working at all.?
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F

igure '3  NIT Proposal under the

Policy t

g
,‘%(,‘_H, utility level of individual ii u(r (£),y7(£))

£E(L(t));

the breakeven level

The RHS of (35). can be reduced generally to the following:

(37) < t/iRiTR(tL}i RT- (1=at)R(£)/ (1-a)t }

~rrey @R - reytmy,

&here 'TCtl/y%tﬁ),is_the ¥atio ‘of the transfer and consumptiqn of
individual i,*16

The first ome says that Ti is positive if Ri is larger than (l-at)R(t)
/(i—a);; negétive if it is iess, and it is zero if they aretequal,
Note (l-gt)R(t)/(l=e)t = E(R). for t< 5, and (l-ar)R(t)/(1-a)t>E(R)
for t>_£ . Also from (12},
Rg(R).AR/ /S

(38)  E(R) <(1-at)R(e)/(l-adt < g(R)dR,

S Tree) R(E).
with the equality only when t< . That is, the LHS of (38) is less

than the average productivity of individuals who work at tax rate t,

whenever t> t.



Figure 1

Rii
i, .4 ..
I(t) \ _TlLl(-t)
v (e = o
- - E(L(t))
(1-t) L7 (t)

1-t
' | LE(L(t))”

Li(.t)

0 RO-LT(t) . R



25

Since from (37) Ti = 0+ Ri=(Lfat)R(t)/(1—u)t, we may say
(1-gt)R(t)/(l-a)t is the breakeven leéel of productivity; hereinafter
we shall designate this by E(t). Then,

(39) R(E)> R(t), O<.t<.1,
where 3El(t)/3t/§(_t)_=3R_(_t),/3t/R(_t), -1/t (1-ot), E(t)=E(R) for t2 t
and R(£)=R(1).

An economic meaning of E(t) is the productivity of a hvpothetical
individual whose labor supply is always the average (aggregate) supply,
that is, E(L(t)). This individual is always neither a taxpayer nor

a recipient. TFigure 3 below illustrates the NIT interpretation.

R(t) Ri Figure 4~

t)g(R)dR A

i::, et . ;4 '
E(R) ' ,,. |

—100S

ER{(t)g(_R),dR_ %

s lOOJ'R(t)g(R)dR 7
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In Figure 4; the two solid curves; R(t) and ﬁ(t}, divides the
rectangular area into 3 parté labelled by I, II and III.
Individual i of the coordinate (t,Ril inside Part T will be a tax
payer when the policy (t,T(t)) is taken, An individual on the i(tl
will be neither a tax payer nor a recipient. Individual i of (t,
Ri)_in Part IT will-work at any:rate but he will be a recipient,
whereas, individual i in Part IIT or on the R(t) curve will be a
recipient but won't work at all.

3.2 A Mora; Hazard P;oblem

Under each policy (£,T(t)), the lower the productivity
endowned to a'working individual, the higher tﬁe marginal tax rate
to the individual, so more likely to choose a less dnd less degree
of employment. In a more inequal.society, the taxation policy itself
may.constitute a source of psychélogical corrosion for a larger
number of workers;-:see Figure 3.

The higher the tax rate; the larger the number of working
individuals willléhqosgAailessféﬁ&.iégs_ﬁleQgiQf‘émplgymént.
If the tax rate exceeds the critical rate t, then, 1OOIéR(F)g(RldR
% of workers who are endowmed with the lower productivitlés, will be
able to choose ''unemployment", because of the transfer income from
the government; see Figure 4,

This moral hazard will be aggravated if the goverament takes
the aggregate welfare maximizing policy, We shall examine later

this problem in detail,
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k Figure 3 NIT under Policy t> t

"Net Tax Revenues b//

'J

L(t;)ILJ(t)

{(t) Rj R

The :twm areas, one shaded and

the other not shaded, are equal

to each other.

“B(L(s

. BN
tE{L?. YL (t)

= R

0. r 4

We shall add, before clesing this subsection, the following:
From (3")&(35), for each t, BLi(t)/BRi=a, 3(1-Ti)Li(t)/3Ri =
A-tH e+~ L (£) /(- r(e)> 0, 32(1-th 1ty /88 2=0(1-1) 7 (1-a) R(L)> O.
Hence, the net tax rate TifRi,t,a) can be illustrated with Li(t)

as in Figure
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4, Individual and the Ageregate Relative Welfares

o i P .
Let us compute utility u” of individual i in terms of his

productivity-R1 and tax rate t. From (1) (2) and (8'), we can have

(40) w(R',e) = (1-0)%% (1-0) T ®H T {(1adrbaR(n) ) 1 Ry R(D)

—_—

= ey | if Rig ﬁ(;),

- - -

Define a.relative welfare of individual i as the ratio of utilitties
u(Rl,tl and u(Rl,Ql, and denote it by V(Rl?tl, Thent, from (8') and

