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Abstract

Problems of trading assets, commodities, goods, etc. form the backbones of management and/or economic behavior. Each of these problems is
classified into a selling problem and a buying problem, and each problem, whether a selling problem or a buying problem, is furthermore categorized
into a problem where the counter-trader proposes the trading price and a problem where the leading-trader proposes the trading price. In this
paper let us refer to the group consisting of the above four problems as the quadruple-asset-trading-problems. The main objective of this paper is
twofold: (1) to construct a general theory integrating the quadruple-asset-trading-problems and (2) to analyze these problems by using this theory.
To achieve the two objectives, several novel concepts are introduced: symmetry, analogy, optimal initiating time, market restriction, etc. The
most notable findings resulting from the analyses of these problems are the following two: (i) the significant breakdown of symmetry between
the selling problem and the buying problem and (ii) the existence of the null-time-zone caused by the optimal initiating time, during which any
decision-making activity is entirely senseless. Particularly, the latter discovery challenges us to re-examine and rewrite the entire discussions that
have been conventionally conducted for decision-making processes. Moreover interestingly, when this time zone encompasses all points in time over
a given planning horizon except the deadline, it follows that all decision-making activities scheduled throughout the entire planning horizon are
engulfed in the deadline and then the process terminates there. This phenomenon is reminiscent of all matter, even light, falling into a black hole
in physics. The concepts and methodologies presented above leads us to quite a novel perspective for conventional discussions of trading problems.
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Chapter 1

Preface

1.1 Overview

Problems of trading assets (house, car, a lot of land, - - - ), commodities (wheat, copper, gasoline, - - - ), goods (fruit, fish, clothes,

-+), etc. form one of the backbones of management and/or economic behavior. Each of these problems is classified into a
selling problem and a buying problem and each problem, whether selling problem or buying problem, is furthermore categorized
into a problem with a reservation price mechanism (where the counter-trader proposes the trading price (R-mechanismT))
and a problem with a posted price mechanism (where the leading-trader proposes the trading price (P-mechanism*)). In this
paper let us refer to the group consisting of the above four problems (N1 = 4 problems) as the quadruple-asset-trading-problems
(see Section 1.4.5(p.7) ). In addition, taking into account the two events, “whether or not to conduct the search for counter-trader
(see A5(pll))” (No = 2 problems) and “the presence or absence of quitting penalty price (see A7(p.12))” (N3 = 3 problems)?, we can
make up the six types of quadruple-asset-trading-problems in all (6 = N2 x N3 = 2 X 3). Then, the whole of problems included
there is called the “structured-unit-of-problems (see Section 3.3(p.18))”. Thus it follows that the total number of problems included
in the structured-unit-of problems is 24 = N1 x Na X N3 =4 x 2 x 3 (see Section 1.4(p5) for more details of the structuration of
asset trading problems). The main objective of this paper is twofold:

(1) To construct a general theory that integrates the quadruple-asset-trading-problems (called the integrated theory) (see
Part 2(p49) ),

(2) To analyze these problems by using the theory (see Part 3(p129)).

To achieve this objectives, several novel concepts are introduced: symmetry, analogy, initiating time, quitting penalty price,

market restriction, etc. These concepts will lead us to quite a novel horizon for conventional discussions of decision problems

that has not been explored by any researchers. Now, the most notable findings resulting from the analyses of these problems
are the following two,

(a) The breakdown of symmetry between selling problem and buying problem,

(b) The existence of the null-time-zone and deadline-engulfing (see Sections 7.2.4.4(p44) and 7.2.4.5(p4)).9

Particularly, the latter discovery challenges us to re-examine and rewrite the entire discussions that have been conventionally
conducted for decision-making processes.

Finally, let us here emphasize that the above concepts are all first in this paper; For this reason, the references which we
directly cited in the writing of this paper are merely the two of [15,Sakaguchi] and [17,You].

TA pricing mechanism under which the leading trader (whether selling problem or buying problem) determines whether or not to accept
a proposed price. This determination is made on the basis of a given value, referred to as the reservation value.

TA pricing mechanism under which the leading trader (whether selling problem or buying problem) proposes (post) his/her trading
price

§ A price at which a leading trader can quit the trading process in exchange for paying a given price (whether selling problem or buying
problem and whether trading problem with R-mechanism or trading problem with P-mechanism), called the quitting penalty price. Now,
the price is classified into two kinds (see A7(p.12)): terminal quitting penalty price and intervening quitting penalty price. Accordingly, it
follows that the problem is categorized into the following three: one without any quitting penalty price, one with only terminal quitting
penalty price, and one with both terminal quitting penalty price and intervening quitting penalty price. Therefore, it eventually follows
that we have the three cases (N3 = 3).

1t is especially interesting that when the null-time-zone encompasses all points in time on the planning horizon except the deadline, it
follows that all decision-making activities scheduled throughout the entire planning horizon are engulfed in the deadline, which is reminiscent
of all matter, even light, falling into a black hole in physics.



1.2 Two Motives

The writing of the present paper was triggered by the following two simple motivations:

Motive 1 Is a buying problem always symmetrical to a selling problem ?

Long before the inception of this study, we held the naivete question above. At that time we considered that if a
certain nature of a selling problem is known, then its corresponding nature of a buying problem can be immediately
known by merely altering the signs of variables, parameters, constants, etc. defined in the selling problem. However,
in this paper we will demonstrate that the ultimate response to this question is No!

Motive 2 Does a general theory integrating quadruple-asset-trading-problems exist ?

Before beginning to write this paper, we extensively reviewed numerous papers related to selling problems and
buying problems and unconsciously developed a preliminary expectation that there could potentially exist a “common
denominator” underlying all discussions presented therein. A while later, this intuition guided us to the realization
that this common denominator is closely connected to a function known as the T-function defined by (5.1.1(p23))
(see [15,Sakaguchi]). Urged by this realization, we soon developed a faint anticipation that a general theory integrating
the quadruple-asset-trading-problems might exist. As we delve into this exploration, a ray of hope emerged that
constructing such a theory might indeed be possible. This hope was buoyed by introducing the concepts of symmetry
(see Chap. 12(p67)) and analogy (see Chap. 13(p87) ), and fortunately our attempt over more than half a century led to
the successful construction of this theory (see Chap. 16(p.113)).

1.3 Philosophical Background

Before proceeding with our discussions, below let us outline our philosophical background that underpins the entire writing of
this paper.

1.3.1 Chalk Talk of Physics in High School

When I (Ikuta) was a high-school student (1958), in a physics lesson, the teacher placed one cotton ball and one iron ball in
a glass tube of one-meter length, setting it upright. Not surprisingly, the iron ball fell with a thud and the cotton ball fell
slowly as if chasing the iron ball. Afterward, the air in the tube was evacuated with a turn of the motor switch, and the tube
was again set upright. This time, both balls fell alongside. Why? A surprise passed through my mind. The teacher then
drew a picture on the blackboard and explained the rationality of this phenomenon; it was my first introduction to the power
of real experiment and thought experiment in physics. After an interval, he mentioned that Galileo (1564-1642) conducted an
experiment of a free fall in the Tower of Pisa and harked back that it took several thousand years to recognize the shift from
the earth-centered theory to the sun-centered theory (the Copernican revolution). Shortly afterwards, the teacher tossed a
sponge ball from the platform toward us (students) and explained that the trajectory of an object tossed over forms a parabola
expressed by the quadratic curve. Without air, a speed at which an object thrown horizontally will loop back around the earth,
drawing a circular orbit, is 7.9 kilometers per second, and the speed at which it flies out of the orbit is 11.2 kilometers per
second.

Even now, the sound of the chalk sliding on the blackboard echoes in the depth of my both ears.

1.3.2 Suggestion of Professor

After graduating from high-school, I enrolled in the engineering department of Keio University (Japan), where I learned high-
level physics.

It was a spring afternoon in March 31, 1965. I was in the office of my academic supervisor Dr. (Eng.) Shizuo Senju. The
professor silently rose from the chair and drew a picture of one apple on the blackboard. He turned to me and said “Would you
take this apple? If you do, you can eat it and that will be the end of it. However, if you choose not to, this apple will disappear,
and another one may appear — either greater or smaller than the one that vanished. In considering this situation, how should
you decide whether or not to take this apple ?” After a few moments of contemplation, the professor softly continued “Many
decision-making problems in corporate management have a similar structure - --. This is the subject of your master’s thesis!”.
With that, he left the room.

The above scene became the springhead in my whole research life.

1.3.3 Decision Theory as Physics

It is the nature of things that the every behavior of human beings is influenced by their underlying philosophical background,
hence it is also natural that the authors (Ikuta & Kang, both holding Dr.Engineering) consistently approached the research
with a deep-rooted physical perspective (see C2(p233)). Since physics is a research discipline free from preconceived premises,
assumptions, hypotheses, or preconceptions, it requires researchers to actively engage both ears and eyes in observing the
research object and to calmly listen to every sound from its depth and carefully monitor every light emanating from within. Of
course we (authors) should be open to employing concepts, knowledge, and techniques from business administration, economics,
and mathematics as necessary; however, we should not be swayed by putting too much faith in these principles. Our core



viewpoint is that also a decision process is inherently one of physical phenomena. Accordingly, for us who are both natural
scientists, the decision theory discussed in this paper is a decision theory as physics.

1.3.4 Aphorism of Einstein

What should be kept in mind here is that excessive mathematics-oriented researchers who get fixated on the conviction of “the
truth of this world is completely included within the truth of mathematics” exist at considerable ratio. Those familiar with
physics will quickly grasp the essence of the aphorism of Albert Einstein “As far as the laws of mathematics refer to reality,
they are not certain, and as far as they are certain, they do not refer to reality”. However, for those without this experience
(physics), the essential understanding of his apothegm may require significant time or might be impossible forever.

Here we are like to emphasize is that “The decision theory is not a mathematical theory in any way but a physical theory in
every sense!”

1.4 Structuration of Asset Trading Problems

The section tries to clarify the structure of asset trading problems which were presented in Section 1.1(p3).

1.4.1 Leading-Trader and Counter-Trader
Before moving on, here let us establish definitions for some key terms that will be used in our upcoming discussions.

e We refer to the subject matter of transaction (assets, commodities, or goods) as the asset in a general term.

e We refer to the decision-making problem related to the trading of asset as the asset trading problem, ATP for short, consisting
of asset selling problem and asset buying problem, simply ASP and ABP respectively.

e For the parts involved in a trading, we use the terms “leading-trader” and “counter-trader” to distinguish between the part
leading the trading and its counterpart. Accordingly, in ASP (ABP), the seller (buyer) is a leading-trader and the buyer (seller)
is an counter-trader.

1.4.2 Asset Trading Problem (ATP)

Below, let us conceptualize the asset trading problem as a drama involving a leading-trader and a counter-trader on the two
scenes below:
e Scene R in which

o first, a counter-trader appears and posts his trading price,

o then, a leading-trader appears and answers whether or not to accept it based on his Reservation price.

e Scene P in which

o first, a leading-trader appears and Posts his trading price,
o then, a counter-trader appears and answers whether or not to accept it based on his reservation price.

Let us refer to the trading in Scene R (Scene P) as the asset trading problem with the reservation price mechanism (posted price
mechanism), simply ATP with R-mechanism (ATP with P-mechanism), further abbreviated as

ATP[R] (ATP[P)). (1.4.1)

As presented in the two sections that follows, the above asset trading problem (ATP) can be translated into the asset selling
problem (ASP) and the asset buying problem (ABP).

1.4.3 Asset Selling Problem (ASP)

In the asset selling problem (ASP), a leading-trader is a seller and its counter-trader is a buyer, hence the drama of the asset
trading problem (ATP) presented in the previous section can be translated into as below:
Scene R in which

o first, a buyer (counter-trader) appears and posts his buying price,

o then, a seller (leading-trader) appears and answers whether or not to accept it based on his Reservation price.
Scene PP in which

o first, a seller (leading-trader) appears and Posts his selling price,

o then, a buyer (counter-trader) appears and answers whether or not to accept it based on his reservation price.
Let us refer to the asset selling problem in SceneR (SceneP) as the asset selling problem with reservation price mechanism
(posted price mechanism), simply ASP with R-mechanism (P-mechanism), further abbreviated as

ASP[R] (ASP[P)). (1.4.2)

The following two examples convey a flavor of the above asset selling problems, which mirror a “mental conflict” (see Sec-
tion 7.3(p45) ) of a seller (leading-trader).

TA threshold based on which it is judged whether or not to accept it.



O Ezample 1.4.1 (SceneR) Suppose you (seller (leading-trader)) have to sell your car by a specified deadline due to a
compelling reason, for example, such as being required to suddenly return to your mother country by order of the head office
when you are stationed in a foreign country. Then, suppose a potential buyer (counter-trader) has just appeared. In this
situation, if the buyer offers a high buying price, you would likely sell the car. However, if the offered price is very low, you
might hesitate. In either case, you are faced with a decision that involves the following risks. Selling the car carries the risk of
missing out a higher-paying buyer that may appear in the future. On the other hand, not selling the car carries the risk that a
higher-paying buyer may not appear before the deadline, or even worse, no buyers may appear at all up to the deadline, leading
to the necessity of selling the car at a very low price (a giveaway price) or incurring costs to dispose of it. Considering these
risks, you must decide whether or not to sell your car to each successive buyer. This perspective implies that, as the deadline
approaches, it is necessary to gradually lower the minimum permissible selling price (reservation price). The above speculation
reflects a mental conflict that more and more you must become “selling spree” as the deadline approaches. [

The above example is what has been defined and investigated under the name “optimal stopping problem”. To the best of the
authors’ knowledge, the earliest papers related to the problem can be traced back to 1960’s (see [15,Sakaguchil).

O Ezample 1.4.2 (SceneP)  In the same example as mentioned above, let us suppose that you (seller (leading-trader)) set a
selling price for your car to buyers who appear successively. In this situation, if you set the price too low, a buyer will buy the
car, conversely, if it is excessively high, the buyer will leave (walk away). This indicates that a low posted price carries the risk
of missing an opportunity that a potential buyer who is willing to pay a higher price appears in the future. On the other hand,
setting a high posted price carries the risk of no buyer who buys for such a price appearing before the deadline; if so, then you
are compelled to sell your car at a significantly reduced price (a rock-bottom price) or dispose of it at a cost. Considering these
risks, you must decide whether or not to sell your car to each successive buyer. Similarly to in Ezample 1.4.1(p6), this perspective
implies that, as the deadline approaches, it is necessary to gradually lower the selling price to propose (posted price). The above

speculation reflects a mental conflict that more and more you must become “selling spree” as the deadline approaches. [

1.4.4 Asset Buying Problem (ABP)

In the asset buying problem (ABP), a leading-trader is a buyer and its counter-trader is a seller, hence the drama of the asset
trading problem (ATP) presented in Section 1.4.2(p5) can be translated into as below:

Scene R in which

o first, a seller (counter-trader) appears and posts his selling price,
o then, a buyer (leading-trader) appears and answers whether or not to accept it based on his Reservation price.

Scene P in which
o first, a buyer (leading-trader) appears and Posts his buying price,
o then, a seller (counter-trader) appears and answers whether or not to accept it based on his reservation price.

Let us refer to the asset buying problem in SceneR (SceneP) as the asset buying problem with reservation price mechanism
(posted price mechasnism), simply ABP with R-mechanism (ABP with P-mechanism), further abbreviated as

ABP[R] (ABP[P)). (1.4.3)

Anyone may say that each of the above two asset buying problems seem to be mere inverses of the asset selling problem.
However, it will be shown later on that a fine difference between both problems produces a significant difference. The following
two examples convey a flavor of the asset buying problem, which mirror a “mental conflict” (see Section 7.3(p.45)) of a buyer
(leading-trader) in the above drama.

O Ezample 1.4.3 (SceneR)  Suppose you (buyer (leading-trader)) have to buy a car by a specified date (deadline), and then
you find a potential seller. If the price offered by the seller is low enough, you will buy the car from the seller. However, if it
is very high, you will hesitate. Buying the car carries the risk of missing an opportunity that you can find a potential seller
offering a lower price in the future. On the other hand, not buying a car carries the risk that a lower-offering seller may not
appears before the deadline. Considering these risks, you must decide whether or not to buy a car from each successive seller.
This perspective implies that, as the deadline approaches, it is necessary to gradually raise the mazimum permissible buying
price (reservation price). The above speculation reflects the mental conflict that more and more you must become “buying
spree” as the deadline approaches. [

O Ezample 1.4.4 (SceneP)  Suppose that you (buyer (leading-trader)) propose your buying price to a potential seller. Then,
if your proposed price is high enough, the seller will sell the car, conversely, if it is very low, the seller will reject the offer.
Buying the car carries the risk that a seller offering a lower price may appear in the future. On the other hand, not buying a
car carries the risk that a lower-offering seller may not appear before the deadline. Considering these risks, you must determine
your buying price to propose. Similarly to in Ezample 1.4.3(p6), this perspective implies that, as the deadline approaches, it
is necessary to gradually raise the buying price to propose (proposed price). The above speculation reflects the mental conflict
that more and more you must more and more become “buying spree” as the deadline approaches. [



1.4.5 Quadruple-Asset-Trading-Problems
Let us refer to the set of the four asset trading problems ASP[R], ABP[R], ASP[P], and ABP[P] (see (1.4.2(p3)) and (1.4.3(p6))) as
the quadruple-asset-trading-problems, represented as

{ASP[R], ABP[R], ASP[P], ABP[P]}. (1.4.4)

The interconnectedness among these problems are somewhat akin to a drama played across the looking glass, depicted as in
Figure 1.4.1(p.7) below.

looking glass

selling problem buying problem
+ +
(1) ASP[R] --- (buyer] -~ ABP[R](2)
R-mechanism — < R-mechanism
looking glass looking glass
P-mechanism — < P-mechanism
(3) ASP[P] - -- buyer | - .- ABP[P](4)
selling problem buying problem

looking glass

Figure 1.4.1: Interconnectedness among the quadruple-asset-trading-problems
The aslant arrows 3 in the above figure symbolizes a drama which revolves between a leading-trader in ASP and a leading-trader
in ABP, i.e.,
o . The leading-trader [ seller ] in (1) ASP[R] faces, across the looking glass, the leading-trader [buyer] in (4) ABP[P],
o ™ The leading-trader [buyer] in (
o x' The leading-trader @J in (
o / The leading-trader [ seller ] in (3) ASP[P] faces, across the looking glass, the leading-trader in (2) ABP[R].

m

) (
4) ABP[PP] faces, across the looking glass, the leading-trader ( seller ) in (1) ASP[R],
2) ABP[R] faces, across the looking glass, the leading-trader [ seller ) in (3) ASP[P],
)

1.4.6 Symmetry and Analogy

The concepts of symmetry (see H3(p9)) and analogy (see H4(p9)) play pivotal role in the construction of the integrated theory
(see Motive 2(p4)). The strict definitions of symmetry and analogy will be given in Chaps. 12(p67), 13(p87), 14(p.9), and 15(p.109),
which is schematized as in Figure 1.4.2(p.7) below.

o A symmetry is observed between (1) ASP[R] and (2) ABP[R] and between (3) ASP[P] and (4) ABP[P],
o An analogy is observed between (1) ASP[R] and (3) ASP[P] and between (2) ABP[R] and (4) ABP[P)].

looking glass

selling problem buying problem
1 {
(1) ASP[R] - - - [ seller ] < isymmetry; —> [buycr] --- ABP[R](2)

R-mechanism — ﬂ () ﬂ < R-mechanism
loking gl Ciilogy o g loking gl
P-mechanism — u (i) U < P-mechanism
(3) ASP[P] -+ [seller ] <= isymmetry; <= (buyer].-. ABP[P|(4)
selling problem buying problem

looking glass
Figure 1.4.2: Symmetry and analogy among the quadruple-asset-trading-problems
Roughly speaking;

o The symmetry relation in (i) and (ii) implies that, for X = R, P, a given transformation of some variables in an assertion on
ASP[X] yields its corresponding assertion on ABP[X] and vice versa.

o The analogy relation in (iii) and (iv) implies that a given replacement of some variables in an assertion on ATP[R] yields its

corresponding assertion on ATP[P] and vice versa.

For further details, see Chaps. 12(p67) - 15(p.109) .



1.5 Highlights of This Paper

In this section we outline the key points of this paper.

H1.

Four points in time

All physical phenomena are not alien to a time concept, or equivalently there do not exist physical phenomena alien to the
time concept. This fact inescapably led us to the perspective that all asset trading problems in the real world should be

defined under the following four points in time (see Section 7.1(pdl)).

a.

Recognizing time ¢,
To begin with, let us focus on the grim reality that since a decision is an action that is made by human-beings;
accordingly, it follows that a behaviour of “decision” materializes only when it was recognized in the bottom of heart
of a person. Let us refer to the time point of this recognition as the recognizing time t,, denoted by 0, i.e., t, = 0 (see
Figure 1.5.1(p3)).

Starting time 7
Some amount of time will be needed to start tackling the problem for reasons of making budgets, arranging staffs, etc.
After a preparation period, suppose it arrives at the time when the decision-maker can start to initiate the attack of
the decision-making problem.” Let us refer to this time point as the starting time 7 > t, = 0.

Deadline ¢
Not to change the subject, but, in this paper, from a physical viewpoint, we consider that a decision process with an
infinite planning horizon is a fictitious product of mathematical imagination beyond the real world; in fact, considering
a planning horizon spanning with more than 100 hundreds millions years is nonsensical and futile. Therefore, in this
paper we focus on only models with finite planning horizons. Let us refer to the terminal (final) point in time of the
decision process as deadline 6 > T.

Initiating time ¢;
Almost all decision-makers will try

(1) to initiate the attack of the decision problem at the starting time 7.

In fact, also authors in the past believed that it is quite natural, i.e., the attack of the problem should start at the
starting time 7. However, one time, we happened to wake up to a thought that there may exist the option of postponing
the initiation of its attack, i.e., we have the following options:

(2) to initiate the attack of the problem at the time 7 + 1,}
(3) to initiate the attack of the problem at the time 7 4 2, *

(4) to initiate the attack of the problem at the deadline §.}

If these options were introduced in the discussion of decision processes, then what will occur in the world ? Here let us
suppose that it was determined to initiate the attack of the problem at time ¢ (7 < ¢ < §). Then let us refer to this time
point as the initiating time t; (1 < t; < §). In this case, it is naturally questioned when to initiate the attack of the
problem; let us refer to its time point as the optimal initiating time, denoted by ¢; (7 < t7 < ) (see Section 7.2.4.1(p43)).
Here let us turn our attention to the fact that the time interval between the initiating time ¢; and the deadline ¢ is
the length of the planning horizon of a decision process. Then, as the planning horizon becomes longer and longer, we
rencounter better and better chances, so the profit attained becomes larger and larger. If so, the optimal initiating time
t> should always become the starting time 7 (i.e., t; = 7), hence it is quite impossible that it becomes the deadline
0 (i-e., t5 # §). However, surprisingly enough, this paper will demonstrate that the event with ¢5 = § is theoretically
possible in fact.

The flow of the above four points in time can be depicted as below.

recognizing time starting time initiating time deadline
R N G VD D D U EEEE————————————=—————,
tr =0 1 2 T T+1 742 t; B )

Figure 1.5.1: The flow of the four points in time

As seen from the above figure we have

0=t. <7<t <6. (1.5.1)

In other words, letting ¢, = 0, we number the above four points in time as t, = 0,1,2,--- , 6 toward the deadline §.

TNote here that the synonymous words “start” and “initiate” are differently used for then purpose.
¥The starting time 7 and the initiating time ¢; are identical in (1) and separated in (2,3, - - ,4).



H2.

H3.

H4.

H5.

H6.

H7.

HS.

Null-time-zone and Deadline-engulfing

Before delving into the implication of the two terms in the above title, let us recall here the definitions of the starting
time 7 (see H1b(ps)) and the initiating time ¢; (see H1d(ps)). First, note that the case of 7 < ¢} indicates that no action
is taken at every point in time ¢ € {r,7 — 1,--- ,t7 — 1}. We will refer to this period of time as the null-time-zone
(see Section 7.2.4.4(p44)). Here let us consider the case of t; = ¢, i.e., the optimal initiating time t; coincides with the
deadline §. This event ultimately implies that any actions prior to the deadline are rendered meaningless, suggesting “Don’t
do anything until the deadline.” Using a metaphorical comparison, it is akin to “All actions are engulfed by the deadline”,
much like that all forms of matter, including light, are absorbed into a black hole. Taking this into consideration, we refer
to this phenomenon as deadline-engulfing (see Section 7.2.4.5(p4)). Then, if we regard a decision process with the infinite
planning horizon as the limiting process of the finite planning horizon process, the existence of “deadline-engulfing” implies
that the decision process with the finite planning horizon fades away in time toward the infinite future. What are presented
above can be said to be one of the most remarkable discoveries in this paper, compelling us to undertake a comprehensive
re-examination and rewriting of the entire theory of decision processes that have been conventionally explored so far without
taken into account the phenomenon of “deadline-engulfing”.

Symmetry
The notion of the adjective “symmetrical” used in the description of Motive 1(p4) was what is initially sparked by a vague
intuition. This notion was theorized in the form that transforming some of variables and constants related to the asset
selling problem with R-mechanism (ASP[R]) produces its corresponding asset buying problem with R-mechanism ABP[R]
(see Chap. 12(p67)).

Analogy
At the earlier stage of this study we could not absolutely imagine that there will exist a relationship between the asset
selling problem with R-mechanism (ASP[R]) and the asset selling problem with P-mechanism (ASP[P]). However, in the
process of delving into discussions, we observed certain similarity between the two problems. This insight led us, before
long, to a procedure, called the analogy replacement operation, replacing the two parameters a and ,LLT included within
ASP[R] by a** and a respectively yields ASP[P] (see Chap. 13(p87)).

Integrated Theory
One of the most important results obtained in this paper is the successful construction of the theory integrating all problems
in the structured-unit-of-problems (see Table 3.2.1(p.17)) based on concepts of symmetry and analogy. The two concepts
were derived through a highly complicated discussion in Chaps. 12(p67), 13(p87), 14(p99), and 15(p.109). The full spectrum of
this theory can be schematized by Figure 16.2.1(p.113).

Collapse of symmetry
It will be known later on (see Chap. 12) that the symmetry in H3(p.9) is the concept which is discussed under the premise that
a price £ is defined on the interval (—oo, c0), which allows for the possibility of negative values. However, in a real-world,
the price is always positive, i.e., £ € (0,00). Consequently, if (—o0,00) is constrained to (0, 0), then a natural question
arises: “Is the symmetry inherited under this restriction?” (see Motive 1(p4)). It will be observed later that it is not
inherited.

Underlying functions
The introduction of the underlying functions 7', L, K, and L (see Chap.5(p23)) stands as one of significant highlights in
this paper. While T-function has been widely recognized thus far in fields of statistics, operational research, and economics
(see [1,DeGroot]), the remaining underlying functions L, K, and £ are all what are first defined in the present paper. It
will be known later on that the properties of these functions (see Chap.10(p33)) play a central role in the analyses of all
the models dealt with in the present paper. Without properties of these functions, not only could we challenge systematic
analysis of these models but also the successful construction of the integrated theory would have been nearly impossible.

Structuration of models

In Section 3.2(p17) we will define the 24 models. In this paper we refer to the whole of these models as the structured-unit-of-
model (see Section 3.3(p18)). Now, these models are not what were capriciously defined but what were inevitably established
based on the principles of “with or without quitting penalty price p (see (B(pl7)))”, “R-mechanism and P-mechanism

(see (C(p17)))”, and “search enforced or allowed-case (see (D(pl7)))”.

In this paper, through treating the entirety of these
24 models as a cohesive unit, we endeavored to comprehensively analyze all of them. Although so many models of asset
trading problems have been posed so far, all of them have been one-by-one and independently treated thus far without
touching upon any relationships each other. On the other hand, the present paper aims to clarify the interconnectedness

among all models included in the structured-unit-of-model.

TThe lower bound a and the expectation y of the distribution function of & (see A9(p.13))
tSee (5.1.26(p24))
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Chapter 2

Preliminaries

2.1 Experimental Study vs Theoretical Study

In addressing a given real-world problem, two distinct approaches emerge. One is the construction of a model that faithfully
represents its research object to the extent possible. The other involves building the simplest model conceivable where further
simplification risks the loss of its existence itself. Here, we label research based on the former viewpoint as experimental study
and on the latter viewpoint as theoretical study. While there is no substantive superiority between the two approaches, our
overall stance in the present paper aligns with the latter. The methodology classification into the above two categories acts
as a dividing ridge, causing a study to bifurcate into counter directions. The first drop of water from the former follows the
east wall, and the first drop of water from the latter follows the west wall. Eventually, both converge in a lake with a common
bottom, and shortly thereafter, a flower blooms. This amalgamation of results from both methodologies leads us to a genuine
understanding of the reality in question.

2.2 Assumptions

The following assumptions are what were configured in order to realize the simplification of models based on the latter viewpoint.

Al Points in time

The asset trading process occurs intermittently at points in time equally spaced along a finite length of the time axis as
depicted in Figure 2.2.1(p11) below. We shall backward label each point in time from the final point in time, denoted as time
0 (deadline), as 0, 1, and so forth. Accordingly, when the present point in time is designated as time ¢, the two adjacent
points in time, ¢t + 1 and ¢t — 1, are the previous and next points in time respectively.

. . . . o time
time t + 1 time ¢ timet—1 --- timel time 0
(previous) (present) (next) (deadline)

Figure 2.2.1: Points in time

A2 Absolutely necessary condition
In ASP (ABP), the leading-trader acting as a seller (buyer) must sell (buy), by all means, the trading asset to a buyer (from a
seller) till the deadline. To rephrase, the seller (buyer) is not allowed to quit the selling (buying) process without completing
the sale (purchase) of the asset.

A3 Stop of process

In the asset trading problem with R-mechanism (ATP[R]) the process stops when a leading-trader accepts a price proposed
by an counter-trader and in the asset trading problem with P-mechanism (ATP[P]) it stops when a counter-trader accepts a
price proposed by the leading-trader.

A4 Search cost
A cost s > 0 (search cost) must be paid to search for counter-traders, which includes expenses for advertising, communication,
transfer, and so on.

A5 Whether or not to conduct the search
The existence of the search cost s inevitably leads us to a question “Always conducting the search activity might not turn

a profit”. In the paper we consider the following two cases.

a. Search Enforced model (sE-model): This refers to the case in which, once the process has initiated, conducting the search
is mandatory at every subsequent point in time. Then, a decision-maker must continue to conduct the search until the
process stops (see Figure 2.2.2(p.12) ) below. In this case, the above question loses its meaning.

11
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AT

A8

12

starting time deadline
T 0
— e — ¢ o o ¢ o o o o o o o o e e —o > time

Figure 2.2.2: Flow of search-Conducts in the search-Enforced-model

b. search-Allowed-model (sA-model): This refers to the case in which, after the process has initiated, it is permissible to
skip the search at every subsequent point in time. In other words, a leading-trader has the option whether to conduct
the search or to skip at every point in time as long as the process does not stop. Then, we can consider different types
of flows for search-Conduct and search-Skip (see Figure 2.2.3(p.12) below) where “~~” represents the shift from search-Skip
to search-Conduct or from search-Conduct to search-Skip.

starting time deadline

T .
— o — —o—o—9o —o —o—o—o —o —o —o—o—o—e—> time

Type 1 C C C ¢ C ¢ C C — Stop

Type 2 [¢ C C C C ¢ [¢ c ~ S S S S ~» C — Stop
Type 3 C C c~ S S S s~ C C C C C C — Stop
Type 4 S S s «~C C ¢ c ~Ss S S S ~» C — Stop

Type 5 S s ~C ¢ c ~Ss S s ~»C c ~8S S S ~ C — Stop
Type 6 S S S S S S S S S ~ C — Stop

Figure 2.2.3: Different flows of search-Conduct and search-Skip

Definition 2.2.1 By C~8 (8~C) let us denote the shift from search-Conduct to search-Skip (search-Skip to search-
Conduct). [

Counter-trader’s appearance probability A

In this paper, it is assumed that when the search is conducted at a certain point in time, a counter-trader appears at the
next point in time with a known probability A (0 < A < 1).

Quitting penalty price

Suppose that a counter-trader appearing probability A is less than 1, i.e., 0 < A < 1. Then it is possible that no counter-
trader appears in the subsequent points in time even if conducting the search. This situation can lead to the risk that a
leading-trader potentially has to quit the process at the final point in time point (deadline) without executing the trade for
the asset, which contradicts the requirement of A2. When facing with such a circumstance, the leading-trader will take the
following actions at the deadline:

o In ASP, the seller (leading-trader) will attempt to find ways to sell the asset by proposing a giveaway price p to any
available buyer (counter-trader).

o In ABP, the buyer (leading-trader) will strive to acquire the asset by presenting a notably high-price p to any available
seller (counter-trader).

Let us refer to such a price p as the terminal quitting penalty price p, implying that, at the deadline, the leading-trader can
quit the process in exchange for paying the cost p. Then, we can consider also the case that such a p is available at every
point in time including the deadline. Then let us refer to it as the intervening quitting penalty price. In the explanation
above, the p is implicitly assumed to be positive p € (0, 00); however, to generalize discussions that follows, we define it to
be £ € (—o0,00).

terminal quitting price

P
(I) * ¢ d * * M . f—'—'—'—'—'—'—'—I—> time
T T7—1 -+ 0
intervening quitting price terminal quitting price

p P P P P P p P p p p P p p p P

o4 SN S S A

T 7—1 -+ 0
starting time deadline

Figure 2.2.4: Intervening quitting price p and terminal quitting price p
Range of price
Whether a price £ proposed by an appearing counter-trader in ATP[R] or the reservation price £ of an appearing counter-

trader in ATP[PP], the price £ should be defined on (0, 00) in the normal market of the real-world. However, in this paper, to
successfully construct the integrated theory in Part 2 (p.49) we dare to define it on (—o00, 00).
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A9 Distribution function

A10

All

In ATP[R] (ATP[P]) we assume that the prices proposed by successively appearing counter-trader, &, £, - - (the reservation
prices of successively appearing counter-trader, &, &', ---) are independent identically distributed random variables having
a continuous distribution function F(§) = Pr{€ < £} with a finite expectation p where
FE=0 --(1) ¢<a,
0<FE) <1l ---(2) a<&<b, (2.2.1)
FE =1 ---(3) b<§,

for given constants a and b such that
—oo < a<p<b<oo. (2.2.2)

Furthermore, for its probability density function f(&) let us assume
(

f=0 ---(1) €£<a,
0< fl&<1 (2) a<¢&<p, (2.2.3)
f=0 ---3) b<&
f(€)
0 a ﬁ b &

Figure 2.2.5: Probability density function f()

Here assume that there exits i such that

f= inf f(&)d¢ > 0. (2.2.4)

a<g£<b
Let us represent the set consisting of all possible distribution functions with (2.2.2(p.13)) by %, i.e.,
F ={F|—-00<a<p<b< oo}, (2.2.5)

called the total distribution function space, simply the Total-dF-Space.
Recallability of once rejected counter-trader

Whether model with R-mechanism or model with P-mechanism, if a once-rejected counter-trader can be recalled later and
accepted at the discretion of the leading-trader, then it is referred to as the recall-model or model-with-recall. Conversely, if
such recallability is not allowed, then it is referred to as the mo-recall-model, model-with-no-recall, or model-without-recall.
In this paper we treat only models-with-no-recall; discussions for models-with-recall are left as subjects as future studies.
For problems specified by these models let us use the terminologies of recall-problem, problem-with-recall, no-recall-problem,
problem-with-no-recall, and problem-without-recall.

Finiteness of planning horizon

In the present paper we consider only models with the finite planning horizon (see Hlc(ps)). Our basic standpoint over
the whole of this paper lies in a grim reality that a process with the infinite planning horizon is a mere product of fantasy
created by mathematics, which does not exist in the real world at all; in fact, it is an inanity to consider a model with the
planning horizon of more than 135 hundred millions years. However, we can have the two reasons for which it becomes still
meaningful to discuss the model with the infinite planning horizon. One is that it can become an approximation for the
process with an enough long (finite) planning horizon, the other is that results obtained from it can provide a meaningful
information for the analyses of models with the finite planning horizon.

2.3 Discount Factor

This section presents the managerial and/or economic implication of the discount factor 8 which will be used in describing the
systems of optimality equations for all decision processes treated in this paper (see Chap. 6(p.27))

2.3.1 Definitions

To start with, we provide the following four definitions.

(a)

Fund F: We refer to the total amount of available money on hand as the fund F', which can be always and freely invested.
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{b) Interest rate r: We denote the interest rate per period by r > 0, implying that the today’s fund of one unit increases to
the 1 4 r units tomorrow. Here let us define 8 = (14 7)~" (0 < 8 < 1), called the discount factor. Then 1 +r = 71,

{c) Profit P: Suppose that an amount of fund F has been yielded for a reason. Then, let us call the yielded amount of the
fund F the incremented fund F* and let us refer to the incremented fund F* as profit P, schematized as

incremented fund F* — profit P---(1°)

where F* and P are numerically equivalent, i.e., F* = P--.(2°*).
{d) Cost C:

1. Suppose that an amount of fund F' on hand has been paid away (lost) for a reason. Then, let us call the amount of
the fund F the decremented fund F<---(3%).

2. Although the decremented fund F? is what has been already paid away, temporarily let us assume here that the

decremented fund F® were not paid away. Then, the decremented fund F? that were not paid away is backed to the

fund F' and is stored as a savings on hand. Let us refer to this savings as the conditional savings S¢, schematized as

decremented fund F* — conditional savings S°- - - (4®)
where F? and S° are numerically equivalent, i.e., F% = §°...(5°%).
3.  However, since the conditional savings S° is what will be eventually paid away, it will be lost in the end. For this
reason, we refer to the conditional savings S° as the loss of conditional savings, denoted by S'°, schematized as
conditional savings S¢ — loss of conditional savings S - (6°)
where S¢ and S'° are numerically equivalent, i.e., S¢ = S'...(7°).

4. Finally, we define the loss of conditional savings S'° as cost C, schematized as

lost of conditional savings S — cost C - - - (8°)

where S' and C' are numerically equivalent, i.e., ' = C---(9°).

5. From (4°), (6°), (8°) we have
decremented fund F¢ — conditional savings S¢ — loss of conditional saving S — cost C'--- (10°).

where F¢, §¢, §'°, and C are numerically equivalent, i.e., F? = §¢ = §'¢ = C'-..(11°).

What should be especially noted in the above definitions {a-d) is that while the profit P is directly defined by F* (see (1°)),
the cost C is indirectly defined via S¢ and S' in addition to F'?. Roughly speaking, it follows that the cost C is the loss that
is yielded by losing what were saved if not having been paid away

Remark 2.3.1 (thought experiment) The flow of (11°) is what is called the thought ezperiment in physics. Although
this thinking way may seem to be periphrastic at a glance, it will be seen in Section 2.3.4(p.15) that this flow (11°) will play a
decisively essential role when trying to introduce the interest rate r to the evaluation of cost on the time axis. 0

2.3.2 Discount Factor for Fund

Suppose you have the fund F' today. Then, since it can be invested at a given interest rate r, the today’s fund F increases to
(1+r)"F = 7"F after n days, i.e., F — 7" F. Multiplying this relation by 8" leads to S"F — F. This implies that if you
have the fund 8" F' today, it increase to F' after n days. Accordingly, denoting the fund of n days later by F,,, n =0,1,---, we
have

B'F, — F,, mn=01-- --(12°).

In other words, it follows that the fund F,, of n days later is equivalent to the fund " F, of today (as an economic value). In
this sense, 8" F, is usually called the present (today) value of the fund F;, of n days later.

2.3.3 Discount Factor for Profit

(a) Consider an action A with F{, F{, F&, --- where F} denotes incremented funds of n days later. Then the present discounted
values of F¢, F{, Fi, --- are given by F¢, BF{, B2Fi, - (see (12%)).

(b) Since F = P, due to (2*), the above flow F¢, BFf, B2Fi, --- can be rewritten as Py, 8P, B°Pa, ---.

(¢) Consequently, it follows that the total present discounted value of profits for the action A is given by Vo = Py + SP1 +
ﬁZPQ +---. Letting V1 = P, + P> + B2P3 + .-+, we have Vo = Py + BVi. Therefore, as seen in Chap. 6(p.27), it follows that

the discount factor 8 can be introduced in describing the system of optimality equations for the selling problem with profit
maximization.
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2.3.4 Discount Factor for Cost

QAlice 1  Here Alice wandered round with the following question. “In the asset buying problem with the cost minimization, a

buying price is what has been already paid away, hence it does not remain on hand, so it cannot invest!. But, but —, if so, the
concept of the discount factor cannot be applied to the asset buying problem! Then what will happen ?”. Then, Dr. Rabbit clad
in the waistcoat-pocket suddenly appeared in front of her and told “Well it's puzzled ---.”. And, after looking dead at her for

a while, taking a watch out of its waistcoat-pocket and then murmuring “Oh dear! Oh dear!, | shall be too late for the faculty
meeting”, he disappeared down the hole. [

Several days later, Alice got the following letter from Dr. Rabbit:
“To Miss. Alice.
(a) Consider an action A with decremented funds F§, F, F$, --- (see {d1(pl4)) and (3*)).

(b)  Let the conditional savings corresponding to F2 be denoted by S (see (d2(p14)) and (4°)), i.e., S5, S5, SS, ---. Thus the
present discounted values of which are S5, S5, B2SS, ---.

(c)  Let the loss of conditional savings corresponding to SS be denoted by SLt, i.e., Si°, S, S5, --- (see (d3(p14)) and (6°)),
the present discounted value of which are S, Sk, B2Ske, - ..

(d)  Let the loss of conditional saving S'¢ be defined as Cy, in (d4(pld)) and (8°), i.e., Si = C, (see (8*)). Then, the above
flow Sk, BSte, 2S%, .- can be rewritten as Co, BC1, B2Ch, ---

(e)  Consequently, it follows that the total present discounted value of costs for the action A is given by Vo = Co + BC1 +
B2Cay + ---. Letting Vi = Cy + BCs + B2Cs + - - -, we have Vo = Co + V1. Therefore, as seen in Chap.6(p.27), it follows
that the discount factor B can be introduced in describing the system of optimality equations for the buying problem with
cost minimization.

Kind regards.”
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Chapter 3

Structuration of Models

3.1 Model Classification Factors

The paper categorizes models based on the following four factors:

(A)

The first factor is “whether selling model or buying model”, represented as:

o Selling model — M.
o Buying model — M.}

The second factor is “with or without the quitting penalty price p” (see A7(p12)), classified as:

o Model 1 in which the quitting penalty price p is not available.

o Model 2 in which only the terminal quitting penalty price p is available (see Figure 2.2.4(p.12) (I)).

o Model 3 in which both terminal quitting penalty price p and intervening quitting penalty p are available (see Fig-

ure 2.2.4(p.12) (I1)).

The third factor is “whether R-mechanism or P-mechanism” (see Section 1.1(p3)), denoted as:

o R-mechanism-model (R-model) — [R].
o PP-mechanism-model (P-model) — [P].

The last factor is “whether search-Enforced-model or search-Allowed-model” (see A5(pll) ), symbolized as:

o search-Enforced-model (sE-model) — [E].
o search-Allowed-model (sA-model) — [A].

3.2 Quadruple-Asset-Trading-Problems

Let us designate the models treated in this paper by

Then I

et us define the set

M:z[X][X] (M:z[X][X]) z=1,2,3 (B),

X =R,P (C),

O(M:z[X]) = {M:z[R][X], I\N/lzx[R][X}7 M:z[P][X], M:z[P][X]},

X =E,A (D)

z=1,2,3, X=E,A,

called the quadruple-asset-trading-models, consisting of the 24 models in the table below:

Table 3.2.1: Twenty four models

ASP[R] ABP[R] ASP[P]  ABP[P]
O{M:1[E]} = { M:1[R][E], M:1[R][E], M:1[P|[E], M:1[P|[E] }
O{M:1[A]} = { M:1[R][A], M:1[R][A], M:1[P][A], M:1[P][A] }
Q{M:2[E]} = { M:2[RI[E], M:2(RI[E], M:2[PI[E], M:2(PI[E] }
O{M:2[a]} = { M:2[R][A], M:2[R][A], M:2[F|[A], M:2[F|[A] }
O{M:3[E]} = { M:3[R][E], M:3[R][E], M:3[P|[E], M:3[P|[E] }
O{M:3[a]} = { M:3[R][A], M:3[R][A], M:3[P][A], M:3[P][A] }

Throughout this paper, we use the terminology of quadruple-asset-trading-problems for the problems specified by these model.

iThroughout the paper, the model of the asset buying problem (ABP) is represented by the symbol upon which the tilde

like M.
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3.3 Structured-Unit-of-Problems

Let us refer to the set of the 24 models defined in Tables 3.2.1(p17) as the structured-unit-of-models. Here note that all models
within this structured-unit-of-models are not what are blindly defined but what are systematically and inevitably defined
according to the four factors in Section 3.1(p.17). The big difference of this study from all other ones that have been conventionally
made by many researchers lies in clarifying the interconnectedness among these models. Throughout this paper, we use the
terminology of structured-unit-of-problems for the problems specified by these model.

3.4 Decisions
What a leading-trader should determine in models defined in Table 3.2.1(p.17) are as follows:

Whether or not to accept the price proposed by a counter-trader (only for R-model) (see Section 7.2.1(p42)),
What price to propose (post) (only for P-model) (see Section 7.2.2(p42) ),

Whether or not to conduct the search (only for sA-model) (see Section 7.2.3(p.42)),

When to initiate the process (for all models) (see Section 7.2.4(p43)).

3.5 Asset Trading Problem with Negative Trading Price

In A8(p.l2) we defined a price £ on (—o00,00). However, this seemingly unrealistic assumption can be justified for the following
reason. First let us note here that “sell” and “buy” mean “deliver” and “receive” respectively; more precisely speaking:

o In a selling problem, a seller (leading-trader) delivers the asset to a buyer (counter-trader), who receives it from the seller.

o In a buying problem, a buyer (leading-trader) receives the asset from a seller (counter-trader), who delivers it to the buyer.

The above two scenarios can be schematized as below.

leading-trader counter-trader
! !
selling problem: seller (delivering-side) <> (recieving-side) buyer
buying problem: buyer (recieving-side) <> (delivering-side) seller

In other words, “selling problem” and “buying problem” can be said to be “delivering problem” and “receiving problem”
respectively. Now let us consider here a transaction in which the asset traded there is a worthless debris such as surplus soil,
concrete blocks and so on which are disposed of when a building is broken up. In this case, a receiving-side (buyer), in whether
selling problem or buying problem, rightly requires some amount of money as a disposal cost although being a buyer. Seeing the
problem from the standpoint of the seller (delivering-side), the seller gives some amount of money to the buyer (receiving-side)
although being a seller. This interpretation implies that the trading problem stated above can be regarded as “a trading problem
with a negative trading price”. To discuss the trading problem more generally for the above reason, expanding the range of the
trading price to (—o0,00) cannot be always said to be preposterous from a practical viewpoint (see Section A 7.6(p264) ).

3.6 Simplified Notations of Models

In the paper we will sometimes use the following notations.

o By M:z[R/P][X] let us denote M:z[R][X] and M:z[P][X].
o By M:z[R/P][X] let us denote M:z[R][X] and M:z[P][X].
o By M/M:z[R/P][X] let us denote M:z[R/P][X] and M:z[R/P][X].

o By M:1/2/3[X][X] let us denote M:1[X][X], M:2[X][X], and M:3[X][X].

o By M:z[X][E/A] let us denote M:z[X] [E] and M:z[X][A].

o By M:1/2/3[X][X] let us denote M:1[X][X], M:2[X][X], and M:3[X][X].
]

]
o By M:z[X][E/A let us denote M:z[X][E] and M:z[X][A].



Chapter 4

Definitions of Models

4.1 Model 1
4.1.1 Search-Enforced-Model 1: Q(M:1[E]) = {M:1[R][E], M:1[P][E], M:1[R][E], M:1[P][E]}
41.1.1 MA[R][E] and M:1[P]E]

The two are the most basic models of the asset selling problem [15,Sakaguchi][16,You], which are defined by the following
assumptions:

Al.  Once the process initiates, at every point in time after that it is enforced to conduct the search for buyers (see (Abafpll))),
hence the search cost s > 0 is paid at every point in time (see A4(pll)).

A2.  After the search has been conducted at a point in time ¢ > 0, a buyer certainly appears at time ¢ — 1 (next point in time),
i.e., the buyer (counter-trader) appearing probability A = 1 (see A6(p.12)).

A3. The prices &, &', ¢”, --- proposed by successively appearing buyers in M:1[R][E] and the reservation prices ¢, &', £”, - -
of successively appearing buyers in M:1[P][E] are both assumed to be independent identically distributed random variables
having a known continuous probability distribution function F(£) = Pr{€ < £} (see A9(p13)).t

A4.  Any once rejected price cannot be recalled in the future (see A10(p.13)).
A5.  Both terminal quitting penalty price p and intervening quitting penalty price p are not available (see A7(p.12)).

A6.  The selling process stops at the point in time when the asset is sold to an appearing buyer (see A3(pl1)).

M:1[R][E]: buying price [’
M:1[P][E]: selling price

i proposed by an appearing buyer (counter-trader)
roposed by the seller (leading-trader)

previous present

t+2 t+1

deadline .
time
tV t — 1V D 1 0
s
search cost

Figure 4.1.1: M:1[R][E] and M:1[P][E]

The objective is to maximize the total expected present discounted profit, i.e., the expected present discounted value of the
price for which the asset is sold, minus the total expected present discounted value of the search costs which will be paid until
the process stops with selling the asset.

Remark 4.1.1 Suppose the process has proceeded up to time 1. Then, since the search is conducted at that time due to
A1(p19), a buyer certainly appears at time 0 (deadline) due to A2(p.19).

(a) In M:1[R][E], due to A2(pll) the seller must sell the asset to the buyer however small the price proposed by the buyer may
be.

(b) In M:1[P][E], the seller must propose the price a to the buyer where a is the lower bound of the distribution function F
for the reservation price € of the buyer (see Figure 2.2.5(p.13) ). Then, the buyer certainly buys the asset. [

4.1.1.2 M:1[R][E] and M:1[P][E]
The two are both the models of the asset buying problem, defined by the following assumptions:

Al. Once the process initiates, at every point in time after that it is enforced to conduct the search for sellers, hence the
search cost s > 0 is paid at every point in time.

T¢ and ¢ represent a random variable and a realized value respectively.
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A2.  After the search has been conducted at a point in time ¢ > 0, a seller (counter-trader) certainly appears at time ¢ — 1
(next point in time), i.e., the seller appearing probability A = 1.

A3.  The prices &, &', £”, --- proposed by successively appearing sellers in M:1[R][E] and the reservation prices &, &', ", -- -
of successively appearing sellers in M:1[P|[E] are both assumed to be independent identically distributed random variables
having a known continuous probability distribution function F(§) = Pr{€ < ¢}.

A4. Any once rejected price cannot be recalled in the future.
A5. Both terminal quitting penalty price p and intervening quitting penalty price p are not available.
A6.  The buying process stops at the point in time when the asset is bought by an appearing seller.

M:1[R][E]: selling pric
M:1[P][E]: buying pri

proposed by an appearing seller (counter-trader)

previous deadline .
1.

t+2 t+1 t t—1 e 1 0
present next

Figure 4.1.2: M:1[R][E] and M:1[P][E]

The objective is to minimize the total expected present discounted cost, i.e., the expected present discounted value of the price
for which the asset is bought, plus the total expected present discounted value of the search costs which will be paid until the
process stops with buying the asset.

Remark 4.1.2 Here it should be noted that although in Figure 4.1.2(p20)) (buying model), &, z, and s are all in an upward
direction, in Figure 4.1.1(p.19) (selling model) only s is in a downward direction. [

4.1.2 Search-Allowed-Model 1: Q(M:1[A]) = {M:1[R][A], M:1[P][A], M:1[R][A], M:1[P][A]}
4.1.2.1 M:1[R][A] and M:1[P][4]
The two are the same as M:1[R][E] and M:1[P][E] in Section 4.1.1.1(p19) only except that A1(p19) is changed into as follows:

Al. At every point in time ¢t > 0, it is allowed to skip the search (see (A5b(p.12))); in other words, the seller has an option
whether to conduct the search or to skip.

Remark 4.1.3 Suppose the process has proceeded up to time 1. Then, if the search is skipped at that time, no buyer appears
at time 0, hence the seller is faced with the situation of having to quit the process without selling the asset, which contradicts
A2(p11). Accordingly, the search must be necessarily conducted at time ¢t = 1. [

4.1.2.2 M:1[R][A] and M:1[P][A]

The two are the same as M:1[R][E] and M:1[P][E] in Section 4.1.1.2(p19) only except that after the process has initiated, it is
allowed to skip the search.

4.2 Model 2 (see Figure 2.2.4p12) (1))

4.2.1 Search-Enforced-Model 2: Q(M:2[E]) = {M:2[R][E], M:2[P][E], M:2[R][E], M:2[P][E]}

The quadruple models indicated within the above brace are the same as in Section 4.1.1(p.19) only except that the assumptions
A2(p19) and A5(pl9) are changed into as follows:

A2. After the search has been conducted at time t > 0, a buyer appears at the next point in time with a probability A < 1.
A4. The terminal quitting penalty price p is available.

Remark 4.2.1 In the two models it is possible to stop the process by accepting the terminal quitting penalty price p at
time 0 (deadline), hence the starting time 7 = 0 is permitted since the leading-trader can quit the process with accepting the p
at time 0. Accordingly, in the two models it follows that the starting time 7 is greater than or equal to 0, i.e., 7> 0. [
4.2.2 Search-Allowed-Model 2: Q(M:2[A]) = {M:2[R][A], M:2[P][A], M:2[R][A], M:2[P][A]}

The quadruple models indicated in the above brace are the same as in Section 4.2.1(p20) only except that A1(p.19) is changed as
follows:

Al. After the process has initiated, it is allowed to skip the search at every point in time ¢ > 0.

4.3 Model 3 (see Figure 2.2.4(p12) (II))
4.3.1 Search-Enforced-Model 3: Q(M:3[E]) = {M:3[R][E], M:3[P][E], M:3[R][E], M:3[P][E]}
The quadruple models are the same as in Section 4.2.1(p2)) only except that the assumption A4(p.20) is changed as follows:

A4. In addition to the terminal quitting penalty price p, the intervening quitting penalty price p is also available.



21

4.3.2 Search-Allowed-Model 3: Q(M:3[A]) = {M:3[R][A], M:3[P][A], M:3[R][A], M:3[P][A]}
The quadruple models are the same as in Section 4.2.2(p.20) only except that after the process has initiated, it is allowed to skip
the search.

4.4 Total-pdF-Space

Let us refer to A € (0,1], 8 € (0,1], s € [0,00), and p € (—o0,0) as the parameter of models, all of which are independent
of the distribution function F. Then, let p = (X, 3,s) for Model 1 and p = (A, 3, s, p) for Models 2/3, which are called the
parameter vector. We represent the set of all possible p’s by

PZ={p|A=1,0<pB<1,0<s} for Model 1, (4.4.1)
P={p|0<A<1,0<B<1,0<s —00o<p<oo} for Models 2/3, (4.4.2)

called the total parameter space, simply Total-p-Space. Then, the direct product (Cartesian product) of Total-p-Space &2 and
Total-dF-Space .% (see (2.2.5(p13))) can be defined by

PxF={pF)|pePFeF} (4.4.3)
called the Total-pdF-Space.
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Chapter 5

Underlying Functions

5.1 Definition

This section defines some functions, called the underlying function, which will be used to derive the system of optimality
equations of the 24 model in Table 3.2.1(p.17).

5.1.1 7, L, K, and £ of Type R
For any F' € .# let us define
T(z) = E[max{¢ — z,0}] (5.1.1)
= [°, max{¢ — z,0} f(£)d¢, T (5.1.2)

and then define
L(z) = \3T(z) — s,

(5.1.3)

K(z) = MT(z) - (1 - Bz —s,° (5.1.4)
L(s) = L(ABu—s), (5.1.5)
K = ABT(0) — s (5.1.6)

= L(0) = K(0) = ABT(0) — s (5.1.7)

Let us refer to each of T, L, K, and £ as the underlying function of Type R and to s as the k-value of Type R. The formula
below will be sometimes used in the rest of the paper.

K(z)+ (1 -p8)z (5.1.8)
K(z)+z = L(z)+ Bz, (5.1.9)

I
h
&

AME[max{&,z}+(1—-N)pzr—s = K(z)+=z (5.1.10)
5.1.2 7T,L,K,and £ of TypeR
For any F' € .# let us define
T(z) = E[min{¢ — x,0}] (5.1.11)
= ffooo min{¢ — xz,0} f(£)dE, (5.1.12)
and then define
L(z) = \BT(x) + s, (5.1.13)
K(z) = MT(x) — (1 — B)x + s, (5.1.14)
L(s) = LOBu+s), (5.1.15)
B = ABT(0) +s (5.1.16)
= L(0) = K(0). (5.1.17)

Let us refer to each of T, L, K, and £ as the underlying function of Type R and to & as the #-value of Type R.

See [1,DeGroot].
85ee Figure A 7.3(p262) (I ,
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5.1.3 7T,L,K,and L of TypeP
For any F' € .Z let us define

p(z) = Pr{z <&}, (5.1.18)
T(z) = max; p(z)(z — z)' (5.1.19)
and then define

L(z) = ABT(z) — s, (5.1.20)

K(z) = ABT(z) — (1 - Bz — s, (5.1.21)

L(s) = L(ABa—s), (5.1.22)

K = ABT(0) —s (5.1.23)

= L(0) = K(0) (5.1.24)

Let us refer to each of T, L, K, and £ as the underlying function of Type P and to x as the k-value of Type P. Let us denote
z maximizing p(z)(z — ) by z(z) if it exists, i.e.,

T(z) = p(z(z))(2(x) — ). (5.1.25)
Definition 5.1.1 If there exists multiple z(z), let us define the smallest of them as z(z). [

Furthermore, for convenience of later discussions, let us define

o =inf{z | T(z) + z > a} = inf{z | T(z) > a — x}, (5.1.26)
x* = inf{z | 2(z) > a}. (5.1.27)

Noting that (5.1.18(p.24) ) can be rewritten as p(z) = 1 —Pr{€ < z} = 1 —Pr{€ < z} due to the assumption of F' being continuous
(see A9(p.13)), we have p(z) =1 — F(z). Accordingly, it can be immediately seen that

=1, z<a ---(1) dueto (2.2.1(1) (1)),
p(2) (5.1.28)
<1, a<z ---(2) dueto (2.2.1(2,3)(p13)),
>0, z2<b -(1), due to (2.2.1(1,2) (p.13)),
o (1) (221 (1,2) 1)) 1m0
=0, b<z ---(2), dueto (2.2.1(3)p1).
In general, p(z)(z — x) can be depicted as below.
’l»/(&
1
Tp (2(2))
) z
Figure 5.1.1: Graph of p(z)(z — x)
When F is the uniform distribution function on [a, b], we have
a*=z"=2a—0b (see (A7.3(p22)) and (A7.4(p22))). (5.1.30)
5.1.4 T,L,K,and . of TypeP
For any F € .F let us define
p(z) = Pr{€ < z}, (5.1.31)
T(x) = min. p(2)(z — ), (5.1.32)

and then define

fSee Figure A 7.4(p2%2) .
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L(z) = \3T(z) + s, (5.1.33)
K(z) = MT(z) — (1 - Bz + s, (5.1.34)
L(s) = L(ABb+s), (5.1.35)
R o= ABT(0) + s (5.1.36)

= L(0) = K(0). (5.1.37)

Let us refer to each of 7', L, K, and £ as the underlying function of Type P and to & as the &-value of Type P. Let us denote
z minimizing p(z)(z — x) by z(z) if it exists, i.e.,

T(z) = p(2(2))(2(z) — z). (5.1.38)
Definition 5.1.2 If there exists multiple z(z), let us define the largest of them as z(x). 0
Furthermore, for convenience of later discussions, let us define
b* =sup{z | T(z) + = < b} =sup{z | T(z) < b—z}, (5.1.39)
7 = sup{z | z(z) < b}. (5.1.40)

Noting that (5.1.31(p24)) can be rewritten as p(z) = F(z), we can immediately see that

=0, z<a ---(1) dueto (2.2.1(1) (1)),

ﬁ(z){ (1) to (2.2.1(1) (p13)) (5.1.41)
>0, a<z ---(2) dueto (2.2.1(2.3) (1)),

o { <1, z<b ---(1) dueto (2.2.1(1,2) (?.13)), (5.1.42)
=1, b<z ---(2) dueto (2.2.1(3)(pB)).

5.2 Solutions

The solutions defined below are used in the analyses of all models in this paper.

(a) Let us define the solutions of L(z) = 0, K(z) = 0, and £(s) = 0 (whether Type R or Type P) by =, =k, and s,
respectively if they exist, i.e.,
L(zL)=0---(1), K(zkx)=0---(2), L(s:)=0---(1). (5.2.1)
If multiple solutions exist for each of the above three equations, we employ the smallest as its solution.
(b)  Let us define the solutions of L (z) = 0, K(z) = 0, and £ (s) = 0 (whether Type R or Type P) by 7, =z, and $7
respectively if they exist.
L(zz)=0---(1), K(zz)=0---(2), L(sz)=0---(1). (5.2.2)

If multiple solutions exist for each of the above three equations, we employ the largest as its solution.

5.3 Primitive Underlying Functions and Derivative Underlying Functions

Sometimes let us refer to each of T- and T-functions as the primitive underlying function and to ecach of L-, K-, £-, L-, L-, and
L-functions as the derivative underlying function, which are defined by use of primitive underlying functions 7" and T'.

