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Abstrach We prezent 3 model based on retrackion for sgwveral
fixed point algorithms, The model embraces the interpretation of
variable dimension alacrithms in terms of shkaticnaryg point

probilem by wan der Laan and Talman and fully expliins the 2-rad
‘method. ' ‘ ' s

Recently wan der Lasan and Talman 0351 have pressnted a
uwnifying description of several restarkt fixked point aloorithmzs,
the (n+l d-ray, 2rv-—rad, En—rag and ¢37-1 J~ray mehtods and
Merrill’'s method, for approximating 3 solubion of systemz of n
equations in n wvariables: '

FC % ) = @, x & R, _ C1
where f: R™ +» R"  is continuous., Bub thew Rawe Failed in fully
explaining the Z-paw method propsed by Saigal [81 and Yamamobto
(8,9]. In this rnote we will present 3 model bised on ‘rebraction’
such that =ach of the methods is considered as a realization of
it, MWe will describe the madel in the framework of homotopy
cantinuition methods to dispenze with concepts like piscsuise
linear appﬁcximation and complementarity pivoting, which would
obgcure the idea of the model. For thisz purposze we‘wgll assume
that f: R" + R" iz contivuvously differentiable ¢ abbreviated
by Gl |

Le

w & RT be a best knoun approximabe solubion of (1) and

[n N

consider a4 familyg { Dyt b 2 8 ¥ of compact convex subzetz of R
gatizfying the following three conditions:

Ciy  Dg = L w ¥,

(ii> Dy €D if 8 ¢t ¢ s,

¢iii) for any bounded subset E of R", thers iz a -t 2 8 =zuch

that E € Dg. .



We sawy thak for sach t 2 8, & conbinuous mapping - ry BT <

f

O

o

is & pgtraction onbo Dy iF
Ciwy pryt BT D 2 Dy,
o Pyl % 3 = ox for and w2 Dy, -
For the same reason as ws have assumed that f is gl we assume
that el % 7 s PCl inm ¢ ow, & v e R™Y, L. ppt o 3 has an
cl extsnsion on gach piscs of some subdivizion of .H”+1. See
Alexandetr [11 Fmb detailed discussian,
Let

e 3, & 3 = % = Pyl x — FCx> 3 For sach ¢ x, t » & RM x RL,

where R1 O is the set of nonnegatiwve real waluss. MWe consider

the sustem of egations:

R %, £ ) = B, ¢ %, t e R"xRL. (2>
Proposition 1. The suztem (22 haz 3 solukion for fach + 2 8.
proof . For geach + 2 4, rtc ® = (%) 3 iz a contindous

mappina from R™ into & compact subset Dy of R", Thersfors
by Schauder’s fixed point theorem ( =zas, for example, Smart
t7) 2 it has &« fixed point in Dy, I

Proposition 2. - Lek ¢ %, t > € R" x R} be a solution of (2.

Then = — fixl & Dt if and only if % iz a zoluticn of (12,

proof . The azzertion immediately Follows fFrom the condition
Cowd of Lhe retrachion rt( 7 I |
Fropozition 3. When + = B, the sushtem £27 Has a unigue

solution xa, tﬁ Jo= ¢ ow, B 3,

[=Tdwlul 2 Since Dy = 1 v 3, the azzertion iz triwisl. W

Assume that zero iz ¥ regular walue of ho ptl . RN, See

Alexander [11 and Kojima [41 for the definition.  Then o can

sge that - - I -
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-

iz a8 digjoint wnion of
comnecked component of
ot inters

sphere doss

it

canviented component of

= ¢ s, @ 3. Then &9

half-open interwval C

Froposition 4.

proof . ' For each B8
of rt( ¥ o= f{x2 3 to

from a compach Conwvex

theorem [2] to 1 Mgl
connected subset gl
X o= Rl %7
sl q¢ Do x
st nme Py %
Bu ¢a> 8! sharss ¢
subset of S9. Conseq

Proposition 5. If

some bounded subset L
! & R"  such that
g9 4 ¢ RM x
Furthermare xl iz a
proaf . Let

E =
then E
a

= 4 M 7

ig alzo bound

there iz an = 2

for gachkh o
RN v {3 3

¢ xl, =,

intersects
paint, say

8= %, g 3 =

LT S A VAN R

O oxl o= he okl £ o3 Faor

6 owx, b or iz oa =olubion af C20 %

cre—~dimenzional manifolds and esch
S homgomorgphic to a ons~dimensional
How 1aet cH b a

et RTox o o@ ¥,

% hawing the beivial solubion 6 =-, &
i

g, 1 2.

i

4 path and iz homsonocphic Lo oa

RM" % ¢4 = } for ang = 2 8.

et Ryl % ) be a restriction

Ds' Then th ¥ 2 im & continlous map

et D

t

ints itself. Applying Browder's

=
3B <t £ s  we seg that thers =2 a

1 such that

x

of Ds *» [ g, &

= g for gach ¢ =, &+ 2 & st,

183 2% ¢, CED
i s )+ . C4o
32, £93 with 59, and rence s! iz a
dently ¢4) impliez tiwe dezired result.[d

59 for

iz contained in € % [ &, +03

af RT, then bhere is an = 2 8 and an

4om 3 3 = { wl ¥ X L 3, +C0 .