(40), we may have

(1) V' = YR 6L = -0 HIeREV AR se )i,

={(1—t)R(t)/Ri}°‘/(1—a) i R < R(E),

i

Note that V(R ,0)=1, I (0) = R and V(R',1) = 1, I (1) = 0,

In view of (40), define the relative welfare V(t) as the

ratio of two aggregate utilities, E(u(R,t)) and E(u(R,0)); that is,

R{t)

E(u(R,0))=/p yu(R,E)g(RIAR + S 7(t)%g(R)dR, and, E(u(R,0))=

R(t)
f?u(R,O)g(R)dR. Then, we can’ ¢btain,

42) V() = (1-0)%(1-0) - K(e)+ar(E) /R,

where

(43) R(t) = §[1+fRR(t){RCz)“—R“}g(R)dR/E<R“)
_Q{GR(t)/(l—a)}fRR(t){R(t)a"l—R““l}g(R)dR/E(R“) 1.

Observe that V(0)=1, V(1)=0, and ﬁ(ﬁ)=ﬁ (=E(Ru)/E(Ra—1)), also,

4.1 Individual Welfare and the Existence of Its Optimal Tax Rate
We shall first confirm how v' takes its maximum at a certaim rate
which we shall term the optimal tax rate of individual i.

i
£,
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. i ,
Differentiating V© w.r.t. t, we can cobtain

(4d): vt ©/ae/vi © = a7 ©/oe/T &) if t3 -_Eifﬁ_ﬁ—#__.‘Rig R(L)),

and otherwise,

(441) avi/at/vi : (_1—:::),(,1-t)__l + BIi(_t)_/_at/Ii(t)

e/ (lmt), + {adR(£)/3E Y (1-0 )R +aR())

Note that the utility of i will take its maximum at a tax
rate equal to or higher than the rate at which the income of i

will take its maximum. This is also true for the aggregate,

>O;

ey

From (14}.and (44)), and since E? é.
) i , o, X '
(45%. 3vH(0) /ot =af®’ - E®I/RY -2 0 -as BE S ECR).
Thus, the previous argument, extended in Subsection 2.2,2-3,
mzay apply here to show the existence of £*% in particular in case

Rl<E(R). There should be a good reason for V" to take its maximum at

£ %=0 in case Rl;E(RL, but we would like to specify this ‘argument,

4.2 The Existence of a Tax Rate ﬁaximizing the Apgregate Welfare
A differentiation of V(t) with respect to t will give, . '
(46)  sV(r)/3t/v(t) = -a/(1-t)
+{(1-e)aR(t) /3t +adRr(t)/ac} /{(1-)K(E)+ar(E) T,
where '
1) aR(e)/ae . = ~lad/ (1-e) HaR(0) /3e/B RN b MO (2L or () L yg (R ar
which is negative if R(t)>Ri for some i and zegg otherwise. Hence,

47%) ﬁ(t)< E o t.
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Y .
We are able to show, if R<:E(R) and together with (29),  that
aV(t)/5t> O for such a t that GE(I({t)/3tc = 0.
Since,

N o<
0 as R

(49) 8V(0)/at = ~a{1-E(R)/X} s

AllvV

E(R),
and from (43)., the existence of the tax rate t*, at which 3V(t*)/3¢
=0, will be confirmed if the argument made in section 2,2-3 gpplies.
Thus, we assume throughout the present analysis,
u
{50) R < E(R).
R
In fact, this holds in either case of Pareto and Gibrat distribution,

5. Inequality of Productivities and the Various Tax Rates

We shall here examine how closely the various rates, such as

. i § o ,
£*, t7%, £7° and t°° etc., are related with'a certain extent of

the inequality, which will be described in (58). Eventually we shall

characterize those rates in terms of the given .productivities and
the relative degree of their inequality.

In the large class of distributions, we shall first confirm
the intuition is correct, that the ﬁrders of ﬁi*'S'in the unit inter-
val of tax rates inversely follow that of productivities, Ri’s, in
the inteérval [R, R]. First, note that ti*=0 if RigE(R) and ti*=t°°
if RiéR(t°°). Both are supported by the inverse (unique) relation-
ship between 1% ana &

From (445 for the case Ri>3(t), immediately, BVi{t%*)/at =0
S 1/(1—ti*)=.BR(ti*j/at/{(l—a)Ri+aR(ti*)}, hence, we can have,
sete/ortc 0 (1-ct0a2re%) /ac2< (14 ) ar(cY) /o, after a
calculation, Similarly for.ti°f;oml(2?) to obtain

et /ortc 0« (1-eto )R (elo)/ac2< 23meele) /ot
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In case tct, from (14), R(t)=(1-a)tE(R)/(l-at), hence, 32R(t)/5t2
/BR(t)/8t=2a/(l—at)<(l+a)/(l—t). Thus, the condition for the inverse
correspondence holds for this case. So does for t1°, For the case in

which t>t, however, that does not always hold. For a Pareto distribut-

ats

w 18
ion, where B is the Pareto index;

(51)  9%R(t)/3t2/3R(t) /at=-{(8~1)~26t}/B (1-t) t<(1+a) / (1-t) 0
as t£(B-1)/8(1-¢). Hence, if B<l+(l-a), 92R(t) /3t2/3R () /ot (140)4 (1

-t). for t sueh that (B—l)/B(l—a)<t§l/8{;§§i§[BRi>O. -

Except in case otherwise stated, we -assume the uniqueness, Under
the assumption, we shall examine how those rates are ordered relatively

. , i, .
to the incentive losing rate L, in particular to the smallest one t.