5.4 Identical Representation and Explicit Representation

In the rest of the paper, when we need to distinguish

T,L,K,L,K, T, Tk, SL,T,E,R',,C,R, Tr, T, Sp (5.4.1)

between Type R and Type P, let us denote them by
TR7LR7KR7'CR7K'R7 xLR7wK]R7 SCR7 TR71~/R7[{R7£~R7’%R7 xiw $}’%R’ S£R7 (542)
T]p,L]p,KP, L:]P, Kp, SL‘LP,iUKI,,, SLI” T]}»,E]}»,KP,EP,RP, x[ II}]P’ SE]P' (543)

P’

Let us refer to (5.4.1) as the identical representation and to (5.4.2) and (5.4.3) as the ezplicit representation.

5.5 Characteristic Vector and Characteristic Element

Let us here define the two vectors, Cr consisting of (5.1.3(p.23))-(5.1.6(p.23)) and Cr consisting of (5.1.13(p.23))-(5.1.16(p.3)), i.e,
CR :(LR7KR7£R7H’R)7 é]R :(iR,f(R,ERJZ{/R).

Likewise, let us define the two vectors, Cr consisting of (5.1.20(p.4))-(5.1.23(p.4)) and Cr consisting of

(5.1.33p2) )-(5.1.36p2) ), i.e.,
Cr = (Lp, Kp, Lp, Kp), Cr = (Lp, K, L, Fz).



26

Furthermore, adding 7- and T-functions to the above vectors, let us define
CT = (g, Lr,Kr,Lr,6r), CL = (Tk,Lr,Kr,Lr,Rzr),

CT = (Tp, Ly, Kp, Lo, kp), CF = (Tp,Lp,Kp,Lp,Rp).

Let us call each of the vectors defined above the characteristic vector and its element the characteristic element. In the identical

representation, the above vectors are all represented by C, €, C, and C” respectively.



Chapter 6

Systems of Optimality Equations

6.1 Preliminary
This section provides a definition used to describe the system of optimality equations (SOE) for each models in Table 3.2.1(p17).
Definition 6.1.1 Let us represent the action “Conduct the search at time ¢ (Skip the search at time t)” as

Conducty (Skip,). (6.1.1)
When this action is simply optimal, indifferently optimal, or strictly optimal, let us represent it as respectively

Conduct¢, (Skip,,), Conducty; (Skip,;), or Conduct;, (Skip,.). U

Remark 6.1.1 (relationship between SOE and assertion) In general, a model M of a decision process has the system of
optimality equations, denoted by SOE{M}, which should be said to be a mirror exhaustively reflecting the entire aspect of the
model M. In other words, SOE{M} involves the exhaustive information of the model M as if a gene has the exhaustive information
of a life. This implies that any assertion which is characterized by the sequence {V;} generated from SOE{M} can be regarded
as an assertion on the model M; conversely, an assertion which is not characterized by the sequence {V;} cannot be said to be
an assertion on the M. [J

Below let us represent “buyer (seller) proposing a price £” by “buyer (seller) w” for short.

6.2 Search-Allowed-Model
6.2.1 Model 1
Let us note here that A = 1 is assumed in this model (see A2(p.19)).

6.2.1.1 M:1[R][4]
By v¢(§) (t > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time ¢ with a buyer £ and with no buyer respectively. Then, we have

vo(§) = w, (6.2.1)
Ut(é-) = aX{§7 V:f}v t> 07 (622)

where V; is the maximum of the total expected present discounted profit from rejecting the proposed price w. Then, we have

Vi = BE[w(&)]—s=FE[§]—s=p0r—s (see Remark 4.1.3(p2)), (6.2.3)
Vi max{C: SE[vi—1(&)]—s, S: BVi—1}, t>1,

where C and S represent the actions of Conducting the search and Skipping the search respectively. Hence, since v;_1(£) =
max{&, Vi—1} = max{€ — Vi_1,0} + Vi_1, we have E[v;—1(€)] =T (Vi—1) + Vi1 for t > 1 (see (5.1.1(p23))), hence (6.2.4(p27)) can
be written as

Vi = max{BT(Vs—1) + Vi1 —5,8Vi 1}

= max{K(Vi_1) + Vi_1,BVi1} (see (5.1.4p2)) with A = 1) (6.2.5)
= max{K(Vi—1) + (1 — B)V;—1,0} + Vi1
= max{L (V;—1),0} +BVic1, t>1 (see (5.1.8p%))). (6.2.6)

O SO0E{M:1[R][A]} is given by the set of (6.2.1(p27))—(6.2.4(p.7)). However, since the sequence {V;} is generated from the two
expressions (6.2.3(p.27)) and (6.2.5(p.27) ), due to Remark 6.1.1(p.27) it can be reduced to only the two in Table 6.5.1(p39) (I). 0
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Now, let us here define

St = B(Evi—1(&)] —Vic1) —s, t>1. (6.2.7)
Then, (6.2.4(p.27)) can be rewritten as
Vi = max{BE[vi-1(§)] — BVi-1 — 5,0} + BVi1
= max{S 0} + BVi—1, t>1, (6.2.8)

implying that
St > (<) 0 = Conduct; (Skip,), (6.2.9)

which can be rewritten as, due to Def. 6.1.1(p.27),

S¢ > (<) 0 = Conduct¢, (Skip,.). (6.2.10)
St = (:) 0= ConducttH (Skipt H)' (6211)
St > (<) 0 = Conducts, (Skip,a). (6.2.12)

Then, from (6.2.2(p27)) we can rewrite (6.2.7(p.%)) as
St = B(E[max{§, Vi-1}] = Vi-1) — s = S E[max{§ — V;1,0}] — s.
Accordingly, from (5.1.1(p.23) ) and (5.1.3(p.23)) with A = 1 we have

St = BT(Vi1) —s (6.2.13)
= L(Vi1), t>1. (6.2.14)
6.2.1.2 M:1[R][A]
By v(€) (t > 0) and V4 (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller £ and with no seller respectively. Then, we have

vo(§) =&, (6.2.15)
v(€) = min{¢, Vi}, t >0, (6.2.16)

where V; is the minimum of the total expected present discounted cost from rejecting the proposed price £&. Then, we have

Vi = BEwo(&)]+s=BE[E] +s=pu+s, (6.2.17)
Vi = min{BE[v1(§)] +s, Vi), t>1. (6.2.18)

Hence, since v;—1(€) = min{&, V;—1} = min{€—V;_1,0}+V;i_1, we have E[vi—1(€)] = T(Vi—1)+Vi—1 for t > 1 (see (5.1.11(p.3))),
hence (6.2.18(p28)) can be written as

Vi = min{BT(Vi—1) + BVic1 + 5, BVic1}

= min{K (Vi_1) + Vi1, Vi 1} (see (5.1.14(2)) with A = 1) (6.2.19)
= min{K (Vi—1) + (1 — B)Vi—1,0} + BVi1
= min{L (Vi_1),0} + Vi1, t>1 (see (5.1.14p2)) and (5.1.13(p2)) with A = 1). (6.2.20)

00 SOE{M:1[R][A]} can be reduced to (6.2.17(p28)) and (6.2.19(p.%) ), listed in Table 6.5.1(p3) (I). 0

Remark 6.2.1 Note here that the same notations v¢(£) and V; are used for both M:1[R][A] and M:1[R][A]. For explanatory
convenience, later on we sometimes represent the v¢(§) and V; for M:1[R][A] by 9¢(§) and V; respectively. Then (6.2.15(p.28)) -
(6.2.18(p28) ) are written as respectively

’DO(é) = 57
#:(6) = min{¢, Vi},
Vi =Bu+s,

Vi = min{BE[0i-1(&)] + s, 8V1}. [

Now, let us here define

St = B(E[Ut—l(s)} — %71) +s, t>1. (6.2.21)
Then, (6.2.18(p.8)) can be rewritten as

Vi = min{BE[vi-1(§)] — BVi-1+5,0} + BViy
= min{S;,0} + AVio1, t>1, (6.2.22)

which can be rewritten as
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St < (>) 0 = Conduct; (Skip,) (see Def.6.1.1(p.27)), (6.2.23)
which can be rewritten as R
St < (>) 0 = Conduct¢, (Skip,.). (6.2.24)
St = (=) 0 = Conducty (Skip,). (6.2.25)
St < (>) 0 = Conduct;, (Skip,,). (6.2.26)

Then, from (6.2.16(p.8)) we can rewrite (6.2.21(p.8)) as
St = B(E[min{¢, Vi-1}] — Vi-1) + s = BE[min{& — Vi—1,0}] + 5.

Accordingly, from (5.1.11(p.33) ) and (5.1.13(p.33) ) with A = 1 we have

St = BT(Vie1) + 5 (6.2.27)
= L(Vso1), t>1. (6.2.28)

6.2.1.3 M:1[P][4]
By v (t > 0) and V; (¢t > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time t with a buyer and with no buyer respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z:. In this model, since the search must be necessarily conducted at time 1 (see Remark 4.1.3(p.0) ), there exists a
buyer at time 0. Suppose the process has proceeded up to time 0. Then, since the seller must necessarily sell the asset at that
time, he must propose the price a' to a buyer appearing at that time (Remark 4.1.1(p.19) (b) is applicable also to this model as a
sA-model), thus we have

Z0 = a. (6.2.29)

Hence, the profit that the seller obtains at time 0 becomes a, i.e.,

Vo = a. (6.2.30)
Now, since the search is conducted at time 1 (see Remark 4.1.3(p) ), we have

Vi = Bvo — s = Ba — s. (6.2.31)
In addition, we have
Vi = max{fvi—1 — s, BViz1}, t>1. (6.2.32)

If the seller proposes a price z, the probability of a buyer buying the asset is given by p(z) = Pr{z < &} (see
(5.1.18(p24) )), hence we have

v = mzax{p(z)z + (1 —p(2)Vi} = mzaxp(z)(z -+ Vi=TWV)+V,, t>0, (6.2.33)
due to (5.1.19(p.%4) ), implying that the optimal price z; which the seller should propose is given by
ze =2(V), t>0, (see (5.1.25p2))). (6.2.34)
Now, since vi—1 = T(Vi—1) + Vi1 for t > 1 from (6.2.33(p.29) ), we can rearrange (6.2.32(p.29) ) as follows

Vi = max{BT(Vi—1) + BVic1 — s, 8Vi—1}

=max{K (Vi—1) + Vic1,BVi—1}  (see (5.1.21(p24)) with A = 1) (6.2.35)
= max{K (Vi-1) + (1 = B)Vi-1,0} + BVia
= max{L (Vi—1),0} + BVic1, t>1, (see (5.1.21(p2)) and (5.1.20p2)) with X\ = 1) (6.2.36)

O SOE{M:1[P][A]} is given by (6.2.31(p2)) and (6.2.35(p2)), listed in Table 6.5.1(3) (I). 0

Now, let us here define St = Bvier —Vie1) —s, t>1. (6.2.37)

Then, (6.2.32(p.99) ) can be rewritten as
Vi max{fvi—1 — Vi1 — 5,0} + BVi_y

max{S¢,0} + fVi—1, t>1, (6.2.38)

TThe lower bound of the distribution function for the reservation price (maximum permissible buying price) of the buyer.
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implying that

St > (<) 0 = Conduct; (Skip,) (see Def.6.1.1(p.27)), (6.2.39)
which can be rewritten as
St > (<) 0 = Conduct¢, (Skip,.). (6.2.40)
St = (=) 0 = Conduct¢; (Skip,). (6.2.41)
St > (<) 0 = Conduct¢, (Skip,a). (6.2.42)

Then, from (6.2.33(p29) ) with ¢ — 1 we have vi—1 = T(Vs—1) + Vi—1, hence vi—1 — Vi1 = T(Vi—1), thus, noting (5.1.20(p24) ), we
can rewrite (6.2.37(p29)) as below

St = BT(Viii) —s (6.2.43)
= L(Vi1), t>1. (6.2.44)

6.2.1.4 M:1[P]|[A]

By v (t > 0) and V; (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller and with no seller respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z¢. In this model, since the search must be necessarily conducted at time 1, there exists a seller at time 0 for the same
reason as in Section 6.2.1.3(p29). Suppose the process has proceeded up to time 0. Then, since the buyer must necessarily buy
the asset at that time, he must propose the price bf to a seller appearing at that time, thus we have

z0 = b. (6.2.45)
Hence, the cost that the buyer pays at time 0 becomes b, i.e.,
vo = b. (6.2.46)
Now, since the search is conducted at time 1, we have
Vi =pBvo+s=pb+s. (6.2.47)
In addition, we have
Vi = min{Bv;_1+s, BVi1}, t>1. (6.2.48)

If the buyer proposes a price z, the probability of a seller selling the asset is given by p(z) = Pr{€ < z} (see (5.1.31(p4))), hence
we have

v = min{p()z + (1~ H(2)Vi} = minp(2)(z — Vi) + Vi = T(Vi) + Vi, 1> 0, (6.2.49)
due to (5.1.32(p.24) ), implying that the optimal price z; which the buyer should propose is given by

ze =2z(V), t>0, (see (5.1.38(p2))). (6.2.50)

Now, since v¢—1 = T~(Vt,1) + Vi—1 for t > 1 from (6.2.49(p3)) ), we can rearrange (6.2.480p.30)) as

V, = min{BT(Vi—1) + BVi—1 + s, BVi-1}

= min{K (Vie1) + Vie1, BVio1}  (see (5.1.34(p%)) with A = 1) (6.2.51)
= min{K (Vi-1) + (1 = B)Vi-1,0} + BVi1
= min{L (Vi_1),0} + Vi1, t>1. (see (5.1.34p2)) and (5.1.33(p%)) with A = 1) (6.2.52)

O SOE{M:1[P][A]} is given by (6.2.47(p30)) and (6.2.51(p30) ), listed in Table 6.5.1(p39) (IV). 0
Now, let us here define

St = Bwio1—Vii1)+s, t>1. (6.2.53)
Then, (6.2.48(p.30) ) can be rewritten as

Vi = min{fv,—1 — Vi1 + 5,0} + BVic1
= min{S;,0} + Vi1, t>1, (6.2.54)
implying that
St < (>) 0 = Conduct; (Skip,) (see Def.6.1.1(p27)). (6.2.55)

which can be rewritten as

TThe upper bound of the distribution function for the reservation price (minimum permissible selling price) of the seller
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St < (>) 0 = Conduct,, (Skip,.).
(=) 0 = Conduct (Skip,).
< (>) 0 = Conducty, (Skiptl)'

un o
&
Il

(6.2.56)
(6.2.57)
(6.2.58)

Then, from (6.2.49(p30)) with t — 1 we have vs_1 = T(Vi—1) + Vz—1, hence vs_1 — Vi1 = T(Vz_1), thus, noting (5.1.33(p.55) ), we

can rewrite (6.2.53(p.30)) as below
St = 5T(Vt71) + s

= L(Vie1), t>1.
6.2.2 Model 2

6.2.2.1 M:2[R][A]

(6.2.59)
(6.2.60)

By v:(€) (t > 0) and V; (¢t > 0) let us denote the maximums of the total expected present discounted profit from initiating the

process at time ¢ with a buyer £ and with no buyer respectively. Then we have

vo(§) = max{¢,p},
ve(€) max{¢,V;}, t>0,

where
Vi = max{\8E[vi—1(§)]+ (1 = N)pVic1 — s, fViz1}, t>0.

Here letting
Vo = p,

we see that (6.2.62(p31)) holds for ¢ > 0 instead of ¢ > 0, i.e.,

vi(§) = max{¢{,Vi}, t>0.

(6.2.61)
(6.2.62)

(6.2.63)

(6.2.64)

(6.2.65)

Since v¢—1(€) = max{&,Vi—1} = max{& —Vi_1,0} + Vi1 = T(Vi—1) + Vi1 for t > 0 (see (5.1.1(p23) )), from (6.2.63(p31)) we have

Vi = max{\B(T(Vi—1) + Vic1) + (1 = N\)BVie1 — 5, BVic1}
= max{A\GT(Vi-1) + BVi—1 — s, 8Vi-1}
= max{K (Vi—1) + Vic1,8Vi—1} (see (5.1.4(p.23)))

= max{K (Vi—1) + (1 — B)Vi-1,0} + BVi1
= max{L (Vi—1),0} + Vi1, t>0 (see (5.1.8p%))).
O SOE{M:2[R][A]} is given by (6.2.64(31)) and (6.2.66(31) ), listed in Table 6.5.3(3) (I). O

Let us here define

St = )\ﬁ(E[’Ut_l(g)]—‘/z—l)—S, t > 0.
Then, (6.2.63(p31) ) can be rewritten as
Vi = max{ABE[vi-1(§)] — ABVi-1 — 5,0} + BV
= max{S:, 0} + fViz1, ¢>0,

implying that

St > (<) 0 = Conduct; (Skip,), ¢ >0 (see Def.6.1.1(p27)).

which can be rewritten as, due to Def. 6.1.1(p.27),

St > (<) 0 = Conduct¢, (Skip,s).
St = (:) O = ConducttH (Sklpt H)'
St > (<) 0 = Conduct¢, (Skip,a).

Then, from (6.2.62(p3l)) we can rewrite (6.2.68(p31)) as

St = B(E[max{§,Vi-1}] = Vi-1) — s = f E[max{{ — Vi-1,0}] —s.

Accordingly, from (5.1.1(p2)) and (5.1.3(p.23)) we have

St = 5T(‘/t_1) — S
= L(‘/tf1)7 t>0.

(6.2.66)

(6.2.67)

(6.2.68)

(6.2.69)

(6.2.70)

(6.2.71)
(6.2.72)
(6.2.73)

(6.2.74)
(6.2.75)
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6.2.2.2  M:2[R|[A]
By v:(§) (t > 0) and Vi (¢t > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller £ and with no seller respectively. Then, we have

vo(§) = min{¢, p}, (6.2.76)
v¢(§) = min{¢, Vi}, ¢t >0, (6.2.77)
where
Vi = min{A\BE[v+-1(&)] + (1 — N)BVi—1 + s, BVi—1}, t>0. (6.2.78)
Here letting
Vo = p, (6.2.79)

we see that (6.2.77(p32) ) holds for ¢t > 0 instead of ¢ > 0, i.e.,

ve(§) = min{¢, Vi}, ¢>0. (6.2.80)

Since v¢—1(€) = min{€, Vi—1} = min{€ — V;_1,0} + Vi1 = T(Vi—1) + Vi for ¢ > 0 (see (5.1.11(p23))), from (6.2.78(p32) ) we have
Vi = min{AB(T(Vic1) + Vie1) + (1 = N)BVie1 + 5, BVio1}
=min{\BT (Vi—1) + BVic1 + 5, 8Vi—1}

= min{K (Vi_1) + Vi1, BVi1}  (see (5.1.14(p%))) (6.2.81)
=min{K (Vi-1) + (1 = B)Vi-1,0} + Vi1
=min{L (Vi—1),0} + BVi—1, t>0. (see (5.1.14(p2)) and (5.1.13(p23))) (6.2.82)

O SOE{M:2[R][A]} is given by (6.2.79p.32)) and (6.2.81(p3)), listed in Table 6.5.3(p39) (II). [

Let us here define 5
St = )\ﬁ(E[’Utfl(g)] — th1) +s, t>0. (6283)

Then, (6.2.78(p32) ) can be rewritten as

Vi = min{ASE[vi-1(§)] = ABVi—1 + 5,0} + Vi1
= min{S;,0} 4+ Vi1, t>0, (6.2.84)
implying that

S¢ < (>) 0 = Conduct; (Skip,) (see Def.6.1.1(p27)), (6.2.85)

which can be rewritten as
St < (>) 0 = Conduct;, (Skip,,). (6.2.86)
St = (=) 0 = Conducty (Skip,). (6.2.87)
St < (>) 0 = Conduct;, (Skip,.). (6.2.88)

Then, from (6.2.77(p.32)) we can rewrite (6.2.83(p.32)) as
St = B(Emin{€, Vi1}] = Vie1) + s = SE[min{€ — Vi-1,0}] + 5.

Accordingly, from (5.1.11(p.23)) and (5.1.13(p.23) ) we have

St = BT(Vie1) + s (6.2.89)
= L(Vi1), t>1. (6.2.90)

6.2.2.3 M:2[P][4]

By v (t > 0) and V; (¢t > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time t with a buyer and with no buyer respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z:. Suppose there exists a buyer at time ¢ = 0 (deadline). Then, the seller must determine whether to accept the
terminal quitting penalty p or to sell the asset to the buyer. Let the p is accepted. Then the profit which the seller can obtain
is p. On the other hand, let the asset be sold to the buyer. Then, since the seller must necessarily sell the asset to the buyer

due to A2(pll), the price a' must be proposed to the buyer; in other words, the optimal price to propose at time ¢t = 0 is given
by

20 = a, (6.2.91)

TThe lower bound of the distribution function for the reservation price (the maximum permissible buying price) of the buyer.



33

hence the profit which the seller can obtain at that time is a. Accordingly, it follows that the profit that the seller can obtain

at time 0 is given by
vo = max{p,a}. (6.2.92)

Suppose there exists a buyer at a time ¢ > 0. Then, since the reservation price (maximum permissible buying price) of the
buyer is &, if the seller proposes a price z, the probability of the buyer buying the asset is given by p(z) = Pr{z < &} (see
(5.1.18(p4))). Hence, we have

vy = mgx{p(z)z + (1 —-p()Vi} = mgxp(z)(z -V +Vi=T(Vi)+ Vi, t>0, (6.2.93)
due to (5.1.19(p.24) ), implying that the optimal selling price z; which the seller should propose is given by
ze = z2(Wh), t>0, (6.2.94)
due to (5.1.25(p24) ). Finally V; can be expressed as follows.
Vo = p, (6.2.95)
Vi = max{\Bvi—1 + (1 = N)BVi—1 — s, BVic1}, t>0. (6.2.96)

For t = 1 we have
Vi = max{ABvo+ (1 —X)BVo — s, BVo}

— max{A8 max{p,a} + (1 - N)Bp — s, Bp}
= max{\Smax{0,a — p} + Bp — s, Bp}. (6.2.97)
Since v¢—1 = T(Vi—1) + Vi—1 for t > 1 from (6.2.93(p.33) ), we can rearrange (6.2.96(p.33) ) as follows.
Vi = max{\B(T(Vi=1) + Vic1) + (1 — N)BVi1 — 5, 8Vi—1 }
=max{\GT(Vi—1) + BVi—1 — s, BVi—1}

=max{K(Vi_1) + Vi_1, BVi1} (see (5.1.21p2))) (6.2.98)
= max{K(Vi—1) + (1 — B)Vi—1,0} + BV
=max{L (V4—-1),0} + BVic1, t>1 (see (5.1.21(p2)) and (5.1.20(p.4))). (6.2.99)

O SOE{M:1[P][A]} is given by (6.2.95(p.33) ), (6.2.97(p.33) ), and (6.2.98(p.33) ), listed in Table 6.5.3(p.39) (IIT). 0
Now, let us here define

S: = /\,B(vt,1 - ‘/1571) —-s, t> 0. (62100)
Then (6.2.96(p.33) ) can be rewritten as

Vi = Hla.X{)\ﬂ’Ut_1 — )\,3‘/;5_1 - S, 0} - th—l
= max{S;,0} + fVi—1, t>0, (6.2.101)
implying that

St > (<) 0 = Conduct; (Skip,) (see Def.6.1.1(p.27)), (6.2.102)

which can be rewritten as
St > (<) 0 = Conducts, (Skip,s). (6.2.103)
S¢ = (=) 0 = Conducty (Skip,). (6.2.104)
St > (<) 0 = Conducts, (Skip,a). (6.2.105)

Then, from (6.2.93(p.3)) with ¢ — 1 we have vi—1 = T(Vs—1) + V-1, hence vs—1 — Vi1 = T(Vz—1), thus, noting (5.1.20(p24)), we
can rewrite (6.2.100(p33) ) as below

St = BT(Vi1) —s (6.2.106)
= L(Vi-1), t>0. (6.2.107)

6.2.2.4 M:2[P|[A]

By v (t > 0) and V; (t > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller and with no seller respectively. In addition, let us denote the optimal price to propose at time
t > 0 by 2:. Suppose there exists a seller at time ¢ = 0 (deadline). Then, the buyer must determine whether to accept the
terminal quitting penalty p or to buy the asset from the seller. Let the p is accepted. Then the cost which the buyer pays is p.
On the other hand, let an asset be bought from the seller. Then, since the buyer must necessarily buy the asset from the seller
due to A2(p11), the price b' must be proposed to the seller; in other words, the optimal price to propose at time ¢ = 0 is given by

TThe upper bound of the distribution function for the reservation price (the minimum permissible selling price) of the seller.
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20 =b, (6.2.108)

hence the cost which the buyer pays at that time is b. Accordingly, the cost that the buyer pays at time 0 becomes
vo = min{p, b}. (6.2.109)

Suppose there exists a seller at a time ¢ > 0. Then, since the reservation price (minimum permissible selling price) of the seller
is &, if the buyer proposes a price z, the probability of the seller selling the asset is given by p(z) = Pr{€ < z} (see (5.1.31(p.4))).
Hence, we have

ve = min{p(z)z + (1 = p(2))Vi} = minj(2)(z = Vi) + Vi = T(V))+ Vi, t>0, (6.2.110)

due to (5.1.32(p.24) ), implying that the optimal buying price z; which the buyer should propose is given by

ze = z2(Vy), t>0, (6.2.111)

due to (5.1.38(p25) ). Finally V; can be expressed as follows.
Vo = p, (6.2.112)
Vi = min{\Bvi_1 + (1 — A\)BVi—1 + s, BViez1}, ¢ > 0. (6.2.113)

For t = 1 we have
Vi = min{\Bvo + (1 — \)BVo + s, 8V}

min{ASmin{p, b} + (1 — A\)Bp + s, Bp}
min{ A8 min{0,b — p} + Bp + s, Bp}. (6.2.114)

Since vi—1 = T(Vs—1) + Vi—1 for t > 1 from (6.2.110(p34) ), we can rearrange (6.2.113(p.34)) as follows.

Vi = min{AB(T(Vie1) + Viz1) + (1 — N)BVie1 + 5, BVi—1}
= min{A\BT (Vi—1) + fVi—1 + 5, BVi_1}

=min{K (Vic1) + Vic1, 8Vic1}  (see (5.1.34p%))) (6.2.115)
=min{K (V;-1) + (1 = B)Vi-1,0} + BVi 1
=min{L (V;_1),0} + BVi—1, t>1. (see (5.1.34(p2)) and (5.1.33(p2))) (6.2.116)

O SOE{M:2[P][A]} can be reduced to (6.2.112(3)), (6.2.114(p34) ), and (6.2.115(p3) ), listed in Table 6.5.3(p39) (IV). 0

Now, let us here define _

St = M(vi1 —Viia)+s, t>0. (6.2.117)
Then, (6.2.113(p34) ) can be rewritten as

Vi = min{\Bvi—1 — A\BVi—1 + 5,0} — BViy

= min{S;,0} + AVi_1, t>0, (6.2.118)
implying that
St < (>) 0 = Conduct; (Skip,) (see Def.6.1.1(p21)), (6.2.119)
which can be rewritten as
St < (>) 0 = Conduct;, (Skip,,). (6.2.120)
St = (=) 0 = Conducty (Skip,). (6.2.121)
St < (>) 0 = Conduct;, (Skip,,). (6.2.122)

Then, from (6.2.110(p34) ) with ¢ — 1 we have v;—1 = T(Vi—1) + Vi1, hence v,—1 — Vo1 = T(V;_1), thus, noting (5.1.33(p.23) ), we
can rewrite (6.2.117(p34)) as below

St = BT(Vic1) +s t>0. (6.2.123)

= L(Vie1), t>0. (6.2.124)
6.2.3 Model 3
6.2.3.1 M:3[R][A]

By v¢(§) (t > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profi¢t from initiating the
process at time ¢ with a buyer £ and with no buyer respectively, expressed as

vo(§) = max{¢, p}, (6.2.125)
ve(§) = max{{ p,Ut}, t>0, (6.2.126)
Vo = p, (6.2.127)
Vi = max{p, U}, t>0, (6.2.128)
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where U; is the maximum of the total expected present discounted profit from rejecting both the price w and intervening quitting
penalty p in (6.2.126(p34)) and from rejecting the intervening quitting penalty p in (6.2.128(p34)). Then, U; can be expressed as

Ui = max{\SE[vi—1(§)] + (1 — X\)BVi—1 — s, fVi_1}, ¢>0. (6.2.129)
Here, letting Uy = p, from (6.2.127(p34) ) we have
Vo = Us = p, (6.2.130)

hence, both (6.2.126(p34)) and (6.2.128(p34)) hold true for ¢ > 0 instead of ¢ > 0, i.e.,

ve(§) = max{{ p,U:}, t2>0, (6.2.131)
Vi = max{p,U:}, =0, (6.2.132)

thus (6.2.131(p.35) ) can be expressed as
vi(§) = max{¢, Vi}, t=>0. (6.2.133)

Accordingly, since E[vi—1(¢)] = E[max{{, Vi—1}] = E[max{& — V;—1,0}] + Vo1 = T(Viz1) + Vi—1 for ¢t > 0 from (5.1.1(p.23)),
we can rewrite (6.2.129(p.3) ) as

Uy = max{\B(T(Vic1) + Vic1) + (1 = N)BVie1 — s, BV }
= max{\BT (Vi—1) + fVi—1 — s, BVi1}

=max{K (Vi_1) + Vi_1,8Vi_1} (see (5.1.4p2))) (6.2.134)
= max{K (Vi-1) + (1 = B)Vi-1,0} + Vi1
= max{L (Vi—1),0} + BVic1, t>0 (see (5.1.8p2))). (6.2.135)

O SOE{M:3[R][A]} can be reduced to (6.2.130(p3) ), (6.2.132(p.33) ), and (6.2.134(p.35) ), listed in Table 6.5.5(p.39) (I). 0

6.2.3.2 M:3[R|[A]
By v:(§) (t > 0) and Vi (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ > 0 with a seller £ and with no seller respectively, expressed as

vo(§) = min{¢, p}, (6.2.136)
vi(§) = min{¢,p, Ui}, t>0, (6.2.137)
Vo = p, (6.2.138)
Vi = min{p, U}, t>0, (6.2.139)

where U, is the minimum of the total expected present discounted cost from rejecting both the price w and intervening quitting
penalty p in (6.2.137(p.35) ) and from rejecting the intervening quitting penalty p in (6.2.139(p.35) ). Then, U; can be expressed as

Uy =min{C: \BE[vt-1(&)] + (1 — N)BVie1 +s, S: fViz1}, t>0. (6.2.140)
Here, letting Uy = p, from (6.2.138(p.35) ) we have

Vo="Uo = p, (6.2.141)

hence, both (6.2.137(p33) ) and (6.2.139(p.35)) hold true for ¢ > 0 instead of ¢ > 0, i.e.,

ve(§) = min{§,p, Ui}, ¢ >0, (6.2.142)
Vi = min{p, U}, t>0, (6.2.143)
thus (6.2.137(p.35) ) can be expressed as ve(§) =min{{,Vi}, ¢>0. (6.2.144)

Accordingly, since vi—1(€) = min{¢,Vi_1} = E[min{€ — V;_1,0}] + Vie1 = T(Vi—1) + Vs—1 for t > 0 from (5.1.11(p.2)), we can
rewrite (6.2.140(p.35) ) as follows.

Uy = min{AB(T(Vie1) + Vic1) + (1 = N)BVie1 + 5, 8Vi—1}
= min{ABT(Vie1) + BVic1 + 5, 8Vi—1}

= min{& (Vi) + Vie1, BVio1}  (see (5.1.1403))) (6.2.145)
= min{K (Vi—1) + (1 — 8)Vs—1,0} + BVi_1
= max{L (V;=1),0} + BVic1, t>0 (see (5.1.14(p23)) and (5.1.13(p23))). (6.2.146)

O SOE{M:3[R][A]} can be reduced to (6.2.141(p3)), (6.2.143(p3) ), and (6.2.145(p3) ), listed in Table 6.5.5(39) (I). [
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6.2.3.3 M:3[P][4]

By v+ (t > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time ¢ with a buyer and with no buyer respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z;. Suppose there exists a buyer at time ¢ = 0 (deadline). Then, the seller must determine whether to accept the
terminal quitting penalty p or to sell the asset to the buyer. Let the p be accepted. Then the profit which the seller can obtain
is p. On the other hand, let the asset be sold to the buyer. Then, since the seller must sell the asset to the buyer due to A2(p.11),
the price o' must be proposed to the buyer, in other words, the optimal price to propose at time ¢ = 0 is given by

20 = a, (6.2.147)

hence the profit which the seller obtains at that time is a. Accordingly, the profit that the seller obtains at time 0 becomes

vo = max{p,a}. (6.2.148)
Next we have
vy = max{p, Hi}, t>0, (6.2.149)
Vo =p, (6.2.150)
Vi = max{p,Us}, t>0, (6.2.151)

where H; and U; are defined as follows. Firstly H; is the maximum of the total expected present discounted profit from
rejecting the intervening quitting penalty p. Since a buyer exists due to the above definition of v: and since the reservation
price (maximum permissible buying price) of the buyer is &, if the seller proposes a price z, the probability of the buyer buying
the asset is given by p(z) = Pr{z < £} (see (5.1.18p24))). Hence we have

H, = mj\x{p(z)z + (1 -pz)Vi} = mgxp(z)(z -V)+Vi=TWV)+V,, t>0 (6.2.152)
due to (5.1.19(p.24) ), implying that the optimal selling price z; which the seller should propose is given by
ze = 2(Vy), t>0, (6.2.153)

due to (5.1.25(p) ). Finally U; is the maximum of the total expected present discounted profit from rejecting the intervening
quitting penalty p. Since no buyer exists due to the above definition of V;, it can be expressed as follows.

Uy = max{C: A\Bvi—1 + (1 = N\)BViz1 — s, S: BVeq}, t>0. (6.2.154)
For t = 1 we have
Ui = maX{Aﬂ’Uo + (1 — )\)ﬂVg — S,ﬂVo}

max{AS max{p,a} + (1 — X\)Bp — s, Bp}
max{\3 max{0,a — p} + Bp — s, Bp}. (6.2.155)

Now, from (6.2.152(p.35) ) we have Hy — Vi = T'(V;) for t > 0, hence from (6.2.149(p.35) ) we have v; — V; = max{p — V;, H, — V;} =
max{p — V;,T(Vi)}--- (1) for t > 0. Since V; > p for t > 0 from (6.2.151(p.36)), we have p — V4 < 0 for ¢ > 0. In addition, since
p(b) = 0 due to (5.1.29 (2) (p) ), from (5.1.19(p24)) we have T(V;) > p(b)(b — V;) = 0. Therefore, since p — V; < 0 < T(V;), from
(1) we have vy — V, = T(W) for t > 0, i.e., ve = T(Vz) + Vs for ¢ > 0, hence vi—1 = T(Vi—1) + Vo1 for t > 1. Accordingly
(6.2.154(p3) ) with ¢ > 1* can be rearranged as

Ur = max{AB(T(Vi-1) + Vi1) + (1 = A)BVie1 — 5, Vi1 }
= max{A\BT(Vi-1) + BVic1 — s, BVi—1}

=max{K(Vi_1) + Vi1, BVi1}  (see (5.1.21(p2))) (6.2.156)
=max{K(Vi—1) + (1 — B)Vi—1,0} + BVi—1
= max{L (Vi_1),0} + AVie1, ¢>1 (see (5.1.21(p2)) and (5.1.20p24))). (6.2.157)

Here, letting Uy = p, due to (6.2.150(p.3) ) we have
Vo = Us = p, (6.2.158)
hence (6.2.151(p.36) ) holds true for ¢ > 0 instead of ¢ > 0, i.e.,
Vi = max{p,Us}, t>0. (6.2.159)

O SOE{M:3[P][A]} is given by (6.2.158(p36) ), (6.2.159(p.3) ), (6.2.155(p36) ), and (6.2.156(p.36) ), listed in
Table 6.5.5(p.39) (IT). [

TThe lower bound of the distribution function for the reservation price (the maximum permissible buying price) of the buyer
Hnstead of ¢ > 0.
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6.2.3.4 M:3[P|[A]

By v, (t > 0) and V; (t > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller and with no seller respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z:. Suppose there exists a seller at time ¢ = 0 (deadline). Then, the buyer must determine whether to accept the
terminal quitting penalty p or to buy the asset from the seller. Let the p be accepted. Then, the cost which the buyer pays at
time 0 is p. On the other hand, let the asset be bought for the buyer. Then, since the buyer must buy the asset from the seller
due to A2(pll), the price b' must be is proposed to the seller; in other words, the optimal price to propose is given by

20 = b, (6.2.160)

hence the cost which the buyer pays at that time is b. Accordingly, the buyer pays at time 0 becomes

vo = min{p, b}. (6.2.161)
Next we have
vy = min{p, H;}, ¢>0. (6.2.162)
Vo =p, (6.2.163)
Vi = min{p, U}, t>0, (6.2.164)

where H; and U; are defined as follows. Firstly H; is the minimum of the total expected present discounted cost from rejecting
the intervening quitting penalty p. Since a seller exists due to the above definition of v+ and since the reservation price (minimum
permissible selling price) of the seller is &, if the buyer proposes the price z to an appearing seller, the probability of the seller
selling the asset for the price z is p(z) = Pr{& < z} (see (5.1.31(p24))). Hence we have

Hy = min{p(z)z + (1 - p(2))Vi} = minp(2)(z = Vi) + Vi = TV))+ Vi, t>0, (6.2.165)
due to (5.1.32(p.24) ), implying that the optimal buying price which the buyer should pay is given by
ze = 2(Vy), t>0, (6.2.166)
due to (5.1.38(p2%5)). Finally U; is the minimum of the total expected present discounted cost from rejecting the intervening
quitting penalty p. Since no seller exists due to the above definition of V%, it can be expressed as follows.
Uy = min{C: Nvi—1 + (1 = N)BVi—1 +s, S: fVi—1}, t>0. (6.2.167)

For t = 1 we have
Uy

min{A\Svo + (1 — \)BVo + 5,8V}

min{AS min{p, b} + (1 — A\)Bp + s, Bp}
min{ A8 min{0,b — p} + Bp + s, Bp}. (6.2.168)

Now, from (6.2.165(p37)) we have H; — V; = T'(V;) for t > 0, hence from (6.2.162(p37) ) we have v; — V; = min{p — Vi, H; — V;} =

min{p — V¢, T(V)}---(2) for t > 0. Since V; < p for ¢ > 0 from (6.2.164(p37) ), we have p — V; > 0 for ¢t > 0. In addition, since
p(a) = 0 due to (5.1.41 (1) (p2)), from (5.1.32(p24)) we have T'(V;) < p(a)(a — Vi) = 0. Therefore, since p — V; > 0 > T(V;), from
(2) we have v, — V; = T(V;) for t > 0, i.e., v, = T(V;) + V; for t > 0, hence v;_; = T(Vi_1) + Vi_1 for t > 1. Accordingly
(6.2.167(p37)) with ¢ > 1 can be rearranged as

Uy = min{\B(T'(Vi—1) + Vic1) + (1 = N)BVic1 + 5, 8Vio1}
= min{ABT(Vi—1) + Vic1) + BVic1 + 5, BVi—1}

= min{K(Vi—1) + Vic1, BVic1}  (see (5.1.34p2))) (6.2.169)
= min{K (Vi-1) + (1 — B)Vi—1,0} + BVi1, t>1
= max{L (Vi_1) + Vi1, BVic1}  (see (5.1.34(p2)) and (5.1.33(p235))) (6.2.170)

Here, letting Uy = p, due to (6.2.163(p37)) we have
Vo = Us = p, (6.2.171)
hence (6.2.164(p37)) holds true for ¢ > 0 instead of ¢ > 0, i.e.,

Vi = min{p,U;}, t>0. (6.2.172)

O SOE{M:3[R][A]} is given by (6.2.171(37)), (6.2.172(37)), (6.2.168(p31) ), and (6.2.169(p37) ), listed in Table 6.5.5(p.39) (IV). [

TThe upper bound of the distribution function for the reservation price (the minimum permissible selling price) of the seller.
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6.3 Search-Enforced-Model

In search-Enforced-model (M:z[X][E] and M:z[X][E] with z = 1,2,3 and X = R, P), a leading-trader needs to take no decision
activity regarding whether or not to conduct the search. This implies that eliminating the terms related to this decision
from the systems of optimality equations in search-Allowed-model (SOE{M:z[X][A]} and SOE{M:z[X][A]}) produces the systems
of optimality equations in search-Enforced-model (SOE{M:z[X][E]} and SOE{M:z[X][E]}). Noting this, from Tables 6.5.1(p.3),
6.5.3(p39), and 6.5.5(p.3) we can immediately obtain the systems of optimality equations for search-Enforced-model, which are
given by Tables 6.5.2(p39), 6.5.4(p.39), and 6.5.6(p.39) .

6.4 Assertion and Assertion System

In general, let us refer to a description on whether or not a given statement is true as the assertion, denoted by A, and as a set
consisting of some assertions as the assertion system, denoted by /. In addition, let us denote an assertion and an assertion
system for a given Model by respectively A{Model} and .7 {Model}.
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Summary of the System of Optimality Equations (SOE)

Model 1
Table 6.5.1: Search-Allowed-Model 1

(1) SOE{M:1[R][A]}

(I1) SOE{M:1[R][A]}

Vi = Bp — s, (6.5.1) Vi =Bu+s, (6.5.3)
Vi = max{K(Vi—1) + Vi—1,BVi—a}, t > 1. (6.5.2) Vi = min{K(Vi—1) + Vio1,BVi1}, t > 1. (6.5.4)
(II1) SOE{M:1[P][A]} (IV) SOE{M:1[P][A]}
Vi = Ba —s, (6.5.5) Vi =Bb+s, (6.5.7)
Vi = max{K(Vi—1) + Vi1, BVi-1}, t > 1. (6.5.6) Vi = min{K (Vi—1) + Vie1, BVio1}, t > 1. (6.5.8)
Table 6.5.2: Search-Enforced-Model 1
(1) SoE{M:1[R][E]} (I1) SOE{M:1[R][E]}
Vi = Bu—s, (6.5.9) Vi = Bu+s, (6.5.11)
Vi=K(Vic1) 4+ Vioa, t> 1. (6.5.10) Vi = K(Vio1) 4+ Vioq, t> 1. (6.5.12)
(II1) SOE{M:1[P][E]} (IV) SOE{M:1[P][E]}
Vi = Ba—s, (6.5.13) Vi = pb+s, (6.5.15)
Vi=KWVic1) + Vi1, t>1, (6.5.14) Vi=K(WVic1) 4+ Viey, t> 1, (6.5.16)
Model 2
Table 6.5.3: Search-Allowed-Model 2
(1) SOE{M:2[R][A]} (I1) SOE{M:2[R][A]}
Vo = p, (6.5.17) Vo = p, (6.5.19)
Vi = max{K(Vi—1) + Vi—1,8Vi—1}, t > 0. (6.5.18) Vv, :min{f((thl)Jthththﬂ’, t>o0. (6.5.20)
(TII) SOE{M:2[P][A]} (IV) SOE{M:2[P][A]}
Vo = p, (6.5.21) Vo = p, (6.5.24)
Vi = max{\B max{0,a — p} + Bp — s, Bp}, (6.5.22) Vi = min{\B min{0,b — p} + Bp + s, Bp}, (6.5.25)
Vi = max{K(Vi_1)+ Vi_1,B8Vi_1}, t > 1. (6.5.23) Vi = min{ K(Vi_1) + Vi1, BVi_1}, t > 1. (6.5.26)
Table 6.5.4: Search-Enforced-Model 2
(1) soE{M:2[R][E]} (I1) SOE{M:2[R][E]}
Vo =p, (6.5.27) Vo = p, (6.5.29)
Ve=K(Vio1)+ Vo1, t>0, (6.5.28) Ve = K(Vic1) + Viea, £ >0, (6.5.30)
(II1) SOE{M:2[P][E]} (IV) SOE{M:2[P][E]}
Vo =p, (6.5.31) Vo = p, (6.5.34)
Vi = ABmax{0,a — p} + Bp — s, (6.5.32) Vi = ABmin{0,b — p} + Bp + s, (6.5.35)
Vi=K(Vio1)+ Vi1, t>1, (6.5.33) Vi = K(Vic1) + Vio, t > 1, (6.5.36)
Model 3
Table 6.5.5: Search-Allowed-Model 3
(1) SOE{M:3[R][A]} (1) SOE{M:3[R][A]}
Vo = Uy = p, (6.5.37) Vo = Up = p, (6.5.40)
Vi = max{p, U}, t >0, (6.5.38) Vi = min{p, U}, t >0, (6.5.41)
Uy = max{K(Vi—1) + Vi1, BViz1}, t > 0. (6.5.39) Uiy = min{K(Vi_1) 4+ Vi_1,BVi_1}, t > 0. (6.5.42)
(1I1) SOE{M:3[P][A]} (IV) SOE{M:3[P][A]}
Vo = Uy = p, (6.5.43) Vo = Up = p, (6.5.47)
Vi = max{p, U}, t >0, (6.5.44) Vi = min{p, U}, t >0, (6.5.48)
U, = max{A\Bmax{0,a — p} + Bp — s, Bp}, (6.5.45) Uy = min{\B min{0,b — p} + Bp + s, Bp}, (6.5.49)
U = max{K(Vi_1) + Vi1,BVi1}, t > 1. (6.5.46) Up = min{K(Vi1) + Vie1, BVio1}, t > 1. (6.5.50)
Table 6.5.6: Search-Enforced-Model 3
(I) SOE{M:3[R][E]} (1) SOE{M:3[R][E]}
Vo =Uo = p, (6.5.51) Vo = Uo = p, (6.5.54)
Vi = max{p,Us}, t >0, (6.5.52) V; = min{p, U}, t >0, (6.5.55)
U =K(Vio1) +Viog, t>0. (6.5.53) Ug = K(Vi_1) + Vi1, t > 0. (6.5.56)
(1) SOE{M:3[P][E]} (IV) SOE{M:3[P][E]}
Vo =Uo = p, (6.5.57) Vo = Uy = p, (6.5.61)
Vi = max{p,U:}, t >0, (6.5.58) Vi = min{p, U}, t > 0, (6.5.62)
Ui = ABmax{0,a — p} + Bp — s, (6.5.59) U; = ABmin{0,b — p} + Bp + s, (6.5.63)
Ug=K(\Vic1)+ Vioq, t> 1. (6.5.60) U, = R(‘/t—l) L Vi, t> 1. (6.5.64)
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Chapter 7

Optimal Decision Rules

7.1 Points in Time

This section presents the structure of the optimal decision rules for the 24 models in Table 3.2.1(p.17). Before that, let us note
here that the optimal decision rules for these models are closely related to the following four points in time (see H1(ps)).

(1)  Recognizing time t,,

(2) Starting time T,

(3)  Initiating time t;,

(4) Deadline 0, the terminal (final) time point of the asset trading problem (see Hlc(ps)).

In H1(p3), letting ¢, = 0, we numbered the time points as ¢, = 0,1,2,--- ,§ toward the deadline § (see Figure 1.5.1(p8)). On
the contrary, in the whole discussions that follows throughout this paper, as shown in Figure 7.1.1(p4l) below, letting § = 0, we
renumber the time points as t,, t, — 1, -+, 2, 1, 0 = § toward the starting time ¢.. It will be known later that this numbering

is convenient in describing the system of optimality equations and analyzing problems.

recognizing time starting time initiating time deadline
4L—'—'—'—L—.—'—'—‘—'—.—.—'—'—'—.—.—'—'—'—L—>
‘. .. - .. t: .. 5—0

Figure 7.1.1: Four points in time

As seen from the above figure we have
tr>7172>t;>0=0. (7.1.1)

In order to further move on, we must define the following point in time.
(5)  Quasi deadline dy.

a. In Model 1, if the initiating time ¢; = 0, then since there exists no buyer at time 0, the process must stop without
selling the asset at that time, which contradicts A2(pll), hence this is not is permissible, thus we have t; > 0. Then, let
us define 6; = min{t; | t; > 0} = 1.

b. InModels 2/3, if t; = 0, there exists no buyer at time 0; however, the process can stop by accepting the terminal quitting
penalty price p at that time, hence this is permissible, thus we have ¢; > 0. Then let us define §; = min{¢; | t; >0} =0.

The §, defined above is the smallest of all conceivable initiation times ¢;’s, called the quasi deadline. Then we have

The above five points times (1-5) can be schematized as the figures below.

quasi deadline

recognizing time starting time initiating time deadline
—L—c—o—o—‘—o—'—o—‘—o—o—'—'—o—o—o—'—l—‘—b Model 1

‘. to—1 t=t, Sq=1 5=0
quasi deadline
recognizing time starting time initiating time deadline
—L—o—o—o—‘—o—o—o—‘—o—o—o—o—o—o—o—o—o—‘—» Model 2/3
P to— T t=t, 5=0
6g =0

Figure 7.1.2: Six time points in the asset trading process
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7.2 Four Types of Decisions Rules

Below let us provide the strict definitions for the five decision rules prescribed in Section 3.4(p.18).
7.2.1 Whether or Not to Accept the Proposed Price
This is the decision only for R-mechanism-model. Below let us represent

Accept a price £ at time ¢ by Accept,(¢), (7.2.1

\]
— —

Reject a price { at time ¢ by Reject,(¢).

First, in the selling model, if a buyer appearing at a time ¢ has proposed a buying price &, then from (6.2.2(p.27)) we have
&> (L) Vi = Accept,(£) (Reject,(£)). (7.2.3)

Similarly, in the buying model, if a seller appearing at a time t has proposed a selling price &, then from (6.2.16(p.%8)) and
(6.2.77(p32) ) we have

£ < (2) Vi = Accept,(€) (Reject,(€)).
Then, we refer to the V; as the optimal-reservation-price, opt-R-price for short.

7.2.2 What Price to Propose

This is the decision only for P-mechanism-model. In the selling model, the optimal selling price which a seller (leading-trader)
should propose at a time t is given by

ze = z(Vi)  (see (6.2.34(p29)) and (6.2.94(p.33))).

Similarly, in the buying model, the optimal buying price which a buyer (leading-trader) should propose at a time ¢ is given by

2zt = z(Vi)  (see (6.2.50(p30)) and (6.2.111(p34))).

Then, we refer to the z; as the optimal-posted-price, opt-P-price for short.

7.2.3 Whether or not to Conduct the Search

This is the decision only for the search-Allowed-model (see (A5b(p.12) ). Then, its decision rule is given by (6.2.9(p.3) ), (6.2.23(p.29)),
(6.2.39030)), (6.2.55(30)), (6.2.70(p31)), (6.2.85(p32) ), (6.2.102(p33) ), and (6.2.119(p31)).

Remark 7.2.1 (Conduct--Skip (C~S) (see Figure 2.2.3(p12))) Consider Model 1. Figure 7.2.1(p42) (I) below sketches the case
that the search-Conduct starts at the optimal initiating time t; and continue up to the quasi-deadline é, = 1 so long as the
process does not stop. Contrary to this, Figure 7.2.1(p42) (II) schematizes the case that the search-Conduct starts at the optimal
initiating time ¢}, continues for a while, and switches to the search-Skip at a certain point in time ¢’ > §, = 1; it will be known
later on that this is possible in fact although being a very rare case. Let us represent the case as Conduct~-Skip, simply C~S
(Def.2.2.1p12)). O

recognizing time starting time optimal initiating time quasi deadline §,
Y S D GGG D DU
¢9) A
tp tp—1 -+ T T—1 - A, | 1 0

recognizing time starting time optimal initiating time quasi deadline d4
4'—‘—'—'—‘—'—'—'—'—'—‘—.—0—'—'—‘—'—'—'—'—‘—'—»
(1) — ;
tp tp—1 -+ T T7—1 - toot;—1 .- t ot =1 - 1 0
+
search-Conduct search-Skip
(Conduct~-Skip)

Figure 7.2.1: Conduct--Skip (C~S)

Q© Alice 2 (jumble of intuition and theory) Herein, Alice was hit by the following question. Suppose that Sy < 0 at a
time t (see (6.2.12(p%))), i.e., the search-skip becomes strictly optimal at that time (Skip,.). Then, since max{S, 0} = 0, we
have Vi = BVi—1 from (6.2.8(p%)), implying that initiating the process at time t becomes indifferent to initiating the process at
time t — 1, nevertheless, the search skip is strictly optimal! After having mumbled, letting out a strange noise “Is this a little
bit funny 77, she gave a shout “Such a laughable affair 1”. Then, Dr. Rabbit again appeared and pedantically told to Alice “The
above two results are both ones based on a theory of mathematics, but your confusion is caused by an intuition; there does not exist
any logical relationship between the two! Well- - - your confusion is what is caused by a jumble of intuition and theory!!”, and he
again disappeared down the hole as murmuring “Oh dear! Oh dear! | shall be too late for the faculty meeting!”. 1
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7.2.4 When to Initiate the Process (Optimal Initiating Time)

Below let us consider only a selling problem (For a buying problem it suffices to change the direction of related inequalities and
to change “max” into “min”).

7.2.4.1 Optimal Initiating Time
Suppose that the process has reached the starting time 7 and the seller (leading-trader) has determined to initiate the process
at a given initiating time ¢; after that (v > t; > d4), i.e., 7 — t; periods hence. Then, the total expected present discounted
profit at the starting time T is given by

IHE TN >t >4, (7.2.4)

See (6.2.3(p27)) and (6.2.4(p.27)) for the definition of V;,. Then, by t% let us denote ¢ maximizing I¥ on 7 > t; > 4, i.e.,

Iﬁ: = _max Ik or equivalently If; >Ih, 7>t>4, (7.2.5)
T>t; > q

Let us call the ¢} the optimal initiating time, denoted by 0IT,(t}),. If

I > Ib for t; # 1t (7.2.6)

then it is called the strictly optimal initiating time, denoted by 0IT,(t}),.

Remark 7.2.2 (strict optimality 1) Suppose that the initiating time ¢} is strictly optimal. Then, since Ii: > I?il, we

have 87 Vie > ﬂTﬁt:HVt;,h hence Vix > BVix—1. Now, since Vix = max{S;x,0} + BV:x_1 from (6.2.8(p2)) with ¢t = t7, we
have max{S;:,0} > 0, hence S;x > 0. Accordingly, we have Conduct;, due to (6.2.12(p%)), i.e., it becomes strictly optimal to
conduct the search, or equivalently, it follows that it is not allowed to skip the search. [

Throughout the paper, let us employ the following preference rule.

Preference Rule 7.2.1  Let It = It™! for a given t. Then, the seller (leading-trader) prefers t — 1 to t as the initiating time,
implying that “Postpone the initiation of the process so long as it is not unprofitable to do so.” [

7.2.4.2 p-adjusted sequence Vj(,

First, let us denote the sequence consisting of V-, Vz_1, Vi—2, -+, V5, by
‘/[T] d;f{VTyVT—lva—QW" 7V5q}7 (727)
called the original sequence and let
tY = arg max Vi, = argmax{V,,Vr 1, Vr 2, ,V5,}. (7.2.8)
Next, let us denote the sequence
VB[T] d;f {VT’BVT—L /82‘/7'—27 e 767_6(1‘/5:1} = {]:7 I‘:_la I:_Q7 e vaq}7 (729)

called the B-adjusted sequence of Vi;j. By definition, the optimal initiating time ¢ is given by t attaining the maximum of
elements within 3-adjusted sequence Vg, i.e.,

tr = argmax V[, = arg max{V;, 8Vs_1,B*Vs_o,--- 700 Vsg}- (7.2.10)

Note here that the monotonicity of the original sequence V{;] is not always inherited to the S-adjusted sequence Vg (see
Section A 5.2.2(p.27)).

7.2.4.3 Three Possibilities
Below let us define the three types of the optimal initiating time (0IT).

(A) Degeneration to the starting time 7
Let t7 = 7, i.e., it is optimal to initiate the process at the starting time 7, denoted by ®. Then, the optimal initiating
time t; is said to degenerate to the starting time 7, represented by ®(r)s (®, for short). If the optimal initiating time
tr is strict (see (7.2.6(p43))), it is called the strictly degenerate OIT, represented by ®-(7). (®. for short).

(B) Non-degeneration (7 >t > &)
Let 7 > t5 > dq4, i.e., the optimal initiating time is between the starting time 7 and the quasi deadline d4, denoted by ©.
Then, the optimal initiating time ¢} is said to be the non-degenerate 0IT, represented by ©-(t:)s (@, for short). If

D=1 = =17 >l (7.2.11)
then it is said to be the indifferently non-degenerate 0IT (see Preference Rule 7.2.1(p43) ), represented by ©-(t:); (©) for

short). If [? > I for all t; # t, then it is said to be the strictly non-degenerate 0IT, represented by ©-(t:). (©. for
short).
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(C) Degeneration to the deadline J,

Let t7 = §4 = 1(0) for Model 1 (Model 2/3), i.e., the optimal initiating time is the quasi deadline d4, denoted by @. Then,
the optimal initiating time ¢} is said to degenerate to the quasi deadline dq, represented by @ -(5;)» (@, for short). If
its optimality is strict, then it is called the strictly degenerate OIT, represented by @-(5,). (@ . for short). If

]::]:*1:...217 (1)

then the degeneration is said to be indifferent, represented by @-(5,); (@ for short).
7.2.4.4 Null-Time-Zone
In this section let us raise a perplexing question caused by the optimal initiating time t;. Here, let 7 > t7, i.e., the optimal
initiating time t; is not the starting time 7 (see Figure 7.2.2(p44) below), implying that no decision-making action is taken at
every point in time ¢t = 7,7 — 1,--- ;7 + 1. Let us refer to each of 7,7 — 1,--- ;7 + 1 as the null time point and the whole of
these time points as the null-time-zone, denoted as Null-TZ.

Null-TZ = (7,7 —1,--- ,t5 +1).

recognizing time starting time optimal initiating time (0IT) quasi-deadline d4
e e e e e e e e e e e e e+« L |+ time
t, T T—1 --- tr4+1 tr t;—1 1 0
deadline

null-time-zone (Null-TZ)
Figure 7.2.2: Null-time-zone in Model 1 with §; = 1 (Null-TZ)

The above event implies that, if not noticing the existence of Null-TZ, we unwittingly or unconsciously might have continued
to fall into the senselessness of engaging in unnecessary decision-making activities over these points in time.

7.2.4.5 Deadline-Engulfing

Q Alice 3 (black hole)  Hereupon, Alice supposed “If the optimal initiating time t; degenerates to the deadline (time 0), then
what will ever happen ?”, and screamed out “If so, it follows that don't conduct any decision-making activity up to the deadline !; If
that happens, the whole of decision-making activities which are scheduled at the starting time T come to nought as if being engulfed

in the deadline!”. Alice was heavily nonplused and cried “It ---, it is the same as that black hole into which all physical matters,
even light, are squeezed into! If so, -- -, a decision process with an infinite planning horizon vanishes away in time toward an infinite
future! Oh dear!! Oh dear !l --- 7 She hunkered down, and then buried her head in her hands. Then, Dr. Rabbit again appeared

and told to her a little bit ungraciously “This is an undeniable conclusion that is theoretically derived !,” and he disappeared down
the hole as murmuring “Oh dear! Oh dear! | shall be too late for the faculty meeting!” 1

O Ezample 7.2.1 We showed in Tom 20.2.4(p1%) (d2i) that @->0(0). (@.) occurs in fact under the condition of “g < 1, s > 0,
p>Tr,p> 2,k <0, [

O Ezample 7.2.2 We demonstrated in Pom 20.2.1(p.1%) (b) that @->0(0); (@) occurs in fact under the condition of “a > 0,
B=1,5=0,and p > b’. What should be noted here is that this event is possible even on the simplest condition of 8 = 1 and
s=0. 0

In this paper, let us refer to “the event of being engulfed in the deadline” as “deadline engulfing”, represented by @-engulfing.
This situation can be depicted as the two figures below.
optimal initiating time @ -r>1(1)

s e St e @ |
- *

tr tr—1 -+ T T-—1 th=1 0

T

null-time-zone (Null-TZ)

Figure 7.2.3: Deadline engulfing (@) for Model 1

optimal initiating time @ ->1(0)

tr tp—1 --- T t; =0

null-time-zone (Null-TZ)

Figure 7.2.4: Deadline engulfing (@) for Model 2/3

Later on we will demonstrate that the @-engulfing is not a rare event but a phenomenon which is very often possible; amazingly,
it can occur even in the simplest case “8 =1 and s = 07 (see Pom’s 20.2.1(p.194), 20.2.5(p.197) , 20.2.9(p.207) , and 20.2.17(p213) ). Taking
this fact into consideration, we will inevitably be led to the re-examination and rewriting of the whole discussion that have been
conventionally made so far for all decision processes, including Markovian decision processes [5,Howard] (see Section A 5(p.256) ).
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7.3 Mental Conflicts

Below consider only a selling problem (For a buying problem, it suffices to change the direction of its monotonicity). In addition,
below, by opt-R/P-price (V;/z:) let us represent the collective term of

[
~—

opt-R-price (V;) (optimal-reservation-price (see Section 7.2.1(p42))) (7.3.

no
~

opt-P-price (2:) (optimal-posted-price (see Section 7.2.2(p42))). 7.3.
pt-P-price (2¢) (op P P ( (b42)

One of our main concerns on the opt-R/P-price (V;/z:) is its monotonicity.

7.3.1 Normality
Suppose that the monotonicity over the entire planning horizon is

o nondecreasing in ¢ (see Figure 7.3.1p45) (I)) or
o nonincreasing in ¢ (see Figure 7.3.1(p.45) (I)).

opt-R/P-price (Vi/z) opt-R/P-price (Vi/z)

Figure 7.3.1: Normal Mental Conflict

Remark 7.3.1 (normal mental conflict) The above monotonicity of the opt-R/P-price reflects the mental conflict of
decision-maker that was presented within Ezamples 1.4.1(p6) - 1.4.4(p6). This mental conflict can be restated as follows. As the
deadline approaches,

o a seller becomes “selling spree” in the selling problem.
o a buyer becomes “buying spree” in the buying problem.

