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1. Introduction

Marx's scheme of reproduction intends to trace how a competitive
capitalist economic system evolves over time while reproducing its
socioeconomic characteristics. It follows up growth of the relevant
magnitudes generated by accumuiation of capital through investment of
part or all of surplus velue. His original analysis, however, was
sketchy, though insightful, and did not completely work out the dynamics
of the scheme, which later scholars worked out more thoroughly with
techniques of modern economic analysis.i/

The scheme was originally formulated in velue terms and has been
further worked out in terms of values or certain long-run eguilibrium
prices, the prices of producticn. Thus these solutions ignore the
capital meobility across sectors which results from competition in Marx's
conception in pursuit of higher profit rates and is alleged to tend fo
lead prices toward the prices of production equalizing profit rates.

The vital core of the dynamics of the scheme is investment, that is,
allocation among sectors of the savings from surplus value, which takes
place in the sclutions independently of profit rate differentials or on
the assumption that the prices of prcoduction always prevail so that
capitalists are indifferent tc sectoral allocation of savings at the
uniform profit rate. The proposition of profit rate equalization through
capital mobility itself is merely postulated as a divine logic and has
not been examined for its truth but has to be examined in an actual
capital movement process.g

It is therefore worth recasting the scheme with the capital mobility

responsiﬁe to profit rate differentials incorporated and working out its



dynamics to get a solution yielding ftThe path of growth of real {value)
magnitudes and fluctuation of prices and profit rates through their
interaction. The purpose of this paper is to do this in a simple

manner.

2. OQutput, Prices and Profit Rates in the Underlying Economy

In an economy of the Leontief type, which underlies Marx's scheme
cf reproduction, consisting of two sectors, the first sector producing
capital goods and the second sector producing consumption goods (wage
and luxury goods), with no joint products and under constant returns to

scale, by using capital goods and labor as inputs, let a Zj be

13’
positive amcunts of capital goods and labor necessary to produce cne

unit of output in the j th sector (j =1,2).

On the basic viability assumption of the economy

1> i, (1}

the positive labor values ¢ of the two goods are determined by

1 %2
the equations

a vc + 1
1 1171 1 {2)

+ 12

)

% T #1271
The real wage rate w is the amount of consumption goods necessary

to reproduce one unit of labor power whose value 1s low enough tec allow

exploitation

wo, < 1 . (3)
By introducing the labor feeding input coefficients

8y = wZJ (3 =1, 2) , (h)

(2) can be put in the form

. =a. .0, + a.o.+ (1 -wo.)l

1 1171 2172 271 (5)
Op = Bp0y * a0y + (1 - welly
where 815975 825%> (2 - wde)lj are constant capital, variable capital



and surplus value per unit output in the j th sector. The resulting

positive matrix

817 %12

A= a o
21 22
is the economy's basic input coefficients matrix which satisfies
the Hawkins-Simon conditions and has e dominant Frobenius eigenvalue

less than unity.

At the current prices P p2 of both goods, the rates of profit -

ry = Pj/(aljpl + aejpg) -1 (§ =1, 2) (6)

are continuous functions of the relative price pl/pg; ry monotonically

2
at a unique relative price pi/p;

increazses from -1 to l/all - 1 and r,. monotonically decreases from
:L/a22 - 1 to -1. Hence r; equals r,
corresponding to the prices of production p; (3 =1, 2) which satisfy
the equations

X X €, i =
Py = (1 + r)(aljpl + agjpg) (4§ =1, 2)

with this uniform profit rate r equal to 1/A - 1, where A is the
dominant Frobenius eigenvalue of A.
On the output side capitalists' share C1s Cp in the net products

uniquely determines output levels X5 %y through

X, T aXy fagx, o, (i=1, 2) . (7)

The organic composition of capital aj of the j th sector is
aljcrl/aejo*2 (5 =1, 2), and el is larger or smaller than 62 sccording
as the determinant A of A is positive or negative.