5.1 Where the Individually Optimal Rates, t #'s, are Situated

Relatively to the Critical Rate t ?

We show first that t # is larger than t, if Rl/E(R)<'(l~a)/{f

(1—a)+¢l—a}. Let ¢(t) =a?t2—[{2aRi—(1+a)E(R)}/{Ri—E(R)}]t + 1.

Then, ¢(t)=0xv"(£)/36/V (t) = 0, if t< t. Note 6(0)=1,$(1)<0.

Then, ¢(Ef) = -ta(l—a)E(R)/{E(R)—Ri}{&Ri+(1—a)E(R)}zlw(kf); 0

1f $(R)0, where (R\)= -eR2-2(1-0)E(R)R + (1-0)E(R), V(E(R))=-E(R),

and ¢(Ri);0 if Ri $[(l-a)/ {(l—a)+¢;—a}]E(R). Also note 3¢(t)/ot< Q.

Thus, suppose R<[(1-a)/{(1-e)+Y1-a]E(R), then, for every R such

that R Rig_[(lhu)/{(l“d)+fl-&}]E(R)d ¢(EF).; 0. Here recall E?

Ha

is the rate at which individaal 1 of R will not work at all. Thus,

0< t< ™, for any i such that Ri<[(l-u)/{ (1-a)+/T-o} JE(R). This
o B P
argument -is of course supported by the fact :that such t™ % does exist.

See Secrion 2.2 for the existence.
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Secondly, what about t'* for i such that
R™>[(1-a)/{(1-a)+/1-a} JE(R)

7 $(t)=0 for éfgj{agf(l—a)E(R)} will give 5&;

(52) R+ = E(R)-[{oR+(1-w)ECR)}/ (1-a)E(R) IR,

That R'= Rfis equivalent to that t #= t.

Note BT is larger than R 1if and oaly if_B<I(1~a1[{(l—dl#/I;E}]E(E),
= §_++‘3 ={(1-a)/{(1-a)+/1-a}]E(R).. We specify ti* by computing

$(tT*)=0. That is, if t *

A

..1:-,

o LR - (1) E(R) /26 (RSB R

(53) 5% = g%, E(R)) ;)

R () E R/ 20 (R-E @RI 1 ]
let 6 = ZRi~(a+djE(ﬁ1/2a;_fheﬂ; § >1.1if RE<E(R),
(55  £(RE, E(R): @) - 8 —/BET > 0,
where 38/3R°= (1-8)/{R- E(R)} > 0, hence, 3£/3t=(3&/5RY)(1~6//5%=T) <0,
and, £(0, E(R)a). =[(1+a)~/(1-a) (19300 }/202>0, EinR), E(R);a)=0.
for lim R® = Limed o ony R, |
Thirdly, et éf?*ﬁe such that RQ51°1?R1° and avidggiﬁl/at=o;

fe . s S
Such a rate t °.exists. In view of (31), it must be that tl°=t9°,

From the unique (inverse)} correspondence of ti* to Ri( Which is
satisfied for any t, 0<tft, but not forsome t,'i <t, therefore assu;igs
the above argument can be summarized neatly;

(55) tle=0 « ’HE®),
(56) O<tlr<t «» E(R)>RI>RY,

and

(57) O<tst™* <> RT>R'>R.
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Observe that the lastiequivalence (57) holds if and only if
(58) R/E(R) < (1-a)/{(i-a)+/I-a}.
Otherwise, for every i, (55) or (56) holds. We use this R/E(R)
as the inequality measure.din the present analysis.

5.2 Tax Revenues Take Tts Maximum at t°°, at 'Which There are

Scdme Workérs Whé 'Will 'Réserve Employment

We shall see here that the rate t°° is higher than the critical
rate t, under the condition (58).

“Let t)=ct®-2t+1l. Then, since, if £°°< £, Ht°°)=0+> t=t°°, and
since &0)=1, &1)=-(1-u)< 0, it follows that &t)>0. «+= O<R/E(R) <
(1~e) /(1-a+/I-a) ... Thus; if R/E(R)<-(l-a)/(l-e+Y1-¢), then,

59) t%° > t. |

From (44) and (44&'), we have,

(60) BVI(£°°)/at/VI(t°°) = 0  if R'< R(t°°),

~(1-a) fRT-R(£°°) )/ (1-£°°) foR (£°° )+ (1~a) RT)

I}

(60') vt (£°°)/pe/VE(£°°),
éfO. if RizR(t°q).

We have also from (éﬁl;

(61) AV(e*)/BE/V(r° ") =-adR(£**) /3t HE(2® ) -R(€** ) H/R(E**) { (L) R (£°*)
+aR(E°%) M (1-0) 3R (£°°) /0t / { (1-0) K (£° ) +aR(E°°) },
which is negative if %(t°°);R(t°°) from (47).