Let us refer to this mental conflict as the normal mental conflict. [

7.3.2 Abnormality
Suppose that the monotonicity over the entire planning horizon shifts
o from “nondecreasing” to “nonincreasing” in t (see Figure 7.3.2(p.45) (1)) or

o from “nonincreasing” to “nondecreasing ”in ¢ (see Figure 7.3.2(p45) (I)).

Remark 7.3.2 (abnormal mental conflict) The above monotonicity of the opt-R/P-price reflects the mental conflict stated
below. As the deadline approaches

o A seller shift from “selling spree” to “buying spree”in the selling problem.
o A buyer shift from “buying spree” to “selling spree” in the buying problem.

Let us refer to this mental conflict as the abnormal mental conflict. 0

opt-R/P-price (Vz/zt) opt-R/P-price (V3/z)

Figure 7.3.2: Abnormal Mental Conflict
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Chapter 8

Conclusions of Part 1 (Introduction)

The whole discussions over Chaps. 1(p3) - 7(p4l) are summarized as below.

Cl1.

C2.

C3.

C4.

C5.

Cé6.

cT.

Two motives

Behavior of human-beings, whether a little action or a significant one, often starts with subtle motives. Also in an early
stage of this study, the authors observed similarities in definitions between selling problem and buying problem as well as
resemblances in logics between methodologies used to analyze the two problems. This observation led us, before long, to
the motives with the following two questions (see Section 1.2(p4)): (1) Is a buying problem always symmetrical to a selling
problem ? and (2) Does a general theory integrating quadruple-asset-trading-problems exist ¢ This study, spanning over
near half a century, was inspired by the desire to answer the above two questions. Our final conclusions are “No” for (1)
and “Yes” for (2).

Philosophical background

Refer to Section 1.3(p4) for the philosophical background of “how and why we came to perceive a decision theory as physics”.
For further deep implication of this philosophy, see C2(p.233).

Structuration of problems

Before delving into the core of the study, we clarified the general structure of asset trading problems (see Section 1.4(p5)),
which gave rise to the concepts of the quadruple-asset-trading-problems (see Section 1.4.5(p.7)) and the structured-unit-of-
problems (see Section 3.3(p.18) ). One of the key points in this paper is not to discretely and individualistically analyze problems
included in the structured-unit-of-problems but to systematically and comprehensively examine the interconnectedness
among these problems by using the integrated theory in Part 2(p.49).

Assumptions

In Section 2.2(p.11) we presented the eleven assumptions, Al(p.ll) - Al1(p.13), which become necessary for providing strict
definitions of all models for asset trading problems included in the structured-unit-of-problems Table 3.2.1(p.17). The two
of them, A5(p.11) (search-Enforced-model and search-Allowed-model) and A7(p12) (quitting penalty price), are all what are
first introduced in this paper. The former, A5(pll), is introduced from the realistic requirement and the latter, A7(p.12), is
inevitably configured from the assumption A < 1.

Underlying functions.

The systems of optimality equations (see Chap. 6(p.27) ) for all models in Table 3.2.1(p.17) are expressed by using the underlying
functions T, L, K, and £ (see Chap.5(p.2)). Now, the function T has been often defined and used thus far in the fields of
mathematical statistics, operational research, and economics (see [1,DeGroot]). However, the introduction of the remaining
functions L, K, and L (see (5.1.3(p23)) - (5.1.5(p.23) )) is presumably first in this paper. The properties of these functions are
consistently utilized in the analyses of these models. All properties of them (see Lemmas 10.1.1(p.33) - 10.3.1(p57) ) were derived
through the repeated arrangement and rearrangement, as if solving a jigsaw puzzle, of many results that were obtained
from the mathematical analyses of various models over more than ten years.
Optimal initiating time

Guided by the philosophical background in C2(p47), we came to regard human beings as real entities that scientists study
as their research objects, and an unconscious recognition that there is no physical existence devoid of the time concept led
us to the four time points: recognizing time, starting time, initiating time, and deadline (see H1(p3) and Section 7.1(pdl)).
Especially noteworthy one among the above four time point is the initiating time, which leads us to the optimal initiating
time (OIT) (see Section 7.2.4.1(p43)). This yields three kinds of time points: starting time (®), non-degenerate time (©),
and deadline (@) (see Section 7.2.4.3(p43)).

Null-time-zone and deadline-engulfing

The optimal initiating times © and @ inevitably gives rise to the events of null-time-zone (see Section 7.2.4.4(p44)) and
deadline-engulfing (see Sections 7.2.4.5(p44)). What is furthermore remarkable is that the existence of the two optimal
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initiating times are not rare but rather frequent (see 22.2% and 33.4% in Table 22.0.1(p229) ). Moreover, it should be also
emphasized that ©, and @, (strictly optimal) can occur although at the very small rates of 2.6% and 3.2% respectively
(see Table 22.0.1(p229)). Lastly, note that the existence of the above two events suggests the need for a comprehensive re-
examination and rewriting of all results derived in the conventional investigations of decision processes without incorporating
the concept of the optimal initiating time.

Mental conflict

As illustrated in Ezamples 1.4.1(p6) - 1.4.4(p6), although the normal mental conflict experienced by a leading-trader (see Re-
mark 7.3.1(p45) ) can be intuitively understood, the abnormal mental conflict (see Remark 7.3.2(p.45) ) is hard to immediately
grasp, which is possible (see C1b2(p.229) ).

Discount factor for cost
While the interpretation concerning the economic implication of the interest rate r and the discount factor g for profit
is very easy and simple, surprisingly enough, to the best of the authors’ knowledge, we have no reference which gives a

persuasive explanation for the implications of the interest rate r and the discount factor g for cost. We provided a clear
interpretation for this issue in Section 2.3(p.13).
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Chapter 9

Overview

9.1 Bird’s-Eye View of Integrated Theory

Figure 9.1.1(p5l) below provides a bird’s-eye view of the flow of discussions which constructs the integrated theory in this Part.

Chap. 10(p.53)
(Underlying Functions)
i\
Chap. 11(p.59) Chap. 12(p67)
(Proof of &/ {M:1[R][A]}) | Symmetry Theorem (R < R)
(Derivation of 7 {M:1[R][A]})
Chap. 15(p.109)
Aprp Apr Az p AL — Analogy Theorem (R > P)
(Connection of o7 {M:1[R][A]} and < {M:1[P][A]})
Chap. 13(p87) Chap. 14(p.99)
Analogy Theorem (R > P) Pa—— Symmetry Theorem (P > P)
(Derivation of o {M:1[P][A]}) (Derivation of <7 {M:1[P][A]})

Figure 9.1.1: The flow of the construction of the integrated theory

The above figure presents the following:

o In Chap. 10(p53), lemmas and corollaries for underlying functions are proven.

o In Chap. 11(p9), &/ {M:1[R][A]} is proven by using the results in Chap. 10(p.53).

o In Chap. 12(p7), the symmetry theorem (R < R) is proven, by which <7 {M:1[R][A]} is derived form .7 {M:1[R][A]}.
o In Chap. 13(p87), the analogy theorem (R < P) is proven, by which &/{M:1[P][A]} is derived form </ {M:1[R][A]}.

o In Chap. 14(p%), the symmetry theorem (P <> P) is proven, by which & {M:1[P][A]} is derived form & {M:1[P][A]}.

o In Chap. 15(p109), the analogy theorem (R « P) is proven, by which & {M:1[R][A]} and </ {M:1[R][A]} are connected.

9.2 Connection with Both Directions
In the flow of Figure 9.1.1(p51) above we should note the following:

o It is only |&/{M:1[R][A]}| that is directly proven.

o The remaining three gf{l\?l;l[R} [A]}) |/ {M:1[P][A]}|, and gf{l(/l;l[]}l’] [A]}| are derived by applying operations S g, Ar-p, and
Spp to | {M:1[R][A]}]

o The above four boxes are connected with both directions (++ J). This interrelationship implies that any given box can be

derived from any other box by applying operations Sg_z, Sg-r, Sp-p, Sp-p, Arop, Apor, Az-s, and As_z (see (18.0.1(p1%)) -
(18.0.8(p.128) ).

o1
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Chapter 10

Properties of Underlying Functions
This chapter examines the properties of underlying functions Tk, Lr, Kr, and Lr and the sg-value (see (5.1.1(p.23))-(5.1.6(p23))),
which are used to clarify the properties of the optimal decision rules for M:1[R][A] (see Chap. 11(p59)).

Definition 10.0.1 (A{Xr}and &/{Xr}) Let us denote an assertion on Xg = Tk, Lr, Kr,Lr, kz by A{Xr} and an assertion
system consisting of some assertions A{Xr}’s by &{Xr}. 0

10.1 Primitive Underlying Function Ty

To begin with, let us prove the following lemma for the assertion system <7 {7k }.

Lemma 10.1.1 (&{Trx}) Forany F € 7

(a) T(x) is continuous on (—o0,0).

(b) T(z) is nonincreasing on (—oo, 00).

(¢) T(x) is strictly decreasing on (—o0,b].

(d) T(z)+ x is nondecreasing on (—o0,00).

(e) T(z)+ z is strictly increasing on [a, o).

(f) T(z)=p—z on(—oo,a] and T(x) > u—z on (a,00).
(g) T(z)> 0 on (—oo,b) and T(x) =0 on [b, c0).

(h) T(z) > max{0,u —z} on (—o0,0).

(i) T()=pifa>0andT(0)=01ifb<0.

() BT(z)+ x is nondecreasing on (—oo,0) if B = 1.

(k) BT (x)+ x is strictly increasing on (—oo,00) if B < 1.
1) Ifzx<yanda<y, then T(z)+z < T(y)+y.
(m) ABT(ABu — s) — s is nonincreasing in s and strictly decreasing in s if A8 < 1.
m) a<uwpt O

® Proof First, for any x and y let us prove the following two inequalities:
—(@—y)(A-F) <T(@)-T(y) < —(z-y)1-F=)) (1), (10.1.1)
(z—y)Fy) <T(x)+2-T(y) —y < (z—y)F(z)---(2). (10.1.2)

Then, let T(z,y) £ E[(& — z)I(§ > y)] for any = and y.* Since 1 > I(¢ > y) > 0 and since max{£ — 2,0} > 0 and
max{€ — z,0} > & — z, we have

max{§ — x,0} > max{§ —z,0}/(§ > y) = (§ — 2)I(§ > ),
hence from (5.1.1(p23) ) we get T(z) > E[(§ — )I(§ > y)] = T(x,y). Accordingly, for any « and y we have
T(z) = T(y) = T(x,y) - T(y) = E[(§ —2)I(§>y)] - E[(§ —y)I(§>y)l=—(z—y)E[(§>y)]
Since I(€ < y) + I(€ > y) = 1, we have

T(x)=T(y) 2 —(z—y)(EL-1(§ <y)]) = —(z—y)(1 - E[I(§ <y))).

Then, since

E[I(€ <y)]= [T 1<y f(dE = [" 1x f(§)ds= [?  f(§)ds =Pr{€ <y} = F(y),

we have T'(x) — T(y) > —(z — y)(1 — F(y)), hence the far left inequality of (1) holds. Multiplying both sides of the inequality
by —1 leads to —T(z) + T(y) < (z — y)(1 — F(y)) or equivalently T'(y) — T(z) < —(y — z)(1 — F(y)). Then, interchanging the

TThe self-evident assertion is intentionally added here in order to keep the consistency with Lemma 13.2.1(p91) (n).
tIf a given statement S is true, then I(S) = 1, or else I(S) = 0.
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notations z and y yields T(x) — T'(y) < —(z — y)(1 — F(z)), hence the far right inequality of (1) holds. (2) is immediate from
adding = — y to (1). Let us note here that 7'(z) defined by (5.1.1(p.33)) can be rewritten as

T(z) = Emax{§ — z,0}I(a < §)] + E[max{§ — z,0}I1(§ < a)---(3), (10.1.3)
= E[max{€ — 2,0}I(b < £)] + E[max{§ — z,0}(£ <b)]--- (4). (10.1.4)

(a,b) Immediate from (5.1.1(p.23)) and from the fact that max{& — z,0} is continuous and nonincreasing in = € (—o0, co0) for
any given &.

(¢) Lety < x <b, hence z —y > 0. Then, since F(z) < 1 due to (2.2.1(1,2) (p.13)) we have —(z — y)(1 — F(z)) < 0, hence
T(z)—T(y) < 0due to (1), so T(x) < T(y), i.e., T(x) is strictly decreasing on = < b--- (5). Let us assume T'(z) = T(b) on = < b.
Then, for any sufficiently small € > 0 such that b — 2z > 2¢ we have b > b—¢ >z +¢ > x, hence T(b) = T(z) > T(b—¢) > T(b)
due to the strict decreasingness shown above and the nonincreasingness in (b), which is a contradiction. Thus, it must be that
T(xz) # T(b) on x < b, so T(x) > T(b) or T(z) < T(b) on z < b. However, the latter is impossible due to (b), hence it must
follow that T'(z) > T(b) on = < b. From this fact and (5) it follows that T(z) is strictly decreasing on z < b, or equivalently
T(z) is strictly decreasing on (—oo, b].

(d) Evident from the fact that T(z) + 2 = E[max{&,z}] from (5.1.1(p.23) ) and max{&,x} is nondecreasing in z for any &.

(e) Leta <y <z, hence F(y) > 0 due to (2.2.1(2,3) (p.13)). Then, since (z — y)F(y) > 0, we have 0 < T'(z) + =z —T(y) +y
from (2) | hence T(y) +y < T(x) + , i.e., T(x) + x is strictly increasing on a < z---(6). Let us assume T(a) +a = T(x) + =
on a < x. Then, for any sufficiently small € > 0 such that © —a > ¢ we have ¢ < a4+ ¢ < z, hence T(a) + a = T(z) + = >
T(a+¢e)+a+e > T(a)+a due to the strict increasingness shown above and the nondecreasing in (d), which is a contradiction.
Thus, it must be that T'(z) +x # T(a) +a on a < z, so we have T(z) +x > T(a)+a or T(z)+z < T(a)+a on a < x. However,
the latter is impossible due to (d), hence it must follow that T'(z) 4+ 2 > T(a) + a on a < z. From this fact and (6) it inevitably
follows that T'(z)+ is strictly increasing on a < z, i.e., T(z) + x is strictly increasing on [a, 00).

(f) Let z <a. Ifa <, then z <&, hence max{€ — z,0} = & —x and if £ < a, then f(§) =0---(7) due to (2.2.3(1) (p.3)).
Thus, from (3) we have T(z) = E[(§ — z)I(a < £)] + 0. Then, since E[(€ —2)I(£ < a)] = [* (€ — ) f(£)dE = 0 due to (7), we

have ~
T(z) = E[€-2)l(a<f+ E[(-0)(§ <a)]=E[-2)(I(e<+ I <a)]=Ef-2]=pn-uz,
hence the former half is true. Then, since T'(a) = p — a or equivalently T'(a) + a = p, if a < z, from (e) we have T(x) + = >

T(a) + a = u, hence T(x) > p — x, thus the latter half is true.

(g) Letb<uz Ifb<§g, then f(€) =0 due to (2.2.3(3)(p.3)), hence E[max{€ —z,0}I(b< &)] =0 and if £ <D, then & < z,
hence max{€ — z,0}/(¢£ < b) = 0, so E[max{€ —z,0}/(¢£ < b)] = 0. Accordingly, from (4) we have T(z) = 0---(8), so the
latter half is true. Let # < b. Then, since T(z) > T(b) from (c) and T(b) = 0 from (8) , we have T(z) > 0, hence the former half
is true.

(h) Since T(z) > p— z on (—o0,00) from (f) and T(z) > 0 on (—oo,00) from (g), it follows that 7'(z) > max{0,ux — =} on
(_007 OO)

(i) From (5.1.1(p2)) and (2.2.3(1,3) (p.13)) we have T(0) = E[max{£,0}] = E[max{&,0}I(a < & <b)]. Hence, if a > 0, then
7(0)= E[¢l(a <€ <)) = E[{] = pand if b <0, then T'(0) = E[0I(a <& < )] =0.

(j) I B =1, then BT (z) + x = T(x) + =, hence the assertion is true from (d).

(k) Since fT(z) +z = (T (z) + z) + (1 — B)z, if B < 1, then (1 — B)x is strictly increasing in z, hence the assertion is true
from (d).

() Letz<yanda<y. Ifz<a,then T(z)+z<T(a)+a<T(y)+y due to (de), and if a < z, then a < = < y, hence
K(z)+z < K(y) + y due to (e). Thus, whether x < a or a < z, we have T'(z) + z < T'(y) + y

(m) From (5.1.1(p.23)) we have

ABT(ABp —s) —s = ABE[max{€ — \Bu+ 5,0} —s
E[max{\8¢ — (\B)*1+ ABs,0}] — s
Emax{A8¢ — (A8)s — (1 = AB)s, =5},

which is nonincreasing in s and strictly decreasing in s if A < 1.
(n) Evident. I

10.2 Derivative Underlying Functions
First let us define

§=1-(1-X8 (10.2.1)

Then, since 0 < <1 and 1 > XA > 0, we have

§>1—(1—=AN)X1=A>0---(1), 6<1—-(1—=A)x0=1---(2). (10.2.2)
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Now, from (5.1.3(p23)) and (5.1.4(p.3)) and from Lemma 10.1.1(p33) (f) we obtain

. { =A\Bp—s— APz on (—oo,a] -+ (1), (10.2.3)
> ABu—s— A3z on (a,00) -+ (2),
K (2) { =\Bu—s—90x on (—oo0,a] ---(1), (10.2.4)
> Ap—s—o0x on (a,00) ---(2).
In addition, from (5.1.4(p.23)) and Lemma 10.1.1(p33) (g) we have
{ >—(1-8)z—son (—o0,b) ---(1),
K (z) (10.2.5)
=—(1—ﬁ)x—son [b,OO) (2)7
from which we obtain
K(x)+xz>pPx—s on (—o0,00). (10.2.6)
Then, from (10.2.4 (1) (p5)) and (10.2.5 (2) (p55)) we get
K(z)+a= { Mu—s+(1=Mbzon (—eo.a] (L), (10.2.7)
Bx —s on [b,o0) - (2).

From (5.1.8p23)) we have K (z) = L(z) — (1 — 8)z and L (z) = K (z) + (1 — B)x. Accordingly, if x; and =x exist, then we get
K(xzp)=—-1-=p)zc --- (1), L(zx)=(01-B)zk - (2). (10.2.8)

Lemma 10.2.1 (&/{Lr})

(a) L(x) is continuous.

) L(x) is nonincreasing on (—o00,00).

) L(x) is strictly decreasing on (—o0,b).

(d) Lets=0. Then z =b where z. > (<) z & L(z) > (=)0 = L(z) > () 0.

) Lets>0.
1.  xp uniquely exists with xL < b where . > (= (<)) z < L(z) > (= (X)) 0.
2 (\p—9)/M<(>)as o =(>) Mu—s)/A8. D

® Proof (a-c) Immediate from (5.1.3(p23)) and Lemma 10.1.1(p.53) (a-c).

(d) Let s = 0. Then, since L(z) = ABT(z), from Lemma 10.1.1(p.53) (g) we have L(z) > 0 for b > z and L(z) = 0 for
b <z, hence x, = b by the definition of x. (see Section 5.2(p.2%)(a)), thus . > (<) z = L(x) > (=) 0. The inverse is true by
contraposition. In addition, since L (z) =0 = L(z) <0, we have L(z) > (=) 0 = L(z) > () 0.

(e) Lets>0.

(el) From (10.2.3 (1) (p5)) and from A > 0 and S > 0 we have L (z) > 0 for a sufficiently small z < 0 such that z < a. In
addition, we have L (b) = ABT(b) — s = —s < 0 due to Lemma 10.1.1(p33) (g). Hence, from (a,c) it follows that 2. uniquely
exists. The inequality . < b is immediate from L (b) < 0. The latter half is evident.

(e2) If (A\Bu —s)/AB < (>) a, from (10.2.3(p35) ) we have
L((ABp— 5)/AB) = (>) ABp — s = AB(ABu — 5)/AB =0,
hence z. = (>) (ABp — s)/AB from (el). Thus “=" was proven. Its inverse “<” is immediate by contraposition. 1

Corollary 10.2.1 (</{Lr})

(a) zp >(L)ze Lz) > (X)0.

(b) @ >(<)z = L) >(<)0. D

® Proof (a) “=7 is immediate from Lemma 10.2.1(p55) (d,el). “<” is evident by contraposition.
a

(b) Since zr > (<)z = L(z)> (<) 0 due to (a) and since L(z) > ()0 = L(z) > (<) 0, we have zp > (L)
L(z) > (<) 0. In addition, if . = z, then L(z) = L(xr) = 0 or equivalently = x = L(x) = 0, hence zp =
L(z) > 0. Accordingly, it follows that zr > (<) x = L(z) > (<) 0. 1

Lemma 10.2.2 (& {Kr})

(a) K (z) is continuous on (—o00,00).

(b) K(x) is nonincreasing on (—o00,00).

(¢) K(x) is strictly decreasing on (—oo, b].

(d) K(x) is strictly decreasing on (—oo0,00) if f < 1.
(e) K(x)+ z is nondecreasing on (—o0,00).
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(f) K (z)+ = is strictly increasing on (—o0,00) if A < 1.

(&) K(z)+ x is strictly increasing on [a, 00).

(h) Ifz<yanda<y, then K(z)+z < K(y) +y.

(i) LetB=1ands=0. Then xx =b where vx > (<) z < K(z) > (=) 0= K(z) > (<) 0.
(j) LetB<1ors>0.

1. There uniquely exists Tx where xx > (= (<)) z < K(z) > (= (<)) 0.
2 (\u—9)/5<(>) a s ax = (>) (Au—5)/6.
3. Letk > (=(<))0. Then zx > (=(<))0. 0
® Proof (a-c) Immediate from (5.1.4(p.23)) and Lemma 10.1.1(p.53) (a-c).
(d) Immediate from (5.1.4(p23)) and Lemma 10.1.1(53) (b).
(e) From (5.1.4(p3)) we have

K(z)+x=A3T(z) + Bx —s = A\B(T(z) + =) + (1 — N\)Bz — s--- (1),
hence the assertion holds from Lemma 10.1.1(p53) (d).
(f)  Obvious from (1) and Lemma 10.1.1(p53) (d).
(g) Clearly from (1) and Lemma 10.1.1(p33) (¢).
)

(h) Letz<yanda<y. Ifz<a,then K(z)+ 2z < K(a)+a < K(y)+y due to (e,g), and if a < z, then a < z < y, hence
K(z)+z < K(y) + y due to (g). Thus, whether z < a or a < z, we have K(z) + x < K(y) + vy

(i) Let 8 =1ands=0. Then, since K () = AT(x) due to (5.1.4(p3) ), from Lemma 10.1.1(p33) (g) we have K (z) > 0 for z<b
and K (z) = 0 for b < z, hence xx = b by the definition of zx (see Section 5.2(p.%)(a)). Thus zx > (<) z = K(z) > (=) 0.
The inverse holds by contraposition. In addition, since K (z) =0 = K (z) < 0, we have K (z) > (=) 0 = K(z) > (L) 0.

(j) Let f<1lors>0.
(j1) This proof consists of the following six steps:

e First note (10.2.5(2) (p55)). If 8 < 1, then K (z) < 0 for any sufficiently large z > 0 with > b and if s > 0, then, whether
B <1lor B =1, we have K (z) < 0 for any sufficiently large x > 0 with > b. Hence, whether 8 < 1 or s > 0, we have
K (z) < 0 for any sufficiently large z > 0 with = > b.

e Next note (10.2.4 (1) (p5)). Then, since 6 > 0 from (10.2.2 (1) (p34) ), whether 8 < 1 or s > 0 we have K (x) > 0 for any
sufficiently small x < 0 with z < a.

e Hence, whether § < 1 or s > 0, it follows that there exists the solution =x.

o Let 8 < 1. Then, the solution Zx is unique from (d).

o Let s > 0. If 8 < 1, the solution zx is unique for the reason just above. If 3 = 1, we have K(b) = —s < 0 from
(10.2.5 (2) (p55) ), hence zx < b due to (c), so K () is strictly decreasing on the neighbourhood of = zx due to (c), hence
the solution zx is unique. Therefore, whether 8 < 1 or 8 = 1, it follows that the solution zx is unique.

o Accordingly, whether 8 < 1 or s > 0, it follows that the solution Zx is unique.

From all the above, whether 8 < 1 or s > 0, it follows that the solution Zx uniquely exists and hence that the latter half
becomes true.

(j2) Let (ABn—s)/6 < (>) a. Then, from (10.2.4 (1(2)) (p55) ) we have

K((ABp—s)/0) = (>) ABu— s = d(ABu —5) /6 =0,

hence zx = (>) (A\Bu — s)/d due to (j1). Thus “=" was proven. Its inverse “<” is immediate by contraposition.
(33) If k > (= (<)) 0, then K (0) > (= (<)) 0 from (5.1.7(p.53) ), hence zx > (= (<)) 0 from (j1). B

Corollary 10.2.2 (& {Kr})
(a) x> (L)z e K(z) > (L)0.
b) x> (o= K@) > (<)0. 0
® Proof (a) “=7 is immediate from Lemma 10.2.2(p5) (i,j1). “<” is evident by contraposition.
(b) Since zx > (<) z = K(z) > (<) 0 due to (a) and since K(z) > (<) 0 = K(z) > (L) 0, we have zx > (<) z =

K(z) > (<) 0. In addition, if zx = z, then K(z) = K(xx) = 0 or equivalently x = z = K(z) = 0, hence zx = z =
K (z) > 0. Accordingly, it follows that zx > (<) z = K(z) > (<) 0. 1

Lemma 10.2.3 («/{Lr /Kr})

(a) LetB=1ands=0. Then v, = Tx =Db.

(b) Letp=1ands>0. Then . = ok.

() Letp<lands=0. Thenb> (=(<))0& 7. > (=(<)) 7« = zx > (= (=)) 0.
(d) Letp<lands>0. Thenk > (=(<)0& o > (=(<)) 2x = zx > (=(<))0. [
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® Proof (a)If f=1ands=0,then ., =b from Lemma 10.2.1(p5) (d) and =x = b from
Lemma 10.2.2(p.5) (i), hence xr = xx =1b.

(b) Let f=1and s >0. Then K(x.)=0 from (10.2.8 (1) (p55) ), hence zx = . from
Lemma 10.2.2(p5) (j1).

(¢) Let 8<1lands=0. Then x, =b---(1) from Lemma 10.2.1(p5) (d).

o If b >0, then z, > 0, hence K(x.) < 0 from (10.2.8 (1) (p3) ), so T > Zx from Lemma 10.2.2(p5) (j1). If b = (<) 0, then
zr = (<) 0, hence K(z. )= (>) 0 from (10.2.8 (1) (p5) ), so = = (<) zx from
Lemma 10.2.2(p5) (j1). Accordingly, we have “=-” holds and its inverse “<7” is immediate by contraposition. Thus the first
relation “<” holds.

o Ifb > 0, from (5.1.7(p.23) ) we have K (0) = ABT(0) > 0 due to Lemma 10.1.1(p.33) (g), hence zx > 0---(2) from Lemma 10.2.2(p55) (j1).

Ifb = (<) 0, from (5.1.7(p23) ) we have K (0) = ABT(0) = 0 due to Lemma 10.1.1(p33) (g), hence zx = (<) 0 from Lemma 10.2.2(p.5) (j1).
Accordingly, we have the second relation “=-".

(d) Let 8 < 1 and s > 0. Now, since Kk = K(0) from (5.1.7p.3)), if x > (= (<)) 0, then K (0) > (= (<)) 0, thus
Tx > (= (<)) 0---(3) from Lemma 10.2.2(p.35) (j1). Accordingly L (zx) > (= (<)) 0 from (10.2.8 (2) (p55) ), hence zr > (= (<)) =k
from Lemma 10.2.1(p.5) (el). Thus, “=-" in the first relation “<” holds and its inverse “<7” is immediate by contraposition.
Finally, the first relation “=" is immediate from (3). 1

Lemma 10.2.4 (Lr)
(a) L(s) is nonincreasing in s and strictly decreasing in s if A3 < 1.
(b)  Let A\Bu >b.
1. xp < ABu—s.
2. Lets>0and A\B < 1. Then xo < A\Bu — s.
(¢c) Let \Bp < b. Then, there exists a sc > 0 such that if s > (<) s, then o > (<) A\Bu—s. U

® Proof (a) From (5.1.5p2)) and (5.1.3(p33) ) we have
L(s) =L(ABu—5)=ABT(ABp—s) —s---(1),

hence the assertion holds from Lemma 10.1.1(p33) (m).

(b) Let ABu > b. Then, from (1) we have £(0) = ABT(ABp) = 0---(2) due to Lemma 10.1.1(p5) ().

(b1) Since s > 0, from (a) we have £(s) < £(0) = 0 due to (2) or equivalently L(A3u — s) < 0 due to (1), hence
2, < ABup — s from Corollary 10.2.1(p55) (a).

(b2) Let s >0 and A8 < 1. Then, from (a) we have £(s) < £(0) = 0---(3) due to (2) or equivalently L (A8u —s) < 0 due
to (1), hence z < ABu — s from Lemma 10.2.1(p.5) (el).

(¢) Let ABu < b. From (1) we have £ (0) = ABT(A\Bu) > 0- - - (4) due to Lemma 10.1.1(33) (). Note (10.2.3 (1) (p3)). Then,
for any sufficiently large s > 0 such that ABu — s < a and A\Fp — s < 0 we have

L(s) =L(ABu—s) =ABpu—s—ABABu —s) = (1 = AB)(ABp —5) < 0.

Accordingly, due to (a) it follows that there exists the solution s of £(s) =0 where s > 0 due to (4). Then, since £ (s) > 0
for s < s and L£(s) < 0 for s > s, or equivalently L(ABp —s) > 0 for s < s and L(ABp —s) < 0 for s > s, from
Corollary 10.2.1(p.5) (a) we get £z > ABu — s for s < s, and 2. < ABu—sfors> s.. 1

10.3 kg-value

Lemma 10.3.1 (<7 {kz})

(a) k=XBp—sifa>0andk=—sifb<0.

(b) LetB<lors>0, Thenk >(=(<))0& zx > (=(<))0. [
® Proof (a) Immediate from (5.1.6(p.3)) and Lemma 10.1.1(p33) (i).

(b) Let 8 <1ors>0. Then, if K > (= (<)) 0, we have K(0) > (= (<)) 0 from (5.1.7(p.33) ), hence zx > (= (<)) 0 from
Lemma 10.2.2(p5) (j1). Thus “=" was proven. Its inverse “<” is immediate by contraposition. 1
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Chapter 11

First Step: Proof of &/{M:1[R][A]}

The first step for constructing the integrated theory is to prove the assertion system «/{M:1[R][A]} (selling model with
R-mechanism).

11.1 Preliminary
From (6.2.8p28)) and (6.2.14(p.8)) we have

Vi — BVia

max{S, 0}
max{L (Vi_1),0}, ¢> 1. (11.1.1)

Accordingly:
1. If L(V4=1) >0, then V; — BVi—1 = L (Vi—1), hence from (5.1.9(p.23) ) we have
Vi :L(‘/tfl)—‘rﬁ‘/tfl :K(‘/tfl)-i-‘/tfh t> 1. (11.1.2)

2. If L(Ve—1) <0, then V; — BV;—1 = 0, hence

Vi =BV, t> 1. (11.1.3)
Now, from (6.5.2(p.3) ) with ¢ = 2 we have
Vo — Vi = max{K (V1),—(1 — g)V1}. (11.1.4)
Finally, from (6.2.14(p.%8)) and (6.2.12(p.38) ) we have
St = L(Vi—1) > (<)0 = Conduct;, (Skip,.), t>1.. (11.1.5)

11.2  Proof of &/{M:1[R][A]}

Definition 11.2.1 (assertion and assertion system) By A{M:1[R][A]} let us represent an assertion included in each of Tom’s 11.2.1(p.59)
and 11.2.2(p60) below and by </ {M:1[R][A]} the assertion system consisting of all assertions included in each Tom (see Def. 10.0.1(p33) ). [

Definition 11.2.2 (primitive Tom (@) and derivative Tom (@)) Let us refer to a Tom the all assertions which are directly proven
as the primitive Tom (M) and to a Tom the all assertions which are indirectly derived by transforming assertions included in a
primitive Tom () as the derivative Tom (@). 0

Below, note that A = 1 is assume in the model (See Section 4.1.2.1(p.20) for the meaning of symbol @ which is used below).

O Tom 11.2.1 (M &/{M:1[R][A]}) LetfB =1 ands=0.
(a) V4 is nondecreasing in t > 0.
(b)  We have ®r>1(r). where CONDUCT,>¢>14 — — O

® Proof Let 3 =1 and s =0. Then, from (5.1.4(p.33)) we have K (z) = T(z) > 0---(1) for any = due to
Lemma 10.1.1(p53) (g), hence from (6.5.2(p3)) and (1) we have

Vi =max{T(Vi—1) + Vi1, Vic1} = max{T(V;-1),0} + Vica = T(Vic1) + Vier -+ (2), t> 1L

(a) Since Vo = T(V1) + Vi, we have Vo > Vi due to (1). Suppose V;—1 < V;. Then, from
Lemma 10.1.1(p33) (d) we have V; < T(V;) + V& = Vi41. Hence, by induction Vi1 < V; for ¢ > 1, i.e., V; is nondecreasing in
t>0.

(b) Since Vi = p from (6.5.1(p3) ), we have Vi < b. Suppose Vi—1 < b. Then, from (2) we have V; < T'(b) + b = b due to
Lemma 10.1.1(p53) (L,g). Accordingly, by induction Vi—1 < b for ¢ > 1, hence L (Vi—1) > 0 for ¢ > 1 due to Lemma 10.2.1(p.55) (d);
accordingly, L (Vz—1) > 0---(3) for 7 > ¢ > 1. Thus, from (11.1.1(p59) ) we obtain V; — Vi1 >0 for 7 >t > 1, i.e., Vi > Vi1

59
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for 7 > t > 1. Accordingly, since Vo > BVi_1 > --- > B77'Vi, we have t& = 7 for 7 > 1, i.e., ®r>1(r)., hence we have
Conduct;, for 7 >t > 1 due to (3) and (11.1.5(p59)). N

Let us define
For any 7 > 1 there exists ¢ > 1 such that

S1 — (]_) @t; >7>1(7)a Where CONDUCT>¢>14,

(2)  ©r>es (t3)) where CONDUCT, > ¢514.

O Tom 11.2.2 (W&/{M:1[R][A]}) LetB<1 ors>0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.

(b) Let Bu>0b. Then @->1(1) — Y
(¢) Let Bu<b.
1. LetB=1.
i. Letpu—s<a. Then @r>1(1) — - @
ii. Letpu—s>a. Then ®r>1(1)a where CONDUCT,>¢>14 — EYON
2. Letf<land s=0(s>0).
i. Let b>0(k >0). Then ®r>1(r)a where CONDUCT,>¢>14 — O
ii. Let b=0(k=0).
1. LetBu—s<a. Then @->1{1) — - @
2. Let fu—s>a. Then ®r>1(r)s where CONDUCT,>¢>14 — — ®a
ili. Let b<0(x<0).
1. LetBpu—s<aor sc <s. Then @->1(1)) — - @
2. LetfBu—s>aands< sc. Then S1(p,60) is true — = ®./0)

® Proof Let 8 < 1 or s > 0. In this model, note that the search must be necessarily conducted at time t = 1 (see Re-
mark 4.1.3(p20) ) and that § =1---(1) (see (10.2.1(p54))) due to the assumption A =1---(2).

(a) Since xx > Bu — s = V4 due to Lemma 10.2.2(p5) (j2) and (6.5.1(p.39) ), we have K (V1) > 0 due to Lemma 10.2.2(p.5) (j1),
hence Vo — V1 > 0 from (11.1.4(p59) ), i.e., Vi < Va. Suppose Vi—1 < Vi. Then, from (6.5.2(p39) ) and Lemma 10.2.2(p.5) (¢) we have
Vi < max{K (V) + V¢, BV;} = Vi41. Hence, by induction V;—y < V; for t > 1, i.e., V; is nondecreasing in ¢ > 0. Consider a
sufficiently large M > 0 with Su—s < M and b < M, hence V4 < M from (6.5.1(p39) ). Suppose Vi—1 < M. Then, from (6.5.2(p.39) ),
Lemma 10.2.2(p.5) (e), and (10.2.7 (2) (p5)) we have V; < max{K (M) + M, M} = max{SM — s,BM} < max{M, M} = M due
to 8 < 1 and s > 0. Hence, by induction V; < M for t > 0, i.e., V; is upper bounded in t. Accordingly V; converges to a
finite V' as t — oo. Then, from (6.5.2(p39)) we have V = max{K (V) + V, 8V}, hence 0 = max{K (V), —(1 — 8)BV}. Thus, since
K (V) <0, we have V > zx from Lemma 10.2.2(p55) (j1).

(b) Let B >0b. Then z, < Bu—s = Vi from Lemma 10.2.4(p57) (b1) with A = 1, hence ., < V;_; for ¢t > 1 from (a).
Accordingly, since L (Vi—1) < 0 for ¢t > 1 due to Corollary 10.2.1(p3) (a), we have L (Vi—1) < 0 for 7 > ¢t > 1. Hence, from
(11.1.3(p3) ) we have V; = fVi_1 for7 >t >1. Thus V, = BV, 1 = --- = B7 Vi, ie, IT =I7"' = ... = I} hence t; = 1 for
T>1,ie, @->1(1) (see Preference Rule 7.2.1(p43) ).

(¢) Let Bu <b.

(c1) Let B=1---(3), hence s > 0 due to the assumption “3 < 1 or s > 0”. Then, from (3), (1), (2) we have (A\8u—s)/d =
w—s-+-(4). In addition, since . = Zx ---(5) from Lemma 10.2.3(p56) (b), we have K (z.) = K(xx) =0---(6).

(cli) Let p—s<a. Then 2, = xx = p—s ="V, from (5), Lemma 10.2.2(p5) (j2), (4), and (6.5.1(p39) ). Accordingly, since
zr <Vi_i fort > 1 from (a), we have L (V;—1) <0 for ¢t > 1 due to Lemma 10.2.1(p55) (e1). Hence, for the same reason as in the
proof of (b) we obtain @->1(1);.

(clii) Let p—s>a. Then 2, = 2x > pu—s= Vi > a from (5) and Lemma 10.2.2(p5) (j2), hence a < Vi_; for ¢ > 1 from
(a). Suppose Vi—1 < ., hence L(V;—1) > 0 from Lemma 10.2.1(p5) (el). Then, from (11.1.2(p59)), Lemma 10.2.2(p5) (g), and
(5) we have V; < K(x.) + . = K(xx) + ¥ = x.. Accordingly, by induction V;_y < x for t > 1, hence L(V;_1) > 0
for ¢ > 1 due to Corollary 10.2.1(p.5) (a). Thus, for the same reason as in the proof of Tom 11.2.1(p59) (b) we have ®r>1(r). and
CONDUCT,>¢>14.

(c2) LetS<land s=0(s>0).

(c2i) Let b>0(x >0). Then zr > 2x > 0---(7) from Lemma 10.2.3(p6) (c (d)). Now, since zx > Bu — s due to

Lemma 10.2.2p5) (j2), (1), and (2), we have zx > Vi from (6.5.1(p3)). Suppose Tx > Vi_i. Then, from (6.5.2(p3)) and
Lemma 10.2.2(5) (¢) we have Vi < max{K (zx) + Zx, 8%k} = max{zx,B7x} = zx due to (7). Accordingly, by induction
Vie1 < @k for t > 1, hence Vi1 < x for t > 1 from (7), thus L (Vz—1) > 0 for ¢ > 1 due to Corollary 10.2.1(p5) (a). Hence,
for the same reason as in the proof of Tom 11.2.1(p59) (b) we have ®r>1(7). and CONDUCT,>¢>1.a.

(c2ii) Let b=0(x =0). Then zr = =k ---(8) from Lemma 10.2.3(p6) (c (d)).

(c2iil) Let Bu— s < a. Then, xx = fu — s = Vi from Lemma 10.2.2(p5) (j2). Suppose Vi—1 = Zx, hence Vi—1 = x from
(8), 50 L(Vi_1) = L(x) =0. Then, from (11.1.2(p5)) we have V; = K (tx) + Tx = =x. Accordingly, by induction V;_; = zx
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for t > 1, hence V;—1 = z; for t > 1 due to (8). Then, since L(Vi—1) = L(xzr) =0 for t > 1, we have V; = Vi1 for ¢t > 1
from (11.1.3(p39) ), hence, for the same reason as in the proof of (b) we obtain @ ,>1(1).

(c2ii2) Let Bu — s > a. Then, since Vi > a from (6.5.1(p39) ), we have Vi—1 > a for t > 1 due to (a). In addition, we have
zx > fBu—s=V; from Lemma 10.2.2p5) (j2). Suppose zx > V;i_1, hence x, > V;_; from (8). Then, since L (Vi_1) > 0 due
to Corollary 10.2.1(p55) (a), from (11.1.2(p59) ) and Lemma 10.2.2(p5) (g) we have V; < K(2x ) + Tk = Tx. Hence, by induction
xx >V, fort>1,s0 &, >V, for t > 1 due to (8). Accordingly, since L (Vi=1) > 0 for t > 1 due to Corollary 10.2.1(p5) (a),
for the same reason as in the proof of (clii) we have ®->1(r). and CONDUCT,>;>14-

(c2iii) Let b<0(x <0). Then =, < xk ---(9) from Lemma 10.2.3(p56) (c (d)).

(c2iiil) Let Bu—s<aor sz <s. First let By — s < a. Then, since xx = fu — s = Vi from
Lemma 10.2.2(p5) (j2), we have zp < Vi from (9), hence zr < Vi. Next, let s; < s. Then, since zr < Bu — s due to
Lemma 10.2.4(p57) (¢), we have xr < Vi. Accordingly, whether S — s < a or s < s, we have zp < Vi, thus z, < V;_; for
t > 1 due to (a). Hence, since L(V;—1) <0 for ¢ > 1 from Corollary 10.2.1(p.5) (a), for the same reason as in the proof of (b) we
obtain @-(1) for 7 > 1.

(c2iii2) Let B —s > a---(10) and s < s.. Then, from (9) and Lemma 10.2.4(5) (c) we have Tx > x. > fu—s =
Vi---(11), hence K(Vi) > 0---(12) from Lemma 10.2.2(5) (j1). In addition, since Vi > a due to (10), we have V;_1 > a
for ¢ > 0 from (a). Now, from (11.1.4(p59)) and (12) we have Vo — V4 > 0, i.e., Vo > Vi. Suppose Vi_1 < V;. Then, from
Lemma 10.2.2(p.5) (g) we have Vi < max{K (V) + V4, BV:} = Viq1. Accordingly, by induction Vi1 < V; for t > 1, i.e, V; is
strictly increasing in t > 0. Note that Vi < z, due to (11). Assume that Vi_; < 2 for all t > 1, hence V < z, due to (a).

Then, from (9) and from V > xx due to (a) we have the contradiction of V' > xx > xr > V. Hence, it is impossible that
Vi1 < xp for all £ > 1, implying that there exists ¢5 > 1 such that

Vi<Vo< - <Vi1<@r <Vig <Vigg1 <Visga<---,

from which
Viii <z, tL>t>1, x, < Vi, t>t. (11.2.1)

Therefore, from Corollary 10.2.1(p5) (a) we have
L(Vie1) >0---(13), t7>t>1, L(Vie1) <0---(14), t>1t3.
1. Let 5 > 7 > 1. Then, since L(Vs—1) > 0---(15) for 7 > ¢ > 1 from (13) | for the same reason as in the proof of (clii) we

have ®¢e >r>1(7)a and CONDUCT,>¢>14. Hence S1(1) is true.

2. Let 7 > t%. First, let 7 >t > ¢%. Then, since L (V;_1) < 0 for 7 > ¢ > % from (14) | we have V; = 8V;_; for 7 > ¢ > % from
(11.1.3(30) ), thus

Ve =BVi1=B*Veg=---= 5**’5:\4; - (16).

Next let £ > ¢ > 1. Then, from (13) and (11.1.1(p59)) we have V; — BV;_1 > 0 for t2 >t > 1, i.e., V; > Vi1 for t5 > ¢ > 1,
hence .
Vie > pVie—1 > ﬂQ‘/t;—Q >-> B (17).

From (16) and (17) we have
VT _ /8V7—71 _ /82V7'72 - .= Bﬂ'ft:,‘/t:— > ﬂ‘rft::l*l‘/t;_l > ﬁTﬁt:ﬁFQ%;—Q S>> /87'71‘/1’

hence we obtain t7 = t3, i.e., ©r> (7)) due to Preference Rule 7.2.1(p43). In addition, we have Conduct,, for ¢t >¢ > 1
due to (13) and (11.1.5(p5) ). Hence S1(2) is true.

Definition 11.2.3 (model-migration) If “®;>1(r). and CONDUCT.>;~1.” holds in M:1[R][A], then the search is conducted
over 7 >t > 1, implying that the model M:1[R][A] is substantively reduced to the model in which the search is enforced over
T>t>1,ie , M:1[R][E]. We refer to this event as “ M:1[R][A] migrates over to M:1[R][E] ”, represented as

M:1[R][A] & M:1[R][E]. O

Definition 11.2.4 (the occurrence frequency (rate) for each of ®, ©, and @) Let us refer to the frequency (rate) for each of
®, ©, and @appearing in the primitive Tom’s () (Tom’s 11.2.1(p39) and 11.2.2(p60) ) as the occurrence frequency (rate) for each
of ®, ©, and @. Then we have the occurrence frequency = 5 for @), 1 for ©, and 4 for @, hence the occurrence rate = 0.5
for ®, 0.1 for ©, and 0.4 for @. [

11.3 Structure of Assertion System «/{M:1[R][A]}

From Tom’s 11.2.1(p39) and 11.2.1(p59) we can roughly see the structure of the assertion system ./ {M:1[R][A]} (see Def. 11.2.1(p9) ).
In this section we try to more determinably explain its structure. It will be known later on that this structure will play an
essential role in the discussions in Step 6 (p.76) .
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11.3.1 Breakdown and Aggregation
Before moving on, let us define the following two perspectives (see Figure 11.3.1(p62) below (k = 3)).

(I) The breakdown of a given set 2 into k mutually disjoint subsets 21, 22, ---, and 2} (k > 0), i.e.,
2 =21UZU---UZ, where Z; N Z; =0 for any i # j,

called the breakdown scenario, represented as 2 = {21, Z2,--+ , Zk}-
(I) The aggregation of £ mutually disjoint subsets 27, 2%, ---, and 2}, (k > 0) of a given set 2, i.e.,

2'E 2 U2 U U2 C 2 where 27 N % =0 for any i # 7,

called the aggregation scenario, represented as {27, 25, -+, 2} = 2" CZ. 0
A ARG A
Il
breakedown
aggregation

@ ()

Figure 11.3.1: Breakdown and aggregation

11.3.2 Structure of Assertion A{M:1[R][A]}

11.3.2.1 Condition Space % (A) of an Assertion A
In general, any given assertion A{M:1[R][A]} consists of two terms: a statement S and a condition expression CE, schematized as

A{M:1[R][A]}={S holds if CE is satisfied}. (11.3.1)
O Ezample 11.3.1 The assertion given by Tom 11.2.2(p.60) (b) can be rewritten as
A{M:1[R][A]}={ @ >1(1); holds if B > b is satisfied}
where S = {@->1(1)} and CE = {Bu >b}. O
More strictly, for a given parameter space &4 C £ (Total-p-Space: see (4.4.1(p21)) and (4.4.2(p21))) and a given distribution

function space F4p C & (Total-dF-Space: see (2.2.5(p13))) related to a given parameter p € 4, the condition expression CE is
given as a conditional on a parameter vector p and a distribution function F' where

peEAC P, (11.3.2)
FeZ,,CZ. (11.3.3)

Then (11.3.1(p62)) can be rewritten as
A{M:1[R][A]} = {S holds for CE with p € Z4 C & and F € Fy, C F}. (11.3.4)

O Ezample 11.3.2  For the assertion A given by Tom 11.2.2(p0) (c1i) we have

P {p|A=1nB=1ns>0}1
Fap = {F|Bu<bnp—s<a} 0

O Ezample 11.3.3 For the assertion A given by Tom 11.2.2(p60) (c2iii2) we have

P ={p|A=1nB<1n s=0(s>0)},
Falp = {F’6u<bﬂ b<0(k<0) NBu—s>ans< sc}. [

TWhen 8 = 1, we have s > 0 due to the assumption “4 < 1 or s > 0”.
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Here let us define det
CA)E{(p.F) |pe 2 C P.F e Fup CF), (11.3.5)

called the condition space of a given assertion A{M:1[R][A]}. Then, (11.3.4(p62)) can be rewritten as

A{M:1[R][A]} = {S holds for CE on ¥ (A) }. (11.3.6)
Throughout the rest of the paper, let us alternatively express the whole of (11.3.6(p.63)) as

A{M:1[R][A]} holds for CE on % (A) (11.3.7)
for short
11.3.2.2 Structure of Tom
Definition 11.3.1
(a) We represent Tom 11.2.1(p59) and Tom 11.2.2(p60) by “Tom” for short, removing “11.2.1” and “11.2.2”.
(b)  For multiple Tom’s we use terms Tom;, Tomg, - - -. For example, Tom; = Tom 11.2.1(p59) and Tomg = Tom 11.2.2(p.60) .

(¢) In order to stress that an assertion A{M:1[R][A]} is included in a given Tom (i.e., A{M:1[R][A]} € Tom), let us represent it
as Aron{M:1[R][A]} and an assertion system consisting of all Aren{M:1[R][A]}’s as @#on {M:1[R][A]}.

(d) We represent Aron{M:1[R][A]} included in o#en {M:1[R][A]} by Aron for short or Ay, A%y, ---. O

Then (11.3.4(p62) ) - (11.3.7(p.63) ) can be rewritten as respectively

Aren{M:1[R][A]} = {S holds for p € Pa,,, C P and F € Fp,,1p C F}, (11.3.8)
C(Aton) = {(D,F) | PE Py C P, F € Fuppip CF}, (11.3.9)
Aron{M:1[R][A]} = {S holds for CE on € (Are) }, (11.3.10)
Aton{M:1[R][A]} holds for CE on € (Aren). (11.3.11)

Closely looking into the structure of Tom’s 11.2.1(p59) and 11.2.2(p60), in general we see that a given Tom consists of two items; a
basic premise BPron and some assertions Aty,, A2, -, i.e.,

Tom = {Let BP be true. Then assertions AL CAZ hold.}

or equivalently

Tom = {Assertions Afo,, Afen, -+ hold if BPro, be true.}. (11.3.12)

Here let us define
Pron = Pap UPyz U---C P, (11.3.13)
Fronlp = Fay U Faz U CF (11.3.14)

where WA%W C & and ,;JZA%W CFfori=1,2,--- (see (11.3.2(p62) ) and (11.3.3(p62) )). Then the basic premise BPron can be

written as

lp
BPron = {a condition on p € Pron C & and F € Fponp C F}. (11.3.15)

O Ezample 11.3.4 For M:1[R][4] in Section 11.2(p39) we have

Pron={p|A=1NB=1Ns=0} for Tom 11.2.1(p59)
Prom={p|A=1N(B<1Us>0)} for Tom 11.2.2(p60)
Fronlp = F for Tom 11.2.1(p59)

F for Tom 11.2.2(p60)

. —
JTom|p =7

For M:2[R][A] in Section 20.1.3(p.13%4) we have
Prn={p|A<1NB=1Ns=0N-00<p<oo} for Tom 20.1.1(pI5
Pron={P|A<1IN(B<1Us>0)N—00<p<oc} for Tom 20.1.2(p.15)
Pron ={p|A<1N(B<1Us>0)N—00< p< oo} for Tom 20.1.3(p157)
Pron ={P|A<1IN(B<1Us>0)N—00<p< oo} for Tom 20.1.4(p.157)

Fronp ={F | —0<a<p<b<oc}=7F for Tom 20.1.1(p.154)
Fronp ={F | FEFNp< zx} for Tom 20.1.2(p.154)
Fronp ={F | F€FNp=ax} for Tom 20.1.3(p.157)

Fronp ={F | FE€FNp>ax} for Tom 20.1.4(p.157) 0
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11.3.2.3 Condition Space %(Tom)
For a given Tom let us define

% (Tom) = {(p, F) | p € Pron C P, F € Fronp C F}, (11.3.16)

called the condition space € (Tom) of Tom. Then (11.3.15(p6)) can be rewritten as

BPron = {a condition on ¢ (Tom) }. (11.3.17)
Then (11.3.12(p.63) ) can be rewritten as
Tom = {Assertions Afy, Ao - hold on BProg}, (11.3.18)
alternatively as
Tom = {Assertions Afoy, Ao, - -+ hold on €(Tom)}. (11.3.19)

For explanatory convenience, we will sometimes express “A7., is included in Tom” as “AJ_ ., € Tom” or sometimes as “Aron € Tom”

Tom
removing the superscript “7”.

11.3.3 Assertion System «/{M:1[R][A]}

[ breakdown scenario ]

1
11.3.3.1 Breakdown of %(Tom)
Here consider the breakdown of the condition space € (Tom) to the condition spaces € (Ato), €(AZn), -- -, ie.,
€ (Tom) = Uj—1,2,.. € (Adon) = Uay,cron® (Aton), (11.3.20)
depicted as in Figure 11.3.2(p64) (k = 3) below.
€ (Tom)

breakedown

), € (Aen) € (Aln)

Tom

(% (A}

Figure 11.3.2: Breakedown of % (Tom) to € (Ate), € (A%m), € (A3.) (k = 3)

11.3.3.2 Construction of @4, {M:1[R][A]}

Consider the list of (11.3.11(p6)) over Tom, i.e., Afon, AZon, - - € Tom, or equivalently
“ Aton{M:1[R][A]} holds for CE on € (Afe) ”,
“ AZn{M:1[R][A]} holds for CE on ¢(A%,,) 7,

Then, gathering the above list with noting (11.3.20(p.64) ), we get

ron {M:1[R][A]} holds for CE on % (Tom) (11.3.21)

where
o IMAAR]A]} & (AL, (MA[R][A]}, AZ, (M- [R][A]}, - ). (11.3.22)
11.3.3.3 Condition Space %(7om)

For explanatory convenience, let us represent Tom 11.2.1(p.59) and Tom 11.2.2(p60) by Tom; and Toms respectively; in general, let
Tomy, Tomg, - - -. Then, let us define

Tom = {Tomy, Tomg, , -+ - } = {Tom}.
O Ezample 11.3.5 For example we have
Tom = {Tom; = Tom 11.2.1(p59), Tome = Tom 11.2.2(p.60) },
Tom = {Tom; = Tom 20.1.1(p.154), Tomy = Tom 20.1.2(p.134), Tomg = Tom 20.1.3(p.157), Tomsa = Tom 20.1.4(p.157) }. O

Here let us define
€ (Tom) = U;—1,2,... € (Tom;) = Uneac7ea @ (Tom), (11.3.23)

called the condition space of Tom, schematized as in Figure 11.3.3(p65) below.
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€ (Tom)
Il

definition

€ (Tom)
I

definition

Il
[(5<Tom1>, % (Toms), <g<Tom3>j

Figure 11.3.3: Condition space % (7om)

11.3.3.4 Construction of «/{M:1[R][A]}
Using (11.3.20(p64) ), we can express (11.3.23(p64) ) as below

% (Tom) = Ui=12,... Uj=1,2,... €(Ad,,.) (11.3.24)

= Usonc7on Ujz1,2,.. C{Ade) (11.3.25)

= UroneTon Ungegeton G (Aton) (11.3.26)

This relation implies the breakdown of € (Tom) into %(A%omi> with i = 1,2,--- and j = 1,2,-- -, into €(A,,) with Tom € Tom

and j = 1,2, -+, and into € (Aren) with Tom € Tom and Aron € Tom.

O Ezample 11.3.6 As an example let us consider Tom = {Tom;, Tomz, Toms} where Tom; = {A%oml,Agoml,Ai’oml}, Tomy =
{A%omr‘n A%omg ) A%cmg}: and Tomg = {A'll'om37 A%om;;?A%omg}' 0

Then, fetching Figure 11.3.2(p64) in Figure 11.3.3(p65), we can depict (11.3.24(pf5)) as Figure 11.3.4(pf5) below, demonstrating the
breakdown of € (Tom) into € (Ai., ).

Tom;
€ (Tom)
i
breakedown
€ (Tom)
Il
deﬁﬂition
[ % (Tom;) % (Tomy) % (Toms) }
I} It t
breakedown breakedown breakedown

(€(ALn,), € (An,) € (Adon,) ) (€ (Akon,)s € (A,) 6 (A,) ) (€ (Abem,)s € (ARun,) € (ARin,))

Figure 11.3.4: Breakdown of ¢ (7om) into ¢ (A%, ), 1,7 =1,2,3

om;

Figure 11.3.4(p65) above implies that first
« m is broken down to m, 1=1,2,3",

“ each [¢(Tom; )|, i = 1,2, 3 is broken down to %(A%omi>}, i,j=1,2,3.7

and then

The above two successive breakdown procedures eventually yields

“ m is broken down to %(A%omi) fori,7=1,2,37,
“ (Tom)} is broken down to (¢’ (Aton)| with Tom € Tom ”

Here, consider the list of (11.3.21(p64)) over Tomi, Toma, ,- -+ € Tom = {Tom;, Tomy, - - - }, i.e.,

more generally

“ atrom; {M:1[R][A]} holds on € (Tom;) ”.
“ @tromy {M:1[R][A]} holds on € (Tomz) ”.

Then, gathering the above list with noting (11.3.24(p65) ), we obtain

) o/ {M:1[R][A]} holds on % (7Tom) (11.3.27)

o/ {M:1[R][A]} = { Fron, {M:1[R][A]}, From, {M:1[R][A]}, - - - }.
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11.3.3.5 Completeness of 7om on % (Tom) = & X .F
Closely looking at the contents of Tom’s 11.2.1(p59) and 11.2.2(pf0), we see that the whole of assertions on M:1[R][A] examined
there is over all possible (p, F') € & x .%. In other words, it follows that at least one assertion Af,,. is defined and discussed

for any given (p, F) € & x .Z; in other words, there does not exist (p, F) € & x % for which any assertion is not be treated.
This implies that we have

C(Tom) = P x F (11.3.28)
{(p,F)|pe P FecF} (see(443p1))). (11.3.29)

Remark 11.3.1 (a necessary requirement) What should be especially noted here is that the above equality (11.3.28(p.6))
is not what should be proven but a necessary condition that must be satisfied in the process of moving on the breakdown
scenario. [

Let us refer to this requirement as the completeness of Tom on € (Tom) = & x .#. We will require this completeness for the
analyses of all models dealt with in the present paper. The above perspective can be depicted as in Figure 11.3.4(p.65) as below.
In fact we can directly confirm that this requirement is satisfied in all discussions made in the present paper.

% (Tom) = P x F

1l
complete breakedown

@ (Tom) = P x F
Il

definition
I
[ € (Tom;) % (Tomy) % (Tomg) }
I} I 1}
breakedown breakedown breakedown

(€(ALun,): € (A2n,)s € (An,)) (€ (Abon,)s € (A3un,)s € (Abin)] ((ALuny)s €(ARny), € (A,))

Figure 11.3.5: The completeness of €' (Tom) to € (At ), 4,5 = 1,2,3

T

[ breakdown scenario ]




Chapter 12

Second Step: Symmetry Theorem (R + R)

The second step for constructing the integrated theory is to provide the theorem which derives the assertion system o {M:1[R][A]}
(buying model with R-mechanism) from /{M:1[R][A]} (selling model with R-mechanism) that was derived in Chap. 11(p59).

12.1 Two Kinds of Equality

12.1.1 Correspondence Equality

For &, a, p, b, T(x), - - -, which are all dependent on a given distribution function F € .Z (see (2.2.5(p13))), let us define £ = —¢&,
a=—a, i = —u, b= —b, T(x) = —T(x), --- respectively, called the reverse operation R. Then, for any given distribution
function F' € Z, i.e.,

F()=Pr{¢ <& C 7, (12.1.1)

let us define the distribution function ofé by F, i.e.,
(&) pPr{é<¢}, (12.1.2)

where its probability density function is represented by f and the set of all possible F' is denoted by Z, ie.,
FE{F | FeZ}. (12.1.3)

Now, since ﬁ'(ﬁ) = Pr{& < &} for any ¢ due to the definition (12.1.2(p67)) and since

E=-E=-(-9=¢ (12.1.4)
we have ﬁ‘(é) =Pr{¢€ < ¢} = F(§) for any £ due to (12.1.1(p67)), i.e.,
F=F (12.1.5)
For any subset .#' C .Z let us define
F'E{F|FeF'}. (12.1.6)
Then we have
F'={F|FeZ}={F|Fe%'} (12.1.7)

due to (12.1.5p67). If F € #’', then F € Z' from (12.1.6(p67)), hence F € Z' due to (12.1.7(p67) ); accordingly, we have
F'CF . (x). f F €% then F €.% due to (12.1.7p67)), hence F € .#’ from (12.1.6(p67)); therefore, we have %' C .7’
From this and (x) it follows that

2/

F_ g (12.1.8)

By @, /1, and b let us denote the lower bound, expectation, and upper bound of F' € F corresponding to any given F' € % with
the lower bound a, expectation p, and upper bound b. Then, from Figure 12.1.1(p67) just below we clearly have, for any &,

£©) = f(&), (12.1.9)

called the correspondence equality, where

a=b, p=p, b=a. (12.1.10)

reverse

§ | £
—b=bb=a —a=a=b 0 @ I b

Figure 12.1.1: Relationship between probability density functions f and f
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12.1.2 Identity Equality
Lemma 12.1.1

(a) .F and F are one-to-one correspondent where F = F.
(b)  For any F € F there exists a F € .F which is identical to the F, i.e., F = F.1
(c) For any F € .7 there exists a F' € .7 which is identical to the F, i.e., F = F.