3. The Process of Growth and Capital Movement

At each moment of time there is total money capital M, which is

divided to secitoral capitals Mj ( 3 =1, 2)

Mo+ My =M. (8)

Mj is connected to the existing real capital of the j th sector



consisting of aljolxj units of constant cap;?al and azjdexj units

of variable capital in wvalue terms at current oubtput level xj by

the relation
M, = q,x. (5 =1, 2) , (9)
where

qy = a;3P) * 3,50 (§=1,2 |, (10)

the price of real capital of the J th sector at the current prices
P; (j =1, 2) of both goods.
At the sectoral rate of profit rj the sectoral money capital MJ

earns the profit

rij (j =1, 2) . (11)

The sectoral profits add up to the total profit

rlMl + rEMEI s (12)

of which a certain constant percent, 100s (1L 2 s 2 0 )}, is saved
and the rest is consumed. The savings is invested to increase the

money capital at the rate M, so that

s( z.M +r.M. ) =M=M + M (13)

11 22 1 2
The allocation of the total investment M to the sectoral
investments ﬁj ( J =1, 2) is responsive to the profit rate differentials
and the levels of sectoral profits. Thus ﬂj ( 3 =1, 2 ) are functions

of them

Mj = fj( vy =T, T M, rEME) . (1k)
From {13) the functions fj { =1, 2) fulfill the identity
D ey —rps myMy, wpMp) + £5(ry —rp, wy, TM)
= s(rlMl + r2M2) . (15)

When ry is larger than Tss investment allocation is biased to the

capital good sector, so that

) > sr.M

£{ry - rp, T My, TOM 1



£o(ry = 7y T M5 T,

and capital moves from the consumption good sector to the capital

M2) < sr2M2 )

good sector. When rl is smaller than re, investment allocation is

biased to the consumption gocd sector, so that

r., r-M , r.M_ ) < sr.M

£, (x 111 Talo 11

A R~
f2(rl - Ty, oM, r2M2) > sr M,
and capital moves from the capitai good sector to the consumption good
sector. When r, equals Tos the sectoral profits are invesied in the
own sectors, respectively, and capital does not move. This capital
wobility responsive to profit rate differentials is premised by assuming
that the functions
wj(rl - Ty rlMl, r2M2) = fj(rl - Tpys rlMl, r2M2) - srij (16)
(J=1,2)

are monotonoug with respect to ryo= Ea, wl increasing and wz decreasing,

1l 2

Ml = r2M2 = Q.

With respect to the other twe variables rlMl’ r2M2, the functions

(16) are assumed to be homogeneous cof degree one. They are assumed to

and vanish at r. - r_ = 0, for all levels of rlMl and r2M2, except at

1

be continucus functions of all the variables rl - Ty rlMl’ r2M2, with

continuous partial derivatives. Obviously, (15} implies :
wl(rl - Ty, TyM, r2M2) + ¢2(rl - Ty, 1M, r2M2) = 0. {17)

Thus, the investment functions on money capital (14) take the form

Mj = srij + ¢j(rl - ry, M, r2M2) (3=1,27. (18)

On the ocutput side the actual net investments (aljij, aajkj) on
ljxj univs of capital goods and
azjxj units of consumption goods occur subject to

sectoral real capitals consisting of a

Xp T Aqq%) F 8oy FoaggX) Foa X, (19)

bd 8,..X, + 8..X. + 8..X. + & e + (1 - S)(I'lM1 + reMg}/Pg 5

2 2171 2272 211 22



that is, they are determined as net savings by which the sectoral
levels of output exceed the sum of capital depreciation and capitalists’
consumption in beth sectors.

The system of the ten equations (18}, (19) with (6), (9), (10),
which formulates the scheme of reproduction with capital mobility
built in, completely determines the time paths of the ten variables,
sectoral money capitals Mj (5=, 2 ), levels of output X5 (j=1,2),
prices of goods pj ( 5 =1, 2 ), prices of sectoral real capitals
1 ( § =1, 2 ) and rates of profit r (4 =1,2).

At each moment of time capitalists intend by the investments on
money capital Mj to carry out the net investmeni on real capitals

in the amount

{ alj(ﬂj/qj), agj(Mj/qj)) , {20)

which need not egual the actual investments determined by (19).
Generally, the investment on money capital in the j th sector, which

is always realized in the intended level, resulis by the basic relation
(9) in the sum effect of the actual net investment on real capital and
a change in the price of capital to compensate for the discrepancies
between the intended and actual investment on real capital

M, = q.%, .
I J

Thus the price of capital rises when the intended investment

*agx (§=1,2). (21)
exceeds the actual one, and falls in the opposite situation. It remains
40 be unchanged when and only when the intended investment is realized.
In aggregate prices, however, the actual investment on real capital
equals the saved total profits and therefore the intended investment

on real capital

qlil + q2i2 = s(rlMl + r2M2) = ﬁl + ﬁg R (22)
as is seen by price-weighted summation of both equations in (19) based
on (9), (10). Thence the discrepancies between the intended and actual
investments on real capital cccur in one sector just in the opposite

direction to those in the other sector.