The intended interpretation for (60.'), for example, is that
individdal i;'Who is at any rate working at tax rate t°; will be worse
off, whereas, the welfare of the voluntarily unemployed will be
maximized at that rate. From (61), 3V(t°°)/3t< O whenever E(t°°£;R(t°°),

hence, the rate t°° can not be the rate t*.
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5.3 How the Aggregate Welfare Maximizing Tax Rate t* Is

Determined ?

An intuition would tell us that, through (55) to (61), the
tax rate t*, to be determined by taking (46) to be 0, would be
somewhere between 0 and t°°; that is, O0<t*<t®®, under the
assumption (50). This will be easily confirmed.

Suppose t¥< t, then, ﬁ(t)=ﬁ(t*}=§ from (43'). Let, in Sub-
section 5.1, ¢(t)=¢(R™,t). Then, $(R,t*)=0 >3V (t%)/5t/V(e%)=0.
Hence, we are able to apply the results (55)&(56) to obtain,
(63). 0 <t*< t <+ E(R)> R > Ri.
" By the unique -(inverse) correspondence of ti* td'Ri, this t*® is
wmiquely determined. But what about the géneral case ? By (47) &
(47", ﬁ(;) will decrease as t increases when t> t. To.handle the
case, define R*%{t) to be such that (l—t1_1=8R(tl/Bt/{(1~alR*(tl+
@R(t)} for t such that 0<tst®®, where R(t°°)>R#*+R¥*(°°)=R%,

Then, the rate t* must satisfy one of the following;

(64) -2K(e%)/3t/0R(t%) /ot =a{R*<t*>—'z‘i(t*)}/{cl-a)R*(tmaRctéjZ 0.

(6A') —8R(u°°)/ot/3R(t°°)/3t —a{Rk R(t°°)}/{(1 &)Rf+aR(t“°), > 0.

The sign. follows from (24)and(47)

Let z(Ll={a§/(l~alE(Ra)}IRR(tliR“'l—R(t)“'l}g(R)dR, and, let
x(t)= “((l~ulk(t)+uR(t)} /'f(z;a)R*(tl+aR(t1},;Then; for the unique-
ness, we shall gee it suffces to show that 3z(r)/ot>0, and,dx(t)/adc< 0.
The rate t* will be determined as a solution to {(l-a)/felz(t)=1+

x(t). We know already such t* exists. We also know easily that ;(t}=0,
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;(t°)>0, x(t)>0 (otherwise see (63)). To see the value of x(t°°},
we must extend a tedious calculation. But, if k(t°°)§.§, there

exists a R* such that {o/(1-a)} {X(t°°)+l};G{R*:§(t°°)}/{(1—a)R*+aR(
£°°)}20, R <R*<R(t°°), and (64) or (64') holds., Thus, as in Figure 6,

the rate t* will be uniquely determined. Formally, from (63), t <t*

a
++-Bj>ﬁ> . Hence, if ﬁ(t°°); R, then, Rt>R(t*)> R. Further, in view

we |

of (61), R(t°°)> R(t"")implies t <t*< £°°,

However, the assumption that ﬁ(tlg R is rather strong. In general,
the case %(tl< R may be possible. In fact, we shall see that this
assumption is redundant, To this end, suppose t°? is able to take
any number between E_and*i? Then, g(ll=u{1—Ra_;/E(Raml)}/(l—al,
where R(1)=R from (23). Also note that A(l,§)=é(ll/a, where A(£°°,R(
£y ) ={x(c°°)+1}/(L~e). Becau;e aA(E;§)=a(l-§[§l and o«b(t®°,R(E°°))~

%21

- - . . ’\J ' -
¢(t°°) is strictly inereasing in t®°, the assumption that R> R will

imply the uniqueness of t* such that t*<t®°. See Figure 6 a & b.

h N
a{gf-i‘{}/{u—a)_g-;-«lxg}
a{l—f{u"l/E(Ra)}/g(l-a) a{xil}’/n(l_. | "' z(e"")
. }
£(t°°) T TUELTTT T adx(et0)+LH (1-a)
L aA(£°°,R(L"°)) . ‘
-0 t 1 £®° 0 t Pt
- e
a(1-K/R)

a~ Figure 6 b
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Formally, we have

(65) £ <t®<t®® + R <§<;5T A ﬁ(t*){ﬁf,

where‘the last one implies the first one, Observe that t¥% will

approach °° aslﬁ'apprbaches_g. Ci~the case of Pareto distribution.

Lastly, we must show

(66)  az(e)/oe =laK/E@HIR® Y M Pgmyar 0,

and, | - |

(67).  9x(t)/3t =(1-a)/{(1-a)R*(t)+aR(t) }3R*(L) /3t< O,
' *22

where the sign follows from the fact that 8R*(t)/dt< 0.