® Proof 1If F € %, then F € .% from (12.1.3(p67)), hence F € & = F € % ---(1). Conversely, if F € .%, then F from which
F € Z is defined is clearly an element of .Z due to (12.1.3pf7)), i.e., F € %, hence ' € & = F € F ---(2).
(a) First, for any F € .% and for the F € .Z corresponding to the F we have

Pr{¢ <¢} = Pr{—é <€} =Pr{e >} =Pr{€ > €} (due to (12.1.4p61))
1-Pr{ <& =1-Pr{e¢ <P =1-F(&)--(3).

Sﬂppose any F € 7 yields :che two diﬁerept Fy € Z and Fy € Z, meaning that there exists at least one ¢ suc}} that
Fi(¢) # F2(€'). Then, since F1(¢') = 1 - F(£') and F3(¢') = 1~ F(£') due to (3), we have the contradiction of Fy(£') = Fy(¢'),
hence the F' € % must correspond to a unique F € F.

Next, for any F' € % and for F € . from which I’ € . is defined we have
F() = Pr{¢ <&} =Pr{-€< - =Pr{€ > =1-Pr{{ <} =1-Pr{d <} =1-F() - (a).

(&)

Suppose any F' € .Z is yielded from the two different F} € % and F> € 7, meaning that there exists at least one ¢’ such that
Fi(€) # Fa(¢ ) Then, since F1(¢') =1~ F(€') and F2(§ )= 1 F(£') due to (4), we have the contradiction of F(¢') = Fa(¢'),
hence the F' € % must correspond to a unique F € .%. Thus, the former half of the assertion is true.

The latter half can be proven as follows. First, consider any F' € .%. Then, since F' € .% by definition, we have & C .& - - - (5)-

Next, consider any F' € #. Then, since f‘ € Z due to (1), we have F € Z due to (5). Hence I €  due to (1p8)), so F € &
due to (12.1.5(p67)), thus we have .# C .%. From this and (5) we have .% = .% --- (6).
(b) Consider any ' € %, hence F € % ---(7) due to (6) . Suppose every F € .Z is not identical to the F, i.e., F % F,

implying that the F lies outside .%,% hence cannot become an element of .%, i.e., F ¢ #, which contradicts (7). Hence, it
follows that there must exist at least one F such that F' = F', thus the assertion holds.

(¢c) Consider any F € .Z, hence F € .% ---(8) due to (6). Suppose every F' € .Z is not identical to the F, i.e., F # F,
implying that the F' lies outside Z ! hence cannot become an element of %, i.e., F & %, which contradicts (8). Hence, it
follows that there must exist at least one F' such that F' = F', thus the assertion holds. 1

Lemma 12.1.1(p,68)v(b,c) implies that there always exist F' and I such that F' = F holds; in other words, there always exist f and
f such that f = f or equivalently

£ = f(e), (12.1.11)
called the identity equality.

12.2 Definitions of Modified Underlying Functions

The functions defined in the successive two sections are all the variations of ones that were defined in Sections 5.1.1(p23) and
5.1.2(02) .

12.2.1 71,L,K, L, and & of Type R
Let us define the underlying functions of Type R (see Section 5.1.1(p23)) for F € Z corresponding to any F € .F as follows.

T(x) = Blmax{é - o,0)] = [, max{¢ - 2,0} f(€)de, (12.2.1)
L(z) = \BT(z) — s, (12.2.2)
K(z) = MT(x) — (1 — Bz — s, (12.2.3)
L(s) = L(\Bj—s). (12.2.4)

Let the solutions of L (z) = 0, K (z) = 0, and £(s) = 0 be denoted by z;, x%, and s; respectively if they exist. If each of the

equations has the multiple solutions, let us employ the smallest one (see (a) of Section 5.2(p.25)). Let us define

i = ABT(0) —s. (12.2.5)

T This means F(z) = F(z) for all z € (—o0, 00).

fDue to the assumption of F' being continuous (see A9(p.13))

§Note that J is a set consisting of al possible F’s by definition.
INote that .Z is a set consisting of al possible £”s by definition.



69

By M:1[R][A] let us define M:1[R][A] for F € . corresponding to any F € .%. Then, for the same reason as for M:1[R][A] we can
express SOE{M:1[R][A]} as (see Table 6.5.1(p.39) (1))

SOE{M:1[R][A]} = {Vi = B — s, Vs = max{K (Vi_1) + Vi_1,8Vi1}, t > 1}.

12.2.2 7,L,K, £, and & of Type R
Let us define the underlying functions of Type R for E' € Z corresponding to any F € .F as follows.

T(x) = Emin{¢ - 2,0} = [ min{¢ - z,0}f(€)d, (12.2.6)
L(z) = A3T (z) + s, (12.2.7)
K(z) = ABT(z) — (1— B)z +s, (12.2.8)
L(s) = L(A\Bi+ s). (12.2.9)

Let the solutions of L (z) =0, K (z) =0, and c (s) =0 be denoted by zz, xz, and sx respectively if they exist. If each of the
equations has the multiple solutions, let us employ the largest one (see (b) of Section 5.2(p.2)). Let us define

i o= ABT(0)+s. (12.2.10)

By I\:/I:I[R] [A] let us define M:1[R][A] for F € .# corresponding to any F' € .%. Then, for the same reason as for M:1[R][A] we can
express SOE{M:1[R][A]} as (see Table 6.5.1(p39) (II))

SOE{M:1[R][A]} = {Vi = Bji + s, Vi = min{K (Vie1) + Vicr, BVicu}, t> 1},

12.2.3 List of Underline Functions of Type R and Type R

So far we have defined the four kinds of underlying functions, which may cause confusions. To give a clearer picture of these
functions, we shall coordinate them as in Table 12.2.1(p.69) .

Table 12.2.1: List of the underlying functions of Type R and Type R

Type R rI‘ype R

For F € % corresponding

a
For any F € 7 toany F € F

T(z) = [ max{¢ — =, 0} f(£)dE
L(z)=pT(z) —s

K(z) = BT(z) — (1 — Bz — s
L(z)=L(Bp—>s)

See Section 5.1.1(p.23)

T(z) = [P max{¢ — =, 0} f(£)dg
L(z) =pBT(z)—s
K(x)=pT(x)—(1-p)z—s
£(x)=L(Ba—s)

See Section 12.2.1(p.68)

T(z) = [? min{¢ — 2,0} f(£)d¢
L(z)=8T(z)+s

K (z) = pT(x) — (1-B)z+s
L(z)=L(Bu+s)

See Section 5.1.2(p.23)

T () = [? min{€ — z,0}f(€)d¢
L(z) =BT (z) +s

K(z) =BT (z)—(1- Bz +s
L(z)=L(Bi+s)

See Section 12.2.2(p.69)

12.3 Two Kinds of Replacements
12.3.1 Correspondence Replacement

Lemma 12.3.1 (Cr)

The left-hand side of each equality below is for any F € F and its right-hand side is for F € F

corresponding to the F'.

W £©=FfO.

(b) a=b p=p b=a
(© T@) =T

(d) L(z)= f,v(‘f:).

() K(z)=K (@)

(f) L(s)=L(s)

(8) &L= Tx.

(h) & = Tz.

(1) s =sz.

G) &=k O
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® Proof (a) The same as (12.1.9(p7)).
(b) The same as (12.1.10(ps7) ).
(¢) The function T(z) for any F (see (5.1.2(p33))) can be rewritten as

T(z) = [°°_ max{—&+&,0}f(&)d¢
— [ min{¢ — &,0}f(€)d¢

- min{é — &, 0} f(£)d¢  due to (a).

Let n & é = —¢, hence dn = —d¢. Then, we have

T(z) = [_* min{n— &, 0}f(n)dn
— [%°_min{n — 2,0} f(n)dn

— [0 min{¢ — 2,0} f(£)d¢é  (without loss of generality)

~T(2) (see (12.2.6(9))),

hence 7'(x) = T (2).
(d) From (5.1.3p2)) and (c) we have L (z) = —~ABT(z) — s = —\BT (&) — s = —L (&) from
(12.2.7(p69) ), hence L (z) = L ().
(e) From (5.1.4(p2)) and (c) we have K (z) = “MBT(z)+ (1= B)E—s = —ABT (&) + (1 — B)& — s = —K (&) from (12.2.8(p69) ),

hence K (z) = K (&
(f) From (5.1.5(p.3)) we have £ (s)

= —L(\Bu — s), hence from (d) we obtain £(s) = — ()\@Ts) = —z(—)\ﬁu +s) =

—L(ABi+8) = —L(ABji+ s) due to (b). Accordingly, from (12.2.9(p.69)) we obtain £ (s) = —L (s), hence £ (s) = L (s).
_ (g) Since L(zr) = 0 by definition, we have L(zr) = 0, which can be rewritten as i(ch) = 0 from (d), implying that
L (z) = 0 has the solution rz = ¢, by definition.

(h) Since K (zx) = 0 by definition, we have K (zx ) = 0, which can be rewritten as f((jcK) = 0 from (e), implying that
K (z) = 0 has the solution Tz = f by definition.

(i) Since £ (s.) = 0 by definition, we have £ (s.) = 0, which can be rewritten as c (sz) = 0 from (f), implying that c (s)=0
has the solution sx = s, by definition.

(j) From (5.1.6(p23) ) we have k = —ABT(0)—s, which can be rewritten as k = —\BT (0)—s from (c), hence xk = —\BT (0)—s =
—k from (12.2.10(p6) ), thus # = 5. 1

Definition 12.3.1 (correspondence replacement operation Cr)  Let us call the operation of replacing the left-hand of each

equality in Lemma 12.3.1(p69) by its right-hand the correspondence replacement operation Cr. [

Lemma 12.3.2 (C~R) The left-hand side of each equality below is for any F € F and its right-hand side is for ' € F
corresponding to the F'.

(a)  f(&)=f(¢ )
(b) b=a, p=p a=b
(c) T(x)=T(2).

(d) L(z)=L(2).

(e) K(z)=K(2).

(£)  L(s)=L(s)-

(8) T =uyp.

(h) Iz =wx.

(i) S5z = sz

G) wr=k&.10

® Proof (a) The same as (12.1.9(p67)).
b) The same as (12.1.10(p7)).
c) The function T(z) for any F (see (5.1.12(p.23))) can be rewritten as

TThe mere replacement of the symbol 5 by &.
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[ min{—¢ + &, 0} f(€)dE
— [ max{& — 2,0} f(£)dE
— [ max{€ — &,0}f(§)d¢ (due to (ap))).

Let n = f = —¢&. Then, since dn = —d¢, we have

T(e) = [ max{y - £,0}f(n)dn
— J7%, max{n — &0} f(n)dn
— [7 max{¢ — 2, 0} f(¢)de  (without loss of generality)

—T(2) (see (12.2.1(p63))),
hence T (z) =T(2).

(d) From (5.1.13(p23)) and (c) we have L (z) = —\BT () +s=—-ABT(&) +s = —L (&) from (12.2.2(p) ), hence L (z) = L(2).

(e) From (5.1.14(p2)) and (c) we have K(x) = —\BT (@)+(1—=B)F+s=-ABT(2)+(1—B)E+s=—K (&) from (12.2.3(p)),
hence K (z) = K (%).

(f) From (5.1.15(p2) ) and (d) we have £ (s) = —L (\Bu+s) = —L g)\@:s) =—L(—ABu—s)=—L(\Ba—s) =—L(\Bjr—s)
due to (b), hence from (12.2.4(p68)) we obtain £ (s) = —£ (s), hence £ (s) = £ (s).

(g) Since L(%;) = 0 by definition, we have i(«’ﬂg) = 0, which can be rewritten as L (2;) = 0 from (d), implying that
L (z) = 0 has the solution z; = Z; by definition.

(h) Since K(Zz) = 0 by definition, we have K (%) = 0, which can be rewritten as K (23z) = 0 from (e), implying that
K (z) = 0 has the solution 3 = %z by definition.

(i) Since £ (sz) = 0 by definition, we have £ (sz) = 0, which can be rewritten as £ (sz) = 0 from (f), implying that £ (s) = 0
has the solution sy = sz by definition.

(j) From (5.1.16(p23)) we have & = —)A\ﬁf“ (0) 4+ s, which can be rewritten as & = —ABT(0) + s from (c), hence & =
—ABT(0) + s = —F from (12.2.5(p.8) ), thus & ]

Definition 12.3.2 (correspondence replacement operation C~R) Let us call the operation of replacing the left-hand of each
equality in Lemma 12.3.2(p70) by its right-hand the correspondence replacement operation Cg. [

Definition 12.3.3 (reversible element and non-reversible element) It should be noted that the left-hand of each of the equalities
in Lemmas 12.3.1(p69) (i) and 12.3.2(p.70) (i) have not the hat symbol “ “”. In other words, s and Sz are not subjected to the
reverse. For the reason, let us refer to each of s; and Sz as the non-reversible element and to each of all the other elements
as the reversible element. [

12.3.2 Identity Replacement

Lemma 12.3.3 (Zz) The left-hand side of each equality below is for F € % corresponding to any F € F and the right-hand
side is for F € & such that F = F---[17].}

(a) F(&)=F()- 2] and f(§) = f(€)---[3"] for any €.
(b) %:a7ﬂ~:p7b:b

© T(@)=T().

@) L) = L)

() K(x)=K(z)

(f) L(s)=L(s)

(g) =zz= 7.

(h)  zz= 2z

(1) sz = Sq.

(Gg) rkr=k. 0O

® Proof (a) Clear from [17].
(b) Obvious from (a).
(¢) Evident from (12.2.6(p8) ), (5.1.12(p23)), and [3*
(
(

d) From (12.2.7p%9)) and (c) we have L (z) = ABT(z) + s, hence L (z) = L (z) from (5.1.13(p23)).
e) From (12.2.8(p9)) and (c) we have I:((x) = ABT(x) — (1 — B)x + s, hence K (x) = K () from (5.1.14(p33)).

TThe mere replacement of the symbol 7 by £.
TSee Lemma 12.1.1(p.68) (b,c).
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f) From (12.2.9(p.69)) and (d) we have c (s) =
g) Since L (Z7) = 0 by definition, we have L

( L(ABji+s), hence £ (s) = L (ABu + s) from (b), so £ (s) = £ (s) (5.1.15(p23)).
( (x T~

(h) Since K (Zz) = 0 by definition, we have l:((
(

(

= 0 from (d), hence L (z) = 0 has the solution zx =

L
zz) = 0 from (e), hence K (x) = 0 has the solution Tz =T
Since £ ( $7) = 0 by definition, we have £ ( $7) = 0 from (f), hence E(

From (12.2.10(p69) ) and (c) with = 0 we have (5.1.16(p.2)). I

i
)

J

) = 0 has the solution sx = 5z by definition.

Definition 12.3.4 (identity replacement operation Zr) Let us call the operation of replacing the left-hand side of each equality
in Lemma 12.3.3(p71) by its right-hand side the identity replacement operation Zr. 0

Lemma 12.3.4 (fR) The left-}}and side of each equality below is for F' € F corresponding to any F' € F and the right-hand
side is for F € & such that F = F---[1*].1

—
—

(a) F()=F(&)---[2] and f(&) = f(§)---[3"] for any €.
(b) a=a, i=p, b=1b
() T(z)=1(x)
(d) L(z)=1L(x)
() K(z)=K()
(f) L(s)=2(s)
(g) =y =z
(h) =3 = zx
)
)

—
(N

® Proof (a) Clear from [17].

(b) Obvious from (a).

(¢) Evident from (12.2.1(p88)), (5.1.2(p23)), and [3*].

(d) From (12.2.2(p68)) and (c) we have L (z) = A\3T(x) — s, hence L (z) = L (x) from (5.1.3(p23)).

(e) From (12.2.3(p68)) and (c) we have K (z) = ABT(z) — (1 — B)z — s, hence K (z) = K (z) from (5.1.4(p.23)).

(f) From (12.2.4(p68)) and (d) we have £ (s) = L (ABu — s), hence £ (s) = L (ABu + s) from (b), so £(s) = L (ABu+ s), hence
L(s) = L£(s) from (5.1.5(p2)).

g) Since L(zr) = 0 by definition, we have L (zr ) = 0 from (d), hence L (z) = 0 has the solution z; = xr by definition.

(
(h) Since K (xx) = 0 by definition, we have K (k) = 0 from (e), hence K (z) = 0 has the solution z; = xx by definition.
(i) Since £( sz ) = 0 by definition, we have £( s; ) = 0 from (f), hence £ (z) = 0 has the solution sz = s, by definition.

(

j) From (12.2.5p68)) and (c) with x = 0 we have (5.1.6(p.23)). 1

Definition 12.3.5 (identity replacement operation f]R) Let us call the operation of replacing the left-hand of each equality in
Lemma 12.3.4(p.72) by its right-hand the identity replacement operation Zg. [

12.4 Attribute Vector

Closely looking into the contents of all assertions A{M:1[R][A]} € &/{M:1[R][A]} (see Tom’s 11.2.1(p59) and 11.2.2(p60)) ), we can
immediately see that each assertion is described by using a part or all of the following twelve kinds of elements;

a, u, b, xp, xx, S, Kk, T, L, K, L, V;

where V; represents the sequence {V;, t = 1,2,---} generated from SOE{M:1[R][A]} (see Table 6.5.1(p.39) (I)). Let us call each
element the attribute element and the vector of them the attribute vector, denoted by

G(A{Ml[R} [A]}) = (av ey bv L, Tk, Sc, kK, T7 L ) Ka L ) ‘/;f) (1241)
In addition, also for the assertion system ./ {M:1[R][A]} we can employ the similar definition, denoted by

G(M{MI[R][A]}) = (a‘?lu’)b7 L, Tk, Sc ,KJ,T,L,K,E,%). (1242)

TSee Lemma 12.1.1(p68) (b,c).
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12.5 Scenario[R]

In this section we write up a scenario deriving an assertion on M:1[R][A] (buying model with R-mechanism) from a given assertion
on M:1[R][A] (selling model with R-mechanism). Let us refer to this as the scenario of Type R, denoted by Scenario[R].

B Step 1 (opening)
o The system of optimality equations for M:1[R][A] is given by Table 6.5.1(p.39) (I), i.e.,

SOE{M:1[R][A]} = {Vi = Bu — s, V; = max{K (Vi—1) + Vi_1, BVic1}, t>1}. (12.5.1)
o Let us consider an assertion Aron{M:1[R][A]}! included in Tom 11.2.1(p5) or Tom 11.2.2(p60), which can be written in general as

Aren{M:1[R][A]} = {Sis true for p € Pay, C Z and F € Fa,,1p C F} (see (11.3.80p6))) (12.5.2)
= {Sis true on €(Arem)} (see (11.3.10(p63))). (12.5.3)

To facilitate the understanding of the discussion that follows, let us use the following example.*
S=(Vit+ sc+zr+k+a+pu+b>0, t>0). (12.5.4)
o The attribute vector of the assertion Arn{M:1[R][A]} is given by (12.4.1(p.72)), i.e.,

O(Aroa{MA[R]A]}) = (a,p,b, @1, i, Sc,5, T, L, K, L,V3). (12.5.5)

B Step 2 (reverse operation R)
o Applying the reverse operation R (see Section 12.1.1(p67)) to (12.5.1(p73)) produces

RISOE{M:1[R][A]}] = {~Vi = —Bfi— s, =Vi = max{—K (Vi-1) — Vi1, —BVi1}, t > 1}
={-Vi=-Bj—s, ~Vi = —min{K (Vie1) + Vi1, 8V;_1}, t > 1}
={Vi =Bi+s, Vi = min{K (Vie1) + Vie1, BVi_1}, t > 1}. (12.5.6)

o Applying R to (12.5.2(p.73)) and (12.5.3(p.1) ) yields to

R[Aren{M:1[R][A]}] = {R[S] is true for p € Pas,, C P and F € Fu,,1p C F} (12.5.7)
= {R][S] is true on € (Aren)}. (12.5.8)
For our example we have:
R[S] = (—Vi+ sc —@r —h—a—f—b>0, t>0)
= (Vi— sc + 4, +h+a+a+b<0, t>0). (12.5.9)

o The attribute vector of the assertion R[Aron{M:1[R][A]}] is given by applying R to (12.5.5(p.13)), i.e.,

O(R[A1on{M:1[R][A]}]) % R[O(Aron{M:1[R][A]})] (12.5.10)

= (a0, b, 81,85, 5c, R, T, L, K, L, V). (12.5.11)

B Step 3 (correspondence replacement operation Cg)

o Here let us consider the application of the correspondence replacement operation Cg, i.e., the replacement of the left-hand
side of each equality in Lemma 12.3.1(p.69),

f(§)7d> ﬂ7 ba :ilm ilﬁ Sc, ’%7 T(x)7 z(x)7 K(CC), ‘é(s) e (1*)7
by its right-hand,

f(§)767 f, a, xf’? 331.37 Sx ’%7 f(i)7 f’(i)z f((i)7 ['(5) T (2*)7
where (1*) is for any F' € & and (2%) is for F' € .% corresponding to the F' € .Z.
o Applying Cr to (12.5.6(p.3)) leads to

CaRISOE{M:1[R][A]}] = {Vi = Bji+ s, Vi = min{K (Vi_1) + Vi_1,8Vi_1}, t> 1} (12.5.12)

TSee Def. 11.3.1(.63) (c) for the symbol “Ton” in Aron{M:1[R][A]}.
fThe example is a hypothetical assertion which is not contained in o {M:1[R][A]}; It is used merely for explanatory convenience.

§Note Def. 12.3.3(p.71).
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o Applying Cr to R[S] in (12.5.9(p.1) ), we have
CeR[S] = (Vi— sz + 2z +Rk+b+i+a<0, t>0). (12.5.13)
Now, let us note here that the application of Cr inevitably transforms

“FeFa,pCF" in(1252pm)
into
“F € Fapnip C F corresponding to F € Fay1p C F” (12.5.14)
where

Ftralp SAF | F € Farupt C{F|FEF}=F (see (12.1.3(p7))). (12.5.15)
Hence, applying Cr to (12.5.7(p.73)) produces

CrR[Aron{M:1[R][A]}] = {CrR[S] is true for p € Pa,, and F € jAM‘p cg
corresponding to F' € F . 1p C F}. (12.5.16)

“

Now, since the phrase “ F € ﬁATom‘p C .Z” is implicitly accompanied with the phrase
the latter phrase becomes redundant. Accordingly, (12.5.16(p.1)) can be rewritten as

corresponding to F' € Fa,jp € F 7,

CrR[Aron{M:1[R][A]}] = {CrR[S] is true for p € Pa,, C P and F € ﬁAmlp C 7}

= {CrR[9] is true on %€ (Aren)} (12.5.17)
where
¢ (Aton) = {(p,F) | P € Parw C P, F € Fpryp C F}  (compare (11.3.5(63))). (12.5.18)

o The attribute vector of CrRR[Aron{M:1[R][A]}] is given by applying Cr to (12.5.10(p.73)), i.e

0(CrR[Aron {M:1[R][A]}]) = CrR[O(Area{M:1[R][A]})]

LKL, V). (12.5.19)

Fu
N

= (b,[L,EL, "'L‘Ea‘réa SZ, 5

B Step 4 (identity replacement operation )
o Here let us consider the application of the identity replacement operation Zg, i.e., the replacement of the left-hand side of
each equality in Lemma 12.3.3(p.7),

by its right-hand side,

where (1) is for any F € % and (2*) is for F € % which is identical to the F' € .7, ie., F = F---(1)
(see Lemma 12.1.1(p8) (c)).

o Applying Zr to (12.5.12(.73)) yields
TeCrR[SOE{M:1[R][A]}] = {Vi =Bu+s, Vi = min{K (Vi_1) + Vi_1,8Vi1}, t> 1} (12.5.20)

Now, we have Vi = Bu+ s = Vi from (6.5.3(p.39)). Suppose Viii=Viq. Then, since vV, = min{K (V;_1) + Viz1, Vi1 } = Vi
from (6.5.4(p.39) ), by induction V; = V; for ¢ > 0. Thus (12.5.20(p.7)) can be rewritten as

TrCrR[SOE{M:1[R][A]}] = {Vi =Bu+s, Vi = min{K (Vi—1) + Vi_1,8Vic1}, t> 1},
which is the same as SOE{M:1[R][A]} (see Table 6.5.1(p.3) (I)). Thus we have

SOE{M:1[R][A]} = ZzCrR[SOE{M:1[R][A] }] (12.5.21)
= {(Vi=8p+s, Vi =min{K (V; 1) + Vi1, Vi1 }, t > 1} (12.5.22)

o Applying Zg to (12.5.17p7)) yields (note F' = F in (1))
TeCaR[Aron{M:1[R][A]}] = {ZzCrRI[S] is true on € (Arem) }. (12.5.23)

Applying Zr to (12.5.13(p1)) yields
TeCaR[S| = (Vi — sz + T + i +b+pu+a<0, t>0). (12.5.24)

Now V; within ZzCrR[S] is generated from SOE{M:1[R][A]}, hence (12.5.23(p7)) can be regarded as the assertion on M:1[R][A]
(see Remark 6.1.1(p27) ). Thus, we have

Aron{M:1[R][A]} = ZzCrR[Aren{M:1[R][A]}] (12.5.25)
= {ZrCrRIS] is true on € (Aron)}. (12.5.26)
o The attribute vector of Aren{M:1[R][A]} is given by applying Zg to (12.5.19(p1)), i
0(Aron{M:1[R][A]}) = ZzC2R[O(Aron{M:1[R][A]})]
= (b,u,a, T7, Tz, Sz &, T, L, K, L, V), (12.5.27)
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B Step 5 (symmetry transformation operation Sp_i)

Lining up the four attribute vectors in Steps 1-4, we have the following:

Step 1: O(ia, p, b,i xr, Tk, sc,k, T, L, K, L, V) (+ (12.5.5p7)))
R A ~ R
Step 2: 0(ia, i, b, &y, dx, Sc.k, T, L, K, £, Vi) (+ (12.5.11p7)))
L A A — Cr (12.5.28)
Step 3: O(b, 1, a, =z, xz, sz, kK, T, L, K, £, Vi) (+ (12.5.19p7)))
A A — Ir
Step 4: O(ib, u, a, i, Ti, Sz, &k, T, L, K, L,V;) (+ (12.5.27p™)))

The above flow can be eventually reduced to

a, b, b7 leRvaw sLRv’iRaTR3LR7KR7['R7 ‘/t
SpLg = P8 $ i3 ~i ~i ~i ~i 3 (12.5.29)
ba H, a, xfw xl?w SERa RR, T]R ) L]R 7KR,L]R, ‘/;t

called the symmetry transformation operation, which can be regarded as the successive application of the three operations, i.e.,
“R — Cr — Zr 7. Hence, defining

Spiz = IrCrR, (12.5.30)
we can rewrite (12.5.25(p.74) ) as

Aron{M:1[R]A]} = Sp_,[Aron{M:1[R][A]}]

= {S holds on € (Aren) } (12.5.31)
where 5
S= Se .zlSl (12.5.32)
Then, from (12.5.24(p.14) ) we have
S=(Vi— s; + T +i+b+pu+a<0, t>0). (12.5.33)

Furthermore, (12.5.21(p.14)) can be rewritten as
SOE{M:I[R][A]} = Si_,z[SOE{M:1[R][4] }]. (12.5.34)
In addition, (12.5.27(p.1)) can be rewritten as

)] (12.5.35)

0(Aron{M:1[R][A]}) = Sp_7[0(Aron {M:1[R][A]
7, T,L,K,L,V). (12.5.36)

= (byu,a, T7, T, 57K,

From all the above we see that Scenario[R] starting with (12.5.3(p.7) ) finally ends up with (12.5.31(p.7) ), which can be alternatively
rewritten as respectively (see (11.3.7(p63)))

Aron{M:1[R][A]} holds on € (Aren) (see (11.3.10(p63))), (12.5.37)
ATom{le[R] [A]} holds on if(ATom>.

From the above two results and (12.5.34(p.75) ) we eventually obtain the following lemma.

Lemma 12.5.1 Let Aron{M:1[R][A]} holds on € (Aren). Then Arem{M:1[R][A]} holds on € (Are) where

Aron{M:1[R][A]} = Sy z[Aren{M:1[R][A]}]. O (12.5.38)

Remark 12.5.1 (simple structure of S ,3) At a glance, the symmetry transformation operation Sy_, 5 seems to be rather
complicated, however it can be simply prescribed as follows.

o Firstly, apply the reverse operation R to all reversible elements (see Defs 12.3.3(p.71) ) appearing within the description of
o {M:1[R][A]} (see Tom’s 11.2.1(p59) and 11.2.2(p60) ).

o Next, replace each of all elements, whether resultant ones (reversible) or non-reversible ones, with the right side of its
corresponding equality in Lemma 12.3.1(p69) (correspondence replacement operation Cr).

o Finally, remove the check sign “”” from all the replaced symbols (identity replacement operation Zr). [
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B Step 6 (Completeness of Tom)

[ aggregation scenario ]

1

* Condition Space % (Aron)

Applying Lemma 12.5.1(p7) to any assertion Aron{M:1[R][A]} included in Tom’s 11.2.1(p59) and 11.2.2(p60) , we have Aron{M:1[R][A]},
which are given by Tom’s 12.7.1(p81) and 12.7.2(p81). Below let us define

def

Tom; = Tom 12.7.1(p8]) and Tomp = Tom 12.7.2(p8l).
Furthermore, in general let s
Tom = Tomj, Tomsg, - - - . (12.5.39)
Here, as one corresponding to (12.5.18(p.74) ), let us define

Cg<AT°mi> = {(p7 F) | pPE '@ATom, - '@’F € jATOmi‘p - }V\L 1=1,2,---. (12‘5'40)

In general, let

g<AT°m> = {(p7 F‘) ! pE gATom c Q,F € ‘géATom‘p - y} (12‘5‘41)

In addition, let us define

Tomi déf {A’}'omi 9 A%om,;a o } = {ATomi }7
def

Tom = {Tomi, Tomy,---} = {Tom}.

Then, as one corresponding to (11.3.20(p.64) ), let us define
%(Tom;) = Ujzi,.C(Adog,) = Unpen, cton, € (Aron, ), 1=1,2,---, (12.5.42)

which is the aggregation of ‘f(A%omi>, j=1,2,---, into ¥ (Tom;). This can be depicted as in Figure 12.5.1(p7) below:
€ (Tom;)

A

aggregation -

1" ¢ (Tom;)
¢(AL) () A

aggregation
1]

) T,
Figure 12.5.1: Aggregation of ?f(A%omi>, ?(A-%omi>,‘f<A¥0mi> into %E(Toml)

% Condition Space % (Tom)

As one corresponding to (11.3.23(p64) ), let us define

), €(A2

Tom;

C(A2,) C(An,) (@

Tom;

% (Tom) = Ui—1,2,.6(Tom;) = Uspc7on@ (Tom), (12.5.43)

called the condition space of Tom, which is the aggregation of ?(Tomz) into ‘f(fom% depicted as in Figure 12.5.2(p.716) below
(compare Figure 11.3.3(p.65) ).

% (Tom)
definition

N %Z(Tom)

I
definition
1l

[V<Tom1>, % (Tomy), ?(Tomg)]

Figure 12.5.2: Condition space % (7om)

In the above figure, the small deformed circle (x) is the same as the deformed circle () in Figure 12.5.1(p.76).
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% Construction of .7 {M:1[R][A]}
Using (12.5.42(p.76) ), from (12.5.43(p.76)) we have

%(Tom) = Ui=12,... Uj=1,2,... € (Al (12.5.44)
= Unppefon Uim1,2,+ € (Afon) (12.5.45)
= Upneon Usraneron € (Aton) (12.5.46)

Then, fetching Figure 12.5.1(.76) in Figure 12.5.2(p76) , we see that (12.5.44(p.71)) produces Figure 12.5.3(p.77) below, demonstrating
the aggregation of € (A1) to € (Tom).

% (Tom)
aggrlelgation f(’fﬁ)m)
deﬁr‘llition
[ % (Tom,;) % (Tomy) % (Tomg) }

(FAhmy)s G Ahm,), C (A, (FlAkmy), C(ARn,), Gl An,)) (€ Adny) G (AR, € (ARen,))

Figure 12.5.3: The aggregation of €(AJ . ) into € (Tom)

om; >

Figure 12.5.3(p.77) above implies that first

“aggregating 655(14%%1) ,7=1,2,3, for i = 1,2, 3 produces ?(Tomi)}”
“aggregating ?(Tomiﬂ, i=1,2,3, produces |% (Tom)|”.

The above two successive aggregating procedures eventually yields

and then

“ aggregating m for 4,7 = 1,2, 3 produces m 7, (12.5.47)
Moreover, note that </ {M:1[R][A]} is what is aggregated over @J, ie.,
#/{M:1[R][A]} holds on % (7om) . (12.5.48)
From (11.3.27(p65) ) and (12.5.48(p.77) ) we see that aggregating Lemma 12.5.1(.75) produces the following lemma.
Lemma 12.5.2  Let o/ {M:1[R][A]} holds on € (Tom). Then <7 {M:1[R][A]} holds on € (Tom) where
A{M:AR]A]} = Spz[o/{M:1[R][A]}]. O

% Completeness of 7om

Here recall that the completeness of Tom on 4 (Tom) in the breakdown scenario was set as a necessary condition in the breakdown
scenario (see Remark 11.3.1(p66)), i.e.,

E(Tom) = P x F. (12.5.49)

However, the question arises whether or not this completeness is inherited also to the aggregation scenario, or equivalently
whether or not the equality below hold;

¢ (Tom) = P x F. (12.5.50)
Below let us show that this equality holds in fact.

® Proof Note here that for any given F' € % there exists a F' € .% such that F = F---(1) (see Lemma 12.1.1(p68) (b)) and
that for any given F € .Z there exists a F € # such that F = F---(2) (see Lemma 12.1.1(p68) (c)).

o First, since & x.Z is the set of all possible (p, F') due to its definition (see (4.4.3(p21))), clearly we have € (Tom) C #x.% ---(3).
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o Consider any (p,F) € & x .F ---(4). Then, since (p, F) € € (Tom) due to (12.5.49(p.7)), we have (p, F) € € (Aron) for at

least one € (Aron) due to (11.3.26(p6) ). Hence, since F € Fa,,,|p due to (11.3.9(p6)), we have F' € Fu,,|p due to (12.1.3(p67)),
hence (p, F) € €(Aron) due to (12.5.18p7)), thus (p, F) e % (Aton) due to (2), hence (p, F) € € (Tom) due to (12.5.46(p.7)).
Accordingly, from this fact and (4) we have 2 x .Z C %(7om) - - - (5).

From (6) and (5) we obtain ¢ (7om) = 2 x .Z. 1

Let us refer to the equality (12.5.50(p.7)) as the completeness of Tom on € (Tom) = & x .F. Then (12.5.47(p7)) can be rewritten
as

“aggregating ?f(A%omJ for 4,7 = 1,2,3, produces €(Tom) = & x F”, (12.5.51)

hence Figure 12.5.3(p.7) can be rewritten as Figure 12.5.4(p.8) below.

€ (Ton) = P x F

C(Tom) = P x F

aggregation H

% (Tom)
aggle‘lgatlon
[ % (Tom;) € (Tomy) % (Toms) }
A A A

aggregation aggregation aggregation
Il 1l I

(G(Ahny): G, C(An,)] Gy, C(ARen,), ClAL,) ) (€ ALn,) G An,), € (A,

Figure 12.5.4: The aggregation of (Al ) into € (Tom) = P x F

omi>
From (12.5.49(p.77) ) and (12.5.50(p.77) ) we can rewrite Lemma 12.5.2(p.77) as follows.
Lemma 12.5.3 Let o/ {M:1[R][A]} holds on & x .F. Then o {M:1[R][A]} holds on 2 x .F where

F{MAR]A]} = Sp_zl {M:1R]A]}]. O

W Step 7 (symmetry theorem (R — R))
From (12.5.49(p.77)) and (12.5.50(p.77) ), we see that Lemma 12.5.2(p.77) can be rewritten as Theorem 12.5.1(p.78) below.

Theorem 12.5.1 (symmetry theorem (R — R)) Let o/ {M:1[R][A]} holds on 2 x.Z. Then o/ {M:1[R][A]} holds on P x .F

where A{MAR]A]} = Sp_zl#{M:1[R][A]}]. O (12.5.52)

Then, clearly the attribute vector of «7{M:1[R][A]} becomes as follows (see (12.5.35(p.7)))

6(/ {M:A[R][A]}) = Sp_z[0({M:1[R][A]})] (12.5.53)
= (b,pa, 27, T, 8z ,8,T,L,K,L, V) (12.5.54)
T

[ aggregation scenario ]

12.6 Derivation of Ty, Lg, Kz, Lz, and &g

To begin with, let us note here the fact that Scenario[R] with Sy_ 5 is applicable for an assertion A{M:1[R][A]} related to the
attribute vector (see Section 12.4(p.72))

9:((1,#757 Tr, Tk, SC7’€>T>L7K7‘C7‘/t)‘

This fact implies that the scenario can be always applied also to any assertions involved with the attribute vector 8. Accordingly,
applying the scenario to any assertions on Tk, Lg, Kz, Lz, and kg yields the corresponding assertions on Tk, Lg, Kz, Lr and Az,
ie.,

W{TR,ZR,KR,ém,RR} :SR_)@[@{{TR,LR,KR,ﬁR,IiRH.

Accordingly, we have the following lemma:

fIn fact, this can be proven as follows. From (12.5.18(p.7)) we have € {Aron) C {(p, F) |p C 2, F C #} for any Aten, hence due to (1)
we get (f(ATom) C{(p,F) | peEPF e yv} =P xF =2 x7F due to.F =.F from Lemma 12.1.1(p8) (a). Accordingly, from (12.5.46(p.77))
we obtain %(Tom) C Uzoncon Uigucton & X F =P X F---(6).
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Lemma 12.6.1 (#{Tx}) For any F € .F:

(a) T(zx) is continuous on (—00,00).

(b) T(x) is nonincreasing on (—oo, o).

(c) T(x) is strictly decreasing on [a,00).

(d) T(x)+ z is nondecreasing on (—o0, 00).

(e) T(z)+ x strictly increasing on (—o0,b].

(f) T(x)=p—x on[b,oo) and T(z) < u—x on (—o0,b).
(g) T(x) <0 on(a,00) and T(x) =0 on (—oo,al.

(h) T(x) <min{0,u — x} on x € (—o0, 00).

(i) 7T(0)=0ifa>0 and T(0)=p if b<O0.

(5) BT(x) + x is nondecreasing on (—oo,00) if B = 1.

(k) BT(x) + z is strictly increasing on (—oo,00) if B < 1.
() Ifx>yandb >y, then T(x) +x > T(y) +v.
(m)  ABT(ABu + s) + s is nondecreasing in s and strictly increasing in s if \3 < 1.
m) b>up. 0

® Proof by symmetry The lemma, excluding (a,n), can be easily obtained by applying Sp_,5 (see (18.0.1(p1%))) to
Lemmas 10.1.1(p.53) as shown below.

(a) Evident from the fact that min{€ — z,0} in (5.1.11(p3)) is continuous on (—oo, 00).

(b) Lemma 10.1.1(p.33) (b) can be rewritten as A ={T(x) > T(x') for x < z’'}. Applying R to this yields _R[A]:{—T(m) >
—T(2") for —% < —2'}={T(2) < T(2’) for £ > '}, and then applying Cr to this produces Cg R[A] ={T (%) < T (#') for & > &'}.
Finally, applying Zg to this leads to ZrCrR[A] ={T(2) < T(#') for & > #'}. Without loss of generality, this can be rewritten as
IrCrR[A ={T(z) < T(z') for x > 2'}, meaning that T(z) is nonincreasing on (—oo, 00).

(c-e) Almost the same as the proof of (b)

(f) Let the former half of Lemma 10.1.1(p33) (f) can by rewritten as A ={T(z) = p — z for © < a}. Applying R to this yields
R[A}z{jf“(x) = —fi+4 for —& < —a}={T(z) = fi—4 for & > a}, and then applying Cr to this produces CkR[A] :{7:’ (@) =p—z
for # > b}. Finally, applying Zr to this lead to ZrCrR[A] ={T(Z) = u — & for £ > b}. Without loss of generality, this can be
rewritten as ZgCrR[A] ={T(x) = u — z for & > b}={T(x) = u — z on [b,00)}. The proof of the latter half is almost the same
as the above.

() The former half of Lemma 10.1.1(p53) (g) can be rewritten by A ={T'(z) > 0 for z < b}. Applying R to this yields
R[A] ={—T(z) > 0 for —& < —b}={T(x) < 0 for # > b}, and then applying Cg to this produces Ce R[A] ={T (2) < 0 for & > a}.
Finally, applying Zr to this leads to ZzCrR[A] ={T(2) < 0 for & > a}. Without loss of generality, this can be rewritten as
TrCrRIA] ={T(z) < 0 for x > a}={T(x) < 0 on (a,00)}. The proof of the latter half is almost the same as the above.

(h) Applying R to Lemma 10.1.1(p.33) (h) yields R[A] ={—7(z) > max{0, —i+3} for —c0 < —% < co}={T(x) < min{0, f—2}
for co > & > —oo}, and then applying Cr to this produces CrR[A] :{T (2) < min{0, i—2} for co > & > —oo}. Finally, applying
Tr to this leads to ZrCrR[A] ={T(2) < min{0, u — £} for co > & > —oo}. Without loss of generality, this can be rewritten as
IrCrR[A] ={T(z) < min{0, u — x} for co > x > —oco}={T(x) < min{0, ux — z} on (—o0,0)}.

(i) Immediate from T(0) = E[min{¢,0}] = E[min{&,0}/(a < & < b)] from (5.1.11(p.3)) and
(2.2.30p13))).

(,k) Almost the same as the proof of (b and c)

(1) Lemma 10.1.1(p53) (1) can be rewritten as A ={If z < y and a < y, then T(z) + = < T(y) + y}. Applying R to this
yields R[A]={If —& < —§ and —a < —¢, then —T'(z) — & < —T(y) — §}={If £ > § and @ > ¢, then T(2)& > T(y) + ¢}, and
then applying Cg to this produces CaR[A] ={If & > § and b > §), then T (&) + & > T(j) + §}={If z > y and b > y, then
T (z)+z > f(y) +y}. Finally, applying Zg to this leads to ZrCrR[A] ={If 2 > y and b > y, then T(z) + 2 > T(y) + y}.

(m) The former half of Lemma 10.1.1(p33) (m) can be rewritten as Let A ={ABT(\Bp—s) — s is nonincreasing in s}, which can
be rewritten as A ={A\BT(ABu—s)—s > ABT(\Bu—s')—s' for s < s'}. Applying R to this yields R[A] ={—-ABT(-ABi—s)—s >
—ABT(=A\Bji—s")—s for s < s'}={\BT(=\Bjr—5)+5 < ABT(=ABfi—s')+5' for s < s'},T and then applying Cg to this produces
CaR[A] ={\BT (=ABji — s)+s < ABT (CABfi — s')+5 for s < s'}={ABT (ABji+s)+5 < AT (\Bfi+s')+s' for s < s'}. Finally,
applying Zr to this leads to ZrCrR[A] ={\BT(A\Bu + s) + s < ABT(ABu + 8') + &' for s < s'}, meaning that ABT(A\Bu + s) + s
is nondecreasing in s. Similarly, the latter half of Lemma 10.1.1(p.53) (m) can be rewritten as ZrCrR[A] ={ BT (ABp + s) + s <
ABT(A\Bu + §') + &' for s < s'}, meaning that ABT(A\Bu + s) + s is nonincreasingness in s.

(n) Clear from (2.2.2(p.13)). 1

TNote Def. 12.3.3(p1)).
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® Direct proof See the proof of Lemma A 1.1(p2%) . 1
We have:

E(){z)\ﬁu—i—s—)\,@x on [b,—o0) ---(1),
U < ABu+s— A8z on (—o0,b) -+ (2),

ol i e (o
wo{ S0 (2
K(x)+z<Bx+s on (—00,00).

{A5u+s+ (1=A)Bzon [bo0) ---(1),
Bz + s on (—oco,a] ---(2).
K(op)==-(1=g)zp---(1), L(¥z)=(1-pB)Tz - (2).

® Proof by symmetry Obtained by applying Sp_,3 (see (12.5.29(p.7))) to (10.2.3(p5)) - (10.2.8(p55) ).

® Direct proof See (A 1.1(p.27))-(A1.6(p28)) . 1
Lemma 12.6.2 (&/{Lr})

(a) L(x) is continuous on (—o0,o0).

) L (x) is nonincreasing on (—oo, o).
(c) L(x) is strictly decreasing on [a, c0).
(d) Lets=0. Then Tf =a where T < (>)z & L(x) < (=)0= L(z) < (>)0.
(e) Lets>D0.

1. =7 uniquely exists with Tp > a where Tp < (= (>)) z < L(z) < (= (>)) 0.

2. MBu+s)/A8>()be zp=(<) Mu+s)/A8>(<)b. D
® Proof by symmetry Obtained by applying Sp_,z (see (12.5.29(p.75))) to Lemmas 10.2.1(p55) 1
® Direct proof See the proof of Lemma A 1.2(p2%) . 1

Corollary 12.6.1 (& {ir})

(a) 7z <(>)ze Lz) <(>)0.
(b) @ <(2)z=L(z)<(>)0. 0O

L
L

® Proof by symmetry Obtained by applying Sp_,5 (see (12.5.29(p.7))) to Corollaries 10.2.1(p55) 1
® Direct proof See the proof of Corollary A 1.1(p23%) . 1

Lemma 12.6.3 (&/{Kz})

(a) f((x) is continuous on (—00,0).

(b) K (z) is nonincreasing on (—o0,00).

(c) K (x) is strictly decreasing on [a, o).

(d) K (x) is strictly decreasing on (—oo,0) if B < 1.

(e) K (z)+ z is nondecreasing on (—00,00).

(f) K (z)+ =z is strictly increasing on (—oo, b].

(g) K (z)+ z is strictly increasing on (—oo,00) if A < 1.

(h) Ifz>yandb>y, then K(z)+z>K(y) +y.

(i) LetB=1ands=0. Then Tz =a where Tz < (>)z e K(z) < (=)0 = K(z) < (>) 0.
(G) LetB<1ors>0.

1. There uniquely exists Tz where T < (= (>)) z & K(z) < (= (>)) 0.

2 (ABu+s)/6> (<) b Tz = (<) (ABu +5)/5.

3. Letk <(=(>))0. Then Tz < (=(>))0. 0
® Proof by symmetry Obtained by applying Sp_,z (see (12.5.29(.75))) to Lemmas 10.2.2(p5). 1
® Direct proof See the proof of Lemma A 1.3(p23) . 1

(12.6.1)

(12.6.2)

(12.6.3)

(12.6.4)

(12.6.5)

(12.6.6)
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Corollary 12.6.2 (&/{Kr})

(a) Tz <(2)z e K(z) <(2)0.

(b) 7 <(>)z= k()< (2)0. 0

® Proof by symmetry Obtained by applying Sp_,z (see (12.5.29(p.75))) to Corollaries 10.2.2(p5). 1
® Direct proof See the proof of Corollary A 1.2(p239) . 1

Lemma 12.6.4 (&/{Lz /Kz})

(a) LetB=1ands=0. Then Tz = Ty =a.

(b) Let =1 ands>0. Then Tz = T;.

() Letf<lands=0. Thena<(=(>))0& 77 <(=(>)) 2z = Tz < (=(=))0.

(d) Letf<lands>0. Thenk < (=(>))0& 2 <(=(>)) Zxg = Tz <(=(>))0. O
® Proof by symmetry Obtained by applying Sp_,3 (see (12.5.29(p.7))) to Lemmas 10.2.3(p56). N
® Direct proof See the proof of Lemma A 1.4(p239) . 1

Lemma 12.6.5 (&/{Lr})
(a) L(s) is nondecreasing in s and is strictly increasing in s if A3 < 1.
(b)  Let A\Bu < a.

1. 2z > ABu+s.
2. Lets>0and A\ < 1. Then T > Afu+ s.
(¢c) Let \Bu > a. Then, there exists a Sz > 0 such that if sz > (<) s, then Tf < (>) \Bu+s. U

® Proof by symmetry Obtained by applying Sp_ .z (see (12.5.29(.75))) to Lemmas 10.2.4(p57). 1
® Direct proof See the proof of Lemma A 1.5p240) . 1

Lemma 12.6.6 (Rz) We have:

(a) R=XBu+sifb<0andk =s1ifa>0.

(b) Letf<lors>0. Thenk <(=(>)0< 2z <(=(>))0. O

® Proof Obtained by applying Sp_,z (see (12.5.29(p.7))) to Lemmas 10.3.1(p57). 1
® Direct proof See the proof of Lemma A 1.6(p240) . 1

12.7 Derivation of «7{M:1[R][A]}

Lemma 12.7.1 (M:1[R][A])  The optimal initiating time t: (OIT) is not subject to the influence of the symmetry transformation
operation Sg_,5 (see (12.5.29(p.7))). 0

® Proof First, let us represent (7.2.5(p43)) as D = {ﬁi > It for 7 >t > 6,}--- (1), which can be rewritten as D = {37~ Vir >
BTV, for T >t > §,}. Next, applying R to this yields ’R[D]:{—BT%:‘A@; > B W for >t > §q}:{577t: Vt; < BT
for 7 > ¢ > §,}. Then, even if applying Cz (Lemma 12.3.1(p)) to this, no change occurs, i.c., CeR[D] ={87 Vt; < BTV, for
T >t > 0q}. Finally, applying Zr (Lemma 12.3.3(p.71)) to this, we have ZrCrR[A] :{ﬁTft: Vt; <BTW, for T >t > 0q}. Then,
since V; changes into V; for the same reason as been stated just below (12.5.20(p.74) ), so we have ZrCrR[A] Z{BT_ti Vir < B8V,
for 7 >t > 44}, ie., {Iﬁi < It for 7 >t > §,}---(2). The above result means that the optimal initiating time is ¢ even
i(f SS'RHR (= ZrCrR) is applied, hence it follows that the optimal initiating time ¢; due to (1) is entirely inherited to t; due to
2). 1

O Tom 12.7.1 (& %on {M:1[R][A]}) Let =1 and s = 0.

(a) V4 is nonincreasing in t > 0.

(b)  We have ®r>1(r)s where CONDUCT,>¢>1a. U

® Proof by symmetry Immediately obtained by applying Sp_z (see (12.5.29(p.7))) to Tom 11.2.1(p59). 1
® Direct proof See the proof of Tom A 4.1(p20) . 1

0 Tom 12.7.2 (O &/{M:1[R][A]}) Let <1 ors>0.
(a) V& is nonincreasing in t > 0 and converges to a finite V< T ast — oo.
(b)  Let Bu<a. Then @->1(1)y.
(c) Letpu>a.
1. Letp=1.
i. Letpu+s>b. Then @->1(1))-
ii. Letpu+s<b. Then ®r>1(r)a where CONDUCT;>¢>14-
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2. LetB<1lands=0(s>0).
i. Leta<0 (& <0). Then ®r>1(t)sa where CONDUCT;>¢>1a-
ii. Leta=0 (k=0).
1. Let Bu+s>b. Then @-r>1(1).-
2. Let fu+s <b. Then ®r>1(r)a where CONDUCT>;>1a-
ii. Leta>0 (K >0).
1. LetBu+s>bor s; <s. Then @->1(1).

2. Let Bu+s <band Sz >s. Then Si(pb0) 1s true. [

N e

® Proof by symmetry Immediately obtained by applying Sz (see (12.5.29(p.7))) to Tom 11.2.2(p60). N
® Direct proof See the proof of Tom A 4.2(p.20) . 1

12.8 Scenario[R]
In this section we write up the inverse of Scenario[R]|(p.73) which derives o7 {M:1[R][A]} (see Tom’s 11.2.1(p59) and 11.2.2(p0))

from o7 {M:1[R][A]} (see Tom’s 12.7.1(ps8l) and 12.7.2(p81)). Let us represent this scenario as Scenario[R].
B Step 1 (opening)
o The system of optimality equation of M:1[R][A] is given by Table 6.5.1(p.3) (II), i.e.,
SOE{M:1[R][A]} = {Vi = Bu+s, Vi = min{K (Vi_1) + Vi_1,BVi1}, t>1}. (12.8.1)

o Let us consider an assertion Aron{M:1[R][A]} in each of Tom’s 12.7.1(p81) and 12.7.2(p81), which can be rewritten as

Aren{M:1[R][A]} = {Sis true for p € Pa,, C P and F € F Arlp With p € P4, C F}

= {Sis true on € (Arn)} (see (12.5.31(p75))) (12.8.2)

where
‘f(ATom) S {(p, F) | PE Py CP, FEFunp CF}

To facilitate the understanding of the discussion that follows let us use the following example.

S=WVi— 4+ 2 +R+b+pu+a<0, t>0) (see (12.5.33(p7))).

o The attribute vector of the assertion Aron{M:1[R][A]} is given by (12.5.36(p5)), i.e.,

O(ATom{Ml[R][A}}) = (bﬂu‘?a‘7 xf7 xf}, 857R7T7E7K7£7%)' (1283)

B Step 2 (reverse operation R)

o Applying the reverse operation R to (12.8.1(p82)) produces

R[SOE{M:1[R][A]}] = {~Vi = —Bji+ s, =V} = min{—K (Vi1) — Vie1, —BVi1}, £ > 1}
= (- =-Bia+s, —Vi=—max{K (Vie1) + Vie1, BVi1}}
= (Vi =B — s, Vi = max{K (Vi1) + Vi1, BVio1}, t > 1} (12.8.4)

o Applying R to (12.8.2(p82)) yields to
R[ATom{M:I[R] [A]}] = {R[g} is true on € (Aren) }. (12.8.5)
For our example we have:

RIS|=(-Vi— sz — if —k—b—j—
=(Vit+ Sz + & +h+b+a+a>0, t>0). (12.8.6)
o The attribute vector of the assertion R[Aren{M:1[R][A]}] is given by applying R to (12.5.36.7)), i.c.,

O(R[Aren{M:1[R][A]}]) £ RI[O(Aron{M:1[R][A]})]

= (B,ﬂ,a, ‘%E7i;1?7 857%7f7i,]%757 t)' (1287)
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W Step 3 (correspondence replacement operation éR)
o Here let us consider the application of the correspondence replacement operation Cg, i.e., the replacement of the left-hand
side of each equality in Lemma 12.3.2(p.70).

b, i, a, &7, &z, sz, k, T(x), L(x), K (z), £(s)--(17)
by its right-hand side

Ly &k, Sz, By T(2), L(Z), K(&), L(s)---(2%)

a, /1, b7

2

where (1*) is for any F' € . and (2%) is for F' € % corresponding to the F € .Z.
o Applying Cr to (12.8.4(p82)) leads to
CrR[SOE{M:1[R][A]}] = SOE{M:1[R][A]} = {Vi = B — s, Vi = max{K (V;_1) + Vi_1,8Vi_1}, t>1}. (12.8.8)

o Applying Cr to R[§] in (12.8.6(p8) ), we have
CeR[S| = (Vi+sz+ @, +i+a+a+b<0, t>0). (12.8.9)
Now, let us note here that the application of Cr (see Lemma 12.3.2(p.1) ) inevitably changes

“for F € Far,p ©F” in (12.8.5p8))

into
“for F € Fap1p C F corresponding to any F € Fay,p withp € Pag, C P

where B B
Frralp = {F | F € Farup}  (see (12.1.3p67))).

Hence, applying (12.8.5(p82) ), we have
CeR[Arx{M:1[R][A]}] = {CrRI[S] is true for p € Pa,, € P and F € Fuy1p € F (12.8.10)

corresponding to F' € F 4, 1p C F with p € Pa,, C P}. (12.8.11)

Now, since the phrase “F € F4, .|, C F” is implicitly accompanied with the phrase “F € Zu, ., C .Z”. Accordingly
(12.8.11(p83) ) can be rewritten as

CaR[Aron{M:1[R][A]}] = {CrRI[S] is true for p € Pa,, C P and F € Fu,,1p C T}, (12.8.12)

= {CrR[S] is true on (gV<ATom> }

where
¢ (Atn) = {(D,F) | P E Piarw C P, F € Farpyip C F}. (12.8.13)

o The attribute vector of Ca R[Aron{M:1[R][A]}] is given by applying Cr to (12.8.7(p8)), i.e.,
0(CeR[Aroa {M:1[R][A]}]) = CaR[O(Aron{M:1[R][A]})]

= (@, [1,b, &1, Fr,55.5, T, LK, L, Vh). (12.8.14)

W Step 4 (identity replacement operation fR)
o Here let us consider the application of the identity replacement operation Zg, i.e., the replacement of the left-hand of each
equality in Lemma 12.3.4(p.72)

F,a,i,b, &1, &x, sz, &, T(z), L(x), K(z), L(s)---(17)
by its right-hand side
F7 a, [, bv L, Tk, Sc, K, T(JZ‘), L($)7 K(I)7 ‘C(S)(2*)

where (1%) is for any F' € % and (2*) is for F € . which is identical to the F € .Z, i.e., F = F---(1).
o Applying Zg to (12.8.8(p83) ) yields
ToCrR[SOE{M:1[R][A]}] = {Vi = Bu — s, Vi = max{K (Vi_1) + Vi_1,BVi_1}, t > 1}.

Now, we have Vi = Bu—s = V1 from (6.5.5(p3) ). Suppose Vi_1 = Vi_1. Then, since V; = max{K (Vi—1) + Vi_1,8Vic1} = V2
from (6.5.6(p.39) ), by induction V; = V; for ¢ > 0. Thus we have

ZrCeR[SOE{M:1[R][A]}] = {Vi = Bu — s, Vi = max{K (Vi—1) + Viz1, BViz1}, t > 1},
which is the same as SOE{M:1[R][A]} (see Table 6.5.1(p33) (I)). Thus we have
SOE{M:1[R][A]} = ZzCrR[SOE{M:1[R][A]}] (12.8.15)
={Vi =Bu—s, Vi =max{K (Vie1) + Vi1, BVi1}, t > 1}.
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o Applying Zz to (12.8.120p8)) yields
ZeCrR[Aten{M:1[R][A]}] = {ZzCxRI[S] is true on € (Aren) }. (12.8.16)
Applying Zg to (12.8.9(p8)) yields
ZeCrRIS| = (Vi+ sc + 2o + 6 +a+pu+b<0, t>0). (12.8.17)

Now V; within ZzCrR[S] is generated from SOE{M:1[R][A]}, hence (12.8.16(p84) ) can be regarded as an assertion as to M:1[R][A].
Thus, we have

Aron{M:1[R][A]} = ZrCrR[Are{M:1[R][A]}] (12.8.18)

{ZxCrRIS] is true on € (Aren) }.

o The attribute vector of Az, {M:1[R][A]} is given by applying Zg to (12.8.14(p83)), i.e

.’zméRR[a(ATom{le[R] [A]})]
= (amuab, TL, Tk, SﬁaK/7T7L7K"C7‘/’5)’ (12819)

6(Aron{M:1[R][A]})

W Step 5 (symmetry transformation operation Sz_g)

Below, letting us line up the attribute vectors given in Step 1 to Step 4, we have the following:

Step 1: O((b, 11, a,} o7, ¥z, 5z, /&, T, L, K, £,Vi) (+ (12.8.3p8))
T R — R
Step 2: O(b, i, G, 5, , 5y 2, R, T, L, K, L, Vi) (+ (12.8.7p82)))
T A — Cr (12.8.20)
Step 3: (i, i1, b, xy, x5, 5z, K, T, L, K, £, Vi) (+ (12.8.14p8)))
N <_j]R
Step 4: O(ia, p, b,i xr, Tk, Sc,k, T, L, K, £, Vi) (+ (12.8.19p8)))

The above flow can be eventually reduced to

b7l’[’7 a/7 T b }27357%7T7L7K7£"/t
KT ¢ I ST 1 A S S S S S A A (12.8.21)
a, K, b7 xL7mK7857F‘:7T7L7K7['7‘/t

xT

(S

called the symmetry transformation operation, which can be regarded as the successive application of the three operations, i.e.,
“R — Cr — Ir 7. Here let us define

def

Sop E TuCeR. (12.8.22)
Then (12.8.18(p84) ) can be rewritten as
Arn{M:A[R][A]} = Sg_p[Aron{M:1[R][A]}]
= {Sis true on € (Aron) } (12.8.23)
where

S = S:_xlS) (12.8.24)
Then, from (12.8.17(p84)) we have
S=WVi+ $c + 2z +xk+a+pu+b<0, t>0).
Then, (12.8.15(p83) ) can be rewritten as
SOE{M:1[R][A]} = S;_,[SOE{M:1[R][A] }]. (12.8.25)
In addition, (12.5.27(p.14)) can be rewritten as

0(Aroa {M:L[R][A]}) = Sg_,z[0(Aren{M: [ 1A]})] (12.8.26)
= (b, a, Tz, T, Sz, &, T,L,K,L, Vi) (12.8.27)

From all the above we see that Scenario[R] starting with (12.8.2(.82)) finally ends up with (12.8.23(p8) ), which can be rewritten
as respectively

Aron{M:1[R][A]} holds on € (Azon), (12.8.28)
Aron{M:1[R][A]} holds on % (Azen). (12.8.29)

From the above two results and (12.8.25(p84)) we eventually obtain the following lemma.
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Lemma 12.8.1 Let Aron{M:1[R][A]} holds on € (Aren). Then Arem{M:1[R][A]} holds on € (Are) where

Aroa{M:1[R][A]} = S5 z[Area{M:1[R][A]}]. O (12.8.30)
W Step 6 (aggregation)
We can construct quite the same procedure as in Step 6 (p.7) .