In the good markets there are excess demands for both goods

+ v Y -
1T Bg%g tay ta M/ va /e, - ox

e

ey = 8 %y *oaga¥y +ay /oy *ayMy/ay + (1-8) (ry My M) /By - X
which are representable because of (19) as linear functions of the
discrepancies between the intended and actual investments on real

capital in both seciors

e, = ail(lcll/ql - x) + aig(lz/lz/q2 - %) (4 =1, 2 )., (23)

The price-weighted excess demands add up to zero
P&y * Py = 0, (24)

as is clear from (10}, {22). fThence both excess demands are always
either of the opposite sign or vanish at the same time.

(23) can be inverted to
Myfay - % =Cagye; - apep)/d (25)
Mg/q2 - %5 =(_a21el + allez)/A . (26)
The changes ij {j =1, 2) in the prices of capital caused by the
discrepancies between the intended and actual investments on real

capital induce changes ﬁj ( j =1, 2 ) in the prices of both goods
through (10)

P2 =(-8'12q.l + allqe)/A . (28)
Suppose currently e >0 > 5. If A » 0, then
M /ay - %) > 0 > My/q, - %, (29)

in {25), {26), so that, as was seen,

Ell > O > ig * ’ (30)
Whence

5, > 0 > b, , (31)

in (27), (28). If & < C, then the senses of the inequality signs



in (29), (30) are reversed, and the same result (31) follows from
(27), (28). Likewise e, < 0 < e, implies ;‘;l <0< 132, and D, = 13-2 = 0
when and only when e, = ¢, = 0. Thus the law of demand and supply

prevails in the goodlmarkits.

The system evolves by growth of output generated through net
investment on real capital and changes in prices effected by money
capital movements responsive to profit rate differentials across
sectors and their interaction. Its solution paths will be worked

out in the following sections.

l, What is CGoing on in Value Terms?

Equation (19), one constituent of the eguations formulating the
dynamic process of growth and capital mobility, represents in terms

of labor values the scheme of reproduction

V. + 8. =C, + cl +

1 1 2 2

C. + 5, = Vl + él + V2 + capitelists' consumption,

which add up 1o

5, + 5. = G, +C, + Vl + V, + capitalists' consumption,

1 2 1 2 2
where

C. = g.a,.x. = constant capital of the j th sectorl
i %1%15%; 4 J

V. = g.a,..x. = variable capital of. the j th sector
J 272573 P J

8., =g.x, -~ 0., -V, = surplus value of the J th sector
J J dJ J

C. = 0.8, ,X.
J 171579

V, = g.a..X. .
J 27257

This scheme just snaps the sectoral balance of the current levels
of the relevant magnitudes in terms of labor values at each moment
of time.

The evolution of these magnitudes over time in the scheme is

caused by the sectoral invesitments éj’ Vj ( 3 =1, 2 ). Although



the total surplus value Sl + 52 equals the sum of the sectoral

13 02, V2 and capitalists' consumption, its

allocation to sectors is determined not by the magnitudes in value

investm@nts &l’ \

terms such as c.xj, Cj’ Vj (j =1, 2 ) alone, but by the current
levels of output xj (equivalently, those in value terms ijj) and
prices 25 ( 3 =1, 2 ) and their interaction in the markets where
the behaviors of agents, capitalists and workers, who are unaware
of values, are motivated by valuation in terms of market prices,
which fluctuate over time subject to the law of demand and supply.

In the course of working out of the process the money values
of the relevant megnitudes deviate from thelr values unsystematically.
The ratios of the values of aggregate investment and caepitalists’
consumption to the total surplus value differ in general from those
of their money values to the total profits s and 1 - s. This aspect
is typically evidenced in the situation s = 0, in which qlil+q2i2 =0
by (22) and the money value of capitalists' consumption equals the

total profits, whereas generally Cl’ Vl’ 02, VP do not cancel out
and the value of capitalists' consumption is unequal to the total

surplus wvalue.

5. Long-run Equilibrium

The system has a special solution path, a long-run equllibrium
path on which sectoral output levels and money capltals grow steadily
at a common rate, and prices are maintained at the prices of production
to squalize profit rates to the uniform one.