5.4  The Degree of Tnequality: Alternative Measures

In view of the analysis and results in Subsection 5.1 through
" 5.3, the degree could be representable by fhe ratio, E(R)}/R. In fact,
the ratio was made use of, explcitly or implicitly, as an inequality
measure. (58) and (59) are also equivalent to t s1/{1+/I-g}.. From (32),
(68) t <1/{1+/1-a}< t°°< 1,

hence, from (32'), .

(69) & 21/{1+/1-a} = ¢°°,

Thus, the inverse”of "the smallest incentive—lgsing-yate,-1[55 is éble
to be another measure of inequality, completely substituytable for -
E(R)./R. Seé the case of Pareto distribution in Section 6. The
higher fheldegree of inequality, the smaller the-incentive losiné
rate,

t=t°°= 1/{1+/1-a}

frt

Figure 7
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Observe that the smaller the rate t, the larger the number of the

unemployed (IRR(t %(Rlde hence the smaller the number of working

individuals (/ §u)ngIde hence the higher the rate t°°. Thus, the

R(t

higher the degree of inequality, the larger the tax rate t°° which
maximizes the tax revenues. This rate t°®alse may serve as.a useful

index of inequality. In fact, t°°=1/B for the Pareto index.B.

5.5 How the Income Maximizing Tax Rates, tl°'s, Are Ordered ?

From (2), the income Ii(t), consumption yi(t), and labor
income plus transfer (lht)Li(t)+T(t), of & working individual i
change exactly in the same way when t changes. Also recall the
income Ii(t) of each working individual i attains its maximum at

o

the rate ti lower than his welfare maximizing rate ti*; whereas,
that of the unemployed at the revenué$ maximizing rate t°°. See
(44)&(44') for this.

Take $°(t)=ca?c?-2ut+n, where n={Ri—uE(R)}/{Ri—E(R)}, and
let Rf=gRT. Then, the argument -extended ‘in Subséction 5.1 may

apply here:if we take $°(L). and Rf, .instead of ¢(t) and R¥, respects

ively. The results may be summarized as follows:

(70)  RF> R <+ R/E(R)< 1/{(1+1/e)/2+/{(1+1/a)/2}* +a/(I-a)}.

Note the right hand side of the imequality is less than l/{l+(/I:a)_l}.
(71) t° = 0 <+ R'> max {eE(R),R} ,
(72) o<ttoc t <> oE(R)> RY> RY,

and

(73} 0< t< t*o RT < Rt.
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The relations (55)-(57) may be combined with (71)-(73) to obtain;

for example, O<E§;i°<ti*<t°° — R ;Ri§R+, implying thak both the .
income and welfare of individual i whose proeductivity is lower than
Rt will take their maximum .values at tax rates ti° and_ti*,;respect~
ively, at which some individuals whose productivities are less than

R(t;#) won't work at all.

6. Pareto Distributicn, the Pareto Index and Taxation Policy:

Application
We shall apply first the results thus far obtained to the case
of a Pareto distribution and then extend them in a direction towards

Incorporating the non-uniqueness case, See Appendix for the Pareto case.

6.1 - Pareto Index, Social Productivity and the Unique Tax Rate t#*

For the Pareto index B>1l, we have
E(R)/R=B/(8-1), §=E(R%1/E(Ra—}l=(l+8-ul/(ﬁ—al, where E(R”)/R%=8/(f~a).
and E(Rm_ll[gé_l=&/(l+3—al. 6521 can be expressed in terms of (B8,c)
and hence,:
(761 (B-RP)/R = {(B2-28+0) (8-0)+8(8-1).(1-0) }/ (B-a).(1-a) (B-1)2.
Let us denote by y(8) the numerator of the RHS of (741, then,
y(1)=—-{1-y)< 0, y(i+/1-e)>C, by continﬁity, there exists 8T for which

y(B)=0. and 1<gt<l1+v1l-z. Hence,

>z
(75) R = Rt as 8 T BT.
Similarly,

(76) ¥-rtZ 0 :as 8 2gt, | |
where §(Bf)=0, §(B)=1+1/(B~a)+a?(B-1)/(l~a)B+a(B-2)/(B~1), &(1)<O0,
§(1+Y1-0)>0, 1<Bt<l+vVi-a,
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Let -t° be such that BIl(%°)/at/Il(%°) = 0 for R =R.
Then, since B+>B8T, it folldws that

(77) 8 > BF <> Ri<H< B(R) +> 0 = £°¢ t*<

i
{
=
3
Y

A
—i.
{
o
A
rr
[1]
A

(78) T

>R

Iy

(79) 8+

v
!
| 20
A

-We'shall confirm the argument extended in Subsection 5,3 for
the case of Pareto distribution. To see further
(80)  Ri>HE(t#) +> R<R<Rt > L<tH<e®?,
We must extend a tedious calculation;
Let A(t,R(t))={R(t)-§(t)}/R(t). For a Pareto distribution, A(t°°,
R(t°°ll=l—ﬁ(t°°1/R(t°°)=-1+a/8+aGR(t)[5)?"B_l/s(s—a)—ﬁ(1+a/e)Ag(R(t)
/R) 5 whefa.§=l+l/(84&). On the other hand, we may have; C(t°°)={a§[§/
E(R“)/E“}ﬂ;-(a(t)/gi(B'f”'l)/g]% at t=t’°s1/B. Note that R(£°°)/R=
{(l—u)/(6—112}1/8>1 if B<l+/1-a. We like to see how the values,
A(1/B,R(1L/B)) and £(1/B), will change with B, where 1<g<1+vI-a.
lig ,c8(1/8,R(1/B))=a(l+a), lim