W Step 7 (symmetry theorem R <+ R)
Through the procedure in Step 6 (p85) we have the following theorem

Theorem 12.8.1  Let o/ {M:1[R][A]} holds on & x .F. Then o {M:1[R][A]} holds on 2 x .F where

F{M:1R]A]} = Szl {M:A[R][A]}]. [ (12.8.31)
® Proof Immediate for the same reason as in Theorem 12.5.1(p.7). 1
The attribute vector of &7 {M:1[R][A]} is given by

O(/{M:AR][A]}) = Sg_x[0(</{M:1[R][A]})] (12.8.32)
(ayp,b, o, Txcy Sc K, T, L, K, L, V;) (12.8.33)

12.9 Definition of Symmetry

Thus far, the term of symmetry has been used in the rather intuitive nuance. In order to make our discussions more clear,
below let us provide its strict definition.

Definition 12.9.1

(a) Let A{M1} and A{Ms} be assertions on models M; and My respectively. Then, if A{M2} = Sp_z[A{M1}] and A{M1} =
S rlA{M2}, let A{M1} and A{Mz} be said to be symmetrical, denoted by A{M1} ~v A{M2}. Then let us employ the
expression of “M; and My are symmetrical with respect to A”.

(b)  For given two assertion systems /{M; } and «/{M2} which are one-to-one correspondent, if A{M;} ~v A{Mz} for any pair
(A{M1}, A{M2}) where A{M:} € &{M1} and A{M2} € &/{M}, then &/{M:} and &/{Mz} are said to be symmetrical,
denoted by &/{M1} ~v &/{Mz}. Then, let us employ the expression of “M; and M are symmetrical with respect to o7 ”.

(c) Without confusion, let us remove the phrases “with respect to A” and “with respect to /7. [

Lemma 12.9.1 & {M:1[R][A]} and </{M:1[R][A]} are symmetrical, i.e.,
Z{M:A[R][A]} ~v Z/{M:1[R][A]}. [ (12.9.1)

® Proof Immediate from (12.5.52(p.7)) and (12.8.31(p85)). 1

12.10 Symmetry-Operation-Free

When no change occurs even if the symmetry operation is applied to a given assertion A, the assertion is said to be free from
the symmetry operation, called the symmetry-operation-free assertion.

Lemma 12.10.1  Even if the symmetry operation is applied to the symmetry-operation-free assertion, no change occurs. [

® Proof Evident. 1

12.11 Symmetry between SOE{M:1[R][A]} and SOE{M:1[R][A]}

Here note that the symmetrical relation holds between SOE{M:1[R][A]} and SOE{M:1[R][A]} (see (I) and (II) in Table 6.5.1(p39)),
i.e., SOE{M:1[R][A]} ~v SOE{M:1[R][A]}. It is an important point that, due to this very fact, the symmetry theorems
(Theorems 12.5.1(p78) and 12.8.1(p85)) can be derived. It will be known later on that this symmetrical relation is one of the
necessary conditions on which the integrated theory can be successfully constructed.
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Chapter 13

Third Step: Analogy Theorem (R < P)

The third step for constructing the integrated theory is to provide a methodology which derives o/ {M:1[P][A]} (selling model
with P-mechanism) from &/ {M:1[R][A]} (selling model with R-mechanism) that was derived in Chap. 11(p59).

13.1 Preliminary

Lemma 13.1.1 ([16,You])

(a) Letx >b. Then z(z) =b.

(b) Letx <b. Then z < z(x) < b.
(¢) z(x)>a for anyz. [

® Proof (a) Letxz >b. If z<b---(I), then z < z, hence p(z)(z —z) < 0 due to (5.1.29 (1) (p24) ), and if b < z--- (III), then
p(2)(z —z) = 0 due to (5.1.29 (2) (p4)). Hence z(z) can be given by any z > b, thus z(z) = b due to Def. 5.1.1(p.24).

@ (1m)

z<b J‘ b<z

— —o
Figure 13.1.1: Case z > b

(b) Let z <b. If 2z < zx---(I), then p(z)(z —z) <0, if x < z < b---(I), then p(z)(z — z) > 0 due to (5.1.29 (1) (pA)),
and if b < z- .- (III), then p(2)(z — ) = 0 from (5.1.29 (2) (p4)). Hence, z(z) is given by z such that < z < b or equivalently
z < z(x) <b.

.................................................................. < b
Figure 13.1.2: Case z < b

(c) Assume that z(z) < a for a certain . Then, since p(z(z)) = 1 = p(a) due to (5.1.28 (1) (p.49)), from (5.1.25(p.24) ) we have
T(z) = p(z(x))(z(z) —z) = 2(z) —x < a — x = p(a)(a — x) < T(z), which is a contradiction. Hence, it must be that z(z) > a
for any x. 1

Corollary 13.1.1 ([16,You]) a < z(z) <b for any z. [
® Proof Immediate from Lemma 13.1.1(p87). 1

Lemma 13.1.2 ([16,You]) p(z) is nonincreasing on (—oo, 00) and strictly decreasing in z € [a,b]. [
® Proof The former half is immediate from (5.1.18(p24)). Let a < 2’ < z < b. Then p(z’) — p(z) = Pr{z’ < ¢} — Pr{z < ¢} =
Pr{z' <€ <z} = [, f(€)dE > 0 (See (2.2.3(2) (p13))), hence p(z’) > p(2), i.e., p(z) is strictly decreasing on [a,b]. I

Lemma 13.1.3 ([16,You]) z(z) is nondecreasing on (—oo,00). [
® Proof From (5.1.25(p.)), for any = and y we have

T(z) = p
=D A

< T(y) — (= — y)p(z(z))
(

= p(z(¥)(2(y) — y) — (x — y)p(z(z))
= p(zW)(2(y) —z + (x —y)) — (x — y)p(z(x))
= p(2(¥))(2(y) — 2) + (x — y)(p(2(y)) — p(2(x)))

IN
S

(@) + (= = 9)(p(2(y)) — p(z(2)))-

¥ This is the most important property of the function 7', which was proven in [14,You].
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Hence 0 < (z — y)(p(2(y)) — p(2(x))). Let © > y. Then 0 < p(2(y)) — p(z(x)), so p(z(z)) < p(z(y))---(1). Since a < z(z) < b
and a < z2(y) < b from Corollary 13.1.1(p87), if z2(z) < 2(y), then p(z(z)) > p(z(y)) from Lemma 13.1.2(p87), which contradicts
(1). Hence, it must be that z(z) > z(y), i.e., z(z) is nondecreasing in z € (—o0,00). I

Lemma 13.1.4

(a) T(x) is continuous on (—o0,0).

(b) T(x) is nonincreasing on (—o0, 00).

(¢) T(x) is strictly decreasing on (—o0,b].

(d) T(z) >0 on (—o0,b) and T(xz) =0 on [b,00).

(e) T(zx)>a—=x on (—00,00).

(f) T(x)+ z is nondecreasing on (—o0, 00).

(g) ,BT( ) + x is nondecreasing on (—oo,00) if f = 1.

(h)  BT(x) + x is strictly increasing on (—oo,00) if f < 1.

(i) T(z) > max{0,a —z} on (—oo,0).

(G) ABT(ABa — s) — s is nonincreasing in s and is strictly decreasing in s if A\ < 1. [

® Proof (a,b) Immediate from the fact that p(z)(z — ) in (5.1.19(p24)) is continuous and nonincreasing in = € (—oo, 00) for
any z.

(c) Let 2’ <z <b. Then 2(z) < b from Lemma 13.1.1(p87) (b). Accordingly, since p(z(z)) > 0 due to (5.1.29 (1) (p.24)) and
since z(z) — x < z(x) — 2’, from (5.1.25(p4)) we have T(z) = p(z(z))(2(z) — x) < p(z(x))(2(z) — z') < T(2'), implying that
T(x) is strictly decreasing on (—oo,b) -« -- (1). Assume T(b) = T(z) for a given x < b, so b —x > 0. Then, for any sufficiently
small € > 0 such that b — 2 > 2¢ > 0 we have b > b—¢ >z +¢& > z, hence T(b) = T(x) > T(b —¢) > T(b) due to the strict
unceasingness shown above and the nonincreasingness in (b), which is a contradiction. Thus, since T'(z) # T(b) for any = < b,
we have T(x) > T(b) or T(z) < T(b) for any = < b. However, the latter is impossible due to (b), hence only the former is
possible. Consequently, it follows that T'(x) is strictly decreasing on (—oo, b] instead of (—oo, b).

(d) Let z > b. Then, since z(z) = b from Lemma 13.1.1(p87) (a), we have p(z(z)) = 0 due to (5.1.29(2) (p24)), hence
T(z) = p(2(z))(z(xz) —z) = 0 on [b,00). Let z < b. Then, from (c) we have T(z) > T(b) =0, i.e., T(z) > 0 on (—o0, b).

(e) Since p(a) =1 from (5.1.28 (1) (p4) ), we have T'(z) > p(a)(a — x) = a — x for any x on (—00, 0).

(f) Let z < z’. Then, we have

T(z)+z = p
=D
<vp
=D

implying that T'(z) + x is nondecreasing on (—o0, c0).

(g) If =1, then ST (z) + z = T(x) + =, hence the assertion is true from (f).

(h) Since BT(z) +x = B(T(z) + z) + (1 — B)z, if B < 1, then (1 — B)z is strictly increasing in x, hence the assertion is true
from (f).

(1) ( )Immediate from the fact that T(z) > a — z on (—oo, 00) from (e) and T'(z) > 0 on (—oo, c0) from (d).

(j) From (5.1.19(p.4)) we have

ABT(ABa — 5) —s = ABmax, p(2)(z — ABa + s) — s = max, p(z)(A\Bz — (A\B)%a + ABs) — s.
Let s > s’. Then, we have
ABT(ABa — s) — s — A\BT(A\Ba — §') + &

max, p(2)(A3z — (AB)%a + A\Bs) — max, p(2)(ABz — (\B)%a + A\Bs') — (s — &)
max; p(z)(s — s)AB — (s — )1
max,(s — s )A\8 — (s —s’) (due top(z) <1 and s—s" > 0)
(5 — N8 — (5 — )
= (5= )1 AB) < (<) 0if AB < (<) 1.

Hence, since ABT(A\Ba — s) — s < (<) ABT(ABa — s') — s" if A8 < (<) 1, it follows that T(ABa — s) — s is nonincreasing (strictly
decreasing) in s if A\ < (<) 1. |

ININ

Let us define

h(z) = p(2)(z —a)/(1 = p(2)), =z>a,
h* =sup, ., h(z),

tmax, g(x) — max, h(z) < max,{g(z) — h(z)}.
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Below, for a given x let us define the following successive four assertions:

Ai(z) = (2(z) > a),

As(x) = (T (a,z) < T(2',x,) for at least one 2’ > a)),
As(x) = {a—h(7') < z for at least one 2’ > a ),
Ay(z) = (inf.saf{a — h(2)} < ).

Proposition 13.1.1 For any given z we have A;(z) & Az(z) & As(x) & As(x). O

® Proof Letting T(z,2) = p(z)(z — x), we can rewrite (5.1.19(p24)) as T(z) = max., T(z,z) = T(z(x),z) (see (5.1.25(p.4))).

1. Let Ai(z) be true for any given z. Suppose T'(a,z) > T(2',x) for all 2’ > a, hence the maximum of T'(z,x) for all z > a is
attained at z = a, i.e., 2(z) = a (see Def.5.1.1(p24) ), which contradicts A;(x). Hence it must be that T(a,z) < T(2',z) for
at least one 2’ > a, thus As(x) becomes true. Accordingly, we have A;(z) = Aa(x). Suppose Az(z) is true for any given .
Then, if z(z) = a, we have T(a,x) < T(7',z) < T(z) = T(2(z),z) = T(a,z), which is a contradiction, hence it must be that
z(xz) > a due to Lemma 13.1.1(p87) (¢). Accordingly, we have Aa(z) = Ai(z). Thus, it follows that A;(z) & Az(x) for any
given x.

2. Since p(a) =1 from (5.1.28 (1) (p4) ), for 2’ > a (hence 1 > p(z') -+ (1) from (5.1.28 (2) (p24))) we have

T(a,z) —T(, x)

= (1-p(=")(
= (1=p()(a—=z—p(")( —a)/(1 -p(z)))
= (1-p(z"))(a—=z—h(z))
= (1-p())(a-h() - 2).
Accordingly, due to (1) we immediately obtain Ay (z) < As(z) for any given z.

3. Let As(x) be true for any given x. Then clearly A4(z) is also true, i.e., A3(z) = A4(z). Let A4(x) be true for any given x.

Then evidently a — h(z') < z for at least one 2z’ > a, hence As(z) is true, so we have A4(z) = As(z). Accordingly, it follows
that As(z) & A4(zx) for any given x.

From all the above we have A;(x) & Az(x) & As(x) & As(z). 1

Lemma 13.1.5

(a) 0<h*<oo.

(b) z*=a-h"<a.

() z¥<(>)zezz)>(=)a

(d) a* <a 0

® Proof (a) For any infinitesimal € > 0 such that a < b—e < b---(II) we have 0 < p(b —¢) < 1 from (5.1.29 (1) (p24)) and

(5.1.28 (2) (p4) ), hence h(b—¢) =pb—¢e)(b—e—a)/(1 —p(b—¢€)) > 0. If b < z--- (IIT), then p(z) = 0 due to (5.1.29 (2) (p24)),
hence h(z) =0 for z > b. From the above we have h* > 0 (finite) or h* = oco.

z<a a<z<b b<z

@) (In) (1m)
Figure 13.1.3: h(b—¢) > 0 and h(z) =0 for z > b

! b h(z) =0
\
\

1=

Assume that h* = co. Then, there exists at least one 2z’ on a < 2’ < b such that h(z') > N for any given N > 0. Hence, if the
N is given by M/fT with any M > 1, we have h(z') > M/f or equivalently p(z")(z" —a)/(1 — p(z")) > M/f. Hence, noting

(5.1.18(p24) ), we have

P& —a) > (L—p(z"))M/f = (1 —Pr{s <EHM/f =Pr{€ <2'}M/f - (x)

tSee (2.2.4(p.13))
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where Pr{¢ < 7'} = f:/ fw)dw > f:/ fdw = (2 —a) f. Accordingly, since p(z')(2 —a) > (2’ —a)fM/f = (2" — a)M, we have
p(z') > M > 1 due to 2’ — a > 0, which is a contradiction. Hence, it must follow that h* < oco.
(b) Since Ai(z) = As(x) due to Proposition 13.1.1, we can rewritten (5.1.27(p24)) as
x* inf{z | inf.>a{a — h(2)} < x}
inf.sq{a —h(z)}---(1)

= a—sup,_,h(z) =a—h* <a (dueto (a)),

hence (b) holds.

(¢) Ifz* <, theninf,~.{a—h(z)} < z from (1), hence z(x) > a due to A4(z) = A1 (z). Ifz* > z, then inf,<.{a—h(z)} > z
from (1). Now, since infq<.{a — h(2)} > = © z(z) < a due to a contraposition of A4(x) < A;(z), hence we obtain z(z) = a
due to Lemma 13.1.1(p87) (c).

(d) First note T(x) > p(z')(2" — x) for any = and 2’. Accordingly, for any sufficiently small € > 0 such that a + & < b we
have p(a +¢) > 0 from (5.1.29 (1) (p4) ), hence T(a) > p(a +¢€)(a+ € —a) = p(a + €)e > 0. Adding a to the inequality yields
T(a) + a > a. Thus, we have T(z) + x > T(a) + a > a for any = > a due to Lemma 13.1.4(p8) (f). Accordingly, if a* > a, then
since T(a*) + a* > T(a) + a > a, from Lemma 13.1.4p3) (a) we have T(a* — ¢) + a* — & > a for any sufficiently small ¢ > 0
or equivalently T'(a* — €) > a — (a* — €), which contradicts the definition of a* (see (5.1.26(p24))). Therefore, it must be that
a*<a. 1

Lemma 13.1.6

(a) T(x)+ x is strictly increasing on [a*,00).

(b) T(x)=a—x on (—o00,a*] and T(x) > a—x on (a*,00).
(c) T(O)=aifa*>0andT(0)=01ifb<0.

(d) Ifz<yanda* <y, thenT(x)+x<T(y)+y. 0

® Proof (a) From (5.1.25(p24)) we have

T(x)+x = p(z(2)(2(z) — 2) + 2 = p(2(z))2(x) + (1 = p(z(z)))z. - - (1)

o Let ¥ < . Then z(z) > a from Lemma 13.1.5(p89) (c), hence p(z(x)) < 1 due to (5.1.28 (2) (p4)), so 1 — p(2(z)) > 0. If
z < 2, from (1) we have

T(x)+a = p(z(2))z(z) + (1 - p(z(@)z < p(z(2))2(z) + (1 - p(2(2)))z" = p(2(2))(2(2) — 2") + &’ < T(2) + 27,
i.e., T(x) + z is strictly increasing on (—o0o, 00), hence understandably so also on [a*, c0).

o Let * > z. Then z(z) = a from Lemma 13.1.5(p.89) (¢), hence p(z(z)) = 1 from (5.1.28 (1) (p4) ), so T(z) = p(z(x))(z(z)—z) =
a—z---(2). Suppose a* < z*. Then, since a* < a* + 2¢ < z* for an infinitesimal € > 0, we have a* < a*+e < z* —e < z*

or equivalently 2* > a* + ¢; accordingly, due to (2) we obtain T(a* +¢) = a — (a* 4+ ¢) - - (3). Now, due to (5.1.26(p2) ) we

have T(a* 4+ ¢€) > a — (a* + €), which contradicts (3). Accordingly, it must be that z* < a*. Let #’ > z > a*. Then, since
x* < z, we have z(z) > a Lemma 13.1.5(p8) (c), hence p(z(z)) < 1 due to (5.1.28 (2) (p24)) or equivalently 1 — p(z(z)) > 0.
Thus, from (1) we have

T(x)+z = pz(@))z(@) + (1 - p(2(2)z < p(2(2)z(z) + (1 — p(2(2)))2’ = p(2(2))(2(z) — 2’) + 2’ < T(a') + 2,
implying that T(z) + x is strictly increasing - - (4) on (a*,00). Now, let us assume T(z) + z = T(a*) + a* on a* < z,
so x —a* > 0. Then, for any sufficiently small € > 0 such that x — a* > 2¢ we have x > © — ¢ > a* + & > a*, hence
T(z)+z=T(a")+a" <T(a"+¢)+a*+¢e < T(z)+ z due to the nondecreasing in Lemma 13.1.4(p8) (f) and the strict
increasingness shown above, which is a contradiction. Thus, it must be that T(z) + z # T(a*) + a* on a* < z, so we have
T(xz)+x>T(a)+a" or T(z)+z < T(a*)+a* on a* < x; however, the latter is impossible due to the nondecreasing in
Lemma 13.1.4(p8) (), hence it follows that T(z) + = > T(a*) + a* on a* < x. From this fact and (4) it inevitably follows
that T'(z) + x is strictly increasing on a* < z, i.e., T(z) + x is strictly increasing on not (a*, —00) but [a*, —00).

Accordingly, whether z* < z or z* > z, it follows that T'(z) + z is strictly increasing on [a*, 00).

(b) Due to (5.1.26(p24)) we have T(x) > a — z for © > a*, i.e., T(z) > a — z on (a*,00), hence the latter half is true. Since
T(z) > a—x on (—o0,00) due to Lemma 13.1.4(p8) (e), we have T(z) + z > a---(5) on (—o0,0). Suppose T(a*) + a* > a.
Then, for an infinitesimal ¢ > 0 we have T'(a* —¢) +a* —e > a due to Lemma 13.1.4(p8) (a), i.e., T(a* —¢€) > a— (a* —€), which
contradicts the definition of a* (see (5.1.26(p4))). Consequently, we have T(a*) + a* = a---(6) or equivalently T(a*) = a — a*.
Let 2 < a*. Then, from Lemma 13.1.4p8) (f) we have T(z) 4+ z < T(a*)+a* = a. From the result and (5) we have T(x)+x = a,
hence T(z) = a — x on (—00,a*). From this and (6) it follows that T(z) = a — = on (—o0, a*]. Hence the former half is true.

(¢c) Let a* > 0. Then, since 0 € (—o0, a*], we have T(0) = a from the former half of (b). We have T(0) = max. p(z)z - - (7)
from (5.1.19(p24)). Let b < 0. Then, if z > b, we have p(z)z = 0 from (5.1.29 (2) (p4)) and if z < b(< 0), then p(z)z < 0 from
(5.1.29 (1) (p24) ), hence T(0) = 0 due to (7).

(d) Letz <yanda” <y. Ifz<a* then T(z)+z < T(a")+a* < T(y)+y due to Lemma 13.1.4(p8) (f) and (a), and if
a* <, then a* < z < y, hence T'(x) +z < T(y) +y due to (a). Thus, whether z < a* or a* < z, we have T(z) +x < T(y)+y. I
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13.2 Analogy Replacement Operation Ay ,p
13.2.1 Three Facts

Let us focus on the three facts below.
% Fact 1 First, the following lemma can be obtained.

Lemma 13.2.1 (Z{Tx}) For any F € . we have:

(a) T(x) is continuous on (—o0,00) < Lemma 13.1.4(p8) (a)
(b)  T(x) is nonincreasing on (—o0,00) + + Lemma 13.1.4(p8) (b)
(¢) T(z) is strictly decreasing on (—oo,b] + < Lemma 13.1.4(p8) (c)
(d) T(x)+ z is nondecreasing on (—o0,00) < Lemma 13.1.4(8) (f)
(e) T(z)+ z is strictly increasing on [a*, 00) < Lemma 13.1.6(p9) (a)
(f) T(x)=a—x on (—o0,a*] and T(xz) > a—z on (a*,00) + 4 Lemma 13.1.6(p.90) (b)
(g) T(z)>0 on (—o0,b) and T(x) =0 on [b,00) < Lemma 13.1.4(p.8) (d)
(h) T(x) > max{0,a —x} on (—o0,00) < Lemma 13.1.4(p8) (i)
(i) TO)=aifa*>0andT(0)=01ifb<0 <+ < Lemma 13.1.6(p9) (c)
(G)  BT(z)+ z is nondecreasing on (—oo,00) if B =1 <« < Lemma 13.1.4(p8) (g)
(k) BT (x) + z is strictly increasing on (—o0,00) if B <1 + < Lemma 13.1.4(p83) (h)
1) Ifz<yanda* <y, thenT(x)+x<T(y)+y <+ < Lemma 13.1.6(p%) (d)
(m)  ABT(ABa — s) — s is nonincreasing in s and strictly decreasing in s if A\ < 1 + < Lemma 13.1.4(.8) (j)
(n) a*<a+ < Lemma 13.1.5p8) (d)

Here we shall pay attention to the fact that replacing a and p in [ Lemma 10.1.1(p33) («/ {7 })(p.53) | by a* and a respectively yields
[ Lemma 13.2.1p9) («/{Z3 }) |. Let us represent this replacement by

Apsp={a—a”*, p—a}. (13.2.1)
In other words, applying Ag-p to the former lemma leads to the latter lemma, i.e.,
Lemma 13.2.1p91) (#/{Tp }) = Ag-p[ Lemma 10.1.1(p.3) (/{Tx })]. (13.2.2)

Here let us focus on the following fact. The whole description proving Lemma 10.1.1(p53) is quite different from that proving
Lemma 13.2.1(p91); in other words, no relation exists at all between both descriptions. Nevertheless, what is amazing here is
that the whole descriptions of both lemmas are joined together by Ag-p. In the paper, we call Ag-p the analogy replacement
operation.

% Fact 2 Next, note that replacing p in [£(s) = L(ABu — s)] (see (5.1.5(p3))) by a yields [£(s) = L (ABa — s)] (see
(5.1.22(p24) )). This means that applying Agp to the characteristic vector (Lr, Kr, Lr, kr) (see (5.1.3(p.233)) - (5.1.6(p.33) )) produces
(Le, Kp, Lp, ke) (see (5.1.20(p:24) ) - (5.1.23(p.%4) )), i.e.,

(LTP’,K]%['TP,HP) = AR*}]P[(LR,K[R7LR7K}]R)}. (1323)

% Fact 3 Finally, note that replacing p in (see (6.5.1(p39))) by a yields (see (6.5.5(p39))). This means

that applying Agr-p to the system of optimality equations SOE{M:1[R][A]} (see Table 6.5.1(p.39) (I)) leads to SOE{M:1[P][A]} (see
Table 6.5.1(p.39) (II)), i.e

SOE{M:1[P][A]} = Ap-p[SOE{M:1[R][A]}]. (13.2.4)

13.2.2 Prefiguration I

Here let us present a prefiguration through which 7 {M:1[P][A]} can be obtained only by replacing a and p appearing <7 {M:1[R][A]}
by a* and a respectively.

o First, by F'(a,u,0) let us denote the distribution function with the lower bound a, the expectation p, and the upper bound b
(a < p < b). For convenience of reference, below let us copy (13.2.2(p.91)) - (13.2.4(p91) ):

For F(a,u,b) For F'(a,p,b) ‘

Lemma 13.2.1(p91) (&/{Tp }) i= Ag-p[{ Lemma 10.1.1(p.53) (o {Tx }) ]

(Lo, Ko, Lo, kp) i= Apop|i (Le, Kz, La, kz) ]
SOE{M:1[P][A]} i= Ag-p[i SOE{M:1[R][A]}

Procedure[P] Procedure[R]

(1%)! anr
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o Next, closely looking at the flow of the proofs of Tom’s 11.2.1(p.59)-11.2.2(p.60) , we see that &/{M:1[R][A]} was derived only from
the procedure related to the three terms within the box (1*)" above; here let us denote this procedure by Procedure[R].
Now, for quite the same reason as in Procedure[R] we also see that «/{M:1[P][A]} will be derived from the procedure related
to the three terms within the box (1*)" above, then let us denote this procedure by Procedure[P]. The flow of the above two
procedures can be schematized as below.

For F'(a,u,b) For F'(a,pu,b)
Lemma 132100 (/{1:})" 1= As-pli Lemma 101105 (/{7 }) 1]
(LP,KP,LP,KP)H: Agoplf (s, Kx, £z, k) ]
a*! SOE{M:1[P][A]} = Ag-p[iiSOE{M:1[R][A]} (1*)"}1]
O R ;
Procedure[P] Procedure[R]
| ! | o |
@ o/ {M:1[P][A]} | ./ {M:1[R][A]} (2"

o Then, since we have the relation (1*)" = Ag-p[(1*)"] due to the three Facts in the preceding section, it can be prefigured
that this relation will be inherited also between Procedure[P] and Procedure[R], i.e.,

Procedure[P] = Ag—p[Procedure[R]],
hence also between o7 {M:1[P|[A]} and &/ {M:1[R][A]}, i.e.
A {M:1[P][A]} = Ag-p[«/ {M:1[R][A]}]. (13.2.5)

In other words, 2/{M:1[P][A]} can be obtained by applying Ag-p to &/{M:1[R][A]}. From the above discussions we see that
the above figure can be rewritten as below.

For F'(a,u,b) For F'(a,u,b)
T Lemma 13200 ({7:)) 1= As-pl | Lemma TOTTR8 ({7}) 1]
: (L]P’7KP’7‘C]P’7KP) 3: ARH]P[E (LR7KR7£R7KR) 3 ]
Ly SOE{M:1[P][A]} |i= Ag-p[ SOE{M:1[R][A]} anr ]
e I
Procedure[P] {= Ag-p[  Procedure[R] ]
‘ . L 1
@) A {M:A[P|[A]} i= Ag-pl o {M:1[R][A]} @) ]

Here note that the above discussions is not a proof but a prefiguration.

13.2.3 Prefiguration I
Below is another prefiguration through which the validity of (13.2.5(p.%)) will be confirmed.

o First, let us represent the procedure proving & {M:1[R][E]}(a,.,5) With Fa.u.0) by Procedure[R], ) (see Section 11.2(p5)).
Now, since a* < a < b due to Lemma 13.2.1(pJ91) (n), we can express the F with the lower bound a*, the expectation a,
and the upper bound b as F'a*.a), hence we can define Procedure[R],. , .y, proving & {M:1[R][E]}(a,4,5) With Fa*.a.0).
Here note that Procedure[R](a*ya,b) is identical to one resulting from replacing a and p in Procedure[R](a’uM by a* and a
respectively, i.e.,

Procedure[R] . , ;) = Ag-p[Procedure[R] , ;]

o Then, from the three facts in Section 13.2.1(pJl) we can regard Procedure[P] , ., as quite the same as Procedure[R] ,« , ;)

from the viewpoint of symbolic logic,! i.e.,

Procedure[P =28 Procedure[R], .
(a,u,b) (a*,a,b)

hence we have

s-logic

Procedure[P] , ) = Procedure[R] .« ., = Ag-p[Procedure[R], ]

T A logic is regarded as reducing deduction to the process which transforms the expressions by representing propositions, the concept of
logic, and so on with symbols such as 4+, —, >, <, V, A, =, and so on (Wikipedia)
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o The above relation implies that & {M:1[P][E]} 4,.,b) proved by Procedure[P] , ) becomes identical (in the sense of “symbolic
logic”) to &/ {M:1[R][E]}(a*,a,5) Proved by Procedure[R] . , ;. i-e.,

A IMAP)E]} (0 © = {ML[R][E]} (0% a,p)-
In other words, &7 {M:1[P][E]}(4,,.,5) can be given by &/ {M:1[R][E]} (4% q,5) resulting from applying Ag-p to &7 {M:1[R][E]}(a,,,5)
or equivalently from replacing a and p in &/ {M:1[R][E]} (4,5 by a* and a respectively, i.e.,
A AMA[PIE} 0 ) "= S {AMLR][E]} (0x a0 = Asp [ {M:L[R)[E]} (0t

13.2.4 Strict Proof

In this section, by dividing the intuitive prefiguration in Section 13.2.2(pJ1) into several stages, we shall strictly prove that
(13.2.5(p.92) ) holds also theoretically.

O First, let us note that Procedure[R] deriving «7{M:1[R][E]} (see Section 11.2(p.59)) can be restated as below.

o First, by applying &/{Tk} (see Lemma 10.1.1(p53)) to the characteristic vector (Lz, Kg, Lr, k=) consisting of (5.1.3(p.33))-
(5.1.6(p3) ), we obtain expressions (10.2.3(p35) ) - (10.2.8(p35) ); let us denote these expressions by {Lr, Kz, Lr, kg }.

o Next, by applying the o/ {Tk } to the {Lz, Kr, Lr, kr }, we get the assertion system &7/ {Lr, Kz, Lr, iz} (see Lemmas 10.2.1(p55) -
10.3.1(57) ).

o Finally, by applying the system of optimality equations SOE{M:1[R][E]} (see Table 6.5.1(p.39) (I)) to &/ {Lr, Kz, Lz, Kz}, We
get the assertion system &/ {M:1[R][E]} (see Tom’s 11.2.1(p59) and 11.2.2(p60)).

The above flow of Procedure[R] can be schematized as below.
Procedure[]R] = << JZ{{T]R} = (LR, Kg, LR, K,]R) — {L]R ,Kr, LR, I‘QR},
%{TR} = {LR,KR,CR,KR} — W{LR,KR,ER,KR},
SOE{M:1[R][E]} = &/ {Lgr, K, Lr, kr} — < {M:1[R][E]}))
O Secondarily, applying Ag-p to the above flow leads to
Ap_plProcedure[R]] = (Ap ple{Tr}] = Ag_pl(Lr, Kr,Lr,kr)] = Ag_p{Lr, Kr, Lr, kr}],
-A]R%]P [‘Q{{TR }] = AR%P[{LR , Kr, LR, H]R}] - A]R%]P['Q‘({L]R KR, Lr, K/RH)
A p[SOE{M:1[R][E]}] = Ap_p[o/{Lr, Kz, Lr, ke }] = Ap_p[@ {M:1[R][E]}] )
O Thirdly, due to (13.2.2(p91))-(13.2.4(pJ1)) we can replace

Agop[{Te}],  Ap-p[(Lr, Kz, Lr, k)], Ap-p[SOE{M:1[R][E]}]

in the above flow by
S{Tv}, (Lp,Kp,Lp,ke), SOE{M:1[P][E]}

respectively. Accordingly, the above flow can be rewritten as follows.

-A]R%]P [Procedure[R]] = « Q{{TP} = (LP  Kp, Lp, K/R) - AR%}P[{LR KR, Lr, K/R}L

ATy} = Ap_pl{Lr, Kr, Lr, ir}] = Ap_pl{Lr, Kr, Lr, r}],

SOE{M:1[P|[E]} = Ay o[/ {Lk, Ka, Lx, 56 }] = Ap_p[o/{M:1[R][E]}] ) (13.2.6)
O Fourthly, let us focus our attentions on the items without underline in the above flow, i.e.,

Ag_plProcedure[R]] = (&/{Tp} = (Lp, Kp, Lp,kp) = Appl{Lr, Kr, Lr, Kz},

‘Q{{TP} = ARH]P[{LR , KR, LR, H]RH — ARHP[‘KJ{LR7 KR, Lg, H]R}]?

SOE{M:1[P|[E]} = Ay . [ {Lk, Ka, Lx, 6x}] = Ap_p[o/{M:1[R][E]}] ) (13.2.7)

Here (Lp, Kp, Lp, k¢) can be describes as follows.

= MBa — s — A\Bz on (—oo,a*] - (1),

L@ { > ABa — s — ABxz on (a*,00) -+ (2), (13.2.8)
=Ma—-s—3dx on (—oo,a*] ---(1),

K@) { > M3a—s—dx on (a*,00) -(2), (13.2.9)

K(x){ >—(1-B)x—son (—oo,b) ---(1), (132.10)
=—(1-Bz—son [boo) ---(2), -
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K(z)+z>px—s on (—o00,00), (13.2.11)
K@)+ 7= { ;ia_—ss + (1 = A)Bx Zz Eb—zsa*] gia (13.2.12)
K(IL):—(I—ﬂ)CUL”'(l), L(CL'K):(l—/B)fL'K"'(Q)7 (13.2.13)

® Direct proof See (A 2.1(p241))-(A2.6(p241)) . 1

O Fifthly, applying Ap-p to the relations {Lr, Kz, Lr, kr } (see Lemmas 10.2.1(p.55)-10.3.1(p57) ) yields the relations {Lp, K¢, Lp, Kz },
i.e.,

Ap-p[{Le, K, Lz, ke }] = {Lp, Kp, Lo, Kp }. (13.2.14)
O Finally, noting (13.2.14(p.%) ), we can rewrite (13.2.7(p9)) as below.

ARHP[Procedure[R]] = « .Qf{Tp} = (Ly% Kp,Lp, K)R) — {L[p ,Kp,Lp, Krp},

Jy{TP} = {L]PvK]F7£P7’{P} — ARﬁP[ﬂ{LRvKRvﬁRv’iRH»

SOE{M:1[P|[E]} = Ay p [ {L&, Ka, Cx, 68 }] — Ap_p[/{M:1[R][E]}] ) (13.2.15)

O Now we have
ARH]P’[JZ{{L]R, Kr, £R7 KR}] = »’j{L]}m Kp, E]}»7 K/]]r}. (13216)

Accordingly (13.2.15(p9)) can be rewritten as below.

AR%P[Procedure[R]] = « .Q{{T]p} = (L]p, Kp,ﬁp,l{]{) — {L]p, K]p,ﬁp,l{p},
%{T]}»} = {LP,KP,C]}»,HP} — ﬂ{LW,K[P,,CIP,H]}Z},
SOE{M1[P|[E]} = o/ {L, Kz, Lp, ke } — Ag_p[/ {M:1[R][E]}]). (13.2.17)

O Applying (13.2.16(p%) ) to Lemmas 10.2.1(p55) to 10.3.1(p57) yields the following lemmas and corollaries:

Lemma 13.2.2 («&/{Lp})

(a) L (z) is continuous on (—o0, 00).

(b) L(z) is nonincreasing on (—o00,00).

) L(z) is strictly decreasing on (—o0,].

(d) Lets=0. Then zr =b where zr > (<) z < L(z) > (=)0 = L(z) > (L) 0.

) Lets>0.
1.  zp uniquely exists with xr <b where 1 > (= (<)) z & L(z) > (= (<)) 0.
2 (Ma-s)/AB<(>)a" & 31 =(>) (Ma—s)/A8. 0

® Proof by analogy Obtained from applying Ag-p to Lemma 10.2.1(p5). 1

® Direct proof See the proof of Lemma A 2.2(p241). 1

Corollary 13.2.1 (& {Lp})

(a) zr>L)axe L) >(K)0.

b)) z>(<L)z=Lx)>(L)0. 0

® Proof by analogy Obtained from applying Ag—p to Corollary 10.2.1(p55). I
® Direct proof See the proof of Corollary A 2.1(p.241). 1

Lemma 13.2.3 (#/{Kp})

(a) K(z) is continuous on (—o00,00).

(b) K (z) is nonincreasing on (—o0,00).

(¢) K(z) is strictly decreasing on (—o0, b].

(d) K(x) is strictly decreasing on (—oo0,00) if 8 < 1.

(e) K(x)+ z is nondecreasing on (—o00,00).

(f) K (z)+ x is strictly increasing on [a*, 00).

(g) K(z)+ x is strictly increasing on (—o0,00) if A < 1.

(h) Ifz<yanda* <y, then K(z)+z < K(y) +y.

(i) LetB=1ands=0. Then xx =b where zx > (<) z < K(z) > (=)0 = K(z) > (L) 0.
(G) LetB<1lors>0.

1. There uniquely erists Tx where Tx > (= (<)) z & K(z) > (= (<)) 0.
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2. (MBa—3s)/d < (>)a" & zx =(>) (A\Ba—3s)/d.
3. Letk > (=(<))0. Then zx > (=(<))0. O

® Proof by analogy Obtained from applying Ag-p to Lemma 10.2.2(p5). 1
® Direct proof See the proof of Lemma A 2.3(p241). 1

Corollary 13.2.2 (& {Kz})
(a) zx > (L) ze K(z) > (L)0.

> (<
(b) 2k >(<)z = K(z)>(<)0. 0

® Proof by analogy Obtained from applying Ag-p to Corollary 10.2.2(p36). 1

® Direct proof See the proof of Lemma A 2.2(p242). 1

Lemma 13.2.4 (&/{L: /Kp})

(a) LetB=1ands=0. Then . = x =b.

(b) Letf=1ands>0. Then L = Tk.

() Letf<lands=0. Thenb> (= (<)) 0 =1 > (=(<)) Tx = zx > (=(=)) 0.
(d) Letf<lands>0. Thenk > (= (<) 0 < zr > (=(<)) zx = zx > (=(<))0. O
® Proof by analogy Obtained from applying Ag—p to Lemma 10.2.3(p56). 1

® Direct proof See the proof of Lemma A 2.4(p242). 1

Lemma 13.2.5 (&/{Lr})
(a) L£(s) is nonincreasing in s and strictly decreasing in s if A\B < 1.
(b)  Let A\Ba >b.
1. xp < ABa-—s.
2. Lets>0and A\ < 1. Then . < ABa — s.
(¢) Let ABa < b. Then, there exists a sz > 0 such that if sc > (<) s, then zp > (<) A\Ba—s. U

® Proof by analogy Obtained from applying Ag-p to Lemma 10.2.4(p57). 1
® Direct proof See the proof of Lemma A 2.5p.243). 1

Lemma 13.2.6 (kp) We have:

(a) kK=XABa—sifa*>0and k =—sifb<0.

(b) Letk>(=()0& zx >(=(<))0. 0

® Proof by analogy Obtained from applying Ag—p to Lemma 10.3.1(p57). 1
® Direct proof See the proof of Lemma A 2.6(p.243). 1

O Since the assertion system Ag-p[/{M:1[R][E]} in (13.2.17(p4)) is derived from SOE{M:1[P][E]}, it can be regarded as an
assertion system for the model M:1[P][E] (see Remark 6.1.1(p.27) ), i.e., &/{M:1[P][E]}, hence we have

S{M:1[P][A]} = Agp-p[o/{M:1[R][A]}] (the same as (13.2.5(p9))). (13.2.18)

Thus (13.2.17(p9) ) can be rewritten as follows.

ARHP[Procedure[R]] = << !ZV{T]]‘} = (L]p , Kp, ,C]p, Firp:) — {L]p , Kp, ,C]p, Fin»},
A{Tv} = {Lp, Kp, Lp,kp} — o/ {Lp,Kp, Lp, kr},
SOE{M:1[P][E]} = o/ {Lz, K, Cp, ke} — o/ {M:1[P][E]} ) (13.2.19)
O The whole of the r.h.s. of (13.2.19(p.%)) can be regarded as the procedure deriving «/{M:1[P][E]}, so let us denote it by
Procedure(P), i.e.,

Ag-p|[Procedure[R]] = Procedure[P]. (13.2.20)
Accordingly, finally it follows that we have

Procedure[IP’] = « ,!?{{T]p} = (LP,KP,LP,H?) — {L]p, Kp,ﬁp,l{p},
Jy{T]p} = {Lp,K}p,ﬁ]}»,,‘i}p} — :QV{L]}),KP7L]I:,I€]}>}7

SOE{M:1[P|[E]} = &/{Lp, Ks, Lo, ke} — o/ {M:1[P][E]} )
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13.3 Analogy Theorem (R + P)
From (13.2.5(p.92) ) we immediately obtain the following theorem.

Theorem 13.3.1 (analogy (R — P)) Let o/ {M:1[R][A]} holds on & x F. Then «/{M:1[P][A]} holds on & x .F where

A/ {M:1[P][A]} = Ag-p[«/ {M:1[R][A]}]. D
Then, from the comparison of (I) and (II) of Tables 6.5.1(p39) we also get
SOE{M:1[P][A]} = Ag-p[SOE{M:1[R][A]}].

Moreover, from (12.4.2(p.72) ) we obtain the following:

O(F{M:1[P][A]}) = Ag-p[0(/{M:1[R][A]})]

*
= (a",a,b, v, Tx, Sc,k, Tk, Lr, Kz, Lr, V}).

(13.3.1)

(13.3.2)

(13.3.3)
(13.3.4)

The analogy replacement operation Ag—p is a mere replacement of the two symbols, a — a* and p — a. Hence, defining its

inverse as

A]P"}IR = {(1* —a,a — l,L},

we can immediately obtain the inverse of the above theorem becomes true as follows.

(13.3.5)

Theorem 13.3.2 (analogy (P «+ R)) Let &/ {M:1[P|[A]} holds on & x %. Then «/{M:1[R][A]} holds on & x .F where

S MARIA} = Apog [ {M:1[B[A]}]. D
In addition, as an inverses of (13.3.2(p%)) and (13.3.3(p.9)) we immediately obtain

SOE{M:1[R][A]} = Ap[SOE{M:1[P|[A]}].
O(F/{M:1[R][A]}) = Ap-p[0(/{M:1[P][A]})]
= (a,lhb, XL, Tk, Sc ,KZ,TR,LR,KR7£R7%)~

13.4 Derivation of «7{M:1[P][A]}

O Tom 13.4.1 (B &/{M:1[P][A]}) LetB=1 ands=0.

(a) Vi is nondecreasing in t > 0.

(b)  ®r>1(r)a where CONDUCT,>¢>1,. 0

® Proof by analogy Immediate from applying Ag-p to Tom 11.2.1(p59). 1
® Direct proof See the proof of Tom A 4.3p22) . 1

O Tom 13.4.2 (O o/{M:1[P][A]}) LetB <1 ors>0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — co.
(b) Let Ba>b. Then @->1(1).
(¢) Let Ba<b.
1. Letp=1.
i. Leta—s<a*. Then @,>1(1).
ii. Leta—s>a". Then ®r>1(7)s where CONDUCT,>¢>1a-
2. Letp<1lands=0(s>0).
i. Letb>0 (k >0). Then ®->1(7)s where CONDUCT,>¢>14-
ii. Letb=0 (k=0).
1. LetBa—s<a*. Then @->1(1)y.
2. Let fa—s>a*. Then ®r>1(t)s where CONDUCT;>¢>14-
iii. Letb<0 (k <0).
1. LetBa—s<a* or sc <s. Then @-r>1(1)y.

2. Let Ba—s>a* and sz > s. Then S1(pf0) is true. [

® Proof by analogy Immediate from applying Ag-p to Tom 11.2.2(p60). 0
® Direct proof See the proof of Tom A4.4(p252) . 1

(13.3.6)

(13.3.7)
(13.3.8)
(13.3.9)
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13.5 Strict Definition of Analogy

Below let us provide the strict definition for “analogy” that we have indefinitely used so far.
Definition 13.5.1 (analogy)

(a) By Ap-p[X] (Apsg[X]) let us denote the assertion defined by applying Ap-p (Ap-g) to a given X.

(b) If A{X2} = Ap-p[A{X1}] and A{X:1} = Ap-g[A{X2}], then A{X:} and A{X.} is said to be analogous, denoted by
A{X1} 1 A{X2}.

(c) For given two assertion systems ./ {X1} and &/{X2} which are one-to-one correspondent, if A{X1} b A{X2} for any pair
(A{%1}, A{X2}) where A{X1} € &/{X1} and A{X2} € &/{X2} are correspondent each other, then &/{¥:} and «7{X,} are
said to be analogous, denoted by &/{X1} b #/{X2}. 0

13.6 Analogy-Operation-Free

When no change occurs even if the analogy operation is applied to a given assertion A, the assertion is said to be free from the
analogy operation, called the analogy-operation-free assertion.

Lemma 13.6.1 Even if the analogy operation is applied to the analogy-operation-free assertion, no change occurs. [

® Proof Evident. 1

13.7 Optimal Price to Propose

Lemma 13.7.1 (&/{M:1[P][A]})  The optimal price z: to propose is nondecreasing int > 0. [

® Proof Obvious from (6.2.34(p.29)), Tom’s 13.4.1(p%) (a) and 13.4.2(p.%) (a), and
Lemma 13.1.3p87). 1

13.8 Analogy between SOE{M:1[R][A]} and SOE{M:1[P][A]}

Here note that the analogical relation holds between SOE{M:1[R][A]} and SOE{M:1[P][A]} (see (I) and (III) in Table 6.5.1(p.39)),
i.e., SOE{M:1[P][A]} bt SOE{M:1[R][A]}. It is an important point that, due to this very fact, the analogy theorems

(Theorems 13.3.1(p.%) and 13.3.2(p%) ) can be derived. It will be known later on that the analogical relation is one of the necessary
conditions on which the integrated theory can be successfully constructed.
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Chapter 14

Fourth Step: Symmetry Theorem (P « P)

The fourth step for constructing the integrated theory is to provide the theorem which derives the assertion system . {M:1[P][A]}
(buying model with P-mechanism) from &/ {M:1[P][A]} (selling model with P-mechanism) that was derived in Chap. 13(p87).

14.1 Underlying Functions 7, L, K, and £ of Type P

Below let us define ones corresponding to the underlying functions that were defined in Section 5.1.3(p.24). First let us define the

T-function of Type P for F' € & corresponding to any F € F (see (5.1.19p24)) and (5.1.18(p24))) by
T(z) = maxp(z)(z — x)--- (1), p(z) = Pr{z < €}---(2). (14.1.1)

By Z(z) let us define z maximizing p(z)(z — z) if it exists, i.e.,

T(z) = p(2(2))(2(z) — x). (14.1.2)
Furthermore, let us define
L(z) = AT (x) - s, (14.1.3)
K(z) = A\8T(z) — (1 — B)z — s, (14.1.4)
L£(s) = L(\Ba—s), (14.1.5)
ko= ABT(0) —s. (14.1.6)

Then, let the solutions of L (x) = 0, K (z) = 0, and £ (s) = 0 be denoted by respectively z;, z 3, and sy if they exist. If multiple
solutions exist for each of z;, x 3, and sz, let us employ the smallest as its solution (see Sections 5.2(p25) (a) and 12.2.1(ps)).
Furthermore, let us define (see Figure 12.1.1(p61) for &, ji, and b)
a* =inf{z | T(z) >a—a} (see (5.1.26(p24))), (14.1.7)
| 2

#* =inf{z | 2(z) > a} (see (5.1.27(p))). (14.1.8)

By M:1[P][A] let us define M:1[P][A] for F' € .% corresponding to any F' € .%. Then, for the same reason as for SOE{M:1[P][A]}
(see Table 6.5.1(p.39) (IIT)) we can obtain

SOE{M:1[P|[A]} = {Vi = Ba — s, V; = max{K (Vi—1) + Vi1, BVi1}, t > 1} (14.1.9)

14.2 Functions 7, L, K, and £ of Type P

Below let us define ones corregpon@ing to the underlying functions that were defined in Section 5.1.4(p.24). First, let us define
the T-function of Type P for F' € % corresponding to any F € .F by (see (5.1.32(p4))).

T(2) = minp(z)(z—2) -+ (1), (z) = Pr{é <z} - (2) (14.2.1)

where by (x) let us define z minimizing p(2)(z — ) if it exists, i.e.,

T () = p(2(2)) (2(x) — x) (14.2.2)
Let us define
L(z) = ABT (z)+s, (14.2.3)
K(z) = ABT(z) — (1 — Bz +s, (14.2.4)
L(s) = LABb+ s), (14.2.5)
i o= ABT(0)+s (14.2.6)

99
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where let us define the solutions of L (z) =0, K () =0, and c (z) = 0 by respectively zz, zz, and sx. If multiple solutions
exist for each of Tz, Tz, and Sz, we shall employ the largest as its solution (see Sections 5.2(p.%) (b)). Furthermore let us define
(see Figure 12.1.1(p67) for a, f1, and b)

b =sup{z | T(z) <b—a} (see (5.1.39p3))), (14.2.7)
= sup{z | 2(z) < b} (see (5.1.40(p.2))). (14.2.8)

8
*

By M: 1[P][A] let us define M:1[P][A] for F' € .% corresponding to any F' € .Z. Then, for the same reason as for SOE{M:1[P][A]}
(see Table 6.5.1(p.39) (IV)) we can obtain

SOE{M:1[P][A]} = {Vi = Bb + 5, Vs = min{K (Vo_1) + Vi_1, BVi1}, t > 1}. (14.2.9)

14.3 List of Underline Functions of Type P and Type P
The table below is the list of the four kinds of underline functions of Type P and Type P (see Table 12.2.1(p.69) ).

Table 14.3.1: List of the underlying functions of Type P and Type P

Type P rI‘ype P
> For F ¢
For any I € 7 corresponding to any F' € .F

T(x) = m?xp(z)(z — ) T(z) = mzaxpf(z)(z — )
L(z)=BT(z)—s L(z)=pT(z)—
K(z) = pT(z) — (1 - Bz —s K(x)=pT(z) — (1 - Pz —s
£(z) = L(Ba—s) £(z)=L(Ba—s)
See Section 5.1.3(p.24) See Section 14.1
T(z) = minﬁ(z)(z — ) T (z) = mzinf)(z)(z — )

L(z) = pT(x)+s L(@) =BT (@) +5

K@) =pT@) - (1=Pfzt+s | K(z)=pT ()~ (1-Pzts

L(z)=L(Bb+s) L(z)=L(Bb+s)
See Section 5.1.4(p.24) See Section 14.2

14.4 Two Kinds of Replacements
14.4.1 Correspondence Replacement

Lemma 14.4.1 (Cp) The left side of each equality below is for any F € . and its right side is for F e .F corresponding to
the F'. Then:

@) fO=FO.

(b) a=b, a*=>b", b=a
() T(x)=T(%).

(d) L(x)=L().

€) K(x)=K(2).

® Proof (a) The same as (12.1.9(p67)).
(The first and third equalities of (b)) The same as the first and third equalities of (12.1.10(p67)). The second equality will
be proven after the proof of (c).

(¢) From (5.1.18(p24)) and (14.2.1(2) (p99) ), we obtain

p(z) = Pr{—% < —€} = Pr{€ < 2} = p(2), (14.4.1)

hence from (5.1.19(p24)) we have T(z) = max. ( )(—2 + #) = —min, p 2)(2 — #). Now, in general “min, = mMin_coczco0 =
MiN_goc—2<00 = MiNgoss>—00 = MIN_ocz<00o = minz”, hence we hav T(x) = —min; p(2)(2 — &). Then, without loss of
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generality, this can be rewritten as T(z) = —min, p(2)(z — ). Accordingly, since T(z) = ~T () from (14.2.1(1) (p%)), we
obtain T'(z) = T ().

(The second equality of (b)) From (5.1.26(p24)) we have a* = inf{—2 | ~T(z) > —a+ 2} = —sup{& { T(r) < a—2} =
—sup{Z | 7:“(9%) < b—2} due to (c) and (b). Without loss of generality, this can be rewritten as a* = — sup{z { 7:’ ) < b—ax},

hence a* = —b* due to (14.2.7p.100) ), so that a* = b*.
(d) From (5.1.20(p4)) and (c) we have L (z) = —A\3T(z) — s = —A\BT (2) — s = —L (&) from (14.2.3(p%) ), hence L (z) = L (z).
(e) From (5.1.21(p24)) and (c) we have K (z) = “ABT(z)+(1-B)E—s = —/\ﬁT( )+(1-B)E—s= -K () from (14.2.4(99) ),
hence K (z) = K(fv)
(f) From (5.1.22(p24)) we have L(s) = —L(\Ba —5) = —i()\%?s) due to (d). Then, since £(s) = —i(—Aﬂa +s) =

-L (ABa 4+ s) = —L (ABD + s) due to (b), we have £ (s) = "y (s) from (14.2.5(p%)), hence £ (s) = L (s).

(g) Since L(zr) = 0 by definition, we have —L () = 0, i.e., L(z.) = 0, hence L(j; ) = 0 from (d), implying that
L (z) = 0 has the solution zz = ¢, by definition.

(h) Since K(zx) =0 by definition, we have —K (zx) = 0, i.e., K (2x) = 0, hence K (#,) = 0 from (), implying that
K (z) = 0 has the solution Tz = i by definition.

(i) Since £(sz) = 0 by definition, we have —£ (s.) = 0, i.e., £ (s.) = 0, hence £ (s.) = 0 from (f), implying that [Z(s) =0
has the solution sx = s, by definition.

(j) From (5.1.23(p24)) we have k = —ABT(0) — s = —\BT (0) — s from (c), hence xk = —ABT (0) — s = —& from (14.2.6(p%)),

thus & = %. 1

Definition 14.4.1 (correspondent replacement operation Cp)  Let us call the operation of replacing the left-hand side of each
equality in Lemma 14.4.1(p100) by its right-hand side the correspondence replacement operation Cp. [

Lemma 14.4.2 (ép) The left side of each equality below is for any F € .F and its right side is for F' € % corresponding to
the F'. Then:

(@) fO=7@.

(b) a=b, b*=a", b=a
() T(x)=T(4).

() L(z)=L(#).

() K(x)=EK()

(f)  L(s)=L(s)

(g) Ly = @p

(h) 2z = ix

(1) sz =sz

G4) k=#&. 0

® Proof (a) The same as (12.1.9(p67)).

(The first and third equalities of (b)) The same as the first and third equation of (12.1.10(p67)). The second equality will be
proven after the proof of (c).

(¢) From (5.1.31(p24)) and (14.1.1(2) (p99)) we obtain

p(z) = Pr{—§ < —2} = Pr{€ > 2} = Pr{z < &} = p(2), (14.4.2)
hence from (5.1.32(p.4)) we have T(x) = min, p(2)(—2 + :%) = —max, p(2)(2 — £). Now, in general “max, = maxX_co<z<co =
MAX — co<—s<00 = MaAXoo>2>—0o = MAX—co<i<oo = Maxz”, hence we have T(z) = —max; p(z)(2 — 2). Then, without loss of
generality, this can be rewritten as T'(z) = — max., p(z)(z—%). Accordingly, since T'(z) = —7'(%) from (14.1.1 (1) (p%) ), we obtain

(The second equality of (b)) From (5.1.39(p.25)) we have b* = sup{—& } —7 () < —b+ &} = —inf{& T( ) > b— } =
—inf{# | 7(2) > @ — &} due to (c) and (b). Without loss of generality, this can be rewritten as b* = —inf{z | T'(z) > a — x}
we have b* = —a* due to (14.1.7(p%)) or equivalently —b* = a*, hence b* = a*.

(d) From (5.1.33p2)) and (c) we have L (z) = —ABT () + s = —ABT(&) + s = —L (&) from (14.1.3(p%) ), hence L (z) = L(%).

(e) From (5.1.34(p2)) and (c) we have K(x) = —\BT )+ (1—=B)T+s=-ABT(2)+(1—B)T+s = —K (&) from (14.1.4(p.99)),
hence K (z) = K (%).

(f) From (5.1.35(p%)) we have £ (s) = -L (ABb + s), hence from (d) we obtain £(s) = —L ()\@?sl = —L(=A\Bb—3s) =
—L(ABb—s) = —L(ABa — s) due to (b). Accordingly, from (14.1.5(p%)) we obtain £ (s) = —£ (s), hence £ (s) = £ (s).

(g) Since L( ;) = 0 by definition, we have —L ( z7) =0, ie., E(ZC;) = 0, hence L(27) = 0 from (d), implying that
L (z) = 0 has the solution z; = Z; by definition.
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(h) Since K(Zz) = 0 by definition, we have ff((l}}) =0, ie., K’(%}) = 0, hence K(2z) = 0 from (e), implying that
K (z) = 0 has the solution z; = 23z by definition.

(i) Since £ (sz) = 0 by definition, we have —£ (sz) = 0, i.e., i (sz) =0, hence £ (sz) = 0 from (f), implying that £(s) =0
has the solution sy = sz by definition.

(j) From (5.1.36(p25)) we have & = —ABT (0) + s, leading to & = —ABT(0) + s from (c), hence & = —\GT(0) + s = —& from
(14.1.6(%)), thus & = &. W

Remark 14.4.1 The equality 4 = /i in Lemmas 12.3.1(p69) (b) changes into respectively " = b* in
Lemma 14.4.1(p100) (b) and the equality fi = £ in (12.1.10(p67) ) changes into b* = @* in Lemma 14.4.2(p.101) (b). [

The definition below is the same as Def. 12.3.3(p.71) .

Definition 14.4.2 (reversible element and non-reversible element) It should be noted that the left side of each of the equalities
in Lemmas 14.4.1(p.100) (1) and 14.4.2(p.101) (i) is respectively s; and Sz without the hat symbol “ *”; in other words, s; and sz
are not subjected to the reverse. For the reason, let us refer to each of s and 57 as the non-reversible element and to each
of all the other elements as the reversible element. [

Definition 14.4.3 (correspondent replacement operation ép) Let us call the operation of replacing the left-hand side of each
equality in the above lemma by its right-hand side the correspondence replacement operation Cp. [

14.4.2 Identity Replacement

Lemma 14.4.3 (Zp)  The left side of each equality below is for F' € F corresponding to any F € .F and the right side is for
F €7 where F=F---[1*].1 Then:

(a) F(&)=F(&)-[27] and f(&) = f(£)--[3"] for any €,

(b) da=a, b =b", b=,

(© T () ="7@),

d)  L(z)=L(2),

() K(z)=K(),

() L(s)=L(s),

(8) =z= 7,

(h)  zz =7,

(i)  sz= sz,

G) k=k. O

® Proof (a) Clear from [1%].
(the first and last equalities of (b)) Immediate from (a). The second equality will be proven after the proof of (c).
(c) From (14.2.1(2)(p%)) we have p(z) = Pr{€ < z} = [7__ f(£)d¢. Then, due to [3"] we have p(z) = [*__ f(£)d¢ = Pr{€ <

z} = Pp(z) from (5.1.31(p24) ). Hence, we have that 7:“(33) given by (14.2.1(1) (p.99)) becomes 7:“(513) = min; p(z)(z — z), which is
identical to T'(z) given by (5.1.32p2)), i.e., T (z) = T(x) for any x.

(the second equality of (b)) From (14.2.7(p100)) and (c) we have b* = sup{z | T(z) < b — x}, hence from (b) we get
b* = sup{z | T(z) <b—a} =0b" due to (5.1.39(p%)).

(d,e) Noting (c), from (14.2.3(p%)) and (5.1.33(p.25)) we have z(x) = L(x). Similarly, from (14.2.4(p.%)) and (5.1.34(p2)) we
have K (z) = K (x).

(f) (14.2.5(p99)) becomes c (s) = L(ABb+s) due to (b). This can be rewritten as c (s) = L(A\Bb+ s) due to (d), which is the
same as L (s) given by (5.1.35(p.23)), i.e., £(s) = L (s).

(g-i) Evident from (d-f).

() (14.2.6(p99) ) becomes & = A\BT(0) + s due to (c), which is the same as & given by (5.1.36(p.23)). 1

Definition 14.4.4 (identity replacement operation Zp) Let us call the operation of replacing the left-hand of each equality in
the above lemma by its right-hand the identity replacement operation Ip. [

Lemma 14.4.4 (j]});) The left side of each equality below is for E' € F corresponding to any F € .Z and the right side is for
F €. where F=F---[17]. Then:

() F(©)=F(©)- 2] and f(©) = £(©) -+ [] for any &,
(b) a=a, a*=a", b=0b,

(c) T(z)=T(2),

(d) L(z)=L(),

TSee Lemma 12.1.1(p68) (b)
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() K@) =K(),

(f) L(s)=L(s),

() =i = 2o,

(M) zg = 7x,

(i) sz= sz,

Gy &=k. O

® Proof (a) Clear from [1*].