In fact, at rp =T, =T the prices of production prevail, so that
r = 1/A - 1, where A is the dominant Frobenius eigenvalue of A and

. = Ap. j =
1 i (J=1,2) (32)

in (10). Investment in money capital {18) reduces to

Mj = Ser (3=1,2),



implying steady growth of sectoral money capitals at the constant

rate sr, which, in conjunctien with (9), {21), leads to

q'j/q'j + xj/xj = sr (3=1,27}) . {33)

As the relative price pl/p2 is maintained at a constant level
corresponding to the prices of production, ij/qj (3 =1,2) are
equal and have a common constant value, which will prove to be zero
in the -sequel. Therefore, Scj/xj (3 =1, 2 ) are equal to a common

constant value p in (33),

kj/xj =p (j=1,2) . (34)

Eliminating kj by (3L) ang Mj by (9) and taking ry =T, =T into

account in (22), we see p = sr. Hence

xj/xj = Mj/Mj st (3=1,2) (35)

o (3=1,2). (36)

2525 = 4/
On this special solution path prices remain to be unchanged

and are maintained at the prices of production with profit rates
equalized to the uniform rate r, and sectoral output levels and money
capitals grow steadily at the rate sr. The intended net sectoral
investments on real capital always equal the actual ones, and the
savings from the sectoral profits are ploughed back to the own sectors
without any capital movements induced by profit rate differentials,

which are nonexistent. This is the only long-run equilibrium state of

the system.

€. Dynamics of Certain Ratios

To work out what eventually takes place in the growth process

generated by the reproduction scheme, we are concerned with the dynamic

behaviors of certain ratios of the relevant variables, rather than their

absolute levels. To this end the original system (18), (19) with (8),
(9), (10) can be reduced by elimination and simple rearrangements to
a system of two differential eguations of two variables, the ratio of

output levels

10



11

x = x /%, : (37)
and the relative price
p = . 8

In fact, (19) determines simultaneously ij/xj (g=x,2) as
functions of x and p by (6), (9), {(10), so that X/x is determined

as their difference

x/x s(rl-re) + {allp+a21+(a12p+a22)/x}[{l—(l+srl)all}x~(l+sr2)a12]/A

lst expression (39.a)
= (agp=ay tay x-2,,/x) /b
+(1~5)(a11+a12/x){{(l—all)p—agl}x+{—a12p+(1-a22)}]/A
2nd expression (39.h)

= slayp-ay ¥ay X85 /%) /8 + (1-s){a pray, +(a o0ty ) /x}{(1-ay Jx-a, 5 }/A
3rd expression (39.¢)

On the other hand, from (18}, (21) together with (9) and the homogeneity

of degree one of wj in the profits follows

a/a + x/x = s(ry-r,) + ¥, (v, 7y, r/ax) - Yylr-r,, rjax, r,)

(L0)
where
q=q/q, - (h1)
p and g are so related through (10) that
q = glp) = (ailp tay)/(a;,p + ay,) (42)
g'(p) = 8/(a,,p + ay,)° (43)
a/a = 8p/(ap p + ay )(a,p + a,,) . (L)

Hence, (40) and (44) imply in the light of (17)
P = (allp+a21)(a12p+a22){s(rl—r2)+(l+xg(p))wl(rl—rg, ry, rg/xg(p))—i/x}/ﬁ

(45)



{39) and (45) determine a system of two differential equations
of the two variables x and p, which traces the time path of this pair

of both ratios generated by those of output levels and prices in the

original system.

At the unique critical point (x¥, £X) of the system (39), (45),

which corresponds to the long-run equilibrium in the original system,

as given by

¥

¥ = 8y, /(A-2y ;) >

Il

(1+sr)a12/{lf(l+sr)a }

11
b

the elements of the Jacobian matrix are evaluated as

ax/8x = AM{1-u(l+sr)l}/a

3x/ep = ai2r5(1~s)/A{l—(1+sr)all}2

ab/ax = ~(A2p¥/ax®)a%/0x

99/9p = (A-u){s+(1+p*x®) 00 /2(r -, ) /b - (APp*/8:¥) 0%/ 3p

(L6)
(47)

2

where u is the other real eigenvalue of A, less in absolute value than A.

Thus the Jacobian matrix J of the system has at the critical point

Determinant of J

= A(l—u){l—u(l+5r)}{s+(l+p*x*)8w1/8(rl—r2)}/ﬂz >0
Trace-of J '

= M1-p(1+sr)}/8 + () {s+(3+p"x®) 8y, /3(r - ,) }/A

—Az(k—aee)rs(l—s)/Az(l+sr){l—(l+sr)all}

(9)

The stability-instability properties of the path are crucilally

dependent on how both sectors differ in the organic compositions of

capital, that 1s, the sign of the determinant A of A. The examination

will be done by case in the sequel.