B1+
Also we have, lim8+l§(l/8)=a(2—u), limg+l+/I:E§(l/3)=O. Since both

At (1/8,R(1/8)) =—0?/ (1+/1-a)

4 and T are decreasing in B, they will have an intersection if wA(.)>
£(.) at B=l. Otherwise aA(.)<g(.) for .any.g such that 1<B<l+vi-a.

In fact cA(.)-z(.) is decreasing in B since 8{ad(.)-c(.)}/3t=

(o/BB) (R(E)/R) T2 {1~ (6-1) (R(£)/R) ™ ar(er/m) " * b 015 (1)
</1-a. Thus, two cases are classified, depending upon whether or not

a<l/2. For the case a<l/2, there is a t* such that t*<c®°, {a/(l-a)}{
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#23
x{(t*)+1}=g(t*), To see the other case, consider, in view of (64"),

the Valueof&x{R*(t°°)~§(t°°)}/t(l—a)R*(t°°)+aR(t°°)}at t=i. Since

R sR*<R(t°®), this is larger than or equal to a{gfk(t°°)}/{(l—u}B}aR(t°°J}
which converges ;d as:t°°+1l, becaus& it approaches to —E(ll/R(I)j=~l.
Thus, the value of z(.,} coincides with thatof;a{R*(;l—R(.)}/{(l—ulR*(.)
+aR(.)} at some R*. See the figure below, This means; as g+l, the rate
t¥e £°°=1. Nofé also that a.{('_R"’"%Ct)_/f(_1—a),R*+aR(_t)_}/at = {z(t)~an(t,R(

£7)} _3R(£)/5t/{ (1~a)R*HR(EL}S O as £(t) 2 oa(t,R(t)). Hence, it is

<
increasing in B, attaining its largest value at a certain 37, whare
B™is such that §(1/87)=aA(1l/87R(1/8~)). This means; for any B<g™,
¢h(1/8,R(L/8))>5(1/B)> o{R*~K(178) }/{(1-a)R*aR(1/B)} and t#=t2°. If B>87

oA(1/8,R(1/B))<;(1/8) and the unique t* is less than t°°.

Figure 8 a<1/2

al+e) 7 — a
a{R*~R(1/8) }/{(1-a) R*+aR(1/8) }

a(2-a) —— — — & / e

.8
1+V1~a

~02/ (1+/1-e)




From these, €°°=1/8, £=(871)/(8-e), R"°/R={(1-2)/(B-DZIE ece.

Figure 9
Ri: R(B,G)
\
| R{(B,a) = é%f
“
R(8laH————
aR{B,a)
=R‘f‘ —

|

!

I

!

1

!
1
=g

o Lo+ /(T5Y (730 12 <g*

Similarly for the income Il‘(t)_'., for which R¥=RT, OLRC_B','O:)_,,
av(t,B,u) au(t,B,a) etc, are taken instead. The broken curves in

Figure 9 & 10 are for the income Il‘(‘t]?°)

'

41
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It is somewhat surprising to have the case in which t* = t°°
whenever 1<B<f~. This result is due to, relaxizng the uniqueness.
(8l) 1<BgB > t*=t°", and, B87<B<Bt +> t <t#<el®,

6.2 The Pareto Index and Individually Optimal Tax Rates, ti*.

From (52), we have

(82) Ri=[-{aB2~(1+a)B+e}/(1-d1B(B-1)IR.

let B* be such that R(B*,c) = R, where R(B,a)=Rf. Then,

B === . e . <
Bx = 1+Vl_a;T.If_ 8% >3, then, avl(E)/at/Vl(t) N 0, as R

i

R(B,a).

ARV

Otherwise ( B*<B) BVi(EQ/at/Vi(E)$=O o

Let E_¥{l+a+¢(ljﬁ)(l+3a)}/2§, then, Bﬁ=R(§iu)=Q, R(B,a)>0. for B<B,
R(8,0)<0 for 828 . Figure 9 below shows the productivity R:-L is relat-
ed with the index B, For example, the welfare of 1 of Ri%R(Bi,a) will
take its maximum at t, and that of i of Ri<R(Bi,a) at t§>£, -

For this distribution, R(f) can he specified;

(1Lq)tﬁgk(l—dtl(3-l) L2 L,
%?3,

(83)  R(t)

(84) R(r) ={(1-e)t/(1-t) (B-1)} e ¢

’
where both are &qual at t. Comnsequently, for t>t,
(24" PR(E) /BE/R(E)={BE(1-t)} 1> ©

and for t<t we have (15), and note that both are equal at t, showing
the differentiability of R(t) at t. TFrom (4&)&(44"),