The first and last equalities of b)) Immediate form (a). The second equality will be proven after the proof of (c).

(

(¢) From (14.1.1(2) (p%)) we have p(z) = Pr{z < £} = [2° f(€)dE. Then, due to [3*] we have p(z) = [ f(£)d¢ = Pr{z <
&} = p(z) from (5.1.18(p24)). Hence, we have that 7'(z) given by (14.1.1 (1) (p9)) becomes T(z) = maxz p(2)(z — z), which is
identical to T'(x) given by (5.1.19p24)), i.e., T(z) = T(x) for any z.

(the second equality of (b)) From (14.1.7(1)(p%)) and (c) we have a* = inf{z | T(z) > @ — z}, hence from (b) we get
= inf{z | T(z) > a—x} = a* due to (5.1.26(p24) ). Thus, the second equality of (b) is true.

(d,e) Noting (c), from (14.1.3(p99)) and (5.1.20(p24) ) we have L (z) = L (z). Similarly, from (14.1.4(p%)) and (5.1.21(p.4)) we
have K (z) = K (z).

(f) (14.1.5(p%)) becomes £ (s) = L (ABa — s) due to (b). This can be rewritten as £ (s) = L (ABa — s) due to (d), which is
the same as £ (s) given by (5.1.22p2) ), i.e., £L(s) = L(s).

(g-i) Evident from (d-f).
(G) (14.1.6(p9)) becomes & = ABT(0) — s due to (c), which is the same as k given by (5.1.23(p24)). 1

Definition 14.4.5 (Identity replacement operation fp) Let us call the operation of replacing the left-hand of each equality in
the above lemma by its right-hand the identity replacement operation Zp. [

14.5 Scenario of Type P
14.5.1 Scenario[P]

This section provides the scenario deriving <7 {M:1[P][A]} (buying model with P-mechanism) from 7 {M:1[P][A]} (selling model
with P-mechanism), denoted by Scenario[PP].

B Before moving on, here let us carry out a review of Scenario[R]. For convenience of reference, below let us copy the
transformation process of the attribute vectors (see (12.5.28(p.7))) in Scenario[R].

Step 1[R]: 0(ia, i1 b, oL, Tk, sc,k, T, L, K, L, Vi) = 0(Z{M:1[R][A]})
A

StepQ[R]: R — 9([1,,[17 l;v IijKv‘SLv"%vffvi’vf(vﬁvAt)
R T (14.5.1)

Step 3[R]: Lemma 12.3.1(p.69) Ce — 0(ib, ) a, Tz, Tz, Sz, B.T,L,K,L, Vi)
A A

Step 4[R]: Lemma 12.3.3(p.71) Te — O(b, pyia, o7, Tk, Sz, &, T, L, K, L,V;) = Q(M{Mﬂ[R][A]})

B From the above flow of the attribute vectors, we see that Scenario[P] is the same as Scenario[R] only except that
o a and p in O(&/{M:1[R][A]}) is replaced a* and a in (& {M:1[P][A]}) (see (13.2.1(p91))) and
o Lemmas 12.3.1(p69) and 12.3.3(p.7) are changed into Lemmas 14.4.1(p.100) and 14.4.3(p.102) respectively.
Therefore the above flow of attribute vectors can be rewritten as follows.

Step 1[R]: 0(a; i b, w1, 7k, 5c,k, T, L, K, £,V;)
R S S A P S S A S A A

Step I[IP] Scengrio[]P’] 0( a‘*) a, b7 rrL, Tk, Sc,k, T, L, K, 67%) = O(M{Ml[P][A]}
A A

Step 2[P]: R— 0(a*,a,ib, @p, ik, s,k T, L, K, £, Vi)
A (14.5.2)

Step 3[P]: Lemma 14.4.1(p.100) C:— 0(b*, b, a, Tz, Tz, Sz, R, 7:“, Z, I:{, 5, At)
A

Step 4[P]: Lemma 14.4.3(p.102) T — O(b*, bia, 7, Tz, Sz, &, T, L, K, £,Vi) = 6(«{M:1[P][A]}

Accordingly, it follows that the operation which transforms (< {M:1[P][A]}) into 8(</{M:1[P][A]}) can be eventually reduced
to the operation below:

a, b7 xLP? xK]P'v 513]}’7 KRp, TTP? LW’? KW? ‘CW” ‘/t
RS0 S I ST S S S S T R S T A S (14.5.3)
b

H mEHw mI}]Pﬂ SE]P’ Rp, T]P7 L]P’, K]P’, L:]P’, ‘/t

TCompare the dash box {_} with that in (12.5.29(.7)).
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B Thus, one sees that in Scenario[P] it suffices to change Sp_5 = ZeCeR(see (12.5.30(p.7))) into Spp = Z=CrxP above.
B Moreover, from (III) and (IV) of Table 6.5.1(p.39) it can be easily seen that

SOE{M:1[P][A]} = Sp_5[SOE{M:1[P][A]}]. (14.5.4)
From all the above discussions it follows that for quite the same reason as that for which Lemma 12.5.1(p.75) was derived we can
immediately obtain Lemma 14.5.1(p.104) below.
Lemma 14.5.1  Let Aron{M:1[P][A]} holds on € (Aren). Then Aren{M:1[P][A]} holds on € (Are) where
Aron{M:1[P][A]} = Sp_p[Aren{M:1[P][A]}]. D (14.5.5)

Finally, also for almost the same reason as that for which Theorem 12.5.1(p.7) is derived from Lemma 12.5.1(p.75) we have
Theorem 14.5.1(p.104) below.

Theorem 14.5.1 (symmetry theorem (P — P)) Let o {M:1[P|[A]} holds on P x.Z. Then o/ {M:1[P|[A]} holds on P x .7
where

A{M:A[P|[A]} = Sp.al{M:1[P][A]}]. O (14.5.6)

In addition, we have (see (12.5.53(p.7)))
0(e/ (MAA[FJAT}) Sy 5[0 {M:1[F][A]})] (14.5.7)
= (b, b,a, T;, Sz, T, kK, T, L, K,L,V;). (14.5.8)

14.5.2 Scenario[P)|

This section provides the inverse of Scenario[R], i.e., the scenario deriving </ {M:1[P][A]} (selling model with P-mechanism) from
/{M:1[P][A]} (buying model with P-mechanism), denoted by Scenario[P].

B Before moving on, here let us carry out a review of Scenario[R]. For convenience of reference, below let us copy the
transformation process (see (12.8.20(p84))) of the attribute vectors in Scenario[R].

Step 1[R]: 06 jilia, 25, 2, sz, R, T, L, K, £,Vi) = 60(/{M:1[R][A]})
R A A

Step 2[R]: R O(b, 1,04, 5,5, 52,5, T, L, K, £, V)
A A (14.5.9)

Step 3[R]: Lemma 14.4.1(p100) Ce— 0(a, o, b, xp,xx, sz, &, T, L, K, £,V4)
R A

Step 4[@]: Lemma 14.4.3(p.102) Tn — 0(ia, u, b, ro,xx, sc,k, T, L, K, £,V;) =60(F{M:1[R][A]})

B From the above we see that Scenario[P] is the same as Scenario[R] only except that
o band p in 8(«/{M:1[R][A]}) is replaced b* and b in 8(</{M:1[P][A]} and
o Lemmas 14.4.1(p100) and 14.4.3(p.102) used there are changed into Lemmas 14.4.2(p.101) and 14.4.4(p102) respectively.
Therefore the above flow of attribute vectors can be rewritten as follows.

Step 1[R]: 0(b, nib, rr,Tx, sc,k, T, L, K, L, Vi)
K S T A R A A 1

Step 1[F] Scontriof?] o(b*, bia, 5, %z, sz, &, T, L, K, L,V;) =6({M:1[P][A]}
Lol A A

Step 2[P] R— O(b*, b,ia, 3,0, Sc. 0 T, L, K, £, V%)
L A A (14.5.10)

Step 3[P] Lemma 14.4.2(p.10) C — 0(ia*, a; b, xy,2x, sz, &, T, L, K, £,V})
A A

Step 4[1?"] Lemma 14.4.4(p.102) Ir — 6(ia*, a,i b, zr,xx, s5c,k, T, L, K, £,V;) =0(F{M:1[P]|[A]}

)

Accordingly it follows that the operation which transforms (< {M:1[P][A]}) into
to the operation below:

(«/{M:1[P][A]}) can be eventually reduced

5 B B - ~ ~ ~ ~
b 7b7 a, mL]_w mK]pv SE]}M Rp, T]p, LP’7 KP’7 AC«JP’, ‘/t

iPéPR = $odid 8 3 $ $ 3 3 $ § 3 . (14.5.11)
a”,a, b, Trp, Tkp, Scp, Ke, Te, Lp, Kp, Lp, Vi

def
S]I’*)]P’ =

B Thus, one sees that in Scenario[P] it suffices to change Sp_,p = ZrCeR(see (14.5.3(p103) )) into Sp_z = ZeCaP above.
B Moreover, from (III) and (IV) of Table 6.5.1(p39) it can be easily seen that

SOE{M:1[P][A]} = Ss_[SOE{M:1[P][A]}]. (14.5.12)

From all the above discussions it follows that for quite the same reason as that for which Lemma 12.8.1(p85) was derived we can
immediately obtain Lemma 14.5.2(p.105 below.
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Lemma 14.5.2  Let Aron{M:1[P][A]} holds on € (Aren). Then Aren{M:1[P|[A]} holds on € (Aro) where
Aron{M:1[P][A]} = Sp_p[Aren{M:1[P][A]}]. DO (14.5.13)

Finally, for the same reason as the one for which Theorem 12.8.1(p85) is derived from Lemma 12.8.1(p8) we have Theo-
rem 14.5.2(p105) below.

Theorem 14.5.2 (symmetry theorem (P — P)) Let & {M:1[P|[A]} holds on P x.Z. Then o/ {M:1[P]|[A]} holds on P x .7
where

F{M:1[P][A]} = Sp.p[{M:1[P][A]}]. O (14.5.14)

From (12.8.32(p85) ) we have
0(/{M:1[P][A]}) £ S5.p[0(Z/{M:1[P][A]})] (14.5.15)
(g, ab Tr, Sc,Trx,k, T, L,K,L, ‘/t) (14516)

14.6 Derivation of &/{Tp, Ly, Kp, Lo,

For the same reason as in Section 12.6(p.18) we see that applying Sp_s to &/{Tp, Lp, Kp, Lp, Kz} given by Lemmas 13.2.1(p91)—
1326([)95) ylelds ,Qf{f‘]p, f/]P7 [(]p ) E]p, I%p}

Lemma 14.6.1 (Z{Tt}) For any F € .F we have:

(a) T(x) is continuous on (—oo,00).

(b) T(z) is nonincreasing on (—oo, 00).

(c) T(x) is strictly decreasing on [a, —0o0).

(d) T(z) + z is nondecreasing on (—00,00).

(e) T(x)+x is strictly increasing on (—oo, b*].

(f) T(z)=b—z on [b*,00) and T(x) < b—z on (—o0,b*).
(g) T(z) <0 on(a,00) and T(z) =0 on (—oo,al.

(h) T(x) <min{0,b— 2} on (—00, o).

(i) T(0)=bifb* <0 and T(0) =0 ifa > 0.

() BT(x) + z is nondecreasing on (—oo0,0) if = 1.

(k) BT (z)+ z is strictly increasing on (—o00,00) if B < 1.
() Ifzx>yandb* >y, then T(z) +x > T(y) +v.
(m) ABT(ABb+ s) + s is nondecreasing in s and is strictly increasing in s if AB < 1.
(m) b >b.

® Proof by analogy Immediate from applying Sp_p to Lemma 13.2.1(p91). 1
® Direct proof See the proof of Lemma A 3.7p.247) . 1

Applying Spp to (13.2.8(p9))- (13.2.13(p.%4) ), we obtain the relations below:

=ABb+ s — Bz on [b*,—c0) ---(1),
{ < ABb+s—ABz on (—oo,b*) ---(2), (14.6.1)

ABb+s—dx on [b*,00) - (1),
{ ABb+s—dx on (—oo0,b*) ---(2). (14.6.2)
{ Jx+son (a,00) ---(1), (146.3)

B)x+son (—oo,a] ---(2),
K(x) +x<pBxr+s on (—00,00). (14.6.4)
K(z)+z= { 2517:55 +{1=Npe ZE Eb_ozol] 8 (14.6.5)
K(zp)=-1-=-8)zz---(1), L(zz)=1-p8)zz --(2). (14.6.6)

® Proof by analogy Immediate from applying Sp_p to (13.2.8(p.93) )-(13.2.13(p.%4) ). 1
® Direct proof See the proof of (A 3.1(p247))- (A 3.6p27)). 1

Lemma 14.6.2 (& {L:})

(a) L(x) is continuous on (—00,00).
(b)

(c) L(z) is strictly decreasing on [a, c0).
(d)

L (x) is nonincreasing on (—o0, 00).

Let s =0. Then T; =a where Tf < (>)z < L(z) <(=)0= L(z) <(>)0.
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(e) Lets>0.
1. @7 uniquely ewists with Tz > a where Tf < (= (>)) z < L(z) < (= (>)) 0.
2. (ABb+9)/AB 2> ()b & T =(<) (ABb+s)/A8 < (=) b*. [

® Proof by analogy Immediate from applying Sp_p to Lemma 13.2.2(p94). 1

® Direct proof See the proof of Lemma A 3.8(p247) . 1

Corollary 14.6.1 (&/{Lp})
(@) T <(2)ze L) <(2)0.
(b) T <(Z)z=L(x)<(2)0. 0

® Proof by analogy Immediate from applying Sp_p to Corollary 13.2.1(p%). 1
® Direct proof See the proof of Corollary A 3.2(p24) . 1

Lemma 14.6.3 (& {Kr})

(i
@

Let B=1 and s =0. Then Tz =a where Tz < (>)z < K(z) < (=)0 = K(z) < (>) 0.
Let <1 ors>Q0.

1. There uniquely exists Tz where Tz < (= (>)) r & K(x) < (=>)) 0.

2. (ABb+3s)/0 > ()b & vz = (<) (A\Bb+s)/6.

3. Letk <(=(>))0. Then Tz < (=(>))0. 0

(a) K (x) is continuous on (—o0,00).
(b) K(x) is nonincreasing on (—oo, o).
(c) K(z) is strictly decreasing on [a, 00).
(d) K (x) is strictly decreasing on (—oo,0) if B < 1.
(e) K (x)+ z is nondecreasing on (—00,00).
(f) K(x)+ x is strictly increasing on (—oo, b*].
(g) K (z)+ z is strictly increasing on (—oo,00) if A < 1.
(h) Ifx >y andb* >y, then K(z) +x > K(y) +y.
)
)

® Proof by analogy Immediate from applying Sp_p to Lemma 13.2.3p94). 1
® Direct proof See the proof of Lemma A 3.9(p248) . 1

Corollary 14.6.2 (&7 {K»})

(@) Tz <(2)z e K(z) <(>)0.

(b) < (2)z=K()<(2)0. O

® Proof by analogy Immediate from applying Sp_ to Corollary 13.2.2(p.95). 1
® Direct proof See the proof of Corollary A 3.3(p24) . 1

Lemma 14.6.4 (& {Lz / Kz })

(a) LetB=1ands=0. Then Ty = T =a.

(b) LetB=1ands>0. Then Tf = ZTz.

(¢) Letf<lands=0. Thena< (=(>))0& 7z <(=(>)) Tk = 2Tz < (=(=))0.
(d) Letf<lands>0. Thenk < (=(>)0& 2z <(=(>)) Zxg = Tz <(=(>))0. O
® Proof by analogy Immediate from applying Sp_p to Lemma 13.2.4(p%). 1

® Direct proof See the proof of Lemma A 3.10(p.249) . 1

Lemma 14.6.5 (& {L:})

(a)  L(s) is nondecreasing in s and strictly increasing in s if \3 < 1.
(b)  Let A\Bb < a.

1. z7 > A\Gb+s.

2. Lets>0and A\ < 1. Then T > A\Bb+ s.

()

Let \Bb > a. Then there exists a Sz > 0 such that if Sz > (<) s, then Tf < (>) ABb+ s.

® Proof by analogy Immediate from applying Sp_,3 to Lemma 13.2.5p.%). 1
® Direct proof See the proof of Lemma A 3.11(p249) . 1

Lemma 14.6.6 (Rp) We have:

(a)
(b)

E=ABb+sifb*<0and k =s ifa> 0.
Let <1 ors>0. Then i < (=(>)) 0. Then zz < (=(>))0. [

® Proof by analogy Immediate from applying Sp_,3 to Lemma 13.2.6(p.%). 1
® Direct proof See the proof of Lemma A 3.12(p249) . 1
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14.7 Derivation of &7{M:1[P][A]}

O Tom 14.7.1 (B.&/{M:1[P][A]}) Let =1 and s = 0.
(a) Vi is nonincreasing in t > 0.

(b)  ®~r>1(7)s where CONDUCT;>¢>1a. U

® Proof by symmetry Immediate from applying Sp_,3 to Tom 13.4.1(p.%). 1
® Direct proof See the proof of Tom A 4.5p24) . 1

O Tom 14.7.2 (T« {M:1[P][A]}) Let 8 <0 or s > 0. Then, for a given starting time T > 1:
(a) Vi is nonincreasing in t > 0 and converges to a finite V < T ast — oo.
(b)  Let fb < a. Then @-(1);.
(¢) Let Bb> a.
1. Letp=1.
i. Letb+s>b*. Then @->1(1)y.
ii. Letb+s<b*. Then ®r>1(r)s where CONDUCT,>¢>1.4.
2. LetB<1lands=0(s>0).

i. Leta<0 (& <0). Then ®r>1(t)s where CONDUCT;>¢>1a-
ii. Leta=0 (k=0).
1. Let b+ s> b". Then @,>1(1)-
2. Let pb+ s < b*. Then ®r>1(r)s where CONDUCT>¢>14-
iii. Leta>0 (&> 0).
1. LetBb+s>b" or sz <s. Then @->1(1).
2. Let fb+ s < b* and Sz >s. Then Si(pf) 18 true.
® Proof by symmetry Immediate from applying Sp_,5 to Tom 13.4.2(p%). 1
® Direct proof See the proof of Tom A 4.6(p2%) . 1

14.8 Optimal Price to Propose
Lemma 14.8.1 (%o {M:1[P][A]})  The optimal price to propose z is nonincreasing in t > 0. [

® Proof Obvious from Tom’s 14.7.1(p.107) (a) and 14.7.2(p.107) (a) and from (6.2.50(p30)) and
Lemma A 3.3p24). 1
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Chapter 15

Fifth Step: Analogy Theorem (R < P)

In Chaps. 11(p) - 14(p%) we obtained the four assertion systems .o/ {M:1[R][A]}, /{M:1[R][A]}, &/ {M:1[P][A]}, and &/ {M:1[P][A]}
which are necessary for constructing the integrated theory. In this chapter we clarify the interrelationship between 7 {M:1[P][A]}

and o7 {M:1[P][A]}.

15.1 Connection of M:1[P|[A] and M:1[R][A]

15.1.1 Assertion System &/

First, note the three following relations:
o Z{M:1[R][A]} = Sp_,z[«/ {M:A[R][A]}] (+ (12.5.52p7))),
o Z{M:1[P][A]} = Ap_p[o/ {M:1[R][A]}] (+ (13.3.1(p%))),
o Z{M:AP|A]} = Sp_ 5[ {M:A[P][A]}] (+ (14.5.6(p104))).

Next, the inverses of the above relations are:
o {MAR][AL} = S5 o[ (MARIA}] (- (12.8.3108)),
o & {M:1[R][A]} = Ap_r[Z/{M:1[P][A]}] (+ (13.3.6(p%))),
o #/{M:1[P][A]} = S@_)P[%{N/I:l[}?] [A]}]  (+ (14.5.14(p105))).

Then, from e (15.1.3(p.109) ), @ (15.1.2(p.109) ), and e (15.1.4(p.109) ) we obtain the following relation:

A {MAPIA]} = Sp_p Arsr Sg_ gl {M:1[R]A]}].

Finally, from o (15.1.1(p109) ), o (15.1.5(p.109) ), and o (15.1.6(p.109) ) we obtain the following relation:

SMARIAL} = Sp oz Arosz Sp_pl {M:L[E][A)].
15.1.2 System of Optimality Equations (SOE)
First, note the following three relations:
o SOE{M:1[R][A]} = Sp_ 3z [SOE{M:1[R][A]}] (+ (12.5.34(p.75))),
o SOE{M:1[P][A]} = Ar_p[SOE{M:1[R][A]}] (+ (13.3.2(p%))),
o SOE{M:1[P][A]} = Sp_p[S0E{M:1[P][A]}] (+ (14.5.4(p.104))),
Next, the inverses of the above relations are:

o SOE{M:1[R][A]} = Sz_,x[SOE{M:1[R][A]}] (+ (12.8.25(81))),
o SOE{M:1[R][A]} = Ap_g[SOE{M:1[P][A]}] (+ (13.3.705))),
o SOE{M:1[P][A]} = S;_,,[SOE{M:1[P][A]}] (¢ (14.5.12p114))),

Then, from e (15.1.11(p109) ),  (15.1.10(p.109) ), and e (15.1.12(p.109) ) we obtain the following relation:

SOE{M:1[P][A]} = S]p_,]pAR_>11>S@_}R[SUE{MJ[RHA]}},

Finally, from o (15.1.9(p.109) ), o (15.1.13(p.109) ), and o (15.1.14(p.109) ) we obtain the following relation:

SOE{M:1[R][A]} = Sz 5 Apr Sp_,[SOE{M:1[P][A]}].
109

(15.1.1)
(15.1.2)
(15.1.3)

(15.1.4)
(15.1.5)
(15.1.6)

(15.1.7)

(15.1.8)

(15.1.9)
(15.1.10)
(15.1.11)

(15.1.12)
(15.1.13)
(15.1.14)

(15.1.15)

(15.1.16)
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15.1.3 Attribute Vector 0

First, note the following three relations:

0(/ {M:1[R][A]}) = Sp_z[0(/ {M:A[R]A]})]  (« (12.5.53p7))),
O(/{M:1[P][A]}) = Ar—p[0(/ {M:A[R][A]})] (¢ (13.3.3(%))),
(<7 {M:1[P][A]}) = Sp_5[0(/{M:A[PI[A]D)] (¢ (14.5.70100))),

Next, then the inverses of the above relations are:

0(</ {M:1[R][A]}) = Sg_p[0(«/{M:A[R]A]})] (¢ (12.8.3208))),
O(/{M:1[R][A]}) = Ar-r[0(/{M:1[P][A]})] (« (13.3.80p9))),
0(</ {M:1[P][A]}) = S5_,[0(«/ {M:L[P][A]})] (¢ (14.5.15(p105))),

Then, from e (15.1.19(p110) ),  (15.1.18(p.110) ), and e (15.1.20(p.110) ) we obtain the following relation:

0(/{M:A[P]A]}) = Sz_p Arop Sp_[0(/ {M:1[R][A]})]

= (b bya, o7, T, Sz R, T, L, K, L, Vi) (+ (14.5.8(p104))).

Finally, from o (15.1.17(p.110) ), o (15.1.21(p.110) ), and o (15.1.22(p.110) ) we obtain the following relation:

0(/{M:1[R][A]}) = Sp_z Az—r Sz_p[0(/ {M:1[P][A]})]

= (b7 o, a, Tr, Tg, Sz, kafai/vf(afﬂ‘/t) (% (12554([)78) ))

15.1.4 Symmetry Theorem (R + P)
Here let us define
Az 5 Z Sp 5 Arsr Sp_p,

def
A]P’—»]R - S]R—HR Apor S]P’—»]P’

Then (15.1.7(p.109) ) and (15.1.8(p109) ) can be expresses as below.

<
=
it

o/ {M:1[P][AT} = Az _ 5l {
o/ {M:AR][A]} = Ap_ 5[/ {

=

=
=
-

(15.1.29(p.110) ) implies that the following theorem holds.

(15.1.17)
(15.1.18)
(15.1.19)

(15.1.20)
(15.1.21)
(15.1.22)

(15.1.23)
(15.1.24)

(15.1.25)
(15.1.26)

(15.1.27)
(15.1.28)

(15.1.29)
(15.1.30)

Theorem 15.1.1 (analogy [R — P])  Let o/ {M:1[R][A]} holds on P x .Z. Then </ {M:1[P|[A]} holds on P x .Z where

S {MAP)[A]} = Az [/ {M1[R][A]}. O

Similarly (15.1.30(p.110)) implies that the following theorem (inverse of the above theorem) holds.

Theorem 15.1.2 (analogy [R — P])  Let o/ {M:1[P|[A]} holds on & x .F. Then o/ {M:1[R]|[A]} holds on P x .F

A/ {M:1[R]A]} & Ap_z[o/ {M:1[P][A]}]. O

Then (15.1.15(p.109) ) and (15.1.16(p.109) ) can be expresses as below.

SOE{M:1[P][A]} = A _,3[SOE{M:1[R][A]}],
SOE{M:1[R][A]} = As_,z[SOE{M:1[P|[A]}].

Similarly (15.1.23(p110)) and (15.1.25(p110) ) can be expresses as below.

O(:1[B[A]) = Az 5[0(M:
O(M:1[R][A]) = A;_z[0(W:

(15.1.31)

F where

(15.1.32)

(15.1.33)
(15.1.34)

(15.1.35)
(15.1.36)



111

15.1.5 The Structure of Az 5z and A 5

The operation Ag_,3 = Sp_,3 Ar—spSg_,z given by (15.1.27(p110)) means that the three operations are applied in the order of
Sz_r = Ar=p — Sp_3. Then, putting this flow in vertically, we have

o [0 e, @2 %5, 52 R, T LKL Ve o)
Spp=4{i+ +id L L L L Ll (+ (12.8.21(p84)))
a, p,ib, *o ,Tx,8c,5, T, L, K,L, Vi) ---(2)
def a’ H o <3)
Arsp = {4 o (+ (13.2.1(p91)))
*, a . (4)
a*,a, b, TL 2k ,5c &, T, L, K,L, Vi) ---(5)
Sp s E { R A (+ (14.5.3p10)))
b*,b7 a, Ty xkysﬁ,fg Ti/f(ﬁ,‘/} - (6)
The above flow can be interpreted as follows:
o First, let us focus attention on elements outside the dashbox {i. Then, we see that first (1)-row changes into (2)-row, next

(2)-row is identical to (5)-row, and finally (5)-row changes into (6)-row, which is identical to the original (1)-row. In other
words, (1)-row remains unchanged outside the dash-box even if these operations are applied.

o Next, let us focus attention on elements inside the dashbox {I. Then, we see that first (1)-row changes into (2)-row,
next (2)-row identical to (5)-row, and finally (5)-row changes into (6)-row. In other words, b and p in (1)-row change into
respectively b* and b in (6)-row through the applications of these operations.

From the above we see that the above triple operations can be eventually reduced to the single operation

. Whia, Tp T, 85 R, T, LKL, Vi
Ai 5 Z Sp pARspSg g =i+ tit L L L L L Ly (15.1.37)
b*, bia, T2, %, S5k, T, LKL, Vy

called the analogy replacement operation. Removing the unchanged elements from the above Aj_,5, eventually we obtain
'A]Ra]?’ = S]P*)[”P"AR‘)]PS]RHR = {b — b*7 e b} (15.1.38)

Similarly, the operation Az 5 = Sp_,3 Ap—r Sp_,p given by (15.1.28(p110)) means that the three operations are applied in the
order of Sz_,, =+ Apr — Si_,z. Then, putting this flow in vertically, we have

b*,bia, T, Tx, 87k, T, L K,L, Vi) -1
Sip =i tie v v v (« (14.5.11p104))
a*,a, b, xL ,Tx,Sc 05, Ty LKL, Vi) - o(2)
a*7 a .. .<3)
Apr {11 0 (¢ (13.3.50%)))
a/7 l’l’ .. .(4)
a, p, b, L Trx,sc,8, T, L, K,L, Vi| ---(5)
SpagE{ic vl v Ll (« (12.5.29p7)))
b7 My, xf,w}}ysﬁ"’R’T,L’K’ﬁ’W - (5)
The above flow can be eventually reduced to as follows.
As g = Sgog Aror S = {0 = b, b— p}. (15.1.39)

From the comparison of Tom’s 12.7.2(p8l) and 14.7.2(p.107) we can easily reconfirm that Theorem 15.1.1(p.110) holds in fact.

15.2 Relationship between M:1[P][E] and M:1[R][E]
It can be easily confirmed that the same as in Section 15.1(p.109) holds also for &/ {M:1[P][E]} and <7 {M:1[P][E]}. Then we have

Theorem 15.2.1 (analogy [R — P])  Let o/ {M:1[R][E]} holds on @ x .F. Then o {M:1[P|[E]} holds on P x .F where
A {MAP|E]} = Az 5[« {M:A[R][E]}]. O (15.2.1)

Theorem 15.2.2 (analogy [R — P])  Let &/ {M:1[P][A]} holds on P x .Z. Then </ {M:1[R][A]} holds on P x .F where
A {MAR][A]} = Ap_z [ {M:1[P][A]}]. O (15.2.2)

It can be easily confirmed that Az .z and Ap_ z are the same as (15.1.38(p111)) and (15.1.39(p.111) ) respectively.
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Chapter 16

Flow of Discussions

Let us here again recall Motive 2(pd) “Does a general theory integrating quadruple-asset-trading-problems exist ?7”, and this
motivation was put an end with a successful construction of the integrated theory.

16.1 Flow of Discussions

The integrated theory is summarized as below.

—_

/{Tr} is proven (see Lemma 10.1.1(p53) ).

A {Lr,Kr,Lr,Kke} is proven (see Lemmas 10.2.1(p35) - 10.3.1(p57)).

/{M:1[R][A]} is proven (see Tom’s 11.2.1(p59) and 11.2.2(p60) ).

A/ {M:1[R][A]} is derived (see Tom’s 12.7.1(p81) and 12.7.2(p81)).

o/ {Tp } is proven (see Lemma 13.2.1(p91)).

</ {M:1[P]|[A]} is derived (see Tom’s 13.4.1(p9) and 13.4.2(p9%)).

,szf{l(/lzl[]P’] [A]} is derived (see Tom’s 14.7.1(p107) and 14.7.2(p.107)).

The analogous relation between .7 {M:1[P][A]} and <7 {M:1[R][A]} is shown (see Theorems 15.1.1(p.110) and 15.1.2(p110) ).

=)
T oS

N N N o~ o~ o~~~
Ut

8

16.2 Structure of Integrated Theory

The above flow, (1) —(8), can be schematized as in Figure 16.2.1(p113) below where the three shadow boxes [___] are directly
proven and the remaining four frame boxes [ ] are all indirectly derived by applying Sp_,5, Ar—p, and Sp_,5 to __1.

(1) Lemma 10.1.1(p.53) (2) Lemma 10.2.1(p.55) (3) Tom 11.2.1(p.59) s (4) Tom 12.7.1(p.81)
/(13 | ’ Ain K, £a, i) | s | A % S {M:LR[A]}
ARP lT ApR ARHPIT AP—R ® A]?RH]?iT APk
Sp_,p -
S MAPIAY| == | S {MA[FIA]}
(5) Lemma 13.2.1(pJ91) (6) Tom 13.4.1(p.%) o (7) Tom 14.7.1(p.107)

Figure 16.2.1: The whole flow of constructing the integrated theory

16.3 Implications

The interrelationship among the quadruple assertion systems within the dashbox i_i of Figure 16.2.1(p113) implies the following.
First, an assertion system of M:1[R][A] is defined as a core within the quadruple-asset-trading-models Q(M:1[A]) and then proven
(see Chap. 11(p59)). Next, the assertion system for each of the remaining three models is derived by sequentially applying the
operations Sy _,z and Az_p to the above core assertion system (see Chaps. 12(p67) and 13(p87) ). Finally, &/ {M:1[P][A]} is derived
so as to become symmetrical to «/{M:1[P|[A]} by applying Sp_, (see Chap. 14(p.99)). Since it is proven that any of the above
four operations are reversible, even if any other assertion system within Q(M:1[A]) is selected as a core, the same flow as the
above can be depicted. Let us refer to the whole structure consisting of the quadruple assertion systems in such a fashion as
stated above as the integrated theory. In the conventional approach, each of the quadruple assertion systems must be defined
separately and proven one by one. On the other hand, in our approach based on the integrated theory, the number of assertion
systems which must be defined and proven is only one as a core. In Part 3 that follows we try to apply the integrated theory
to all of the remaining five quadruple-asset-trading-models in Table 3.2.1(p17) except for Q(M:1[A]) the analyses of which was
already ended. From all the above, it will be realized that the integrated theory provides a strong tool for the treatment of
asset trading problems.
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16.3.1 Limitation of Integration Theory

Here note that the successful construction of the integrated theory is based on the following two premises: one is that price § is
defined on the total market (—oo, 00), the other is that the symmetrical relation between SOE{M:1[R][A]} and SOE{M:1[R][A]} and

the analogy relation between SOE{M:1[R][A]} and SOE{M:1[P][A]} must be satisfied (see *Sections 12.11(p85) and 13.8(p.97)). How-

ever, as seen from *Tables 6.5.3(p3)) - 6.5.6(p.39) , although the symmetrical relation always holds between SOE{M:1/2/3[R/P|[A/E]|}

and SOE{M:1/2/3[R/P][A/E]} (compare (I) and (II)), the analogical relation between SOE{M/M:2/3[R][A/E]} and SOE{M/M:2/3[P][A/E]}
does not hold (compare (I) and (III)). In other words, for Models 1/2/3 the symmetry theorems can be always applied; how-

ever, the analogy theorems cannot be applied. Accordingly, it is only for discussions related to symmetry that the integrated
theory are applicable. For the treatment of the case where the analogy theorem cannot be applied, see Lemma 20.1.1(p.151) and
Section 20.1.5(p.164) .



Chapter 17

Market Restriction

17.1 Preliminary

As seen from the whole discussions over Chaps. 10(p.53) —15(p.109) , the integrated theory is constructed under the premise that prices
&, whether reservation price or posted price, is defined on the Total-dF-Space (see (2.2.5(p.13))), i.e.,

F ={F|—-c0o<a<p<b< oo}, (17.1.1)

called the total market. However, since the prices £ in a usual market of the real world are positive, i.e., £ € (0,00), the above
premise, permitting a negative price £ € (—o0,0), must be said to be unrealistic. This chapter proposes a methodology working
through this problem.

17.2 Market Restriction
Let us refer to the restriction of the total market Z to a given subset
F CF (17.2.1)

as the market restriction of F to %’ and to the .’ as the restricted market. Throughout this paper let us consider the following
three kinds of restricted markets:

FrEAF |0 <a<b} (positive market), (17.2.2)
FEEF |a<0<b} (mized market), (17.2.3)
F- ZA{F | a <b< 0} (negative market) (17.2.4)
where clearly
F=FTUFTUTF". (17.2.5)
F F* FT
f(w) f(w) f(w)
w
a b a 0 b a b
negative market mixed market positive market

Figure 17.2.1: Three kinds of markets

Definition 17.2.1 In the present paper, let us represent the restriction of .# to the above three restricted markets by the
same symbols Z+, ZF* and .#~ above, called the positive market restriction F7*, the mized market restriction F*, and the
negative market restriction F~ respectively. See Section A 7.6(p.2%4 for an economic implication brought about by the three
market restrictions. [

17.3 Market Restricted Models

Throughout the rest of this paper, let us denote the models defined on the restricted markets Z*, #*, and .~ by Model™,
Model®, and Model™ respectively, called the market restricted models. For x = 1,2,3 and X = A, E let us define the quadruple-
asset-trading-models:

OM:z[X]T) & {(Mz[R][X]*, M:z[R][X] ", M:z[P][X] T, M:z[P][X] T}, (17.3.1)
O(M:z[X]%) = (M[R][X], M:z[R][X] ", Mz [P][X]E, Mz [P][X]" }, (17.3.2)
O(M:z[x]7) = {M[R][X]", M:z[R][X] ", M:z[P][X] ", M:z[P][X] " }. (17.3.3)
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17.4 Inequalities Caused by Market Restriction

The lemma below will be used to examine what occurs when the market restriction is applied to results derived by using the
integrated theory constructed on the total market .#

Lemma 17.4.1 (positive market #*) Suppose 0 < a. Then we have:

. t[%JO?g] <a < pu<b. Proof: Evident from (2.2.2(p.13)).
t[ J343ﬂb <b for0< B <1. Proof: Immediate from 0 < b < b with 8 = 1.
t[ ;8 @M <b for0< B <1. Proof: Immediate from 0 < Bu < b with 8 = 1.

4 %ﬂa <b for0< B <1. Proof: Immediate from 0 < Ba < b with 8 = 1.
e E[5J a < Bp and Bu < a are both possible. Proof: Since 0 < a < Bu with 8 = 1, the former is possible for a 3 sufficiently close to 8 = 1

483
and tLe latter is possible for any sufficiently small 5 > 0.

e E[GJ a < Bb and Bb < a are both possible. Proof: Since 0 < a < 8b with 3 = 1, the former is possible for a 3 sufficiently close to 8 = 1
and tLe latter is possible for any sufficiently small 5 > 0.

t[’()?tjmgb <b* for 0 < B <1. Proof: Immediate from 0 < 8b < b* with 8 = 1 due to Lemma 14.6.1(p.105) (n). 0
ret.

Lemma 17.4.2 (mixed market #*) Suppose a <0 <b. Then we have:

[re[[()él()62] Bu < b for0< p <1. Proof: Let 4 = 0. Then, since a < p < b from (2.2.2(p.13) ), we have a < 0 < b, hence always a < 3x0 < b,
soa < fBu<b Let pu#0. Ifa<pu<0,thena < fBu<0<bwith 3=1,hencea <fBu<0<bfor0<p<1andif0< p <b, then
a<0<pBup<bwith B =1, hence a <0< Bu<bfor0< B <1. Accordingly, whether a < p < 0 or 0 < p < b, we have a < Su < b for
0 < B < 1. Thus, whether p =0 or u # 0, it follows that a < Su <bfor 0 < g < 1.
4949051a<bf07“0<ﬂ§1. Proof: Let 8 =1. Then fa=a <b. Let 8 < 1. Ifa =0, then Ba =a =0 < b and if a < 0, then Ba < 0 < b,
hence Ba < b whether a = 0 or a < 0. Thus, whether 8 =1or 8 <1 (ie., 0 < 8 < 1) it follows that we have Ba < b.

[‘[1f(())(182%<ﬁbf07“0<6§ 1. Proof: If b > 0, then a < 0 < b = 8b with 8 =1, hence a < 0 < Bbfor 0 < 8 < 1. If b = 0, then
a<b=pb=0for 0 < B < 1. Therefore, whether b > 0 or b = 0, we have a < 8b for 0 < 8 < 1.

[[1f104896a < Ba for 0 < B < 1. Proof: Immediate from a* < Ba < 0 with 8 = 1 due to Lemma 13.2.1(p91) (n).

b<b* for0 < B <1. Proof: Immediate from 0 < b < b* with 8 = 1 due to Lemma 14.6.1(p105) (n). 0O
[ fo 298]
re

Lemma 17.4.3 (negative market .%~) Suppose b < 0. Then we have:
[13J4 a <p<b<0. Proof: Evident from (2.2.2(p.13)).

ref.0

L«[elf%(ll Lﬁ < Ba for 0 < B < 1. Proof: Immediate from a < Ba < 0 with 8 = 1.

[relf.E())JO a < B for 0 < B < 1. Proof: Immediate from a < Bu < 0 with 8 = 1.

[&%Lsg < b for 0 < B < 1. Proof: Immediate from a < 8b < 0 with 8 = 1.

[r[elf%J ﬂ]u < b and b < Bu are both possible. Proof: Since Bu < b < 0 with 8 = 1, the former is true for a 8 sufficiently close to 8 = 1

478
and the latter is true for a sufficiently small 8 > 0.

80(1 G]a < b and b < Ba are both possible. Proof: Since fa < b < 0 with 3 = 1, the former is possible for a 3 sufficiently close to
= 1 and the latter is possible for a sufficiently small 8 > 0.

19049161* < Ba for 0 < B <1. Proof: Immediate from a* < Ba < 0 with 8 = 1 due to Lemma 13.2.1(p91) (n). [

Definition 17.4.1 (market-restriction-free-assertion) ~ When no change occurs even if a market restriction is applied to a given
assertion, the assertion is said to be free from the market restriction, called the market-restriction-free assertion. [

Lemma 17.4.4 Even if a market restriction is applied to a market-restriction-free assertion, no change occurs. [

® Proof Evident. 1

17.5 Market Restriction

17.5.1  &Z{M:1[R][A]}
17.5.1.1 Positive Restriction
O Pom 17.5.1 (Z{M:1[R][A]"}) Suppose a > 0. Let 3 =1 and s = 0.

(a) Vi is nondecreasing in t > 0.

(b)  ®r>1(7)a where CONDUCT;>¢514. [

® Proof The same as Tom 11.2.1(p59) due to Lemma 17.4.4(p.116). 1
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O Pom 17.5.2 (Z{M:1[R][A]"}) Suppose a > 0. Let 8 <1 or s> 0.
(a) V4 is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.
(b)  Let Bu > b (impossible).
(¢c) Let Bu < b (always holds).
1. Letf=1.
i. Letp—s<a. Then @r>1(1).
ii. Letpu—s>a. Then ®->1(r)a where CONDUCT,>¢>14.
2. LetB<1ands=0. Then ®r>1(r). where CONDUCT,>¢>14,
3. Let<1ands>0.
i. Let Bu>s. Then ®r->1(r)a where CONDUCT,>¢>1. (see Numerical Example 1(p14)).
ii. Lets>pu. Then @->1(1); (see Numerical Example 2(p.124) ).

® Proof Suppose a >0, hence b >a >0---(1). Let 8<1ors>0. Then k = Su—s---(2) from
Lemma 10.3.1(p57) (a) with A = 1.
(a) The same as (a) of Tom 11.2.2(p.0).
b,c) Always Su < b due to [3(p.116)] , hence Bu > b is impossible.
cl) Let 8 =1, hence s > 0 due to the assumption 8 < 1 or s > 0.
cli,clii) The same as (cli,clii) of Tom 11.2.2(p60).
¢2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 11.2.2(p60).
c3) Let f<1ands>0.
¢3i) Let Bu > s. Then, since x > 0 due to (2), it suffices to consider only (c2i) of Tom 11.2.2(p60).

(c3ii) Let Bu < s. Then, since £ < 0 due to (2) and since B —s <0 < a, it suffices to consider only (c2iil,c2iiil) of
Tom 11.2.2(50). B

o~ o~ o~ o~ o~ —~

17.5.1.2 Mixed Restriction

O Mim 17.5.1 («/{M:1[R][A]*})  Suppose a <0 <b. Let 3 =1 and s = 0.
(a) Vi is nondecreasing in t > 0.
(b)  ®r>1{7). where CONDUCT>¢>14. U

® Proof The same as Tom 11.2.1(p59) due to Lemma 17.4.4(p.116). 1

O Mim 17.5.2 («/{M:1[R][A]*})  Suppose a <0 <b. Let 3 <1 ors > 0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — co.
(b) Let Bu > b (impossible).
(c) Let fu < b (always holds).
1. LetpB=1.
i. Letp—s<a. Then @,>1(1).
ii. Letpu—s>a. Then ®r>1(r)a where CONDUCT,>¢>14-
2. LetB<1ands=0. Then ®r>1(r)a where CONDUCT;>;>1a-
3. LetB<1ands>0.
i. Lets < BT(0). Then ®r>1(t)s where CONDUCT;>¢>1a-
ii. Lets=pT(0).
1. LetBpu—s<a. Then @->1(1).
2. Let Bu—s>a. Then ®r>1(r)a where CONDUCT>;>1a-
iii. Let s> BT(0).

1. LetBp—s<aor sgc <s. Then @r>1(1).
2. Let Bu—s>a and s > s. Then S1(p0) is true.
® Proof Supposea <0<b. Let f<1ors>0.
(a) The same as Tom 11.2.2(p60) (a).
(b,c) Always Bu < b due to [8(p.116)] , hence B > b is impossible.
(c1) Let 8 =1, hence s > 0 due to the assumption 8 < 1 or s > 0.
(cli,clii) The same as (cli,clii) of Tom 11.2.2(p.60).
(

c2) Let 8 <1ands=0.If b >0, then it suffices to consider only (c2i) of Tom 11.2.2(p60) and if b = 0, then since always
B —s = Pu > adue to (8] , it suffices to consider only (c2ii2) of Tom 11.2.2(p60). Therefore, whether b > 0 or b = 0, we have the
same result.

(c3-c3iii2) Let f < 1 and s > 0. Then, the assertions are immediate from (c2i-c2iii2) of Tom 11.2.2(p60) with x = ST(0) — s
from (5.1.7(p2)) with A = 1. W
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17.5.1.3 Negative Restriction

O Nem 17.5.1 (&/{M:1[R][A] }) Suppose b< 0. Let 5 =1 and s =0.
(a) V4 is nondecreasing in t > 0.
(b)  We have ®r>1(r). where CONDUCT>¢>14-

® Proof The same as Tom 11.2.1(p59) due to Lemma 17.4.4(p.116). 1
O Nem 17.5.2 (&/{M:1[R][A]"}) Suppose b< 0. Let B <1 ors>0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — co.

(b)  Let Bu>b. Then @->1(1);.
(¢) Let Bu <b.
1. Letp=1.
i. Letpu—s<a. Then @,>1(1).
ii. Letpu—s>a. Then ®->1(r)a where CONDUCT;>¢>1a.
2. LetB<1ands=0. Then Si(p) 18 true.
3. Let<1ands>0.

i. LetBu—s<aor sg <s. Then @->1(1 i
ii. Let Bu—s>a and s >s. Then Si(p) [©4 [@ 1] 45 true.

® Proof Suppose b < 0---(1). Let 8 <1 or s > 0. Then, we have kK = —s---

this case, both Bu > b and Bu < b are possible due to [17(p.116)] .
(a,b) The same as Tom 11.2.2(p60) (a,b).
(¢) Let Su<b. Then sz >0---(3) from Lemma 10.2.4(p57) (c).

(c1) Let 8 =1, hence s > 0 due to the assumption 8 < 1 or s > 0.
(cli,clii) The same as (cli,clii) of Tom 11.2.2(p0).

(2) from Lemma 10.3.1(p5

7 (a).

Moreover, in

(c2) Let 8 < 1ands=0. Then, due to (1) it suffices to consider only (c2iiil,c2iii2) of Tom 11.2.2(p60). Since Su—s = Bu > a
due to [15(p.116)] and since s = 0 < s due to (3), we have (c2iii2) of Tom 11.2.2(p5() .

(c3-c3ii) Let B <1 and s> 0. Then, since x < 0 due to (2), it suffices to consider only

(c2iiil,c2iii2) of Tom 11.2.2(p60). N

17.5.2 ﬂ{l\?l:l[R][A]}
17.5.2.1 Positive Restriction

O Pom 17.5.3 (%{M:I[R][Aﬁ}) Suppose a > 0. Let B =1 and s = 0.
(a) Vi is nonincreasing in t > 0.
(b) We have ®->1(r)s where CONDUCT>¢>14-

® Proof The same as Tom 12.7.1(p81) due to Lemma 17.4.4(p.116). 1

O Pom 17.5.4 (Z/{M:1[R][A]"})  Suppose a > 0. Let B < 1 or s > 0.

(a) V& is nonincreasing in t > 0 and converges to a finite V< Tg ast — oo.

(b) Let Bu<a. Then @->1(1);.
(¢) LetBu>a.
1. Letp=1.
i. Letpu+s>b. Then @->1(1).
ii. Let p+s<b. Then ®r>1(r)a where CONDUCT>¢>14-
2. Let B <1 ands=0. Then Si(pf) is true.
3. LetB<1ands>0.T
i. LetBu+s>bor sz <s. Then @->1(1
il. LetBu+s<band Sz >s. Then Si(p) - is true (see
Numerical Example 3(p12)).

® Proof Suppose a > 0---(1), hence & = s---(2) from Lemma 12.6.6(p81) (a). Here note that uf8 < a and S > a are both

possible due to [5(p.116)] .
(a,b) The same as (a,b) of Tom 12.7.2(p81).

(¢) Let B> a. Then Sz >0---(3) due to Lemma 12.6.5(p81) (c) with A = 1.

(cl-clii) Let 8 =1, hence s > 0 due to the assumptions 8 < 1 and s > 0. Thus, we have

(cli,clii) of Tom 12.7.2(p81) .

(c2) Let B < 1ands=0. Then, since Buu+ s = Bu < b due to [3(p.116)] and since 5z > 0 = s from (3), due to (1) it

suffices to consider only (c2iii2) of Tom 12.7.2(p81).

(c3-c3ii) Let 8 <1 and s > 0. Then, since & > 0 due to (2)7 it suffices to consider only

(c2iiil,c2iii2) of Tom 12.7.2(ps1). I
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17.5.2.2 Mixed Restriction
O Mim 17.5.3 (sz{l\?l:l[]R][A]i}) Suppose a <0 <b. Let =1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b)  We have ®r>1(r). where CONDUCT,>¢>14-

® Proof The same as Tom 12.7.1(p81) due to Lemma 17.4.4(p.116). 1

O Mim 17.5.4 (%{I\?I:l[]R][A]i}) Suppose a <0< b. Let B <1 ors>0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.
(b)  Let Bu < a (impossible).
(¢) Let Bu > a (always holds).
1. Let B=1.
i. Letpu+s>b. Then @->1(1).
ii. Letp+s<b. Then ®r>1(r)a where CONDUCT>¢>14-
2. LetB<1ands=0. Then ®r>1(r)a where CONDUCT>;>1a-
3. Let<1ands>0.
i. Lets< —BT(O). Then ®->1(1)a where CONDUCT;>¢>14-
ii. Lets=—pT(0).
1. LetBu+s>0b. Then @->1(1).
2. Let fu+s <b. Then ®r>1(r)a where CONDUCT;>;>1a-
iii. Let s > —BT(0).

1. LetBu+s>bor sz <s. Then @T>1<1i .
2. Let fu+s<band Sz >s. Then Si(p60) is true.
® Proof Suppose a <0 <b.

(a) The same as Tom 12.7.2(p81) (a).
b,c) Always Bu > a due to [8(p.116)] , hence Bu < a is impossible. Hence Sz > 0---(1) due to Lemma 12.6.5(p31) (¢).

(
(cl-clii) The same as (cl-clii) of Tom 12.7.2(ps8l).
(

c2) Let § < 1and s = 0. Let a < 0. Then it suffices to consider only (c2i) of Tom 12.7.2(p81). Let a = 0. Then
Bu+s = pu < b due to [8(p.116)] , hence it suffices to consider only (c2ii2) of Tom 12.7.2(p81). Accordingly, whether a < 0 or
a = 0, we have the same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions become true from (c2i-c2iii2) of Tom 12.7.2(p81) with & = BT(0) + s
from (5.1.16(p.23)). 1

17.5.2.3 Negative Restriction

O Nem 17.5.3 (%hon {M:1[R][A] })  Suppose b < 0. Let =1 and s = 0.
(a) Vi is nonincreasing in t > 0.
(b) Then ®r>1(r)a where CONDUCT,>¢>1.4-

® Proof The same as Tom 12.7.1(p81) due to Lemma 17.4.4(p.116). 1

O Nem 17.5.4 (hon {M:1[R][A] })  Suppose b < 0. Let § <1 or s> 0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V < Tg ast — oo.
(b) Let fu < a (impossible).
(c) Let Bp > a (always holds).
1. Letp=1.
i. Letp+s>b. Then @->1(1).
ii. Letp+s<b. Then ®r>1(r)a where CONDUCT>¢>14-
2. LetB<1ands=0. Then ®r>1(r)a where CONDUCT >;>1a-
3. Let<1ands>D0.

i.  Let Bu < —s. Then ®r>1(t). where CONDUCT;>¢>14-
il.  Let Bu > —s. Then @->1(1).

® Proof Suppose b < 0---(1), hence a <b<0---(2). Then & = S+ s---(3) due to Lemma 12.6.6(p81) (a).
(a) The same as Tom 12.7.2(p381) (a).
b,c) Always a < Bu due to [15(p.116)] , hence Bu < a is impossible.

(
(cl-clii) The same as (cl-clii) of Tom 12.7.2(p81).
(c2) Let 8<1and s =0. Then, due to (2) it suffices to consider only (c2i) of Tom 12.7.2(p8l) .
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(c3) Let f<1ands>0.

(c3i) Let Bu < —s, hence Bu + s < 0. Then, since & < 0 due to (3), it suffices to consider only (c2i) of Tom 12.7.2(p81).

(c3ii) Let Bu > —s, hence Bu+ s > 0. Let Su+ s = 0. Then, since & = 0 due to (3) and Bu + s > b due to (2), it suffices
to consider only (c2iiil) of Tom 12.7.2(p8l). Let Bu + s > 0. Then, since & > 0 due to (3), it suffices to consider only (c2iii) of

Tom 12.7.2(p81). In this case, since Su + s > 0 > b due to (1), it suffices to consider only (c2iil) of Tom 12.7.2(p81). Accordingly,
whether Su+ s =0 or Su+ s > 0, we have the same result. 1

17.5.3 < {M:1[P][A]}
17.5.3.1 Positive Restriction
O Pom 17.5.5 (&Z{M:1[P][A]T})  Suppose a > 0. Let =1 and s = 0.

(a) V4 is nondecreasing in t > 0.
(b)  We have ®r>1(7)s where CONDUCT,>¢>1a-

® Proof The same as Tom 13.4.1(p%) due to Lemma 17.4.4(p.116). 1

O Pom 17.5.6 (Z/{M:1[P][A]"}) Suppose a > 0. Let 8 <1 or s> 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — co.
(b)  Let fa > b (impossible).
(¢c) Let Ba < b (always holds).
1. Let B=1.
i. Leta—s<a*. Then @->1(l)
ii. Leta—s>a*. Then ®r>1(r)s where CONDUCT,>¢>1a-
2. LetB<1ands=0. Then ®r>1(r)a where CONDUCT>;>1a-
3. Letp<1ands>0.
i. Let s < pBT(0). Then ®->1(r)a where CONDUCT>¢>1.4-
ii. Lets=pT(0).
1. LetBa—s<a*. Then @-r>1(1).
2. Let fa— s> a*. Then ®r>1(r)s where CONDUCT,;>¢>14-
iii. Let s> BT(0). -
1. LetBa—s<a* or s <s. Then @-r>1(1)).
2. Let fa—s>a* and sz > s. Then S1(pf0) ENEN]

® Proof Suppose a > 0, hence b >a > 0---(1).

(a) The same as Tom 13.4.2(p.9) (a).

(b,c) Always Sa < b due to [4(p.116)] , hence Ba > b is impossible.

(cl-clii) The same as (cl-clii) of Tom 13.4.2(p.%) .

(c2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 13.4.2(p.5) .

(c3-c3iii2) Immediate from (c2-c2iii2) of Tom 13.4.2(p9) with x = BT(0) — s from
(5.1.23(p2)) with A =1. W

17.5.3.2 Mixed Restriction
0O Mim 17.5.5 (/{M:1[P][A]*}) Suppose a <0 <b. Let 3 =1 and s = 0.
(a) V; is nondecreasing in t > 0.
(b)  We have ®r>1(t)s where CONDUCT>¢>14-
® Proof The same as Tom 13.4.1(p%) due to Lemma 17.4.4(p.116). 1
O Mim 17.5.6 («/{M:1[P][A]¥}) Suppose a <0 <b. Let 3 <1 ors > 0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — co.
(b) Let Ba > b (impossible).
(c) Let Ba < b (always holds).
1. LetpB=1.
i. Leta—s<a*. Then @r>1(1).
ii. Leta—s>a*. Then ®r>1(r). where CONDUCT;>¢>14-
2. Let <1 ands=0.Then ®r>1(r)a where CONDUCT,>¢>1a-

3. LetB<1ands>0.
i. Lets < pBT(0). Then ®r>1(t)s where CONDUCT;>¢>1a-
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ii. Lets=pT(0).

1. LetBa—s<a*. Then @->1(1)y.

2. Let pa—s>a*. Then ®r>1(r)s where CONDUCT;>¢>14-
iii. Let s> BT(0).

1. LetBa—s<a* or st <s. Then @->1(1).

2. Let Ba—s>a" and sz > s. Then Si(p60) [®s @],

® Proof Suppose a <0< b.

(a) The same as Tom 13.4.2(p.9) (a).

(b,e) Always Ba < b due to [9(p.116)] , hence Ba > b is impossible. .
(cl-clii) The same as (cl-clii) of Tom 13.4.2(p.9).
(

c2) Let B<1and s=0.If b >0, the assertion is true from Tom 13.4.2(p.9) (c2i) and if b = 0, then Sa — s = Ba > a* from
[11(p.116)] , hence the assertion become true from Tom 13.4.2(p9) (c2ii2). Accordingly, whether b > 0 or b = 0, we have the same
result.

(c3-c3iii2) The same as (c2i-c2iii2) of Tom 13.4.2(p9) with x = ST(0) — s from
(5.1.23p21))) with A =1. &

17.5.3.3 Negative Restriction
O Nem 17.5.5 (/{M:1[P][A]"}) Suppose b<0. Let 8 =1 and s =0.

(a) Vi is nondecreasing in t > 0.
(b)  We have ®+(r)s where CONDUCT;>¢>14-

® Proof Immediate from Tom 13.4.1(p.%) due to Lemma 17.4.4(p116). 1

O Nem 17.5.6 (&/{M:1[P][A]"}) Suppose b< 0. Let B <1 ors>0.
(a) Vi is nondecreasing in t > 0 and converges to a finite > Tk ast — oo.
(b) Let Ba>b. Then @->1(1).
(¢) Let Ba<b.
1. Letp=1.
i. Leta—s<a*. Then @,>1(1)y.
ii. Leta—s>a". Then ®r>1(7)s where CONDUCT,>¢>1a.-
2. Let <1 and s=0. Then S1(pf0) .
3. Let <1 ands>0.
i. Let Ba—s<a* or s <s. Then @->1(1)).

ii. LetBa—s>a* and s > s. Then Si(pb) ENEN]

® Proof Suppose b < 0---(1), hence Kk = —s---(2) from Lemma 13.2.6(p%) (a). Then, both Sa > b and Ba < b are possible
due to [18(p.116)] . If Ba < b, then sz > 0---(3) due to Lemma 13.2.5(p%) (c) with A = 1.

(a) The same as Tom 13.4.2(p.9) (a).

b) Let Ba > b. Then, this is the same as (b) of Tom 13.4.2(p.%) .
c) Let Ba <b.

cl-clii) The same as (cl-clii) of Tom 13.4.2(p96).

c2) Let 8 < 1 and s = 0. Then, due to (1) it suffices to consider only (c2iii) of Tom 13.4.2(p%). In addition, since
Ba — s = Ba > a* due to [19(p.116)] and since s; >0 = s due to (3), it suffices to consider only (c2iii2) of Tom 13.4.2(p.%) .

(c3-c3ii) Let 8 < 1 and s> 0. Then, since x < 0 from (2), it suffices to consider only (c2iii- ¢2iii2) of Tom 13.4.2(%). I

o~ o~ o~ —~

17.5.4 o/ {M:1[P][A]}
17.5.4.1 Positive Restriction
O Pom 17.5.7 (42%{|\7I:1[IED][A]+}) Suppose a > 0. Let =1 and s =0.

(a) Vi is nonincreasing in t > 0.
(b) We have ®r>1(r)s where CONDUCT,>¢>14-

® Proof The same as Tom 14.7.1(p.107) due to Lemma 17.4.4(p.116). 0
O Pom 17.5.8 (M{I\7I:1[IP’][A]+}) Suppose a > 0. Let B <1 or s> 0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V > T ast — oo.
(b) Let pb<a. Then @->1(1).
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(¢) Let Bb> a.

1. Letp=1.
i. Letb+s>0b". Then @->1(l), —
ii. Letb+s<b*. Then ®r>1(r). where CONDUCT;>¢>14-

2. LetB<1ands=0. Then Si(p6) ENEI)
3. LetpB<1ands>0.
i. Let Bb+s>b" or sz <s. Then @-(1)y.
ii. Let Bb+ s < b and Sz > s. Then S1(p) ENEN)

® Proof Suppose a > 0---(1). Then, & = s---(2) from Lemma 14.6.6(p.106) (a). In this case, b < a and 8b > a are both
possible due to [6(p.116)] | and if 8b > a, then Sz >0--- (3) due to Lemma 14.6.5(p.106) (¢) with A = 1. In addition, we have

(a,b) The same as (a,b) of Tom 14.7.2(p.107).
(¢) Let 8b> a.
(cl-clii) The same as (cl-clii) of Tom 14.7.2(p.107).

(¢2) Let 8 < 1 and s = 0. Then, due to (1) it suffices to consider only (c2iii) of Tom 14.7.2(p.107). In this case, since
Bb+s = Bb < b* due to [7(p.116)] and since s; >0 = s due to (3), it suffices to consider only (¢2iii2) of Tom 14.7.2(p.07) .

(c3-c3ii) Let B < 1 and s> 0. Then, since & > 0 due to (2), it suffices to consider only (c2iii-c2iii2) of Tom 14.7.2p107). 1

17.5.4.2 Mixed Restriction
O Mim 17.5.7 (%{I\?I:l[]P’][A}i}) Suppose a <0 <b. Let =1 and s =0.

(a) Vi is nonincreasing in t > 0.