[ =,
solution of 13,
{ s =~ Flul w B O},

By the conditilon Ciiid of £ Dy @ b
D

+o0 D,

2

8 =uch that E £ Theretfos RO x, G

, £ 2y O X Sivce 9

L=,
By Propogition 4, choose an drbitrary

59 Q_E“ 4 s ¥ > Then

and t 2 =s.

L

Firves
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[

9 e RM s L om, 40 3 3w £ouxl P oM [om, 4 00 3% 4
and choose an arbitrarg point o xa, t 3 froam the difference.
Then bo the same araument 32 abdwve we s Lhat

twl, wB 3y w L b, +o0 328 5 RN s [ b, 400 o3
Thiz 15 contrary to the fact bthat g9 s hameomcfphic to a
half~open interval. Hencg we bave the desired rezult, a

SE Wwe can locate 2 salution

Therefors tracing the path
of (17 if we comeg up Lo 4 peint ¢ %, t 2 & SB such that
® = L) & Dy, Buppose that ry has the additionél Fropertd
that
Cwid rypt RY N Dy 3 S bduDy,
where bd.Dg is the set of boundaryg points of Dig. Then x
iz & solution of 12 if and only if there is a2 & 2 B =such
that ¢ %, £ > & § and x € int D, where ink.Dy 15 the set
of intetrior points of Dg. Therefore we can stop following the

path 8% when we find & point ¢ %, t > € 8% uith x & int.Dg.



How let us confing oursglvwes Lo the casze whetre

R =t D=4tz 2z&0 7} CSo

-

For some compact covwex set D & RT hmawing zero in ibs interior.

For sach point = & [, let
Vel ow Y= g g8 BT o oppdowob o= o), (53
Then 6 =, t 2 sagtisfies <22 if and only if thsre iz 3 9o &
R™  zuch that
oo+ Flox =@ and Y & Yl x I~ . [y

Mg here azzume that 1y satisfies the‘cgﬂditian (wid and further
that _

Cwits el x 0 - x =70 2 2~ 2 for gach x € Dy with + 2> @,
Where =z is 3 point of B such that = = £ =, .. =z = % 7 &,
Mote that the condition (wvid implies that Y.( = J.— w = { 8 }
for ang point X € int.Dg., IF fCO x 3 * 8, % € bd.Dy, and hence
z =% - t 1is an intersecting polint of the half line 4 A % & A 2
and bd.D. Therefore Qe can eliminate the wvariable £ from (77

and obtain the followlng Pfcpcsiticnu

Propozition &, Suppose that Dy is defined By 052 and the

conditions (vwid and (wil) are satisfied. Suppose further that
FC » 3 % B, Then %= satisfies (273 with gome + > @ 1if and only
if there iz a o € R zatisfuing

o+ FC % 2 =68 and Y & Y( gix) ¥, L8
whre  9Cx? iz the unique point in 4 2 x @ 2 2 0 Yormobdl D

and Y¢{ =z 2 = Ylﬁ =z ) - Z.

To presgnt 3 unifuing dezcripbion of seweral wvariable
dimension algorithms, wan der Laan and Talman [3] hawve chosen
a small compact polubedral zet B having zero in its interior,

Pt Et = ( 1 4+ £ 3B and conzidered bhe Follcw;ﬂg family af

shationary point problems: o —
find x(ty & By such that < stk ~ %, FOU%CEY 3> 3 @ .

S for all % & By. (9

an

b



Let us define a projection py onto By b
PRl Y 2 & By and Jl Petl oY 2 = g Jlp = mdv 4 )] %~ W e iom € By ¥
Thkiszn Py iz & retraction onto Bl satisfuing the condition Dwil,

and  x iz a4 stationay point of (Fop iF and onld 1 = zolves
- pt( w4 Fixd 2= B n1@2

fosse Eawvez [31 for 4 relation of statiomarg poinks and fixed
points 2. It is readily seen that Yl = 30 1w G682 with ry
replaced by Py, satisfies the condition (wii) Thersefore we
can apply Propozition & to stationay point problemsz, and h&ﬁc&‘
o ble Cntl dray, 2~rad, 27-ray and (3Y-1 p-psuy methods with aid
af the results in [53 ¢ Note that the sign of £ in (182 is nob
sionificant here 7.

In the remainder we will show that appropriate ==t D and
retraction .  derive the 2-ray method from the syshem (2.
Let .

D= {x&R" | %y £1 1

anegd let W 2 be defined to be a point = 2 Dy which
lexicographically minimizes bhe wector
C ooy =%y by | e = %o foeees Mg = ¥y |

Then g R = Dy is a rebraction onte Dy, sabisfuing the
condition (wid. For gach polnt « E bd.Dt, let
JCy = mim 4 ke ERy Ixg) =t o3

Then we see hhat

™
X
ot

.Tlt‘]: :": ) = i'P x = ilnt'uD.‘..,u

Yol ® 3= A

-

Py oy far 1 € 1 £ jdxd ~ 1,

s

o

, SEMCH ey Hicur 2 1% jexal ¥ iF % & bd.Dy.
Conseaguently ?tk w 7 o— » ig indgpendent of L, i.&. Lhe

condition (wil) is zatizfied and

YE oqlwz » o= 4 8 7 if w & dink.Dy.
YO oatxd > = fu towy =8 for 1 £ 1 & Jowd ~ 1,
¥ ey ,Jﬁ 2 B2 if x & bduDy.
Hence the sgystem (30 is rewritten 4

T
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