Case I in which A is positive, so that the capital good sector

has a higher organic composition than the consumption good sector. The first

and second terms are positive, but the third term is negative or zero in

(Lg). MNonetheless, if s(l-s), which is not larger than 1/4, is small

12



relative to the two preceding terms, e.g. either s is sufficiently
small or sufficiently close to 1, the trace of J is positive, and the
eritical point is loéally unstable because of the positive determinant
of § in (48). The typical situations are simple reproduction ( s = C )
and full extended reproduction ( s = 1 ), in both of which the third
term in (L49) vanishes. In each of both situations the critical point
is an unstable nede, as the locus X = 0 is a vertical straight line’

in the phase diagram. In the simple reproduction the locus is

X = alg/(l—a ), as seen in (39.c), s = 0. In the full extended

11
reproduction the locus is x = ale/(k—all), as seen in (39.a), s = 1,

ry = r, =r= 1/A-1, which is alsc the positive solution of the equation

8pp781 8y X8 /X = 0
arising in (39.b) and (39.c), s = 1. It carries three trajectories, the
critical point and the two rays emanating from it, on which the solution
point diverges awey from it, as (45) for x = 0 is positive when p is
larger than p¥, negative when p is smaller than p*.

In the general situation the locus x = 0 lies in the region bounded

by the two straight lines x = a l1-a..) and x = alz/(k—all), since

12/( 11
% is negative if x is less than ala/(l_all)’ and positive if kX is larger
than al2/(l—all) in (39.c). Also by the linearity of (39.c) in p the
locus can be depicted by a single-valued function of x, which is downward
sloped at the critical point because of the positivity of both 8x/8x and
3x/3p, but need not be so globally, and which tends to plus infinity as
x approaches alz/(luall} and takes on a negative value at ale/(k—all).
It intersects the straight line p = p* once at the critical point. Thus
the locus looks like as in Fig.l.a and 1.b. ‘

The locus p = 0 does not intersect the region above the straight

line p = p* and below the locus x = G and the region below the straight

line p = p* and above the locus X = 0, in which (L5) is positive and
negative, respectively. The locus é = 0 can possibly have several
branches, but is either upward sloped or more steeply downward sloped
at the critical point than the locus x = 0, according as 8p/ap is

positive (Fig.l.a) or nonpositive {Fig.l.b), as is seen from the

i3



14

positivity of the Jacobian determinant.
The system is not globally stable, since x is negative in the region

X < a l—all) and positive in the region x > ale/(h-all), so that the

10/
solution point in these regions never leave them. Zven for the general
value of s not close to 0 or 1 the critical point is locally unstable,
provided capital mobility is so sensitive to profit rate differentials
that a¢l/a(rl-r2

although it can be locally stable for a small value of a¢l/a(rl—r2), as

) is large enough to make the trace of J in (49) positive,

is the case for s = 1/2 and
/10 1/20
A =
17/20 1/10
{ase II in which A i1s negative, $0 that the capital good sector has
a lower organic composition than the consumption good sector. The Jacoblan
determinant is positive as in case I. ?he trace of the Jacobian matrix
is negative, since the first two terms are negative and the last term is
negative or zero. Thus the critical point is locally stable regardless
of the magnitudes of s and Bwl/a(rl—rg), and always a stable node because
of the negativity of all the elements of the Jacobian matrix.
In the extreme s@epial situations of simple reproduction ( s = 0 )
and full extended reproduction { s = 1 ), the locus X = O is the straight -
ayp/(1-ayy

as in case I. But X is positive on the left-hand side of the locus and

line x = ) or the straight line x = ale/(h—all), respectively,
negative on the right-hand side of it, while the solution point approaches
the critical point on it, as (L5) is negative for ¥ = O when p is larger
than p*, positive when p i1s smaller than p*.

In the general situation the locus X = 0 lies between both straight

lines x = 312/(1—311) and x = /(A—all) and is depicted by a single-valued

a.
function, dewnward sloped at thiecritical pcint, though not so globally,
as in case I. But X is negative above the locus and positive below it
just oppositely to case I because of the negativity of A.

The locus p = 0 does not intersect the region above both of the locus
X = 0 and the straight line p = p* and the region below them, since ﬁ is
negative in the former and positive in the latter. The locus ﬁ =0,

which may consist of several branches, is downward sloped at the critical



point because of the negativity of all the elements of the Jacobian
matrix, and less steep than the locus X = 0 by the positivity of the
Jacobian determinant. Thus the phase diagram locks like Fig.Z2.