(b)  ®+>1(r)s where CONDUCT,>¢>1.4.
® Proof The same as Tom 14.7.1(p.107) due to Lemma 17.4.4(p.116). N

O Mim 17.5.8 (ﬂ/{l\?l:l[P][A}i}) Suppose a <0< b. Let 5 <1 ors>0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V > Tg ast — oo.
(b) Let 8b < a (impossible). ___
(¢c) Let Bb > a (always holds).
1. LetB=1.
i. Letb+s>0b". Then @->1(1).
ii. Letb+s<b*. Then ®+>1(r). where CONDUCT;>¢>14-
2. Letf<1ands=0. Then ®r>1(r)a where CONDUCT>;>1a-
3. Let<1ands>0.
i. Lets< fﬁT(O). Then ®->1(T)a where CONDUCT,>¢>14-
ii. Lets=—pT(0).
1. Let Bb+s>b". Then @,>1(1).
2. Let Bb+ s < b*. Then ®r>1(r). where CONDUCT,>¢>14-
iii. Let s > —pT(0).
1. LetBb+s>b" or sz <s. Then @->1(1)).
2. Let Bb+ s < b* and S; > s. Then S1(p60) [@a]@ 1],

® Proof Letb>0>a---(1).

(a) The same as Tom 14.7.2(p.107) (a).
(b,c) Always 8b > a due to [10(p.116)] , hence 8b < a is impossible.
(cl-clii) The same as (cl-clii) of Tom 14.7.2(p.107).

(c2) Let 8 <1 and s =0. Then, it suffices to consider only (c2i-c2ii2) of Tom 14.7.2(p.107). Let a < 0. Then, the assertion is
true from (c2i) of Tom 14.7.2(p107). Let a = 0. Then, since 8b+ s = 8b < b* due to [12(p.116)] | it suffices to consider only (c2ii2)
of Tom 14.7.2(p.007). Accordingly, whether a < 0 or a = 0, we have the same result.

(c3-c3iii2) Let § < 1 and s > 0. Then, the assertions hold from (c2i-c2iii2) of Tom 14.7.2p107) with & = BT(0) + s from
(5.1.36(p25) ) with A=1. 1
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17.5.4.3 Negative Restriction

O Nem 17.5.7 («/{M:1[P][A] }) Suppose b < 0. Let 3 =1 and s = 0.
(a) Vi is nonincreasing in t > 0.
(b)  We have ®r>1(r)s where CONDUCT,>¢>1a-

® Proof The same as Tom 14.7.1(p.107) due to Lemma 17.4.4(p116). 0

O Nem 17.5.8 («/{M:1[P][A] }) Suppose b< 0. Let 3 <1 ors > 0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V> Tg ast — oo.
(b)  Let b < a (impossible).
(c) Let Bb > a (always holds).
1. Letf=1.
i. Letb+s>0b". Then @->1(1).
ii. Letb+s<b*. Then ®r>1(r)s where CONDUCT;>¢>1.4.
2. LetB<1ands=0. Then ®r>1(r)a where CONDUCT>;>1a-
3. Let<1ands>0.

i. Lets< —ﬁT’(O). Then ®->1(7)a where CONDUCT;>¢>14-
ii. Let s=—pT(0).
1. Let Bb+s>b". Then @->1(1)y-

2. Let pb+ s < b*. Then ®r>1(r)s where CONDUCT;>¢>1a-
iii. Let —BT(0) < s.
1. LetBb+s>b" or sz <s. Then @-(1).

2. Let Bb+ s < b* and Sz > s. Then Si(pf) [@a]@ 1],

® Proof Let b< 0, hencea <b<0---(1).

(a) The same as Tom 14.7.2(p.107) (a).

(b,c) Always 8b > a due to [16(p.116)] | hence b < a is impossible.

(cl-clii) The same as (cl-clii) of Tom 14.7.2(p.107).

(¢2) Let B <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 14.7.2(.107).

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions hold from (c2-c2iii2) of Tom 14.7.2(p107) with & = BT(0) + s from
(5.1.36(2)) with A= 1. W
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17.6 Numerical Example
Numerical Ezample 1 (o7 {M:1[R][A]}" (selling model)

This is the example for ©.>1(r). in Pom 17.5.2(p117) (c3i) with @ = 0.01, b = 1.00, 8 = 0.98, and s = 0.05.7 Then, we
have xx = 0.6436 (see Section A6(p29)). Figure 17.6.1(p124) below is the graphs of IX = B7~*V; for 7 = 2,3,---,15 and
t =1,2,---,7 (see (7.2.4(p43))). For example, the two points on the line of 7 = 2 are given by Vo = 0.538513(+) and
BVi = 0.98 x 0.444900 = 0.436002 (-), hence Vo > [BV;i. Similarly, the three points on the polygonal curve of 7 = 3 are
given by V3 = 0.583152 (), 8V> = 0.98 x 0.538513 = 0.52774274 (), and $*V41 = 0.98 x 0.4449 = 0.42728196 (), hence
Vs > BV > B2Vi. Then, the value of ¢ on the horizontal line corresponding to the bullet « provides the optimal initiating time
tr for each of 7 =2,3,---,15, i.e., OIT,(t}), so we have t; =2, t; = 3, - -+, ¢J5 = 15 (see t} - column of the table below). This
result means ®->1(r), for 7 =2,3,---,15. Since V; — 8Vz > 0 for t = 2,3,--- , 15 (see values of V; — 8V, - column in the table
below), we have L(Vi—1) > 0 from (11.1.1(p59) ), meaning Conductis>¢>14 from (11.1.5(p59)), i.e., it is strictly optimal to conduct
the search on 15 > ¢ > 1.

Vi — Vi1, t7(0IT)

T = 0.6436 0.6436 t Ve Vi — BVie1  tf decision
0
0.6 1 0.444900
2 0.538513 +0.102511 2 Conduct,
3 0583152 +0.055409 3 Conduct,
0.538513 4 0.607492 +0.036003 4 Conduct,
5 0.621595 +0.026252 5 Conduct,
0.5 6 0.630035 +40.020871 6 Conduct,
7 0.635180 +0.017745 7 Conduct,
8 0.638351 +0.015874 8 Conduct,
0.436002 9 0.640318 +0.014734 9 Conduct,
10 0.641544 +0.014032 10 Conduct,
0.4 11 0.642309 40.013596 11 Conduct,
12 0.642788 40.013325 12 Conduct,

13 0.643088 +0.013155 13 Conduct,
14 0.643276 40.013049 14 Conduct,
15 0.643393 40.012983 15 Conduct,

1 1 1 1 1 1 1 1 1 1 1 1 1 1 0.3—

151413121110 9 8 7 6 5 4 3 2 1 O

Figure 17.6.1: Graphs of IX = B77'V; (15 > 7 > 2,7 >t > 1) where « represents 0IT

Numerical Ezxample 2 («/{M:1[R][A]}T (selling model)

This is the example for @,>1(1); in Pom 17.5.2(p117) (c3ii) with a = 0.01, b = 1.00, 8 = 0.98, and s = 0.50" The bullet » in each of
the 14 horizontal straight lines in Figure 17.6.2(p.124) below shows that the optimal initiating time ¢; degenerates to time 1 (i.e.,
ty =1forT=2,3,---,15) under Preference Rule 7.2.1(p4), i.e., @ r=2,3,...,15(1);. The result comes from the fact of V; — gV; = 0

fort =2,3,---,15 with t = 2,3,--- |15 (see V; — 8V;_1 - column in the table below), leading to V, = BV,_; = --- = 87V} for
=23 ,15,ie, [l =1""'=...=I! fort=2,3,---,15.
Vi = BVi1
t Vi Vi = BVier  tF St
0
T=15 1 —0.005100

- 1-0.0040 2 —0.004998  0.000000 1  —0.00010200
- . 3 —0.004898  0.000000 1  —0.00021960
4 —0.004800  0.000000 1  —0.00029996
5 —0.004704  0.000000 1 —0.00039600
6 —0.004610  0.000000 1  —0.00049008
P — s 7 —0.004517  0.000000 1 —0.00058220
- - - . _ . +4-0.0045 8 —0.004427  0.000000 1 —0.00067334
S 9  —0.004338  0.000000 1 —0.00076154
It = 77ty S 10 —0.004252  0.000000 1  —0.00084876
S 11 —0.004167  0.000000 1  —0.00093304
s 12 —0.004083  0.000000 1 —0.00101634
5 10.0050 13 —0.004002  0.000000 1 —0.00109866
T 14  —0.003922  0.000000 1 —0.00117804
L - 15  —0.003843  0.000000 1  —0.00125644

151413121110 9 8 7 6 5 4 3 2 1 0
Figure 17.6.2: Graphs of It = 877"V, (15 > 7 > 2,7 >t > 1) where » represents 0IT

Note here that numbers in V;-column are all negative, meaning that tackling the asset selling problem makes no profits (red ink).
Accordingly, if this is of tE-case (see H1(p8) (a)), you must resign to the red ink and if it is of tA-case (see H1(p8) (b)), it suffices
to pass over the problem without tackling the selling problem itself. Since 0.5 X (a+b) = 0.505 and since V; < 0 < 0.01 = a for
t=1,2,---,15 (see Vi-column of the above table), from (A 7.2 (1) (p261)) we have T(V;) = 0.505 — V; for t = 1,2,---,15, hence
we have:

TNote that a = 0.01 > 0, 8 =0.98 < 1, and s = 0.05 > 0. Then, since p = (0.01 + 1.00)/2 = 0.505, we have Bu = 0.98 x 0.505 = 0.4949 >
0.05 = s. Thus, the condition of this assertion is satisfied.

TNote that @ = 0.01 > 0, 8 =0.98 < 1, and s = 0.50 > 0. In addition, since pu = (0.01 +1.00)/2 = 0.505, we have Bu = 0.98 x 0.505 = 0.4949 <
0.50 = s. Thus, the condition of the assertion is satisfied.
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T(Vy) = 0.505 — (—0.005100) = 0.510100, T (Vg) = 0.505 — (—0.004610) = 0.509610, T (Vy1) = 0.505 — (—0.004167) = 0.509167,
T(Va) = 0.505 — (—0.004998) = 0.509998, T (Vy) = 0.505 — (—0.004517) = 0.509517, T (Vy1g) = 0.505 — (—0.004083) = 0.509083,
T(V3) = 0.505 — (—0.004898) = 0.509898, T (Vg) = 0.505 — (—0.004427) = 0.509427, T (V33) = 0.505 — (—0.004002) = 0.509002,
T(V4) = 0.505 — (—0.004800) = 0.509800, T (Vg) = 0.505 — (—0.004338) = 0.509338, T (V34) = 0.505 — (—0.003922) = 0.508922,
T(Vs) = 0.505 — (—0.004704) = 0.509704, T (Vig) = 0.505 — (—0.004252) = 0.509252, T (Vy15) = 0.505 — (—0.003843) = 0.508843.

Since S; = 0.98 x T'(V;—1) — 0.5 from (6.2.13(p28) ), we get

Sg = 0.98 X 0.510100 — 0.5 = —0.00010200, S7 = 0.98 x 0.509610 — 0.5 = —0.00058220, S5 = 0.98 x 0.509167 — 0.5 = —0.00101634,
S3 = 0.98 X 0.509998 — 0.5 = —0.00021960, Sg = 0.98 X 0.509517 — 0.5 = —0.00067334, §73 = 0.98 X 0.509083 — 0.5 = —0.00109866,
S4 = 0.98 X 0.509898 — 0.5 = —0.00029996, §Sg = 0.98 X 0.509427 — 0.5 = —0.00076154, §S34 = 0.98 X 0.509002 — 0.5 = —0.00117804,
S5 = 0.98 x 0.509800 — 0.5 = —0.00039600, §79 = 0.98 X 0.509338 — 0.5 = —0.00084876, S35 = 0.98 X 0.508922 — 0.5 = —0.00125644,
Sg = 0.98 X 0.509704 — 0.5 = —0.00049008, S71; = 0.98 X 0.509252 — 0.5 = —0.00093304.

From the results of the above numerical calculation we have S; < 0 for 15 > t > 1, hence it is strictly optimal to skip the
search over 15 >t > 1 due to (6.2.9(p.8)), i.e., Skip,. However, since V; — fV,—1 = 0 for 15 > ¢ > 1 (see (V; — BVi—1)-column
in the above table), we have Viz = BVig = --- = BV4, i.e., the profit attained are indifferent over 15 > ¢t > 0. This is not a
contradiction, which is a false feeling caused by confusion from the jumble of intuition and theory (see Alice 2(p42)).

Numerical Ezample 3 (<7 {M:1[R] [A]+} (buying model)

This is the numerical example for @ (£ in Si(p6) of Pom 17.5.4(118) (c3ii) with @ = 0.01, b = 1.00, 3 = 0.98,
and s = 0.05.7 Then, we have Sz = 0.323274 (see Section A 6(p239)). Hence, the optimal initiating time t: is given by ¢
attaining min,>;so I (see (7.2.5p43))).F The bullet « in Figure 17.6.3(p1%) below shows the optimal initiating time for each of
T =2,3,---,15 (see t; -column in the table below). From the figure and table we see that t; = 7 for 7 = 2,3,--- .7, ie.,
®7>r>1(1)a (see S1(pf0) (1)) and that t; =7 for 7 = 8,9,--- ,15, i.e., @,>7(7); (see S1(pf0)(2)). In the numerical example, note
the fact that S = L (V;_1) are all negative (< 0 (=), i.e., Skip,) for t = 2,3,---,7 and positive (> 0 (+), i.e., Conduct,) for
t=28,9,---,15. Moreover, note that we have V; — 8V;_1 = 0 or equivalently V; = gV;_; fort =8,9,--- ;15 and V; — Vi1 < 0
or equivalently Vi < BVi_; for t = 2,3,---,7 (see Vi — BVi_1-column), hence Vis = BVis = f*Viz = --- = B%Vr < BV <
BVs < - < MYy (see 51‘r’7tY/§g-(:olumn)7 so we have ©,>7(7).

t pro—t | Vi —BVicr  B¥7tV,  tr §y =L (Vi—1) decision
0
1 0.753641  0.544900 0.410658
=2 105 2 0.769022 0.442388 —0.091614  0.340206 2 —0.091614 Conduct
3 0.784716 0.391004 —0.042535  0.306827 3 —0.042535 Conduct
4 0.800731 0.361335 —0.021849  0.289332 4 —0.021849 Conduct ,
5 0.817072 0.343013 —0.011094  0.280266 5 —0.011094 Conduct ,
=3 6 0.833747 0.331264  —0.004889  0.276190 6 —0.004889 Conduct ,
. 104 7 0.850763 0.323555 —0.001084 0.275268 7 —0.001084  Conduct,
. _77:T6L 8  0.868125 0.317084 0.000000  0.275268 7 +0.001338 Skipa
rmgT=8] L 9 0.885842 0.310742 0.000000  0.275268 7 +0.003326 Skip,
N = 10 0.903920 0.304527 0.000000  0.275268 7 +0.005233 Skip,
=15 p—— — J0.3 11 0.922368  0.298437 0.000000  0.275268 7 +0.007064 Skipa
by e 12 0.941192  0.292468 0.000000  0.275268 7 +0.008822 Skipa
P M 13 0.960400 0.286618 0.000000  0.275267 7 +0.010508 Skipa
Ir =5 Vi 14 0.980000 0.280886 0.000000 0.275268 7 +0.012127 Skipa
15 1.000000 0.275268 0.000000  0.275268 7 +0.013680 Skip,
0.2 >

1
10

3 2
Figure 17.6.3: Graphs of It =877 'V, (156> 7> 2,7 >t > 1)

TNote that a = 0.01 > 0,b=1.00, 8 =10.98 < 1, and s = 0.05 > 0. Then, since p = (0.0141.00)/2 = 0.505, we have Su = 0.98 X 0.505 = 0.4949,
hence Bu + s = 0.4949 + 0.05 = 0.5449 < 1.00 = b. In addition, sz = 0.323274 > 0.05 = s. Thus, the conditions for the assertions are satisfied.
fNote that this is a selling model with cost minimization.
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Chapter 18

Conclusions of Part 2 (Integrated Theory)

Below is the summary of the essential points of the whole discussions over Chaps. 10(p.3) - 17(p.115) .

Cl.

a.

b.

C2.

a.

Cs.

Two preliminary steps

Proofs of the properties of the underlying functions (see Chap. 10(p.53) )
The first preliminary step in constructing the integrated theory is to clarify the properties of underlying functions Tk,
L]R7 K]R, and E]R.

Proofs of the properties of the assertion system &/ {M:1[R][A]} (see Chap. 11(p9))
The second preliminary step is to clarify the properties of the assertion system «/{M:1[R][A]} by using the above
properties of underlying functions.

Symmetry and analogy theorems

Symmetry theorem (R « ]R) (see Chap. 12(p7))

The concept of symmetry between a selling problem and a buying problem was first vaguely inspired from the pattern of
the yin-yang principle in an ancient Chinese philosophy. This rather superstitious and shaky concept was first formalized
by the introduction of the reverse operation R (see Section 12.1.1(p67)). After that, through more than twenty years
of trial-and-errors, this concept led us to the correspondence replacement operation Cr (see Lemma 12.3.1(p69)) and
then to identity replacement operation Ir (see Lemma 12.3.3(p71)). Finally, the above three operations were compiled
into a single operation Sp_,5 = ZrCrR (see (12.5.30(p7))), called the symmetry transformation operation, yielding
Theorem 12.5.1(p7), which derives <7 {M:1[R][A]} by applying Sy .z to «/{M:1[R][A]} in Tom’s 11.2.1(p5) and 11.2.2(p60) .
In addition, we obtained Theorem 12.8.1(p85) (the inverse of Theorem 12.5.1(p7)), which derives &/ {M:1[R][A]} from
o {M:1[R][A]}.

Analogy theorem (R <+ P) (see Chap. 13(p87))

In the earlier stage of this study, we did not anticipate at all that there would exist a relation between an asset trading
problem with R-mechanism and an asset trading problem with P-mechanism (see Section 1.1(p3)). However, as moving
on analyses of both problems, we gradually noticed similarities between the two procedures of treating both problems.
This realization led us, as if solving the jigsaw puzzle, to the existence of an analogous relation between the above two
problems. This little recognition was, before long, materialized by the proof of Lemmas 10.1.1(p53) and 13.2.1(p91), which
finally leads to the analogy replacement operation Ag-p (see (13.2.1(p91))). This finding produced Theorems 13.3.1(p96)
and 13.3.2(p9%) , which combines </ {M:1[R][A]} and «/{M:1[P][A]}.

Symmetry theorem (P <> P) (see Chap. 14(p.9))
By applying the way of thinking in C2b(p.127) to the process of deriving the symmetry theorems in C2a(p.127), Theo-
rems 14.5.1(p10f) and 14.5.2(p.105), which combine &7 {M:1[R][A]} and &7 {M:1[R][A]}, we could relatively easily obtain the
symmetry theorems, Theorems 14.5.1(p104) and 14.5.2(p.105), which combine &7 {M:1[P][A]} and <7 {M:1[P][A]}.

Analogy theorem (R « P) (see Chap. 15(.109))
From the multi-layered relationship among six theorems derived in the above C2a(p127), C2b(p.27), and C2c(p127), we can
comparatively easily obtain the analogy theorems, Theorems 15.1.1(p110) and 15.1.2(p110), which combines .7 {M:1[R][A]}
and o7 {M:1[P][A]}.

Integrated theory

The most distinguishing results in the present paper is the successful construction of the integrated theory (see Motive 2(pd)
and Chap. 16(p113) ), by use of which all models included in a given structured-unit-of-problems (see Section 3.3(p.18)) can be
systematically analyzed. The theory consists of the four symmetry theorems,

Theorems 12.5.1(p7), 12.8.1(p8), 14.5.1(p.104), 14.5.2(p.105)

and the four analogy theorems,

Theorems 13.3.1p.9%), 13.3.2(p9), 15.1.1(p110), 15.1.2(p.110) .

The former four theorems combines an asset selling problem and an asset buying problem and the latter four theorems
combines an asset trading problem with R-mechanism and an asset trading problem with P-mechanism. The integrated
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theory plays a decisively important role in the analyses of not only all models in the present paper but also all variations
of the problems which will be dealt with in the future (see Chap.24(p2%)). However, the integrated theory is not always
versatile, which has the following two weak points.

a. Market restriction

Let us note here again that the integrated theory can be constructed under the premise that the price £ is defined on
the total market .Z (see (17.1.1(p113))), i.e., £ € (—00,00). Under the integrated theory we clarified that < {M:1[R][A]}
(buying model with R-mechanism) can be derived so as to become symmetrical to &/ {M:1[R][A]} (selling model with
R-mechanism) and that «/{M:1[P][A]} (selling problem with P-mechanism) can be derived so as to become analogous
to &/ {M:1[R][A]} (selling problem R-mechanism). However, since an asset trading problem on the normal market in the
real world is usually conducted on the positive market .Z* = (0, 00) (see (17.2.2(p.115) )), it is an open question whether
symmetry and analogy on .# are inherited to .# . To approach this problem, in this paper, we employ the methodology
of restricting results obtained on .# to .#* by using Lemmas 17.4.1(p116) - 17.4.3(p.116). Through this methodology, we
will show in C2C(p132), C3C(p132), C2C(p.146), and C3C(p1d6) that the symmetrical relation and the analogous relation can
collapse on .7 +.

b. Collapse of symmetry and analogy among SOE’s
The integrated theory has the following imitation (see Section 16.3.1(p.14) ). In Model 1, the successful construction of the
integrated theory is based on the fact that the symmetrical relation between SOE{M:1[R][A]} and SOE{M:1[R][A]} and the
analogy relation between SOE{M:1[R][A]} and SOE{M:1[P][A]} are satisfied (see Sections 12.11(p85) and 13.8(p97)). However,
from Tables 6.5.1(p.3) - 6.5.6(p.39) we see that although the symmetrical relation always holds between SOE{M:1/2/3[R][A]}
and SOE{M:1/2/3[R][A]} (compare (I) and (II)), the analogical relation between SOE{M:2/3[R][A]} and SOE{M:2/3[P][A]}
(compare (I) and (III)) does not always hold. From the above we see that under the integrated theory, although the
symmetry theorems can be always applied for Models 1/2/3, the analogy theorems cannot be applied for Models 2/3.

C4. Summary of operations

For convenience of reference, let us summarize all operations depicted in Figure 16.2.1(p.113) below.

a, [, b7 TL,Tk,Sc,k, T, L, K, L, Vi

(12.5.29(}).75)) — SR*}R ={ . 1 1L L L L 1oL oLl (18.0.1)
b7 /J/, a7 :EE7J;I}7SE7"%7 7':17 i7k7£~7 ‘/t
b7 /‘l/, a7 xi7x127857"%7 T7 i/7[~('7£~7 ‘/t
(12821(})8«1)) — S]R—HR =41 1L L ¢ 1 J T A A A . (1802)
a, i, b, ro Tx, 8.k, T, L, K, L, V}
a*,a, b, xr Xk ,Kk, S, T, L, K, L, V;
(14.5.3(p103) ) — Spop=4{ + 4 4 L L oL o4 o441y ‘ (18.0.3)
b*7 b? a? mf’mig’i{;7 S£7T7 ~’R’L~’ Vt
b*7 b7 a7 xi:?xié’i%7 857T7 E’R7£~7 ‘/‘%
(14.5.11(p104)) — Spop=4 1 L 4 L L L L L oL o4l . (18.0.4)
a*,a, b, xp, xx,k, s, T, L, K, L, V;
(13.2.1p9)) — Arop ={a—a*, p—a}. (18.0.5)
(13.3.5(p%)) — Apr ={a* = a, a — p}. (18.0.6)
(15.1.38(p111)) — Az 5 ={b—=b", u—>b}=8p 5 Ar-p S,z (18.0.7)

(15.1.390p111)) — Ap_ g ={b" = b, b= put =Sy 5 Ap—r Sp_p- (18.0.8)
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Part 3

Analyses
Chap. 19 Analysis of Model 1 .. ... 131
Chap. 20 Analysis of Model 2 .. ... . . 151
Chap. 21 Analysis of Model 3 ... .. 221
Chap. 22 Conclusions of Part 3 ... ... 229

In Chaps. 19(p131), 20(p.151), and 21(p221) we try to analyze all of the 72 = 3 x 24 models include in Model 1, Model 2 and, Model
3 define in this paper by using the integrated theory. In Chap. 22(p.229) the properties of these models are summarized.
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Chapter 19

Analysis of Model 1

Section 19.1(p.131) Search-Allowed-Model 1 .. ..o e 131
Section 19.2(p.134) Search-Ellowed-Model 1 ... ... e e e e 134
Section 19.3(p.143) Conclusions of Model 1 ... .. 148

19.1 Search-Allowed-Model 1: Q{M:1[a]} = {M:1[R][A], M:1[R][A], M:1[P][A], M:1[PP] [A] }
All analyses of the search-Allowed-model 1 already completed in Part 2(p49). Below, let us summarize the whole conclusions
obtained there.

19.1.1 Conclusion 1  (Search-Allowed-Model 1)

Cl1.

C2.

Mental Conflict
On %, for any 8 < 1 and s > 0 we have (see (7.3.1(p45)) and (7.3.2(p45)) for the definitions of opt-R-price and opt-P-price
below):

a. The opt-R-price V; in M:1[R][A] (selling model) is nondecreasing in t as seen in Tom’s 11.2.1(p5) (a) and 11.2.2(p.60) (a)
(see Figure 7.3.1(p45) (I)), hence we have the normal conflict (see Remark 7.3.1(p45) ).

b. The opt-P-price z; in M:1[P][A] (selling model) is nondecreasing in ¢ as seen in Lemma 13.7.1(p.97) (see Figure 7.3.1(p45) (1)),
hence we have the normal conflict (see Remark 7.3.1(p.45) ).

c.  The opt-R-price V; in M:1[R][A] (buying model) is nonincreasing in ¢ as seen in Tom’s 12.7.1(p81) (a) and 12.7.2(p81) (a)
(see Figure 7.3.1(p45) (I)), hence we have the normal conflict (see Remark 7.3.1(p45)).

d. The opt-P-price z; in M:1[P][A] (buying model) is nonincreasing in ¢ as seen in Lemma 14.8.1(.107) (see Figure 7.3.1(p45) (II)),
hence we have the normal conflict (see Remark 7.3.1(p45) ).

The above results can be summarized as below.

A. On Z, for any 8 < 1 and s > 0, whether selling problem or buying problem and whether R-model or P-model, we
have the normal mental conflict.

Symmetry
a. On .Z7' we have:

1. Let =1 and s =0. Then we have:
Pom 17.5.3(p118) A Pom 17.5.1(p.116) (&7 {M:1[R][A]}" ~v &7 {M:1[R][A]} ),

Pom 17.5.7(p121) A Pom 17.5.5p.120)  (Z/{M:1[P][A]}" ~v &7 {M:1[P][A]}T).
2. Let < 1ors>0. Then we have:
Pom 17.5.4(p118) Av Pom 17.5.2p117 (&7 {M:1[R][A]}" Av &/ {M:1[R][A]}T)--- (s1),
Pom 17.5.8(p.121) Av Pom 17.5.6p.12) (o {M:1[P][A]}" AU &/ {M:1[P][A]} 1) ---(s7).
b. On Z*, we have:
1. Let =1 and s =0. Then we have:
Mim 17.5.3(p119) ~ Mim 17.5.1p117 (&7 {M:1[R][A]}* ~v &/ {M:1[R][A]} ),
Mim 17.5.7(p12) ~ Mim 17.5.5(p120) (o {M:1[P][A]}* ~v &/ {M:1[P][A]} ).
2. Let 8 <1ors>0. Then we have:
Mim 17.5.4p119) ~v Mim 17.5.20117  (/{M:1[R][A]}* ~ &/ {M:1[R][A]}%),
Mim 17.5.8p.12) ~ Mim 17.5.6p.12) (/{M:1[P][A]}* ~s &/ {M:1[P][A]}F).
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c. On Z~, we have:
1. Let 8 =1and s =0. Then we have:
Nem 17.5.3(p.119) ~v Nem 17.5.1(p.118)
Nem 17.5.7(p.133) ~v Nem 17.5.5(p.121)
2. Let < 1ors>0. Then we have:
Nem 17.5.4(p.119) Av Nem 17.5.2(p.118)
Nem 17.5.8(p.123) Av Nem 17.5.6(p.121])

The above results can be summarized as below.

132

(/{M:A[RJ[A]} ™ ~v &/ {M:1[R][A]} "),
(o {M:1[P][A]} ™ ~v o/ {M:1[P][A]} ).

(s”),

(o {(M:A[RIIA]} ™ Ay o {M:1[RI[A]} ")
) (s,

(o {M:1[PI[A]}~ Ao o/ {M:1[P][A]}")

A. On .ZZ* for any f <1 and s > 0, the symmetry is inherited (see C2b(p.131)).
B. On #% and .#,if 8 =1 and s = 0, the symmetry is inherited (see C2al(p.131) and C2c1(p.132)).
C. OnZ* and #7,if B <1 or s> 0, the symmetry collapses (see (s'), (s?), (s%), and (s*)).

C3.  Analogy
a. On Z* we have:
1. Let =1 and s =0. Then we have:
Pom 17.5.5(p120) D<I Pom 17.5.1(p.116)
Pom 17.5.7(p.121) DI Pom 17.5.3(p.118)

2. Let 8 <1ors>0. Then we have:
Pom 17.5.6(p.120) k1 Pom 17.5.2(p.117)
Pom 17.5.8(p.121) DI Pom 17.5.4(p.118)

b. On .Z*, we have:
1. Let 8=1and s =0. Then we have:
Mim 17.5.5(p12) B<t Mim 17.5.1(p117)

Mim 17.5.7(p122) B<t Mim 17.5.3(p.129)

2. Let 8 <1ors>0. Then we have:
Mim 17.5.6(p120) D<I Mim 17.5.2(p.117)

Mim 17.5.8(p122) D<I Mim 17.5.4(p.119)
c. On Z~, we have:
1. Let 8=1and s =0. Then we have:
Nem 17.5.5(p.121) DI Nem 17.5.1(p.118)

Nem 17.5.7(p.123) D<I Nem 17.5.3(p.119)
2. Let < 1ors>0. Then we have:

Nem 17.5.6(p121) D<I Nem 17.5.2(p.118)
Nem 17.5.8(p.123) tka Nem 17.5.4(p.119)

The above results can be summarized as below.

(7 {M:1[P][A]} " bt .o/ {M:1[R][A]}"),
(«/{M:1[P][A]} " pa o/ {M:1[R][A]} ).
(/{M:1[P][A]} " o1 o/ {M:1[R][A]}T) -~ (a'),
(7 {M:1[P][A]} " ba o {M:1[R][A]} ).

(7 {M:1[P][A]}™ ba o/ {M:1[R][A]}¥),
(o {M:A[P][A]} > o/ {M:1[R][A]} ).

(7 {M:1[P][A]}* b o {M:1[R][A]}),
(& {M:1[P][A]}* bt o {M:1[R][A]}).

(7 {M:1[P][A]} " > o/ {M:1[R][A]} "),
(o7 {M:1[P][A]}~ >x o/ {M:1[R][A]} ).

(@ {M:1[P][A]} " > &7/ {M:1[R][A]} ),
(o7 {M:1[P][A]} " o1 o/ {M:1[R][A]} ) -+~ (a®).

A. On ZZ*, for any f <1 and s > 0, the analogy are inherited (see C3b(p132)).
B. On Z%' and Z,if B =1 and s = 0, the analogy is inherited (see C3al(p.132) and C3c1(p.132)).
C. On Z*t and &, if B <1 ors >0, the analogy collapses (see (a*) and (a?)).

C4. Optimal Initiation Time (0IT)
a. Let f=1and s=0. Then, from

Pom 17.5.1(p116), Mim 17.5.1(p117),
Pom 17.5.3(p118), Mim 17.5.3(p119),
Pom 17.5.5(p12), Mim 17.5.5(p.1%)

(p121) (p122)

Pom 17.5.7(p121), Mim 17.5.7(p.129),

Nem 17.5.1(p.118),
Nem 17.5.3(p.119

, Nem 17.5.5(p.121
Nem 17.5.7(p123

’

)

we obtain Table 19.1.1(p133) below (the symbol “o” in the table represents “possible”):
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Table 19.1.1: Possible 0IT (8 =1 and s = 0)

T+ T*

F-

® (7))
® () s
® (1) a o ¢} o
Or(t3)
Or(t7) s
Or(t7)a
@-(0)
@-0).
O@-(0).

b. Let 8 <1ors>0. Then, from

Pom 17.5.2(p117), Mim 17.5.2(p117), Nem 17.5.2(.118),

(p.117) (p.117) (p.118)
Pom 17.5.4(p118), Mim 17.5.4(p119), Nem 17.5.4(p11),
Pom 17.5.6(p12), Mim 17.5.6(p120), Nem 17.5.6(p.121),
Pom 17.5.8(p121), Mim 17.5.8(p122), Nem 17.5.8(p.1%)

we obtain Table 19.1.2(p.133) below:

Table 19.1.2: Possible 0IT (8 < 1 or s > 0)

Ft F*

F-

O (1)
® ()
®r(m)a [0) o) o
O (t;) o o o
Or(t3) s
Or(t3)a
O-(0) O o o
O-(0).
®-(0).

c.  The table below is the list of the occurrence rates of ®), ©, and @ (Def.11.2.4(p61)) on .# appearing in the primitive
Tom 11.2.1(p59) (W) and Tom 11.2.2(60) (W) (see Def. 11.2.2(p) ).

Table 19.1.3: Occurence rates of ®), ©, and @on #

C5.

a.
b.

® \ © )
50.0%/5 \ 10.0% /1 40.0% /4
® ®s ®a Oy O, OR (] 0. 0.
— X possible possible X X possible X X
~%/ - 0.0%/0 | 50.0%/5 | 10.0%/1 | 0.0%/0 0.0%/0 | 40.0%/4 | 0.0%/0 0.0%/0

Null-Time-Zone and Deadline-Engulfing
From Table 19.1.3(p.133) above we see that on .%:

See Remark 7.2.2(p43) for the implication of the symbol “a” representing the strict optimality of the initiating time t;.

As a whole, ®, ©, and @ are possible at 50.0%, 10.0%, and 40.0% respectively where
®) cannot be defined (see Remark ?7(p.77)).
©) is possible (10.0%).
® | is possible (40.0%).
®. never occur (0.0%).
©, never occur (0.0%).
® . never occur (0.0%).

®. is possible (50.0 %).

R
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8. (©. never occur (0.0%).
9.  @. never occur (0.0%).

From the above results we see that on .7:

A. ©) and @ causing the null-time-zone are possible at 50.0% (= 10.0% + 40.0%).
B.  ©. strictly causing the null-time-zone is impossible (0.0%).

C. @. strictly causing the deadline-engulfing is impossible (0.0%).

19.2 Search-Enforced-Model 1: o{M:1[E]} = {M:1[R][E], M:1[R][E], M:1[P][E], M:1[P][E]}

19.2.1 Preliminary
As ones corresponding to Theorems 12.5.1(p.7), 13.3.1(p.%), and 14.5.1(p.104) , let us consider the following three theorems:

Theorem 19.2.1 (symmetry[R — R]) Let o/ {M:1[R][E]} holds on & x .Z. Then o/ {M:1[R][E]} holds on & x F where

A {MARJE]} = Sp_zl{M:AR][E]}]. O (19.2.1)

Theorem 19.2.2 (analogy[R — P)]) Let &/{M:1[R][E]} holds on & x F#. Then o/ {M:1[P][E]|}holds on & x F where

A {M:1[P][E]} = Ar_p[o/ {M:1[R][E]}]. [ (19.2.2)

Theorem 19.2.3 (symmetry[P — P|)  Let o/ {M:1[P|[E]} holds on & x .Z. Then </{M:1[P|[E]} holds on P x .Z where

A {M:A[P|[E]} = Sp_z [« {M:1[P][E]}]. 09039 (19.2.3)

In order for the above three theorems to hold, the following three relations must be satisfied:

SOE{M:1[R][E]} = S._,5[SOE{M:1[R][E]}], (19.2.4)
SOE{M:1[P][E]} = Ar_»[SOE{M:1[R][E]}], (19.2.5)
SOE{M:1[P][E]} = Sp_,3[SOE{M:1[P][E]}], (19.2.6)

corresponding to (12.5.34(p.7)), (13.2.4(p91)), and (14.5.4(p104) ). Then, for the same reason as in Chap. 15(p.109) it can be shown
that the equality

SOE{M:1[P][E]} = Az _,[SOE{M:1[R][E]}] (19.2.7)
holds (corresponding to (15.1.33(p110))) and that we have the following theorem, corresponding to Theorem 15.1.1(p.110)

Theorem 19.2.4 (analogy[R — P])  Let o {M:1[R][E]} holds on & x .F. Then o/ {M:1[P][E]} holds on 2 x .F where
A {MAP|[E]} = Az _:[«{M:1[R][E]}]. [ (19.2.8)

In fact, from the comparisons of (I) and (II), of (I) and (III), of (II) and (IV), and of (II) and (IV) in Table 6.5.2(p.39) we can
easily show that (19.2.4(p.134))- (19.2.7(p.134) ) hold.

19.2.2  Proof of &/{M:1[R][E|}

19.2.2.1 Analysis
To begin with, let us note that

A=1 (19.2.9)
is assumed in the model (see A2(p.19)), hence from (10.2.1(p54) ) we have

=1 (19.2.10)

O Tom 19.2.1 (M &/{M:1[R][E]}) LetB=1 ands=0.
(a) V4 is nondecreasing int >0 .

(b)  We have ®r>1{1)s — — ®a
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® Proof Let f=1and s =0. Then, from (5.1.4(p23)) we have K (z) = T(z) > 0---(1) for any z due to
Lemma 10.1.1(p53) (g).

(a) From (6.5.10(p3)) with ¢ = 2 we have Vo = K(Vi) + Vi > Vi due to (1). Suppose V;_1 < Vi;. Then, from
Lemma 10.2.2(p3%) (e) we have Vi < K (V4) + Vi = Vi41. Hence, by induction Vi;—1 < V; for ¢ > 1, i.e., V; is nondecreasing
int>0.

(b) From (6.5.9(p.39) ) we have Vi = p < b---(2). Suppose V;_1 < b. Then, from (6.5.10(p.39) ) and

Lemma 10.2.2(p5) (h) we have V; < K(b) +b = T(b) +b = b due to (1) and Lemma 10.1.1(33) (g). Accordingly, by induction
Vici < bfort > 1, hence L(Vi—1) > 0 for ¢ > 1 due to Lemma 10.2.1(p55) (d), thus L (V;—1) > 0 for 7 > ¢ > 1. Then, from
(6.5.10(p39) ) and from (5.1.8(p23)) we have V; — BVi—1 = K (Vi—1) + (1 — B)Vic1 = L(Vi—1) > 0 for 7 > ¢t > 1 or equivalently V; >
BVi_1 for 7 >t > 1. Hence, since V> > Vy_1, Vo1 > BVi_o, ---, Vo > BV, we have Vi > BVe_1 > B2Veo > - > 771V,
thus tf =7 for 7 > 1, i.e., ®r>1(r)a. 1

For explanatory simplicity, let us define the statement below:

For any 7 > 1 there exists ¢5 > 1 such that
[ o1@soa]— | (1) ®nzr>1(ra,

(2) O 4+1(t5)a,

(3) Or>ep+1(ti)y ( Or>ez41(ti)a ).

O Tom 19.2.2 (W «/{M:1[R][E]}) LetB<1ors>0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — 0.

(b)  Let Bu>b. Then @->1(1)s — - @,
(¢) Let Bu <bd.
1. LetB=1.
i. Letp—s<a. Then @,>1(1)) — - @
ii. Letu—s>a. Then ®r>1(t)a — =N

2. LetB<1lands=0(s>0).
i. Letb>0 (k>0). Then ®r>1{(T)a — — O
ii. Letb=0 (k=0).

1. Let fu—s<a. Then @r>1(1) — - @

2. Let Bu—s>a. Then ®r>1(T)a — — ®.
iii. Letb< 0 (k <0).

1. LetBu—s<aor s <s. Then @->1(1), — - @,

2. LetBu—s>aand s >s. Then Sz is true — A ONVACIVAONVAON

® Proof Let 8 <1ors>0.From (6.5.10p.39)) and (5.1.8(p23)), we have V; — 8Vi—1 = K (Vi—1) + (1 — B)Vic1 = L(Vie1) -+ - (1)
for ¢t > 1. From (6.5.10(p.39) ) with ¢ = 2 we have Vo — Vi = K (V1) ---(2).

(a) Note that Vi = Bu — s from (6.5.9(p.39) ). Then, from Lemma 10.2.2(p5) (j2) we have xx > Bu — s due to (19.2.9(p.134) )
and (19.2.10(p.134) ), hence x > Vi---(3). Accordingly, since K (V1) > 0 due to Lemma 10.2.2(p5) (j1), we have Vi < V, from

(2). Suppose Vi—1 < V4. Then, from (6.5.10(p39)) and Lemma 10.2.2(p5) (e) we have Vi < K (V) + Vi = Viq1. Hence, by

induction Vi1 < V; for ¢t > 1, i.e., Vi is nondecreasing in ¢ > 0. Note (3). Suppose Vi—1 < zx. Then, from (6.5.10(p.3)) and
Lemma 10.2.2(p55) (e) we have V; < K(2x) + Tx = xx. Hence, by induction V; < xx for ¢t > 0, i.e., V; is upper bounded in
t, thus V; converges to a finite V' as t — oo. Accordingly, from (6.5.10(p.39)) we have V = K (V) + V, hence K (V) = 0, thus
V = zx due to Lemma 10.2.2(p5) (j1).

(b) Let Bu>b---(4). Then . < Bu — s from Lemma 10.2.4(p57) (b1), hence xr. < Vi from (6.5.9(p39)), so xr < Vi—q for
t > 1 from (a). Accordingly, L (V4—1) < 0 for t > 1 from Corollary 10.2.1(p5) (a), hence L (Vi—1) < 0---(5) for 7 > ¢ > 1. Then,
since Vi — Vi1 <0 for 7 >t > 1 from (1) or equivalently V; < BVi_1 for 7 >t > 1, we have V; < BV;_1, Vi1 < BVi_g, ---
Vo < pBVi,s0 Ve < BVi_1 < /BQVT_Q <0< ﬂT_lvl, hence it follows that t; =1 for 7 > 1, i.e., @r>1(1)a.

(¢) Let Bu<b.

(1) Letf=1---(6), hences > 0 due to the assumption “4 < lors > 0”. Then 2, = Tk ---(7) due to Lemma 10.2.3(p56) (b),
hence K(x.) =K (xx)=0---(8).

)

(cli) Let p—s < a. Then, noting (6), (19.2.9(p134) ), and (19.2.10p.134) ), we have zx = p—s--- (9) from Lemma 10.2.2(p.5) (j2),
hence zx = Vi from (6.5.9(p39) ). Let Vi1 = xx. Then, from (6.5.10(p39) ) we have V; = K(zx )+ *x = zx. Accordingly, by
induction V;—y = @k for t > 1, hence Vi_y = x1 for t > 1 from (7). Then L (V;—1) = L (2. ) =0 for t > 1, thus L (V;_1) = 0
for 7 > ¢t > 1. Then, since V; — fV;—1 = 0 for 7 > ¢t > 1 from (1) or equivalently V; = BVi_y for 7 > t > 1, we have

TThe outer side of () is for s = 0 and the inner side is for s > 0.
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V-,— = BVTA, V-,—71 = ﬂV7-727 MR V2 = ﬁvl, SO V.,. = BV7_71 = /32‘/7—72 = ... = 57-_1‘/1, hence t: =1 fOI‘ T > 1, i.e., @7—>1<1>H
(see Preference-Rule 7.2.1(p43)).

(clii) Let g —s > a. Then, since Vi > a from (6.5.9p)), we have V;_1 > a for t > 1 from (a). From (7) and
Lemma 10.2.2(p5) (j2) we have zp = 2x > p — s = Vi from (6.5.9p39)). Let Vi1 < xr. Then, from (6.5.10(p39)) and
Lemma 10.2.2(p5) (g) we have V; < K(x.)+ 2, = x due to (8), hence by induction V;_y < z. for t > 1. Thus, since
L(Vi—1) > 0 for ¢ > 1 due to Lemma 10.2.1(p35) (el), for the same reason as in the proof of Tom 19.2.1(p.134) (b) we obtain ®r>1(7)a.

(c2) Let f<lands=0(s>0).

(c2i) Let b > 0 (k > 0). Then z. > zxk ---(10) from Lemma 10.2.3(p36) (c (d)). Now, since zx > Sp — s due to
Lemma 10.2.2(p5) (j2), we have xx > Vi from (6.5.9(p.39) ). Suppose Tk > Vi—1. Then, from (6.5.10(p39) ) and Lemma 10.2.2(p.5) (e)
we have V; < K (2x )+ ©x = xx. Thus, by induction V;_; < @ for t > 1, hence V;_1 < z for t > 1 from (10) . Accordingly,
since L (Vi—1) > 0 for ¢t > 1 due to Corollary 10.2.1(p55) (a), for the same reason as in the proof of Tom 19.2.1(p.134) (b) we obtain
®r>1(T)a.

(c2ii) Let b=0 (x =0). Then =, = Tx ---(11) from Lemma 10.2.3(p56) (c (d)), hence K(z.) = K(zx)=0---(12).

(c2iil) Let Su— s < a. Then, since Tx = fp — s---(13) from Lemma 10.2.2(p5) (j2), we have xx = Vi from (6.5.9(p.39) ).
Let Vi1 = k. Then, from (6.5.10(p.39) ) we have V; = K(2x) + Tx = Zx. Accordingly, by induction Vi1 = zx for t > 1,
hence Vi_1 = x, for t > 1 due to (11). Then, since L(V;_1) = L(z.) = 0 for t > 1, for the same reason as in the proof of
(cli) we have @->1(1);.

(c2ii2) Let Bu — s > a. Then, since Vi > a from (6.5.9p)), we have Vi > a for ¢t > 1 from (a). From (11) and
Lemma 10.2.2(p5) (j2) we have o = xx > fu —s = V1. Let Vi1 < zr. Then, from (6.5.10(p.39) ) and Lemma 10.2.2(p.5) (g)
we have V; < K(zr )+ zr = zr due to (12) , hence, by induction V;_, < z. for ¢t > 1. Consequently, since L (Vi—1) > 0 for
t > 1 due to Corollary 10.2.1(p55) (a), for the same reason as in the proof of Tom 19.2.1(p134) (b) we obtain ®r>1()..

(c2iii) Let b< 0 (k <0). Then 1 < Tk ---(14) from Lemma 10.2.3(p56) (c (d)).

(c2iiil) Let fu—s < a, then =, < zx = Bu—s = Vi from (14) | Lemma 10.2.2(p5) (j2) and (6.5.9p3) ), so = < Vi. Let
sp < s, then rp < Bu — s due to Lemma 10.2.4(p57) (c), hence xr < Vi. Therefore, whether Su —s < a or s < s, we have
x, < Vi, hence x;, < V,_; for t > 1 due to (a). Accordingly, since L (V;—1) < 0 for ¢ > 1 from Corollary 10.2.1(p5) (a), for the
same reason as in the proof of (b) we obtain @r>1(1)4.

(c2iii2) Suppose fu —s > a and s > s. Hence, since Vi > a from (6.5.9(p3)), we have Vi_1 > a for ¢ > 0 from (a).
Then, since x > 2z > fu—s = Vi---(15) from (14), Lemma 10.2.4(p5) (c), and (6.5.9(3)), we have K (Vi) > 0 from

Lemma 10.2.2p5) (j1), hence Vo > V4 from (2). Suppose Vi1 < Vi. Then, from (6.5.10(p39) ) and Lemma 10.2.2(p.5) (g) we have
Vi < K(Vi) + Vi = Vir1. Accordingly, by induction we have Vi1 < V; for ¢ > 1, i.e., V4 is strictly increasing in ¢ > 0. Note
that Vi < x due to (15). Assume that V;—; < @ for all t > 1, hence V < z ---(16) from (a). Then, since V = zx due

to (a), we have the contradiction of V.= xx > xr >V due to (14) and (16) . Hence, it is impossible that V;_1 < xr for all
t > 1, implying that there exists t5 > 1 such that

Vi<Ve< <V 1< 2 <Vige <V <+ -+ (17),
from which we have
Vici < zp, th>t>1, zr < Vi, xr < Vio1, t>1t+1. (19.2.11)
Hence, we have
L(Viz1) >0 ---(18) t: >t >1 (+ Corollary 10.2.1(p55) (a))
L(Vis)<0 -+ (19) (+ Corollary 10.2.1(p55) (a))

L(Vic1)=(<0)' ---(20) t >t +1 (+ Lemma 10.2.1(p5) (d(el)))

o Let t3 > 7 > 1. Then L(Vi—1) > 0---(21) for 7 > ¢t > 1 from (18). Since V; —BVizy > 0for 7 >t > 1 from
(1) and (21), we have V; > BVi_1 for 7 > ¢ > 1, hence V; > BVi_1, Vo1 > BVi_a, ---, Vo > BVi. Therefore, since
Vi > Vi1 > B%Via> - > 771V, we obtain tf =7 for t2 > 7 > 1, ie., ®+te>r>1(7)a, thus S2(1) is true. Let us note
here that when 7 = 3, we have Vis > fVie 1 > -+ > ﬂt;_l\/l --(22).

o Let 7 =t + 1. From (1) with t = t: + 1 and (19) we have Vie 41 — BVie <0, hence Vie 41 < BVie . Accordingly, from (22)
we have

Vie 11 < BVis > B2Vie -1 > B3Vie o > - > Vi - (23),

thus tf.TH =13, 1e., Ot +1(t3)a, thus 52(2) is true.

o Let 7 >t + 1. Since L (Vie 11) = (<) 0 from (20) with t = t; 4+ 2, we have Vie 12 = (<) fVie 11 from (1) , hence from (23)
we have .
Vis 42 = (<) BVis 11 < BVas > BVie _1 > Ve 2 > - > g7

TIf s = 0, then L(V;_1) =0, or else L (V;_1) < 0.
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Similarly we have
Viets = (<) BVist2 = (<) B*Vies1 < B*Vie > B*Vie 1 > - > 214
By repeating the same procedure, for 7 = t5 4+ 2,¢> + 3,--- we obtain
Ve =(Q)BVr1=(<) - = ()BT Vi = (<) BT T Wae p1 S BT Vo > BT > > BT (24)
o Let s = 0. Then (24) can be written as
Ve=BVra = = BT Ve = BT W S BTy > T Ve > > T
hence we have t; = t3, i.e., ©r>ss +1(t3) (see Preference Rule 7.2.1(p43)), hence S2(3) is true.
o Let s > 0. Then (24) can be written as
Ve <BVroa < < BT Ve < BT T Wiy < BT Vi > BT Ve > > 8T, (19.2.12)

hence we have t; = t}, i.e., ©r>te +1(t})a, hence S2(3) is true. 1

9.2.2.2 Market Restriction
9.2.2.2.1 Positive Restriction

O Pom 19.2.1 (&/{M:1[R][E]"}) Suppose a >0. Let 3 =1 and s = 0.
(a) Vi is nondecreasing in t > 0.
(b)  We have ®r>1(7)a.

Proof The same as Tom 19.2.1(p134) due to Lemma 17.4.4(p116). 1

O Pom 19.2.2 (#{M:1[R][E]*}) Supposea > 0. Let B <1 ors> 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — 0.
(b)  Let Bu > b (impossible).
(¢) Let Bu < b (always holds).

1. LetB=1.

i. Letp—s<a. Then @->1(1).

ii. Letp—s>a. Then ®r>1(T)a-
2. Letf<1lands=0. Then ®r>1{T)a-
3. LetB<1ands>0.

i. Let Bu>s. Then ®r>1(T)a-

ii. Let Bu<s. Then @r>1(1),.

® Proof Suppose a > 0, hence b>a > 0---(1). Then k = fu — s---(2) from Lemma 10.3.1(p57) (a) with A = 1.

(a) The same as Tom 19.2.2(p.13) (a).

(b,e) Always Su < b from [3(p.116) ], hence Su > b is impossible.

(cl-clii) The same as (cl-clii) of Tom 19.2.2(p.13) .

(c2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 19.2.2(p.1%).

(c3) Let < 1ands>0.

(c3i) Let Bu > s, hence x > 0 due to (2). Hence it suffices to consider only (c2i) of Tom 19.2.2(p1%).

(¢3ii) Let B < s, hence k < 0 due to (2) . Then, since Bpu—s < 0 < a, it suffices to consider only (c2iiil) of Tom 19.2.2(p.135). I

19.2.2.2.2 Mixed Restriction
O Mim 19.2.1 (#{M:1[R][E]T}) Suppose a <0<0. Let 8 =1 and s = 0.

(a) Vi is nondecreasing in t > 0.
(b)  We have ®r>1(7)a.

® Proof The same as Tom 19.2.1(p.134) due to Lemma 17.4.4(p116). 1

O Mim 19.2.2 (#{M:1[R][E]*}) Suppose a <0 <b. Let 3 <1 ors > 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — 0.
(b) Let Bu > b (impossible).

(

c) Let B < b (always holds).

1. LetB=1.
i. Letp—s<a. Then @->1(1).
ii. Letu—s>a. Then ®r>1(T)a-
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2. LetB<1lands=0. Then ®r>1(T)a-
3. Let<1ands>0.
i. Let s < pT(0). Then ®r>1{)a-
ii. Lets=pT(0).
1. LetBp—s<a. Then @->1(1).

2. Let Bu—s>a. Then ®r>1(1)a-
iii.  Let s > BT(0).
1. LetBu—s<aor sc <s. Then @->1(1)4.

2. Let Bp—s>a and s > s. Then Sy is true.

® Proof Suppose a <0<b. Let < 1ors>0.
(a) The same as Tom 19.2.2(p.13) (a).
(b,c) Always Bu < b due to [8(p.116)] , hence B > b is impossible.
(c1) Let 8 =1, hence s > 0 due to the assumption “g < 1 or s > 0”.
(cli,clii) The same as (cli,clii) of Tom 19.2.2(p.13).

(c2) Let 8 < 1lands=0.Ifb> 0, then it suffices to consider only (c2i) of Tom 19.2.2(p.13) and if b = 0, then Su—s = Bu > a
due to [8(p-116)], hence it suffices to consider only (c2ii2) of Tom 19.2.2(p135). Therefore, whether b > 0 or b = 0, we have the
same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions are immediate from (c2i-c2iii2) of Tom 19.2.2(p.13%5) with x = ST(0) — s
from (5.1.6(p.23)) with A=1. 1

19.2.2.2.3 Negative Restriction

O Nem 19.2.1 (&{M:1[R][E]"}) Suppose b < 0. Let =1 and s =0.
(a) V& is nondecreasing in t > 0 .

(b)  We have ®r>1(r)a.
® Proof The same as Tom 19.2.1(p134) due to Lemma 17.4.4(p.116). N
O Nem 19.2.2 (&Z/{M:1[R][E]"}) Suppose b<0. Let 5 <1 ors>0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — oo.
(b)  Let B >b. Then @r>1(1)a-
(c) Let pu<b.
1. LetpB=1.
i. Letp—s<a. Then @->1(1).
ii. Letpu—s>a. Then ®+>1(1)a-
2. Let <1 ands=0. Then S is true.

3. LetB<1ands>0.
i. LetBu—s<aor sg <s. Then @r>1{1)x-

ii. LetBu—s>aand s >s. Then Sy is true.

® Proof Suppose b < 0, hence a < p <b<0---(1). Hence kK = —s---(2) from Lemma 10.3.1(p57) (a) with A = 1. In addition,
Bu > b and Bu < b are both possible due to [17(p.116)].

(a,b) The same as (a,b) of Tom 19.2.2(p.135).

(¢c) Let Su<b.

(cl-clii) The same as (cl-clii) of Tom 19.2.2(p.135).

(c2) Let 8 < 1and s=0. Then, since b < 0 due to (1), it suffices to consider only (c2iii) of Tom 19.2.2(p.133). In this case,
since fu — s = Bu > Ba > a due to (1) and since s; >0 = s due to
Lemma 10.2.4(p57) (c), it suffices to consider only (c2iii2) of Tom 19.2.2(p.135) .

(c3-c3ii) Let 8 <1 and s> 0, hence k < 0 due to (2). Thus, it suffices to consider only
(c2iiil,c2iii2) of Tom 19.2.2(p.135). N

19.2.3 Derivation of «/{M:1[R][E]}
19.2.3.1 Analysis

O Tom 19.2.3 (0.« {M:1[R][E]}) Let B =1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b)  We have ®r>1{(7)a.
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® Proof by symmetry Immediate from applying Sp_z (see (18.0.1(p.12))) to Tom 19.2.1(p.134). 1

O Tom 19.2.4 (T &/ {M:1[R][E]}) Let 8 <1 ors > 0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V. = T ast — oo.
(b) Let Bu<a. Then @r>1(1)s.
(¢) Letpu>a.
1. Let B=1.
i. Letpu+s>b. Then @->1(1).
ii. Letpu+s<b. Then ®r>1(r)a-
2. Letf<land s=0(s>0).

i. Let a<0(k <0). Then ®r>1(T)a-
ii. Let a=0(k=0).1
1. Let Bpu+s>b. Then @-r>1(1)-

2. Let Bu+s<b. Then ®r>1(T)a-
iii. Let a>0(&>0).
1. LetBu+s>bor sz <s. Then @->1(1)a.

2. Let Bu+s<band Sz >s. Then Sa is true. [

® Proof by symmetry Immediate from applying Sz (see (18.0.1(p.128))) to Tom 19.2.2(p.135). 1

19.2.3.2 Market Restriction
19.2.3.2.1 Positive Restriction

O Pom 19.2.3 (/{M:1[R][E]"}) Suppose a>0. Let 3 =1 and s = 0.
(a) V& is nonincreasing in t > 0.

(b)  We have ®r>1{(7)a.

® Proof The same as Tom 19.2.3(p138) due to Lemma 17.4.4(p.116). N

O Pom 19.2.4 (sz{l\?l:l[]R][Eﬁ}) Suppose a > 0. Let f <1 ors>0.
(a) V& is nonincreasing in t > 0 and converges to a finite V.= Tg ast — oo.

(b) Let fu<a. Then @r>1(1)4.
(¢c) Letpu>a.
1. Letp=1.
i. Letpu+s>b. Then @->1(1).
ii. Letu+s<b. Then ®r>1(1)a.

2. Let3<1ands=0. Then S s true.
3. Let <1ands>0.
i. LetBu+s>bor s;g <s. Then @r>1{1),.

ii. LetBu+s<bands< Sz. Then Sz is true

(see Numerical Example 4(p.145)).

® Proof Suppose a > 0---(1), hence & = s---(2) from Lemma 12.6.6(p381) (a). Then pf < a and pf > a are both possible due
to [5(p.116)].

(a,b) The same as (a,b) of Tom 19.2.4(p.139) .

(¢) Let Spu>a. Then Sz >0---(3) due to Lemma 12.6.5p81) (c) with A = 1.

(cl-clii) Let 8 =1, hence s > 0 due to the assumptions 8 < 1 and s > 0. Thus, we have
(cli,clii) of Tom 19.2.4(p.139).

(¢2) Let 8 <1and s = 0. Then, since Bu+ s = Bu < b due to [3(p.116)] and since 7 > 0 = s from (3), due to (1) it
suffices to consider only (c2iii2) of Tom 19.2.4(p.139) .

(c3-¢3ii) Let 8 <1 and s > 0. Then, since & > 0 due to (2), it suffices to consider only
(c2iiil,c2iii2) of Tom 19.2.4(p.139). N
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19.2.3.2.2 Mixed Restriction

O Mim 19.2.3 ({M:1[R][E]}¥) Suppose a <0<b. Let 3 =1 and s = 0.
(a) We have ®r>1(T)a-

® Proof The same as Tom 19.2.3(p138) due to Lemma 17.4.4(p.116). 1

O Mim 19.2.4 (%{I\N/Il[R][E}i}) Suppose a <0<b. Let B <1 ors>0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V < Tg ast — oo.
(b)  Let Bu < a (impossible).
(¢c) Let Bu > a (always holds).
1. Let B=1.
i. Letpu+s>b. Then @->1(1).
ii. Letu+s<b. Then ®r>1(r)a.
2. LetB<1lands=0. Then ®r>1(T)a-
3. LetB<1ands>0.
i. Lets < —BT(0). Then ®r>1(1)a-
ii. Lets=—pT(0).
1. LetBu+s>0b. Then @->1(1).
2. Let Bu +s5< b. Then ®r>1{T)a.
iii. Let s > —pT(0).
1. LetBu+s>bor sz <s. Then @->1(1)s.
2. Let fu+s<band Sz >s. Then Sz s true.
® Proof Suppose a <0<b. Let S <1ors>0.
(a) The same as Tom 19.2.4(p.139) (a).
(b,e) Always Bu > a due to [8(p.116)] , hence B < a is impossible. Then Sz > 0 due to
Lemma 12.6.5(p81) (c).
(cl-clii) The same as (c-clii) of Tom 19.2.4(p.139) .
(c2) Let < 1and s =0. Let a < 0. Then it suffices to consider only (c2i) of Tom 19.2.4(p.139). Let a = 0. Now, since

Bu+s=Pu <bdue to [8(p.116)] , it suffices to consider only (c2ii2) of Tom 19.2.4(p.139). Accordingly, whether a < 0 or a = 0, we
have the same result.

(c3-c3iii2) Let B8 < 1 and s > 0. Then, since & = ST(0) + s from (5.1.16(p.23) ), the assertions become true from (c2i-c2iii2)
of Tom 19.2.4(p.139). 1

19.2.3.2.3 Negative Restriction

O Nem 19.2.3 («/{M:1[R][E] }) Suppose b <O0. Let 3 =1 and s = 0.
(a) Vi is nonincreasing in t > 0.