(85), avF(e¥) 73t=0 > R /R=v(t 5,8, q), thect,
where v(t,B,a)=8{at?-(I+a)t+1}/ (1-at)2(8-1),

(86) 3V’ (£#)/0t=0 «» RY/Reu(elH,B,0), toopttase,
1/8

where (t,B,0)={(1- agt)/Bt} {(1-a)t/(8~1)(1-£)}""F(1-0)7t, or,

(87) 3V (£ %) /at=aT(t°°)/0t=0 <>t %*=£°°=1/8.
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We like .to.see how v and p will change with t. We have, for v,

dy/ot< 0, \3(__t_)=u(g) = ~{a8%-(1+a) B+a}/B(B-1) (1-a) = R(B,a) /R,

v(0,8,2)=8/(B-1), v((1-/1=8)/a)=0 and v(1,8,a)=—B/(B-1)(l-a)< Q.
Onthe other hand, wehave, for u, u(0,8,a)=+=, u(1/8,8,a)=0,

w(l,8,a)===, and 3u/dt< O if t<i/g Provided that 2-a<g<l+/l-a.

Thus, we can draw how R*(t) changes with tax rate t, as

in Figure 10 below, where R*(t) /E is given by (85)--(87) .

Figure 10 R*(t) monotone

J

Rio/B S — ._!_. - (1-a)rE(R) /(1

m(,t),

[
GE(R)/R
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6.3 The Case In Which Iﬁdividually OCptimal Tax Rate Is Not Unique

However; the uniqueness need not be true in case the Pareto
index B is smaller. Suppose that 1<822-c. Then, 3u/3t 20 for each t
such that O<t<(8-1)/B(1-a), whereas, .31/3t>0 for each larger t.
Figure 10b below illustrates how p(t,8,a) will change in t. Here note

u(t,B,d)>R(t)[B at every t<l/8 and at t=1/8 they are equal.

Figure 10b R*(t) not monotone

1 <B<2-o
R°/R={(1~a8)/(1-a)}

e
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We shall see also that there exists a 8° such that 1<g°<2-n, if aand
only if 1<B<8° <+ E(R)/R =8/(8-1)<R™*/R ={(1-)/(8-1)2}*/® and po<g
<2-a <+ B/(B-1)>{(1-0)/(8-1)2}/B. Since B° satisfies{s/(8-1)}5(8-1)2

=(l-a), we like to see how the left hand side will change in B.

Let V(8)={8/(8-1)15(8-1)2. Then,3v(8)/38= 8%(8-1)1""[1og(8/ (B-1))+(8-1)"}]

>0, where 3V(1)/oB= =, aV(2-a¢)/38> 0, V(l)=0, V{2-a)>1, and hence
such'B?is uniquely determined, as an intersection of V(B)=(l-a),
Collecting the above partial results together, we are able

to say what follows: See Figure lOb;

Individual of such & high productivity that Ri>Ri§ would find
a unique rate ti*éO optimal, yhereas, individual of productivity Ri
such that R;gRigRi° would fipd two distinct rates optimal. Note
individual of the high productivity Ri° would find the rate £°° as
optimal as well as his incentive losing rate E}q, Individuals of
lower productivities, such that §:§R1<R°, would find the rate t°°
optimal, at which they are voluntarily unemployed. Hence, in a very
high inequality prevailing, a major part of the population, to each of
which iﬁcome-ﬁroduétivity 1s endowned lower than the average, wiil
find high tax rates { the higher the productivity, the higher the
optimal tax rat:§§. This will be true for the population that contains
individuals, to whom.even higher than the average productivities are
endowned, 1f the distribution is given in a more inequal way. This
should be a good reason why, in a very inequal society, the authority
will take a very high tax rate t* under the objective of maximizing

the aggregate welfare, which is very close or equal to the rate t°°,
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7. Concluding Remarks

We have studied, both from welfare and from work-incentive
view points, an inequal society, in which the structure of the income
distribution is so dissimilar that the redistributive taxation policy
may well be justified from.thé social welfare judgement. A relevant
conclusion is that the moral hazard problem, pointed out in Subsection
3.2, will be aggravated in such an inequal structure of the income
productivities. See also the last pazxagraph in Subsection 6.3,

This conclusion would, however, be supported by the fact that
the redistributive taxation will not serve as improving the imequality
of the income productivities, because the tax.revenues, equally trans-
ferred to members from the government, are spended only on consumption.
Thus, this taxation model would, if well extended, incorporate a gene-
ral case in which the tax revenues may be spended also on investment
to contributing somehow to the impfovemant and development of the
labour productivities, hence changing the income (productivity)
distribution which, in the present formulation, isregarded as given
externally.

In spite of this reservation pointed out and extension
suggested, the analysis undertaken throughout the preceding
sections, manifests the latent properties which will always be
true in the similar framework of taxation, in so far as the relative
difference exists in the productivity of the labor services that

i

member citizens will supply.
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Appendix 1
Pareto Distribution

Pareto's law says, for the number of individuals who possesse -

at least R, designated N(R),

-8

(1) N(R) = a R "; a0, B>1.