Despite the local stability the system need not be globally stable.
The shapes and locations of the loci % = 0 and p = 0 and the possible .
presence of branches of ﬁ = 0 may cause some trajectories to approach
the boundaries, either p = a

at which r, = 0.

21/(l—all) at which r, = 0 or p = {l-aez)/al2

7. The Stability-instability Properties of the Path

The stability-instability properties of the paths of x and p
in the system (39), (k45) clarified above enable us to know those of
the ten variables in the original system relative to the long-run
gquilibrium path.

In the case of positive A, where the organic composition of
capital of the capital good sector is higher than that of the
consumption good sector, the critical point ( *, 7) in the system
is locally unstable generally, except possibly for an intermediate
value of s close to neither 0 nor 1 and capital mobility relatively
insensitive to profit rate differentials. The solution point ( x, p )
never converges to ( x%, p*) but diverges away from, or fluctuates
arcund, it. Thence in the original system prices pj, qj and profit
rates rj ( 3 =1, 2) diverge away from, or fluctuate arocund, the
prices of production and the uniform rate of profit, while sectoral
money capitals Mj and ?utput levels Xj ( 3 =1, 2 ), together with
their rates of growth Mj/Mj and :7{3/1{'j (j=1, 2 ) diverge away from,
or fluctuate around, those in the long-run equilibrium.

In the case of negative A, where the organic composition of
capital of the capital good sector is lower than that of the consumption
good sector, the critical point ( x¥, oF) in the system is locally
stable, and , more specifically, a stable ncde, at which eigenvectors
associated with any of both negative eigenvalues of the Jacobilan matrix

have nonzero p components.

15



In a neighborhood of the critical point ( %%, p*) the solution
point ( x, p ) approaches it with p monotonically converging o

p* eventually because of the directions of the eigenvectors

noted above. Suppose that eventually p converges to p* from below
with D positive. Then-fal >0 > ﬁe (31) in the original system and

pl < ﬁ*pg eventually, which implies that pl is increasing but bounded
above and p2 is decreasing but bounded below. Hence Pys Pp converge
to some positive pT, ﬁg , respectively, with Py ﬁ*pg naturally.
Likewise supposition of the eventual convergence of p to p* from above
with ﬁ negative leads to the same result in the limit. Thereby is
seen the convergence of gocd prices P.» Py to pi, pg, the prices of
production. Correspondingly, prices of capital Qs q2 converge to
converge to the uniform rate r,

Aﬁg, Aﬁ;. The rates of profit r r

as p converges to p*.

1* 72

If eventually p converges to p* from below, Y, < 0 <y, in (18)
so that

Ml/Ml < sry < sr (50)
M2/M2 > sr, > sr . (51)
Let
_ ~srt
my= My
_ -srt
my= My
Then
ml/m:L = Ml/Ml - 8r <0 < ME/ME - sr = m2/m2 (52)
by {50), (51). Whence m, is decreasing and m, is increasing, and
hence .
m = ml/m2 = Ml/M2 = gx
. . . _ kK _ X ¥
is converging decreasingly tom” = ¢"x" ( = p'x" ) from above. Thus
m, > m* Ty implying that my is boundéd below and m. is bounded above.

X

converge to some positive m* m. with mT = m*mg

10 P2 1 M2 1
naturally. Likewise supposition of the eventual convergence of p to p’K

Therefore m

from above leads to the same result in the limit.
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Finally, through the bvasic relation (9) the convergence of

yj - xje—srt - Mje_srt/qj (3=1,2)
to j§= ﬁ?/aﬁ? ( 3 =1, 2 ) with yﬁ?ye = x¥ is ensured by the behaviors
of prices and money capitals clarified above.
Thereby is shown that in the original system prices of goods and
capital converge to the prices of production with rates of profit tending
to the uniform rate, while money capitals and output levels converge

relatively to their long-run equilibrium balanced growth patihs.

8. The Market Clearing Process of Growth and Capital Movement

In the process of growth and capital movement the good markets are
generally not cleared, with good prices are bid up or down in response
+0 excess demand or excess supply., while transactions are carried out
at each moment of time. Underlying this market disequilibrium are
discrepancies between actual and intended investments on real capital,
the former of which is realized as savings from output and the latter
of which originates in sectoral investments on money capital always
realizing themselves on the intended levels. Prices do not instantly
adjust themselves so as to clear the markets at each moment of time,
while changing over time to cope with market disequilibrium.