Pareto di;&gibution'is said to fit actual distribution well at
ratﬁer upper levels of incomes, while less well at lower levels.
This often has infinite variance and may be suitable for the case
where productivities are distributed in a very dissimilar way.

From our assumption,

:2) ¥R

1

1,
where R is a lower limit of R's so that N(R)=N(R') for any R;ég_.
(3) a=gf,
and, 7
(4) E(R) ='fR[N'(R)l dRr, _
where [ is f; . Also from (1)&(3),
(5) ¥ (R =:1555R"-B'1-‘_

We can now know the value of E(unl)E(R)/E(Rq) from this specification;
(6) E® ={g /(8-DIR >R >0, : .
(7) ER™ = R (PP ar
~(8/(8-0) 1R

Likewise,

(8) B =(8/(1+8-0) (-1} BV



Appendix 2

Gibrat (Lognormal) Distribution

The density function f is givén in the form;

(1) £(R,p,0) = expl~{(log R —-n)/c}?/2]

where y is the average of log R, ¢ is the variance.

Then, by assuamption,
| 0’
(.3 ) E(R). = SfRE(R,u,0)dR = exp(pu+i?/2),

I

(2 ) ‘£(R,p,0)dR = L where [ =f
(&) EG™ = expairaZo?/2)
(lS:j E(Ra_ll = exp{(a-1).y+(a-1¥2c%7/2}
hence,’

6 Y EERYDHERVERY. = expl(l-a)o?},

which is larger than L if o> 0,
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Footnotes

His lst article may be irrelevant here, though the content is

closely related with the optimal taxation problem, from the

social welfare viewpoint.

In the following technical analysis extended in later sectioms, .
we shall go from generél to specific about the productivity
distribution. In fact, we shall apply the results to be

obtained .to the case of Pareto distribution in Sectiom 6. .

The term leasure here used may include productive ractivities, -

so long as they are outside of the market transactiom.

Homemaking is an example of leasure often referred to, an

activity involving productive services which would be costly at

least as much as labor services on the market.

J e
.

For examﬁle, Deaton[1984], in a generalized contex of-Atkinson.
[1973], Atkinson and Stiglitz[1980], calculated the optimal

tax rate, which maximizes a social welfare function. 'The derived

——

formula was given in terms of a measure of the pre-tax inéquéiity
the fraction of potential total income required for non-redistri-

buted tax revenues, that for cousumer subsiétence expenditure

and lastly the marginal propensity to spend on leasure, -
Under the obje;ﬁive of makimizing-the aggregate (average) welfare.

To some of the unemployed, the rate t°° is not always

optimal, if the optimal rate ti* is not unique for Ri.

In a very inequal society, it is possible to have individuals

of the upper middle productivity, who think of no taxation

as optimal, find also a very high tax rate, close or equal to
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t°° optimal. See the detail in Subsection 6.3.

Hereinafter, we shall some times call E(t) the social
productivity for a clear reasom.

l1-o is the marginal propensity to spend on leasure, which
Deaton[1984] called a disincentive factor.

We shall fully discuss this in Subsection 5.3.

The definition of Rf will appear iam the sequel.

Two other measures, substitutable for E{R)/R, are the rate
t®° and the inverse of rate t, which will be discussed in
Subsection 5.4. P

We shall concern ourselves with the welfare (utility)
relative to the pre-tax wglfagef The ;evels of individual
welfares are, of course, dependent upon tax structure, but,
their order follows"precisely-with‘that of their product-
ivities.

The central authority is assumed to be able to know the
correct value, in advance, of the revenues, for each t, on
the basis of information drawn from individuals.

The second equality of (37) gives an interpretation of the
net rate in terms éf transfer, consumption and tax rate.
See Appendix 2.

See Appendix 1 for B. Observe also that for the Pareto case
BZR(ﬁljatZ/BR(;iﬁBt2<2ﬁ(l—ti% bence the unique correspondence
between gl and R® is assured to hold for any B such that

1<8,
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—3£(t°°) =RaRr(t°°){1-f

As referred to before, the assumption need not be true in
general, though we derive the results here and in Subsection
5.3 in a more general framework by taking an advantage of
the assumption. We shall relax this and extend the case

to one incorporating the non-uniqueness case in which a new
result will be obtained, in Section 6.

From (32}, it follows that 1/{1+V1—a}§t°°<l.

B{aﬂ(t°°,R(t°°))—a(t°°)}=a£—eﬁ(t°°)/R(t°°)+§aR(t°°)/R(t°°)2}

RR(t e (R)AR/E(R™) 150 from (43) and (47),

where the operator 3is o /at°°,

I conjecture.this property that 8R*(t)/¢t<0 is not required

.to ‘obtain:an unique tax rate t*. See Subsection 6.3.

The case in which ail[Z.

That is, the higher the second tax rates, éé which-they also think

as their optimal ones, although their first optima are inversely

related with the order of their productivities.