The process is now recast into an alternative process of growth
and capital movement in which at each moment of time equality of actual
and intended investments on real capital and good-market clearing are
attained by instantaneous adjustment of prices, a series of femporary
equilibrié, to trace evolution of the relevant wvariables in it.

The intended sectoral investment function on reali capital in the

j th sector is that on money capital (18) divided by the price of capital

Xy = {srij+¢j(r1~r2, rlMl, raMg)}/qj R {53)

which becomes by virtue of the basie relation (9)



- + _
k) = sy g {rg T, X, ToXa,/0))

(54)

Ky = sroxy + y{ryory, Toxia)/ag, Toxy)

The levels of actual sectoral investmenis are determined by {(19),

which is substantially by virtue of (9)

X) = 8 Xptap¥ota X Te 0% (55)
= . - - _ + .
Xy = Bg Kotag X vas X va, Xt (1-8) (ryq %) roa, ) /o,

(54) and (55) with (10) formulate a market clearing process of
growth and capital movement. The process, whose workability will De
ensured later, works in the following way. At each moment of time aljxj
units of constant capital and a2jxj units of variable capital are existing
in the j th sector, with which oubtput levels Xj ( j =1, 2 ) are produced.
For these output levels both the intended sectoral investments on real
capital determined by (54) and the actual ones determined by (55) depend
on the relative price p alone, agd are made equal by the adjustment of p
s0 as to determine a temporary equilibrium relative price and the
corresponding levéls of ij { =1, 2 ). The system thereby evolves over
time.

In the temporary-equilibrium only the relative price is determinate,
while absolute levels of prices and sectoral money capitals being
indeterminate. Nonetheless, if‘deflated by the price of consumption goocds,

the real values of sectoral money capitals

N. = M, = , x, = (a, .p+a,..)x. 56
5 = Ms/op = (a/py)%, 13Prag s )%, (56)
are determinate. The actunal investments on this real money capital are
then
ﬁ. = ./ ;. + .. X,
; (qJ P,) 3 ,(qJ/pg) ;
= My/pg + (qj/pg)xj (§=1,2), (57)

in which the first term is the real value of intended sectoral investment
on money capital and the second is capital gain or loss. There are
generally discrepancies between intended and actuasl investments on money
capital, whereas those on real caplital are always equalized, Just

oppositely tc the situation in the original systen.
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At the prices of production sustained over time the system has a

bhalanced growth state

X = ig/x = sr

1% 2

derived from (5L4) for r,=r,=r, maintaining the ratio of output levels
{46) determined in (55), with the sectoral real money capitals growing
steadily at the same rate sr. This is the only long-run equilibrium
the sysfem has, and substantially the same one 1o that in the original

system.
1, 2)

The workability‘is ensured when for given output levels Xj (3
a unigque relative price p and corresponding levels of investments ij
( j =1, 2 ) are determined so as to fulfill (5L}, (55), (10), thereby
getting a system of two differential equations in the two variables
x. { j =1, 2 ), which governs evolution of output levels.

(54) and {55) are hcmogeneous degree one in output levels, and
the set of all pairs (x, p) of the ratioc of output levels x=xl/x2 and
the relative price p=pl/p2 fulfilling them together with (10) is nothing
but the locus p = 0 in the system (39), (L5) associated with the original
system, which is depicted in Pig.l.a, 1.b and 2, and along which intended
sectoral investments on real capital eqﬁal the actnral cones, and good
markets clear. On the locus with an output ratioc x is paired =z locally
unique relative price p. This local correspondence of p with x ensures
the workability of the system in guestion along the locus.

As (Xl’ X5 p) evolves in the process, the pair (x, p)} moves along
the locus in the direction rescnant with the change of x which can be
seen by

k/x = %y /xy - xpfxy = s(rymry) + (T, vy, Tap/ %)
= ylr -1y, T2 %/, 7,0 (58)
derived from (5L4), which is positive, negative or zero according as
p is larger ér smaller than or egqual to p*.

Let us examine the stability-instability properties of the path by
case according to the direction of difference of the organic compositions.
of capital of both sectors.

Case I, in which the organic composition of capital of the capital good
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sector is higher than that of the consumption good sector. Generally
{that is, if either s is close to 0 or 1, or capital mobility is
sufficiently sensitive to profit rate differentials so as to have 3D/3p
positive in the Jacobian matrix of the system (39), (45)), the locus

$ = 0 is upward sloped in the neighborhood of the point ( ¥, p¥), as
in Fig.l.a. Thence the point (x,p) moves alcong the locus away from
(0, p¥ '
of {58).

Case II, in which the organic composition of capital of the capital

), as is seen by the direction of its movement implied by the sign

good sector is lower than that of the consumption good sector. The branch
of the locus D = O passing through the point_( x*, ﬁk) is downward sloped
in its neighborhood and crosses the straight line p = p* from. above to
below once at it. Thence the point (x,p) approaches ( x¥, ﬁk) along the
branch, as the direction of its movement implied by the sign of (58) tells.
Nevertheless movement along other possible branches may send the point
(x,p) away from ( x¥, ﬁk) or bring it to a point beyond which the system
becomes unwerkable.

In the unstable case the solution path of the system (54), (55) with
(10) diverges from the long-run equilibrium. In the stable case the solution
path converges to the long-run egilibrium path in the sense that xje_srt
( j =1, 2 ) converge to certain positive constants while p converges to p* s
as can readily be shown likewise as in the foregoing section in the light
® P

of the eventual monotonous convergence of x and p to x* and ﬁ .

9. BSummarizing Remarks

The prices of production, insuring the uniform rate of profit across
all sectors, rectify the unequal opportunities of sectoral capitals to
shares in surplus value and transform labor values to themselves. They,
too, are, however, alternative value constructions determined exclusively
by the social relations of productiocn, just like labor values, independenﬁly
of volatile market demand and supply conditions. The relationships
between relevant magnitudes in both value ferms, as established in the

transformation problem, are what naturally exist between the two



attributes of the one and same entity.

In Marx's conception of competition the prices of production is
thought of as special market prices, something more than alternative
value constructions, which competition emong capitalists brings
about through capital mobility across sectors in pursult of higher rates
of profit. Capitals do not instantly move across sectors, but migrate
gradually over time through investiment in the midst of the evolution
process of the whole capitalist system. In this context Marx and later
scholars neither examined the proposition of profit rate equalization
through capital mobility nor worked out dynamically the evolution of the
wheole system.

The process of capital mobility is nothing more or less than the
evelution process of the whole system. The process must involve
formation "of current market prices and the corresponding determination
of sectoral rates of profit, to which capital mobility is responsive.

In this paper the scheme of reproduction as the evolution process of

the whole capitalist system is recast into two alternative processes
involving profit rates responsive capital mobility, a non-market clearing
process and a market clearing process, and their dynamics are worked out.éj

Both processes have a unigue long-run equilibriuvm in common, in which
the prices of production are sustained keeping the uniferm rate of profit,
and the output levels and capitals grow steadily at the common rate
equal to the preduct of the saving ratic and the uniform rate of profit.

In both processes the results worked out for the solution path crucially
hinge on how both sectors differ in their organic compositions of capital.
If the capital good sector is higher in the composition than the consumption
good sector, the path diverges away from the long-run equilibrium, and the
profit rate différentials are getting widened, generally (viz, provided
capital mobility is sufficiently profit rate sensitive). If the compositions
are reversed, the path converges relatively to the long-run equilibrium,
starting in its vicinity, with the rates of profit equalized toward the
uniform rate.

Thence the truth of the proposition of profit rate egqualization is
conditional on the direction of the difference of sectoral organic

compositions of capital, and is generally disproved in the case of the



capital good sector being higher in organic compositions of capital

than the consumption good sector, the case the Marxist has in mind as

e normal situation. The prices of production therefore can hardly be
locked on as market prices achieved through competition among capitalists
beyond their nature of being alternative value constructions attributed

to the social relations of production.
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FOOTNOTES

1 Cf. for exesmple, Lange (1969), Harris (1972) and Morishima (1973}.
2 Nikaido (1983) examines it in the case of simple reproduction.

3 There are apparently similar, but substantially different two-sector
processes of growth and capital mobility in the neoclassical equilibrium
dynamics.\ In 21l these processes labor as well as capital is kept fully
employed in contrast to the scheme of reproduction, in which labor is
under-employed while capital fully utilized. In Shinkai (1960)
sectoral capitals, combined with labor in fixed proportions, are
instantly shifted between sectors to attain a temporary equilibrium,
and capitals move over time independently of profit rates. In Inada
(1966) sectoral capitals are unshiftable instantly, and a temporary
equilivrium is attained by allocation of labor in virtue of fliexible
factor substitution. Capital movement takes place in response to
profit rate differentials. The rates of profit are, however, marginal
productivities, which diminish with increased capital intensities, and
thereby bring the system to a long-run equilibrium, in distinction
from the scheme of reproducticn in which any nonconstant returng are
not operative, and marginal productivites have no bearing on its

working.
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