(b)  We have ®r>1(T)a-

® Proof The same as Tom 19.2.4(p.139) due to Lemma 17.4.4(p116). 0

O Nem 19.2.4 (%hon {M:1[R][E] }) Suppose b < 0. Let § <1 or s> 0.
(a) V& is nonincreasing in t > 0 and converges to a finite V< Tg ast — oo.
(b) Let Bu < a (impossible).
(c) Let Bu > a (always holds).
1. LetB=1.
i. Letpu+s>b. Then @->1(1).
ii. Letpu+s<b. Then ®r>1(1)a.
2. LetB<1lands=0. Then ®r>1(T)a.
3. LetB<1ands>0.
i. Let Bu < —s. Then ®r>1{T)a.
ii. Let Bu > —s. Then @->1(1)x.
® Proof Suppose b < 0---(1), hence a <b<0---(2). Then & = B+ s---(3) due to Lemma 12.6.6(p3l) (a).

(a) The same as Tom 19.2.4(p.13) (a).

(b,c) Always a < Bu due to [15(p.116)] | hence Bu < a is impossible.

(cl-clii) The same as (cl-clii) of Tom 19.2.4(p.13)).

(c2) Let 8 <1 and s =0. Then, due to (2) it suffices to consider only (c2i) of Tom 19.2.4(p.13)) .

(c3) Let 8<1ands>0.

(c3i) Let Bu < —s, hence B+ s < 0. Then, since & < 0 due to (3), it suffices to consider only (c2i) of Tom 19.2.4(p1%) .
(

c3ii) Let Bu > —s, hence B+ s > 0. Let Su+ s = 0. Then, since & = 0 due to (3) and since Bu+s=0>bdue to
(2), it suffices to consider only (c2iil) of Tom 19.2.4(p139). Let Su + s > 0. Then, since & > 0 due to (3), it suffices to consider
only (c2iii) of Tom 19.2.4(p13)). Then, since S+ s > 0 > b due to (1), it suffices to consider only (c2iiil) of Tom 19.2.4(p.139).
Accordingly, whether S+ s =0 or Su+ s > 0, we have the same result. 1
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19.2.4 Derivation of & {M:1[P|[E|}

19.2.4.1 Analysis

O Tom 19.2.5 (B &/{M:1[P|[E]}) LetB8=1 ands=0.
(a) Vi is nondecreasing in t > 0.

(b)  We have ®r>1{T)a-

® Proof by analogy The same as Tom 19.2.1(p.134) due to Lemma 13.6.1(p97). 1

O Tom 19.2.6 (O &/{M:1[P][E]}) LetB <1 ors>0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — oo.
(b) Let fa>b. Then @->1(1)4.
(¢) Let Ba<b.
1. Letf=1.
i. Leta—s<a*. Then @->1(1).
ii. Leta—s>a*. Then ®r>1(T)a-
2. LetB<1land s=0(s>0).
i. Let b>0(k>0). Then ®r>1{()a-
ii. Let b=0(xk=0).
1. LetBa—s<a*. Then @->1(1)y.
2. Let Ba—s>a*. Then ®r>1()a.
iii. Let b<0(xk <0).
1. LetBa—s<a* or s <s. Then @->1(1),.
2. Let fa—s>a" and s >s. Then Ss is true. [
® Proof by analogy Immediate from applying Ag-p (see (18.0.5(p.1%))) to Tom 19.2.2(p.135). 1

Corollary 19.2.1 (optimal price to propose)  The optimal price to propose z: is nondecreasing in t > 0.

® Proof Immediate from Tom’s 19.2.5(p.141) (a) and 19.2.6(p.141) (a) and
from (6.2.34(p29) ) and Lemma 13.1.3(ps7). 1

19.2.4.2 Market Restriction

19.2.4.2.1 Positive Restriction

O Pom 19.2.5 (Z{M:1[P][E]"}) Supposea >0. Let =1 and s = 0.
(a) Vi is nondecreasing in t > 0.

(b)  We have ®r>1{(7)a.

® Proof The same as Tom 19.2.5(p141) due to Lemma 17.4.4(p.116). 1

O Pom 19.2.6 («/{M:1[P][E]T}) Suppose a > 0. Let f <1 or s > 0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — co.
(b)  Let Ba > b (impossible).
(c) Let Ba < b (always holds).
1. LetpB=1.
i. Leta—s<a*. Then @->1(1)
ii. Leta—s>a*. Then ®r>1()a.
2. Letf<1lands=0. Then ®r>1(T)a-
3. Let <1 ands>0.
i. Lets < pBT(0). Then ®r>1(T)a-
ii. Let s=pT(0).
1. LetBa—s<a*. Then @-r>1(1).
2. Let Ba—s>a*. Then ©r>1(T)a-
iii. Let s> BT(0).
1. LetBa—s<a* or s <s. Then @->1{1),.

2. LetBa—s>a" and s < s.. Then Sz s true.

® Proof Suppose a > 0, hence b >a > 0---(1).

(a) The same as Tom 19.2.6(p.141) (a).

(b,e) Always Ba < b from [4(p.116)], hence Sa > b is impossible.

(cl-clii) The same as (cl-clii) of Tom 19.2.6(p.141).

(c2) Let 8 <1 and s =0. Then, due to (1) it suffices to consider only (c2i) of Tom 19.2.6(p.141).

(c3) Let < 1ands>0.

(c3i-c3iii2) Immediate from Tom 19.2.6(p.141) (c2i-c2iii2) since k = BT(0) — s---(2) from (5.1.23(p24)). 1

0
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19.2.4.2.2 Mixed Restriction

O Mim 19.2.5 (Z{M:1[P][E]*}) Suppose a <0<b. Let 3 =1 and s =0.
(a) V4 is nondecreasing in t > 0.

(b)  We have ®r>1{T)a-

® Proof The same as Tom 19.2.5(p.141) due to Lemma 17.4.4(p.116). N

0 Mim 19.2.6 (&/{M:1[P][E]*}) Suppose a <0 <b. Let <1 ors > 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — 0.
(b)  Let Ba > b (impossible).
(¢c) Let Ba < b (always holds).
1. Letp=1.
i. Leta—s<a*. Then @->1(1).
ii. Leta—s>a*. Then ®r>1()a-
2. LetB<1lands=0.Then ®r>1(T)a-
3. LetpB<1ands>0.
i. Let s < pBT(0). Then ®r>1{(7)a-
ii. Let s=pT(0).
1. Let fa—s<a*. Then @->1(1).
2. Let Ba—s>a*. Then ®r>1(1)a-
iii. Let s> BT(0).
1. LetBa—s<a* or s <s. Then @->1{1),.
2. Let fa—s>a" and s >s. Then Ss is true [
® Proof Suppose a <0 <b.
(a) The same as Tom 19.2.6(p.141) (a).
(b,c) Always Ba < b due to [9(p.116)] , hence Ba > b is impossible. .
(cl-clii) The same as (cl-clii) of Tom 19.2.6(p.141).
(c2) Let 8 <1and s=0. If b > 0, the assertion is true from (c2i) of Tom 19.2.6(p.l41) and if b = 0, then fa — s = fa > a*

from [11(p.116)] , hence the assertion become true from (c2ii2) of Tom 19.2.6(p141). Accordingly, whether b > 0 or b = 0, we have
the same result.

(c3-c3iii2) The same as Tom 19.2.6(p.141) (c2i-c2iii2) since k = T(0) — s from
(5.1.23p4))) with A=1. 1

19.2.4.2.3 Negative Restriction

O Nem 19.2.5 (&Z/{M:1[P|[E] }) Supposeb<0. Let $=1 and s =0.
(a) Vi is nondecreasing in t > 0.

(b)  We have ®r>1{(7)a.

® Proof The same as Tom 19.2.5(p.141) due to Lemma 17.4.4(p116). 1

O Nem 19.2.6 (&/{M:1[P][E]"}) Suppose b< 0. Let B <1 ors>0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — co.
(b) Let Ba>b. Then @r>1(1)s.
(¢) LetfBa<bd.
1. LetfB=1.
i. Leta—s<a*. Then @->1(1)y.
ii. Leta—s>a*. Then ®r>1(T)a-
2. Let <1 and s=0. Then Sz is true.
3. Let <1 ands>D0.
i. LetBa—s<a* or sc <s. Then @->1{1),.
ii. LetBa—s>a* and s < sc. Then Sa is true.
® Proof Suppose b < 0. Then, kK = —s--- (1) from Lemma 13.2.6(p%) (a). In addition, Sa > b and Ba < b are both possible
due to [18(p.116)].
(a,b) The same as (a,b) of Tom 19.2.6(p.141).
(¢) Let Ba <b.
(cl-clii) The same as (cl-clii) of Tom 19.2.6(p.141).
(c2) Let B < 1ands = 0. Then, it suffices to consider only (c2iii-c2iii2) of Tom 19.2.6(p.141). In this case, since fa—s = Ba > a*
due to [19(p116)] and since s > 0 = s due to Lemma 13.2.5(p.%) (c), it suffices to consider only (c2iii2) of Tom 19.2.6(p.141).
(c3-c3ii) Let 8 <1 and s> 0, hence k < 0 due to (1). Hence, it suffices to consider only
(c2iiil,c2iii2) of Tom 19.2.6(p.141). N
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19.2.5 Derivation of «/{M:1[P][E]}

19.2.5.1 Analysis

0 Tom 19.2.7 (O &/ {M:1[P][E]}) Let =1 and s = 0.

(a) Vi is nonincreasing in t > 0.

(b)  We have ®r>1{T)a-

® Proof by symmetry Immediate from applying Sp_,p (see (18.0.3(p.128))) to Tom 19.2.5(p.141). 1

O Tom 19.2.8 (2.« {M:1[P][E]}) Let <1 ors>0.
(a) V4 is nonincreasing in t > 0 and converges to a finite V.= Tg ast — oo.
(b) Let pb<a. Then @->1(1)a.
(c) Let gb>a.
1. Letpf=1.
i. Letb+s>b*. Then @->1(1).
ii. Letb+s<b*. Then ®r>1()a-
2. Letf<land s=0(s>0).
i. Let a<0(k<0). Then ®r>1{T)a-
ii. Let a=0(k=0).
1. Let fb+s>b*." Then @,>1(1)).
2. Let Bb+ s < b*. Then ®r>1(T)a-
iii. Let a>0(k>0).
1. LetBb+s>b" or s; <s. Then @->1(1),.

2. Let fb+ s < b* and Sz > s. Then Sz is true. U
® Proof by symmetry Immediate from applying Sp_,5 (see (18.0.3(p1%))) to Tom 19.2.6(p.141). 1

Corollary 19.2.2 (optimal price to propose)  The optimal price to propose z; is nonincreasing in t > 0. [

® Proof Immediate from Tom’s 19.2.7(p.143) (a) and 19.2.8(p.143) (a) and
from (6.2.50(p.30) ) and Lemma A 3.3(p24)). 1

19.2.5.2 Market Restriction

19.2.5.2.1 Positive Restriction

O Pom 19.2.7 (sz{l\~/|:1[IED][E]+}) Suppose a > 0. Let B =1 and s = 0.
(a) Vi is nonincreasing in t > 0.

(b)  We have ®r>1(7)a-

® Proof The same as Tom 19.2.7(p.143) due to Lemma 17.4.4(p116). 1

O Pom 19.2.8 (sz{l\?ll[IP’][Ef}) Suppose a > 0. Let f <1 ors>0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V = T ast — oo.
(b) Let Bb<a. Then @->1(1),.
(¢) Let gb> a.
1. Letg=1.
i. Letb+s>b". Then @->1(1).
ii. Letb+s<b*. Then ®r>1()a-
2. Let <1 and s=0. Then S is true.
3. Let<1ands>0.
i. LetBb+s>b" or sz <s. Then @+>1{1)x.
ii. Let Bb+s<b” and s < Sz. Then S is true.
® Proof Suppose a > 0---(1). Then, & = s---(2) from Lemma 14.6.6(p.106) (a). In addition, 8b < a and 8b > a are both
possible due to [6(p.116)].
(a,b) The same as (a,b) of Tom 19.2.8(p.143) .
(¢) Let 8b> a.
(cl-clii) The same as (cl-clii) of Tom 19.2.8(p.143).
(c2) Let 8 <1and s =0. Then, due to (1) it suffices to consider only (c2iii-c2iii2) of Tom 19.2.8(p.143). In this case, since
Bb+ s = pb < b* due to [7(pll6)] and since Sz > 0 = s from
Lemma 14.6.5(p.106) (c) with A = 1, it suffices to consider only (c2iii2) of Tom 19.2.8(p.143) .
(c3-c3ii) Let 8 <1 and s> 0, hence & > 0 due to (2). Hence, it suffices to consider only
(c2iiil,c2iii2) of Tom 19.2.8(p.143). N
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19.2.5.2.2 Mixed Restriction
O Mim 19.2.7 ({M:1[P][E]}¥) Suppose a <0 <b. Let 3 =1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b)  We have ®r>1{T)a-

® Proof The same as Tom 19.2.7(p.143) due to Lemma 17.4.4(p116). 0

O Mim 19.2.8 (ﬁi{l\?l:l[]P)}[E}i}) Suppose a <0 <b. Let B <1 ors>0.
(a) V4 is nonincreasing in t > 0 and converges to a finite V> Tg ast — oo.
(b)  Let b < a (impossible).
(¢c) Let Bb > a (always holds).
1. Let B=1.
i. Letb+s>0b". Then @->1(1).
ii. Letb+s<b*. Then ®r>1()a-
2. LetB<1lands=0. Then ®r>1{T)a.
3. Let<1ands>0.
i. Lets< —BT(0). Then ®r>1(7)a.
ii. Lets=—pT(0).
1. Let Bb+s>b". Then @,>1(1)y-
2. Let Bb+ s < b*. Then ®r>1(T)a-
iii. Let s > —BT(0).
1. LetBb+s>b" or sz <s. Then @->1(1),.
2. Let Bb+ s <b* and Sz >s. Then Sa 18 true.

® Proof Letb>0>a---(1).

(a) The same as Tom 19.2.8(p.143) (a).

(b,c) Always 8b > a due to [10(p.116)] | hence b < a is impossible.

(cl-clii) The same as (cl-clii) of Tom 19.2.8(p.143).

(¢2) Let 8 <1 and s =0. Then, it suffices to consider only (c2i-c2ii2) of Tom 19.2.8(p.143). Let a < 0. Then, the assertion is

true from (c2i) of Tom 19.2.8p183). Let a = 0. Then, since 8b+ s = b < b* due to [12(p.116)] , it suffices to consider only (c2ii2)
of Tom 19.2.8(p.143) . Accordingly, whether a < 0 or a = 0, we have the same result.

(c3-c3iii2) Let B < 1 and s > 0. Then, the assertions hold from (c2i-c2iii2) of Tom 19.2.8p.13) since & = BT(0) + s from
(5.1.36(2)) with A =1. W

19.2.5.2.3 Negative Restriction
O Nem 19.2.7 (/{M:1[P][E] }) Suppose a >0. Let 3 =1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b)  We have ®r>1{(7)a.

® Proof The same as Tom 19.2.7(p.143) due to Lemma 17.4.4(p.116). 0

O Nem 19.2.8 (/{M:1[P][E] }) Supposeb<0. Let 3 <1 ors > 0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V > Tz ast — oo.
(b) Let Bb<a (impossible).
(c) Let Sb > a (always holds).
1. LetB=1.
i. Letb+s>b". Then @->1(1)-
il. Letb+s<b*. Then ®r>1(r)a-
2. LetB<1lands=0. Then ®r>1{(1)a.
Let B <1 and s > 0.
i. Lets< —BT(0). Then ®r>1(7)a.
ii. Let s=—pT(0).
1. Let Bb+ s >b*. Then @,>1(1)y-
2. Let Bb+s < b*. Then ®r>1(T)a-
iii. Let —BT(0) < s.
1. LetBb+s>b" or sz <s. Then @->1(1),.

2. Let Bb+s <b* and Sz >s. Then Sa 18 true.

s true.
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® Proof Let b< 0, hencea<b<0---(1).

(a) The same as Tom 19.2.8(p.143) (a).

(b,c) Always 8b > a due to [16(p.116)] , hence b < a is impossible.

(cl-clii) The same as (cl-clii) of Tom 19.2.8(p.143).

(¢2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 19.2.8(p143).
(

c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions hold from (c2-c2iii2) of Tom 19.2.8(p.143) since & = BT(0) + s from
(5.1.36()) with A=1. 1

19.2.6 Numerical Calculation
Numerical Ezample 4 (<7 {M:1[R] [E]Jr} (buying model)

This is the example for[®4 ] and of Sa(p.13)) in Pom 19.2.4(p13) (¢3ii) with @ = 0.01, b = 1.00, 8 = 0.98, and
s = 0.05 where Tz = 0.3076395 and 57 = 0.3232736." Note that the example is for the model of a buying problem with the
cost minimization. The figure below is the graph of It = 87"V, where the symbol « shows the optimal initiating time (0IT) for
each 7 =2,3,--- ,15 (see t" - column in the table below). In addition, note that each of polygonal curves for 7 = 2,3,--- 7 is
strictly decreasing in t = 1,2, ---,7 and that each of polygonal curves for 7 = 8,9, .- ,15 is strictly decreasingint =1,2,---,7
and strictly increasing in ¢t = 7,8,--- ,15. The fact implies that the optimal initiating time t; degenerates to the starting time
T =23,---,7, le., ®-(7). and that it is given by ¢; = 7 (non-degenerate) for each of 7 = 8,9,---,15, i.e., ©-(7). (see
t* —column in the table below). Finally, note here that the leftmost point V; in each curves converges to Tz = 0.3076395 as
T — 00 (see Pom 19.2.4(p13) (a)).

Vi AWy 2

0.544900
0.442388 —0.091614
0.391004 —0.042535
0.361335 —0.021849
0.343013  —0.011094
0.331264 —0.004889
0.323555  —0.001084
0.318422 +0.001338
0.314972  40.002918
0.312638  +0.003965
.5« = 0.3076395 11 0.311053  +0.004667
12 0.309973  40.005141
13 0.309236 +0.005462
14 0.308732  40.005681
15 0.308388  +0.005830

AVe=Vi—BVi_1

0.5

0.4

SoxNouswn—o| =

N N RS B B B RN | BRI RN

I T T T T T N N N BN S S 0.2 >

151413121110 9 8 7 6 5 4 3 2 1 0
Figure 19.2.1: Graphs of IX = 877"V, with 7 =2,3,--- ,15and t = 1,2,--- , 7T

19.2.7 Conclusion 2  (Search-Enforced-Model 1)

Cl. Mental Conflict

On .7, for any 8 < 1 and s > 0 we have (see (7.3.1(p45)) and (7.3.2(p45)) for the definitions of opt-R-price and opt-P-price
below):

a. The opt-R-price V; in M:1[R][E] (selling model) is nondecreasing in ¢ as seen in Tom’s 19.2.1(p134) (a) and 19.2.2(p.135) (a)
(see Figure 7.3.1(p45) (1)), hence we have the normal conflict (see Remark 7.3.1(p45)).

b.  The opt-P-price z; in M:1[P][E] is nondecreasing (selling model) in ¢ as seen in Corollary 19.2.1(p141)) (see Fig-
ure 7.3.1(p45) (I)), hence we have the normal conflict (see Remark 7.3.1(p.45) ).

c.  The opt-R-price V; in M:1[R][E] (buying model) is nonincreasing in ¢ as seen in Tom’s 19.2.3(p.138) (a) and 19.2.4(p.13)) (a)
(see Figure 7.3.1(p45) (I)), hence we have the normal conflict (see Remark 7.3.1(p.45) ).

d.  The opt-P-price z; in M:1[P][E] (buying model) is nonincreasing in ¢t as seen in Corollary 19.2.2(p.143) (see Fig-
ure 7.3.1(p45) (1)), hence we have the normal conflict (see Remark 7.3.1(p45) ).

The above results can be summarized as below.

A. On Z, for any 8 < 1 and s > 0, whether selling problem or buying problem and whether R-model or P-model, we
have the normal mental conflict.

C2. Symmetry
a. On Z%1 we have:

1. Let =1 and s =0. Then we have:
Pom 19.2.3(p13) A Pom 19.2.1p.137 (& {M:1[R][E]}" ~v &/ {M:1[R][E]} ),

Pom 19.2.7(p143) A Pom 19.2.5p.11) (o7 {M:1[P][E]}" ~v &/ {M:1[P][E]} ).

TSince a = 0.01 > 0, b =1.00, 8 =0.98 < 1, and s = 0.05 > 0, we have p = (0.01 4+ 1.00)/2 = 0.525, S = 0.98 x 0.525 = 0.5145 > 0.01 = a,
Bp + s =0.5145 + 0.05 = 0.5645 < 1.00 = b, and s = 0.05 < 0.3232736 = Sz . Thus, the condition of this assertion is satisfied.



2. Let 8 <1ors>0. Then we have:
Pom 19.2.4(p1%) A Pom 19.2.2(p137
Pom 19.2.8(p.143) Av Pom 19.2.6(p.141)
b. On .Z* we have:
1. Let §=1and s =0. Then we have:
Mim 19.2.3(p.140) A~ Mim 19.2.1(p.137)
Mim 19.2.7(14) ~ Mim 19.2.5(p.142)
2. Let 8 <1ors>0. Then we have:
Mim 19.2.4(14) ~ Mim 19.2.2(p.137
Mim 19.2.8(p14) ~v Mim 19.2.6(p.142)
c. On .Z#~ we have:
1. Let §=1and s =0. Then we have:
Nem 19.2.3(p.140) ~Av Nem 19.2.1(p.1%)
Nem 19.2.7(p.144) ~v Nem 19.2.5(p.142)
2. Let < 1ors>0. Then we have:
Nem 19.2.4(p14) Av Nem 19.2.2(p.13)
Nem 19.2.80p14) Au Nem 19.2.6(p.142)

The above results can be summarized as below.
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(o {MARIEN Ay o/ {MARIE}) - (1),
(o (MAPIE} Ao o/ (MAJE]} ) - (s2).

(& {M:1[R][E]}* ~v o/ {M:1[R][E]}®),
(o {M:[P][E]}™ ~v o/ {M:1[P][E]} ).

(e {M:1[R][E]}* ~v o7 {M:1[R][E]}),
(e {M:1[P][E]}* ~v o/ {M:1[P][E]}¥).

(/ {MARJE]} ~ o/ {M:1[RIE]} ),
(o (MAPIE} ~ o/ {M:L[PI[E]} ).

(s,
(s)-

(o {M:1[R][E]}~ Av /{M:1[R][E]} )
(Z{M:A[P|[E]}~ Av Z/{M:1[P][E]} ) ---

A. On.Z* for any f <1 and s > 0, the symmetry is inherited (see C2b(p.146)).
B. On Z#%" and Z7,if B =1 and s = 0, the symmetry is inherited (see C2al(p.l45) and C2c1(p.146)).
C. OnZ* and #7,if B < 1or s> 0, the symmetry collapses (see (s'), (s?), (s%), and (s*)).

C3.  Analogy
a. On 7' we have:

1. Let f=1and s =0. Then we have:
Pom 19.2.5(p.141) D<I Pom 19.2.1(p.137)

Pom 19.2.7(p.143) D1 Pom 19.2.3(p.139)
2. Let 8 <1ors>0. Then we have:

Pom 19.2.6(p.141) vk Pom 19.2.2(p137)

Pom 19.2.8(p.143) <1 Pom 19.2.4(p.139)

b. On Z* we have:

1. Let 8 =1and s =0. Then we have:

Mim 19.2.5(p.142) B<I Mim 19.2.1(p.137)

Mim 19.2.7(p144) B<I Mim 19.2.3(p.140)
2. Let < 1ors>0. Then we have:

Mim 19.2.6(p142) b<I Mim 19.2.2(p.137)

Mim 19.2.8(p14) b<I Mim 19.2.4(p140)

c. On .Z~ we have:

1. Let =1 and s =0. Then we have:
Nem 19.2.5(p.142) D<I Nem 19.2.1(p.133)
Nem 19.2.7(p144) <t Nem 19.2.3(p.140)

2. Let 8 <1ors>0. Then we have:
Nem 19.2.6(p.142) D<I Nem 19.2.2(p.138)

Nem 19.2.8(p.144) tka Nem 19.2.4(p.140)

The above results can be summarized as below.

(«/{M:1[P][E]} " pa o {M:1[R][E]} "),
(/{M:1[P][E]} " pa o {M:1[R][E]} ).

({M:1[P][E]}" ok o/ {M:1[R][E]}T) -
(o {M:1[P][E]} b o/ {M:1[R][E]} ).

(a'),

(o {M:1[P][E]}* b o {M:1[R][E]} ),
(7 {M:1[P][E]}* > o {M:1[R][E]}).

(o {M:1[R][E]}** p< o/ {M:1[P][E]} ),
(« {M:1[R][E]} b< o {M:1[P][E]}).

(o {M:A[PI[E]}~ ba o/ {M:1[RI[E]} ),
(o (M:1[PI[E]} ™ b o/ {M:A[RIE]} ).
(o {M:A[PI[E]}~ b o/ {M:1[R][E]} "),

1)

(o/{M:1[P][E]} " ok o/ {M:1[R][E]} ) -+~ (a”).

A. On ZZ for any 8 <1 and s > 0, the analogy is inherited (see C3bi(p.146) ).
B. On Z%' and #,if 8 =1 and s = 0, then the analogy is inherited (see C3al(p.l4f) and C3cl(p1f)).
C. On Z*t and ., if 3 <1 ors >0, then the analogy collapses (see (a') and (a?)).



C4.

C5.

a.

b.

C.

Optimal initiating time (0IT)
Let 8 =1 and s = 0. Then, from
Pom 19.2.1(p.137),
Pom 19.2.3(p.139)
Pom 19.2.5(p.14)
Pom 19.2.7(p.143),

Let 5 <1ors>0.
Pom 19.2.2(p.137),

Pom 19.2.4

Pom 19.2.6(p.141),
Pom 19.2.8(p.143),

(
(
(
(

Mim 19.2.1(p137),
, Mim 19.2.3(p.14)
, Mim 19.2.5(p.14)

(p.14)

Mim 19.2.6
Mim 19.2.8(p.14),

Nem 19.2.1(p.138),
, Nem 19.2.3
, Nem 19.2.5
Mim 19.2.7(p.14),

(
(p140),
(

Nem 19.2.7(p.144
we obtain the following table (the symbol “o0”
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)
)
)
)

Table 19.2.1: Possible 0IT (8 =1 and s = 0)

F+

t9‘:&

F-

® ()

® ()

®+(m)a

O (t5)

Or(t3) s

Or(t3) s

@-(0)

00

0-(0).4

Then, from

), Mim 19.2.2(137),
p130),  Mim 19.2.4(p.140),
) (p142)
) (p14)

p142

we obtain the following table:

The table below is the list of the occurrence rates of ®, ©, and @ (Def.11.2.4(p61)) on .# appearing in the primitive

Table 19.2.2: Possible 0IT (8 < 1 or s > 0)

, Nem 19.2.6

Nem 19.2.2(p.138) ,
Nem 19.2.4(p.140
(
(

p142
Nem 19.2.8(p.144

)

)

F+

yi

F

® ()

® () s

®7(r)a

O (t5)

Or(t7) s

Or(t7)

@-(0)

@-(0).

O|O0O|O|O|O|O

O|O0O|O|O|O|O

O|O0O|O|O|O|O

0©-(0).4

Tom 19.2.1(p134) (W) and Tom 19.2.2(p13) (8) (see Def. 11.2.2(p)).

Table 19.2.3: Occurence rates of @), ©, and @on .F

in the table below represents “possible”):

® \ © )
41.7%/5 \ 25.0% /3 33.3% /4
®y ®» SR O]l O OR Q) 0. 0.
— X possible possible possible possible possible possible X
~ %/ — 0.0%/0 | 41.7%/5 | 83%/1 83%/1 | 83%/1 | 167%/2 | 16.7%/2 | 0.0%/0

Null-time-zone and deadline-engulfing

a.

See Remark 7.2.2(p43) for the implication of the symbol “a” representing the strict optimality of the initiating time ¢} .

From Table 19.2.3(p.147) above we see that on .Z:

As a whole, ®, ©, and @ are possible at 41.7%, 25.0%, and 33.3% respectively where




148

®) cannot be defined (see Remark ??(p.7?)).
©) is possible (8.3%).

® | is possible (16.7%).

®, never occur (0.0%).

©, is possible (8.3%).

® . is possible (16.7%).

®,. is possible (41.7%).
©. is possible (8.3%).
®. never occur (0.0%).

© XN Do W

From the above results we see that on .%:

A. ©) and @ causing the null-time-zone are possible at 25.0% (= 8.3% + 16.7%).
B. (©. strictly causing the null-time-zone is possible at 8.3%.
C. @. strictly causing the deadline-engulfing is impossible (0.0%).

19.3 Conclusions of Model 1

Conclusions 1 (p.31) and 2 (p.145) can be summarized as below.

Cl. Mental Conflict
On #, from ClA(p131) and ClA(pl45), for any f < 1 and s > 0, whether selling problem or buying problem, whether
R-model or P-model, and whether search-Allowed-model or search-Enforced-model, we have the normal mental conflict in
Ezamples 1.4.1(p6) - 1.4.4(p6) .

C2.  Symmetry
a. On.Z* for any 8 <1 and s > 0, the symmetry is inherited (see C2A(p132) and C2A(p.146)).
b. On.Z" and Z#7,if 8 =1 and s = 0, the symmetry is inherited (see C2B(p.132)) and C2B(p.14f)).

c. On.Z" and Z7,if 8 <1ors >0, the symmetry may collapse on . % and .Z~ (see C2C(p.132) and C2C(p.146) ).

C3.  Analogy

a. On.Z* forany 8 <1 and s > 0, the analogy are inherited (see C3A(p132) and C3A(p.146)).

b. On.Z#" and #7,if 8 =1 and s = 0, the analogy are inherited (see C3B(p.132) and C3B(p.14f)).

c. On.Z" and #7,if 8 < 1or s> 0, the analogy collapse on Z* and .Z~ (see C3C(p132) and C3C(p.14f)).
C4. Optimal initiating time (0IT)

On F7*, F*, and ., we have:

a. Let S =1and s =0. Then only §), is possible (see Tables 19.1.1(p.133) and 19.2.1(p.147)).

b. Let 8 <1ors>0. Then:

1. For search-Allowed-model we have only ®)., @), and @ (see Table 19.1.2(p.133)).
2. For search-Enforced-model we have ®., @, @4, ©a, @, and @, (see Table 19.2.2(147) ).

c. Joining Tables 19.1.3(p.133) and 19.2.3(p.147) produces the following table:

Table 19.3.1: Occurance rates of ®), ©, and @ on ¥

® © e
45.5% /10 18.2% /4 36.3% /8
® ®a ®a O]l ON Oa o 0. 0.
— X possible possible possible possible possible possible X
%/~ 0.0%/0 | 45.5%/10 | 9.0%/2 4.6%/1 4.6%/1 27.3%/ 6 9.0%/2 0.0%/0

C5.  Null-time-zone and deadline-engulfing
From Table 19.3.1(p.148) above we see that on %

a. See Remark 7.2.2(p43) for the implication of the symbol “a” representing the strict optimality of the initiating time ¢;.

b. As a whole we have ®), ©, and @ at 45.5%, 18.2%, and 36.3% respectively where

1. ®) cannot be defined (see Remark ?7?(p.77)).
2. @y is possible (9.0 %).
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® | is possible (27.3%).

®, never occur (0.0%).
©, is possible (4.6 %).
@® . is possible (9.0 %).
®). is possible (45.5%),
©. is possible(4.6%).

® . never occur (0.0%).

© %N ST W

From the above results we see that:

A. ©) and @ causing the null-time-zone are possible at 36.3% (= 9.0% + 27.3%).
B. (©. strictly causing the null-time-zone is possible at 4.6%.

C. @. strictly causing the deadline-engulfing is impossible (0.0%).
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Chapter 20

Analysis of Model 2

Section 20.1(p.151) Search-Allowed-Model 2 ....... . . i 151
Section 20.2(p.183) Search-Ellowed-Model 2 .. ... .. 188
Section 20.3(p219) Conclusions of Model 2 ... ... 219

20.1 Search-Allowed-Model 2: Q{M:2[A]} = {M:2[R][A], M:2[R][A], M:2[P][A], M:2[P][A]}

20.1.1 Preliminary
As ones corresponding to Theorems 12.5.1(p.78), 13.3.1(p.%), and 14.5.1(p104), let us consider the following three theorems:

Theorem 20.1.1 (symmetry[R — R]) Let o/ {M:2[R][A]} holds on & x .Z. Then </ {M:2[R][A]} holds on P x .F where
A {M:2[R][A]} = Sp_,z[«/{M:2[R][A]}]. [ (20.1.1)

Theorem 20.1.2 (analogy[R — P]) Let o/ {M:2[R][A]} holds on & x %. Then «/{M:2[P][A]} holds on & x .F where
A/ {M:2[P][A]} = Ar_p[«/{M:2[R][A]}]. O (20.1.2)

Theorem 20.1.3 (symmetry[P — P|)  Let o/ {M:2[P][A]} holds on & x .F. Then o/ {M:2[P][A]} holds on & x .F where
A {M:2[P|[A]} = Sp_, 5[/ {M:2[P][A]}]. O (20.1.3)

In order for the above three theorems to hold, the following three relations must be satisfied:

SOE{M:2[R][A]} = S._, 3 [SOE{M:2[R][A]}], (20.1.4)
SOE{M:2[P][A]} = Az ,5[SOE{M:2[R][A]}], (20.1.5)
SOE{M:2[P][A]} = S,_,3[SOE{M:2[P][A]}], (20.1.6)

corresponding to (12.5.34(p.7)), (13.2.4(p91) ), and (14.5.4(p104) ). Then, for the same reason as in Chap. 15(p109 it can be shown
that the equality

SOE{M:2[P][A]} = Az _,5[SOE{M:2[R][A]}] (20.1.7)
holds (corresponding to (15.1.33(p110))) and that we have the following theorem, corresponding to Theorem 15.1.1(p.110)

Theorem 20.1.4 (analogy [R — P])  Let o/ {M:2[R][A]} holds on P x .Z. Then </ {M:2[P|[A]} holds on P x .7 where
A {M:2[P][A]} = As_ [ {M:2[R][A]}]. D (20.1.8)

In fact, from the comparisons of (I) and (II), of (I) and (III), of (III) and (IV), and of (II) and (IV) in Table 6.5.3(p39) we can
easily show that (20.1.4(p.151)) - (20.1.7(p151) ) hold.

20.1.2 A Lemma

The following lemma provides the conditions which determine if each of Theorems 20.1.1(p151), 20.1.2(p.151), and 20.1.3(p.151) holds
by testing whether or not each of (20.1.4(p.151)), (20.1.5(p.151) ), and (20.1.6(p.151) ) is true.

Lemma 20.1.1 (M:2[R][A])

(a) Theorem 20.1.1(p151) holds.

(b) Theorem 20.1.3(p.151) holds.

(¢) Ifp<a* orb<p, then Theorem 20.1.2(p151) holds.

(d) Ifa* < p<b, then Theorem 20.1.2(p151) does not always hold. 0
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® Proof (a) From Table 6.5.3(p.39) (I) we have, for any p € (—o0, 00),
SOE{M:2[R][A]} = {Vb = p, Vi = max{K (Vie1) + Vies, BVic1}, ¢ > 0}

First, applying the operation R (see Step 2(p.13)) to this leads to

RISOE(M2[RIAY] = {~Vo = p, —Ti = max{—K(Vi 1) — Vi1, —6Vi 1}, >0}
{7‘70 =p 7‘2 = 7min{}%(‘/t—1) + ‘A/t—lvﬁf/t—l}a > O}
Vo = —p, Vi = min{K (Vi—1) + Vie1, BVic1}, t> 0}

(Vo =p, Vi = —min{K (Vi_1) + Vie1,8Vs1}, t >0}

Then, applying Cr (see Step 3(p7)) to this yields
CeRISOE{M:2[R][A]}] = {Vo = , Vi = min{K (Vi_1) + Vi1, BVi_1}, ¢> 0}
Finally, applying Zr (see Step 4 (p.14)) to this produces
TrCaRISOE{M:2[R][A]}] = {Vb = p, Vi = min{K(Vi_1) + Vi_1,BVi1}, ¢> 0}
Since this holds for any p € (—o00, 00), it holds also for p € (—o0, 00), hence holds also for the ,5, ie.,

TeCaR[SOE{M:2[R][A]}] = {Vo = p, Vi = min{K(Vi_1) + Vi_1,BVi1}, t>0}
= {VO =p, Vi = min{R(Vt—l) + Vt—l,ﬁ‘?t_ﬁ, t >0}

(20.1.9)

(20.1.10)

(20.1.11)

(20.1.12)

(20.1.13)

due to p = ﬁ Now, we have Vj = p =V from (6.5.17(p39) ). Suppose Vi_1 = Vi_1. Then, the second term in the r.h.s. of
(20.1.13(p.132) ) can be rewritten as V; = min{K (Vs_1) + Vi—1,8Vi—1} = V4. Thus, by induction V; = V; for ¢t > 0. Accordingly
))

(20.1.13(p152) ) can be rewritten as
TxCaRISOE{M:2[R][A]}] = {Vo = p, Vi = min{K (Ve1) + Vie1, BVim1}, ¢ >0,
which is identical to SOE{M:2[R][A]} (see Table 6.5.30p3) (II)), i.e.,

SOE{M:2[R][A]}

ZrCrR[SOE{M:2[R][A]}]
= Sp_i[SOE{M:2[R][A]}] (see (12.5.30(p.75))).

Hence, since (20.1.4(p151) ) holds, it follows that Theorem 20.1.1(p.151) holds.
(b) From Table 6.5.3(p.39) (III) we have, for any p € (—oo, 00),

Vo = P
SOE{M:2[P|[A]} = { Vi = max{\8 max{0,a — p} + Bp — s, Bp}, }
Vi = max{K (Vs_1) + Vi—1,B8Vi1}, t>1
Applying the operation R to this leads to
Vo = p,
7Vl = maX{AB ma‘X{07 —a— p} + 5P -5, ﬁp}v
-V = max{—K (V;_1) — \A/t,h —6(/}71}, t>1

RISOE{M:2[P][A]}]

—Vo =p,
~Vi = max{—ABmin{0,a + p} + Bp — s, Bp},
~Vi = —min{K (Vi—1) + Vie1,8Vi1}, t>1

~Vi = —min{K (V1) + Vie1,8Vi1}, t>1
VO =0

Vi = min{A\8 min{0,a + p} + Bp — s, Bp},

Vi = min{K (Vs—1) + Vi1, BVi—1}, t>1

VO =p,

V= min{A\8 min{0,a — p} + Bp + s, B85},

Vi = min{K (Vs—1) + Vi1, BVi—1}, t>1

_VO =P
= —Vi = —min{A\8min{0,a + p} — Bp+ s, —Bp},

(20.1.14)

(20.1.15)
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Applying Cp to this yields
VO =P,
CpRISOE{M:2[P][A]}] = { Vi = min{A\Bmin{0,b — 5} + B85 + s, 85},
Vi = min{K (Vi—1) + Vi1, BVio1}, t>1
Applying Zp to this produces
VO =,
TpCpR[SOE{M:2[P|[A]}] = { Vi = min{\8min{0,b— p} + Bp + s, 85},
Vi = min{K (Vi—1) + Vic1,BVi1}, t>1

For the same reason as in the proof of (a), we can replace p by p, hence we obtain.

Vo =np,
IpCpR[SOE{M:2[P][A]}] = { Vi = min{A\8 min{0,b — p} + Bp + s, Bp}, } ,
Vi = min{K (Vi—1) + Vao1,B8Viz1}, t>1

which is the same as SOE{M:2[P][A]} given by Table 6.5.3(p3) (IV), hence we have

SOE{M:2[P][A]}

TeCpRISOE{M:2[R][A]}] (20.1.16)
= Sp_3[SOE{M:2[P][A]}] (see (14.5.30.13))). (20.1.17)

Hence, since (20.1.6(p151) ) holds, it follows that Theorem 20.1.3(p.151) holds.
(¢) Letp<a*orb<np.
1. Let p < a*. Then, since p < a* < a due to Lemma 13.2.1(pJ1) (n), we have max{0,a — p} = a—p---(1). In addition, since

Tr (p) = p — p from Lemma 10.1.1(p33) (f) and since Tp (p) = a — p from Lemma 13.2.1(p91) (f), we have
App([Te (p)] = Arselp — p] = a — p = T (p) = max{0,a — p} -+ (2) (due to (1))
2. Let b < p. Then, since a < b < p, we have max{0,a — p} = 0---(3). In addition, since Tk (p) = 0 from
Lemma 10.1.1(p53) (g) and since Ty (p) = 0 from Lemma 13.2.1(p91) (g), we have
Ar_p[Te (p)] = 0 = Ts (p) = max{0,a — p}---(4) (due to (3)).
From (2) and (4) , whether p < a* or b < p, we have

Asye[Ti (9)] = T (p) = max{0,a — p}, (20.1.18)
hence from (5.1.4(p23)) we have

Ar—p[Kr (p)] = Arsp[ABTR (p) — (1 — B)p — 8]
= MAr—p[Tr (p)] — (1= B)p — s

= ABmax{0,a — p} — (1 — B)p — s. (20.1.19)
Accordingly, we have
Ar_p[(6.5.18(p.3) ) with ¢t = 1]

= App[{Vi = max{Kz (Vo) + Vo, BVo}}]

= App[{Vi = max{Kz (p) + p, Bp} }]

= {Vi = max{Arp[Kz (p)] + p, Bp} }

= {Vi = max{A\Bmax{0,a — p} — (1 — B)p— s+ p,Bp}} (due to (20.1.19(153)))

— {Vi = max{ABmax{0,a — p} + Bp — 5, Bp}}

= {(6.5.2239) ) }.
The above result means that Ar_p[(6.5.18(p39)) with “¢ > 0” is separated into the two cases, (6.5.22(p.39)) with “¢ = 1” and
(6.5.23039)) “with “¢ > 1. This fact implies that

SOE{M:2[P][A]} = Ar_p[SOE{M:2[R][A]}]. (20.1.20)

Accordingly, since (20.1.5(p.151) ) holds whether p < a* or b < p, it follows that Theorem 20.1.2(p.151) holds.

(d) Let a* < p < b. Then, since the same reasoning as in the proof of (c) does not always hold, it follows that Theo-
rem 20.1.2(p.151) does not always hold. 1

Remark 20.1.1 (pseudo-reversible element p) Let us recall here that R is an operation applied only to attribute elements
which depend on the distribution function F' (see Section 12.1.1(p67)). Accordingly, the operation cannot be applied to the
constant p which is not related to F, implying that the p in the proofs of (a,b) is one resulting from merely rearranging the
expression -V = p as V= —p = V= p. However, superficially this transformation p — p seems to be the application of
the reversible operation R defined in Section 12.1.1(p67). For this reason, regarding this p, which is originally a non-reversible
element, as a reversible element of a sort (see Def. 12.3.3(p.7) ), let us call it the pseudo-reversible element. [
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20.1.3 Proof of &{M:2[R][A]}

20.1.3.1 Preliminary
From (6.5.18(p.39) ) and (5.1.8(p.23) ) we have

Ve = max{K(Vi-1) + (1 = f)Vi-1,0} + Vi

= max{L (V;=1),0} + Vi1, t>0, (20.1.21)
hence
Vi — BVie1 = max{L(Vi_1),0}, t>0. (20.1.22)
Then, for ¢t > 0 we have
Vi=L(Vic1)+BVici = K(Vic1) + Vicr i L(Vem1) >0 (see (5.1.9p.2))), (20.1.23)
Vi = BViq if (V1) <0. (20.1.24)

Finally, from (6.2.75(p31)) and from (6.2.71(p31)) and (6.2.73(p31)) we have

(Vic1) > (<) 0 = Conduct;, (Skip,s), t >0, (20.1.25)
> (<

St =L(Vio
(Vic1) ) 0 = Conduct;, (Skip,.), t>0. (20.1.26)

L
St =1L
20.1.3.2 Analysis
20.1.3.2.1 Caseof f=1and s=0

O Tom 20.1.1 (W.&/{M:2[R][A]}) LetB=1 ands=0.

(a) Vi is nondecreasing in t > 0.

(b) Let p>b. Then @+>0(0)) — - @
(¢) Let p<b. Then ®r>0(r)a where Conduct,>;>0a — — ®a

® Proof Let =1and s =0, hence 2. = zx =b---(1) from Lemmas 10.2.3(p36) (a). Then, since K (z) = AT (z)---(2) for
any z from (5.1.4(p23)), due to Lemma 10.1.1(p53) (g) we have K (z) > 0---(3) for any z and K(b) =0---(4).

(a) From (6.5.18(p.39) ) we have Vi > K (Vi—1)+ Vi—1 for t > 0, hence V; > V4 for ¢ > 0 due to (3). Thus V; is nondecreasing
int>0.

(b) Let p > b, hence p > z, due to (1). Then, since Vo > z. from (6.5.17(p%)), we have V;_1 > =z, for t > 0 from
(a). Hence, since L(V;—1) =0 for ¢ > 0 from Lemma 10.2.1(p5) (d), we have Vi — fV;_1 = 0 for ¢ > 0 from (20.1.22(p.154) ), thus
Vi—pBVici=0for 7>t >0,ie., Vs =Vi_y for 7 >t > 0. Hence, since V; = V,_1 =--- = "V, we have t; =0 for 7 > 0
due to Preference Rule 7.2.1(p43), i.e., @+>0(0).

(c) Let p <b. Then Vo < b from (6.5.17(p39)). Suppose Vi1 < b. Then, from Lemma 10.2.2(p5) (h) and (6.5.18(p3)) with
B =1 we have V; < max{K (b)+b,b} = max{b,b} due to (4), hence V; < b. Accordingly, by induction V;_; < b---(5) for t > 0,
s0 Vio1 < a1, for t > 0 due to (1). Thus, since L (V;—1) > 0 for t > 0 from Lemma 10.2.1(p5) (d), we have L(V;_1) > 0---(6)

for 7 >t > 0. Accordingly, from (20.1.22(p.134) ) we have V; — 8V;—1 > 0 for 7 > t > 0, i.e., Vi > Vi1 for 7 > ¢ > 0, hence
Ve > BVe_1 > - > B7Vh. Accordingly, we have tf = 7 for 7 > 0, i.e., ®r>0(7)a. Then Conduct;, for 7 > ¢ > 0 due to (6)
and (20.1.26(p154)). 1

20.1.3.2.2 Caseof S < or s >0

For explanatory simplicity, let us define

For any 7 > 1 there exists ¢5 > 0 such that

53[@4[© 1] = ! (1) ®e>7>0(r)s where Conduct,>¢>04,

(2) @r>te (th)) where Conductis >¢>0a-

O Tom 20.1.2 (®.o/{M:2[R][A]}) LetS<1ors>0andletp< xx.

(a) Vi is nondecreasing int > 0, is strictly increasing int > 0 if A <1 or a < p, and converges to a finite V> Tk ast — oo.
(b) Let . < p. Then @->0(0) — - @
(¢) Letp< z..

1. ®:1(l). where Conducti,. Below let 7> 1 — — ®a
2. Letp=1.
i. Leta<p. Then ®r>1(r). where Conduct >t>0a — — ®a

ii. Letp<a.
1. Let (Ap—s)/A<a.
i. Let A\=1. Then ©->1(1); where Conduct;, — = Oy
ii. Let A < 1. Then ®,>1(r). where Conduct,;>¢>0a — EAON
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2. Let (A\p—s)/A>a. Then ®r>1(r)s where Conduct,>¢>0. — — ®a
3. Letf<land s=0(s>0).
i. Leta<p.
1. Let b>0(k >0). Then ®r>1(r)a where Conduct,>¢>0. — — ®a
2. Let b< 0 (x <0). Then Ss(pl5) is true — = ®./0)

ii. Letp<a.
1. Let (A\Bu—3s)/d <a.

i. Let A=1.
2. Let b>0 (k >0). Then ®r>1(r)s where Conduct,>¢>0. — — ®a
3. Let b<0(k <0). Then ©r>1(1l) where Conducti, — — O
ii. Let A < 1.
4. Let b>0(k >0) . Then ®r>1(r)s where Conductr>¢>0. — — ®a
5. Let b< 0 (k <0). Then S3(pl5) is true — — ®./0)
2. Let (\Bpu—s)/d > a.
i. Let b>0(k >0). Then ®r>1(r)a where Conduct, >r>0. — — ®a
ii. Let b< 0 (k <0). Then S3(pls) is true — — ®./0)

® Proof Let § < lors>0andlet p< xx---(1). Then Vy < zk ---(2) from (6.5.17(p.39)) and K(p) > 0---(3) due to

Lemma 10.2.2(p55) (j1). Accordingly, from (6.5.18(p39)) with ¢t = 1 we have Vi — Vo = Vi — p = max{K (p),Bp — p} > K(p) > 0
due to (3), hence Vi > Vg - - - (4).

(a) Note (4), hence Vo < Vi. Suppose Vi—1 < V4. Then, from (6.5.18(p3)) ) and
Lemma 10.2.2p5) (e) we have Vi < max{K (V;) + V4, 8Vi} = Viy1. Hence, by induction V; > V,_; for t > 0, ie., Vi is
nondecreasing in ¢ > 0. Again note (4). Suppose Vi—1 < Vz. If A < 1, from Lemma 10.2.2(p5) (f) we have Vi < max{K(V;) +
Vi, BVi} = Vigq, and if a < p, then a < Vp from (6.5.17(p39) ), hence a < V4 for ¢ > 0 due to (a), thus from Lemma 10.2.2(p.5) (g)
we have V; < max{K(V;) + V4, 8V;} = Viy1. Therefore, whether A < 1 or a < p, by induction V;—1 < V; for t > 0, i.e., V;
is strictly increasing in t > 0. Consider a sufficiently large M > 0 with p < M and b < M, hence Vo < M from (6.5.17(p.3) ).
Suppose V;—1 < M. Then, from Lemma 10.2.2(p5) (e) and (6.5.18(p.39) ) we have V; < max{K(M)+ M, M} = max{SM —s, M}
due to (10.2.7 (2) (p5) ), hence Vi < max{M, M} = M due to 8 < 1 and s > 0. Thus, by induction V; < M for ¢t > 0, i.e., V; is
upper bounded in ¢. Accordingly V; converges to a finite V' as ¢ — oo. Then, since V = max{K (V) + V, V' } from (6.5.18(p.3) ),
we have 0 = max{K(V),—(1 — )V}, hence K(V) <0, so V > zx due to Lemma 10.2.2(p5) (j1).

(b) Let zr < p. Then, since zr <V, from (6.5.17(p.39) ), we have zr < V;_1 for ¢ > 0 due to (a), hence L (V;—1) < 0 for
t > 0 due to Corollary 10.2.1(p55) (a). Accordingly, since Vi — 8Vi—1 = 0 for ¢ > 0 from (20.1.22(p.154) ), we have V; — BVi—1 =0
for 7 >t > 0 or equivalently V; = SV;_; for 7 > t > 0, leading to V; = fV,_1 = --- = 7V}, implying that t; = 0 for 7 > 0,
ie, @r>0(0)-

(¢) Let p< x ---(5), hence Vo <  ---(6) from (6.5.17(p.39) ).

(c1) Since L (Vo) = L(p) > 0---(7) due to (5) and Corollary 10.2.1(p5) (a), we have Vi = L (Vo) + Vo ---(8) due to
(20.1.23(p154) ) with ¢ = 1, hence V4 > Vo ---(9). Accordingly, we have t] = 1, i.e., ®1(1)4 --- (10 ) and Conducti, ---(11) due
to (7) and (20.1.26(p154) ) with t = 1. Below let 7> 1.

(¢2) Let 8 =1, hence s > 0---(12) due to the assumption “8 < 1 or s > 0”. Then 6 = A---(13) from (10.2.1(p:4))
and T, = zx ---(14) from Lemma 10.2.3(p6) (b), hence K(z.) = K(2x) = 0---(15). Then, from (5) and (14) we have
p< zr---(16).

(c2i) Let a < p. Then a < Vo from (6.5.17(p39)), hence a < V;_1 for ¢ > 0 due to (a). Note (2). Suppose Vi_1 < zx. Then,
from (6.5.18(p.39)) with 8 = 1 and Lemma 10.2.2(p5) (g) we have V; < max{K (%x )+ Tx, Tk } = max{ ¥k, Tx } = Tx. Hence,

by induction V;_1 < xx for t > 0, thus V;—1 < zp for ¢ > 0 due to (14) Accordingly, since L(Vi—1) > 0 for ¢t > 0 from
Lemma 10.2.1(p5) (el), for almost the same reason as in the proof of Tom 20.1.1(p.154) (c) we have ®->1(r). and CONDUCT,>¢>04-

(c2ii) Let p<a---(17). Then Vo < a---(18) from (6.5.17(p3)). Here note that (8) can be rewritten as Vi = K (Vo) + Vo =
K(p)+p---(19) due to (5.1.9p3)). Then, from (17) and (10.2.7 (1) (p5)) with 8 =1 we have Vi = Au— s+ (1 — X)p---(20)

(c2iil) Let (Au—s)/A < a. Then xx = (Au—s)/A < a---(21) from Lemma 10.2.2(p5) (j2) and (13) . Hence K (a) < 0---(22)

from Lemma 10.2.2(p.5) (j1). Note (18). Suppose Vi—1 < a. Then, from Lemma 10.2.2(p5) (e) and (6.5.18(p39)) with 8 = 1 we
have V; < max{K (a) + a,a} = a due to (22) , hence by induction V;_; < a for ¢ > 0. Accordingly, from (6.5.183)) with 8 =1
and (10.2.7 (1) (p55) ) we have V; = max{A\p — s+ (1 — A)Vi—1,Vi—1}---(23) for ¢ > 0.

(c2iili) Let A = 1. Then, since Tx = p— s from (21), we have Vi = ju— s = zx ---(24) from (20) . In addition, from (23)

we have Vi = max{p — s, Vi_1} = max{ x,Vi_1} for t > 0. Note (24) . Suppose Vi_; = zx. Then V; = max{ =x, Tx } = Tx.
Accordingly, by induction V;_1 = @k for ¢ > 1, thus V;_y = 2, for ¢t > 1 due to (14) . Hence L(Vizi)=L(zr)=0fort>1,
80 L(Vz—1) =0---(25) for 7 > t > 1. Then, from (20.1.22(p154)) we have V; — Vi1 =0 for 7 > ¢t > 1, i.e.,, V; = BVi_; for
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T>t>1,leading to V. = gV,1 = -+ = 87 1Vi. From this and (9) we have V, = BVi_1 =---= BTV > 87V, hence
ty =1for 7 > 1, ie., ©®r>1(1)). Then, from (7) and (20.1.26(p154) ) with ¢ = 1 we have Conducti,.

(c2iilii) Let A < 1. Note (6). Suppose Vi—1 < 2. Then, since L (V;—1) > 0 due to
Lemma 10.2.1(p55) (el), from (20.1.23(p154) ) and Lemma 10.2.2(p5) (f) we have V; = K(Vi—1) + Vi—1 < K(xr )+ z. = x due to
(15) . Accordingly, by induction V;_1 < 1, for ¢ >0, so L(V;_1) > 0 for ¢ > 0 from
Lemma 10.2.1(p.5) (e1). Hence, for almost the same reason as in the proof of Tom 20.1.1(p.154) (¢) we have ®->1(r). and Conduct,>¢>04-

(c2ii2) Let (Aw—s)/A > a. Then zx > (Au—s)/A>a---(26) from Lemma 10.2.2(p5) (j2). Note (6). Suppose V;_1 < 1 .
Then L (V;—1) > 0 from Lemma 10.2.1(p5)(el), hence V; = K (Vi—1) + Vi—1 from (20.1.23(p154) ). Now, since a < Tx = L
due to (26) and (14) , from Lemma 10.2.2(5) (h) we have V; < K(z. )+ 2. = 1 due to (15). Accordingly, by induction
Vici < xp ---(27) for t > 0, thus L (Vi—1) > 0 for ¢ > 0 from Lemma 10.2.1(p.5) (el). Hence, for almost the same reason as in
the proof of Tom 20.1.1(p154) (c) we have ®->1(r). and Conduct,>¢>0..

(3) Let f<land s=0(s>0).

(c3i) Let a < p---(28). Then, we have a < Vp from (6.5.17(p%)), hence a < Vi1 ---(29) for ¢t > 0 from (a). Note (4).

Suppose Vi—1 < V;. Then, from Lemma 10.2.2(p5) (g) and (6.5.18(p.39) ) we have V; < max{K (V%) + V4, 8Vi} = Vit1, hence by
induction Vi—1 < V; for t > 0. Accordingly, it follows that Vi_1 is strictly increasing int > 0---(30).

(c3i1) Let b>0 (x >0). Then, x, > 2x > 0---(31) from Lemma 10.2.3p56) (¢ (d)). Note (2). Suppose Vi_1 < @x.
Then, from (29), Lemma 10.2.2p5) (g), and (6.5.18(p3)) we have V; < max{K (zx )+ =x,B7x} = max{zx,B2x } = zx due
to zx > 0. Accordingly, by induction Vi_1 < zx for ¢t > 0. Then, since V;—1 < z. for ¢ > 0 due to (31) , we have L (Vi—1) >0
for t > 0 from Corollary 10.2.1(p55) (a). Consequently, for almost the same reason as in the proof of Tom 20.1.1(p.154) (¢) we have
®r>1(T)a t and Conduct,>¢>0a4-

(c3i2) Let b<0 (x <0). Then =, < Tk ---(32) from Lemma 10.2.3(p3) (c (d)). Note (6) , hence Vo < 1. Assume that
Vi1 < xp for all t > 0, hence V < z, due to (a). Then, since zx < V---(33) due to (a), we have the contradiction of

< < 32). i if i i j - . 6 30
V<o < ok = 14 f.rom (32) Accorch‘r}oglz,‘1)‘1 is {rgpgs%lglglt}%atxi/} 2 ‘%. x<L ‘2(2r+§1ll<t‘ > 0 Therefore, from (6) and (30) we
see that there exists ¢t > 0 such that ™ T ™
Hence, for almost the same reason as in the proof of Tom 11.2.2(p0) (c2iii2) we immediately see that Ss is true.

(c3ii) Let p<a---(34), hence Vo < a from (6.5.17(p3) ). Then, from (19) and (10.2.7 (1) (p5)) we have Vi = A\3u— s+ (1 —

A)Bp.
(c3iil) Let (ABpu—s)/6 < a. Then, since tx = (ABu—s)/d < a---(35) from Lemma 10.2.2(p55) (j2), we have § tx = ABu—s,
hence Vi =dzx + (1 —X)Bp---(36).

(c3iili) Let A = 1. Then, since § = 1 from (10.2.1p5)), we have 2x = Bu — s < a from (35) and Vi = zx < a---(37)
from (36) .

(c3iilil) Let >0 (x > 0). Then z, > zx > 0---(38) due to Lemma 10.2.3(p36) (c (d)). Note (37) . Suppose Vi_1 = @x.
Then, from (6.5.18(p.39) ) we have V; = max{K (xx )+ Zx,B2x } = max{xk,B8%x } = xx due to rx > 0. Hence, by induction
Vie1 = axk for t > 1, thus Vi1 < z, for t > 1 due to (38). Accordingly L(Vz—1) > 0 for ¢t > 1 from Corollary 10.2.1(p.5) (a),
hence L (Vi—1) > 0 for ¢ > 0 due to (7). Therefore, for almost the same reason as in the proof of Tom 20.1.1(p.154) (¢) we have
®+>1(7)a and Conduct,>¢>0a4-

(c3iili2) Let b <0 (x <0). Then, since z, < zx due to Lemma 10.2.3p30) (c (d)), from (37) we have Vi > z.,
hence Vi1 > xp for ¢t > 1 from (a), so Va1 > zp for 7 > ¢ > 1. Accordingly, since L(Vi—1) < 0 for 7 > ¢ > 1 from
Corollary 10.2.1(p5) (a), we obtain V; — 8Vi—1 = 0 for 7 > ¢ > 1 from (20.1.22(p.154) ) or equivalently V; = SV;_q for 7 >t > 1,
leading to V; = fV,_1 = --- = 877'Vi. From this and (9) we obtain V, = BVi_1 =---= B4 > B7Vp, hence t* =1 for
7> 1,1ie, ©r>1(1)). Then, we have Conduct;, from (7) and (20.1.26(p154) ) with t = 1.

(c3iilii) Let A < 1. Note (4). Suppose Vi1 < Vi. Then, from (6.5.18p3)) and Lemma 10.2.2(5) (f) we have Vi <
max{K (V) + V4, BVi} = Viy1, hence by induction Vi—1 < V; for ¢t > 0. Accordingly, it follows that V; is strictly increasing in
t>0---(39).

(c3iiliil) Tet >0 (x >0). Then L > x >0---(40) from Lemma 10.2.3p56) (c (d)). Note (2). Suppose Vi—1 < zx.
Then, from (6.5.18(p.39)) and Lemma 10.2.2(p55) (f) we have V; < max{K(zx)+ Zx,B%x} = max{zx,BTx} = xx due to
zx > 0. Hence, by induction V;_1 < xx for t > 0, thus V;_1 < zp for t > 0 due to (40) . Accordingly, since L(Vi—1) > 0
for ¢ > 0 from Corollary 10.2.1(p.35) (a), for almost the same reason as in the proof of Tom 20.1.1(p15) (c) we have ®->1(r). and
Conduct,>¢>0a-

(c3iilii2) Let b<0 (k <0). Then =, < zx from Lemma 10.2.3(pi6) (c (d)). Note (6), hence Vo < z.. Assume that
Vici < xp for all ¢ > 0, hence V < 2z . Then, since zx < V from (a), we have the contradiction of V < zr < zx < V.
Accordingly, it is impossible that V;_; < xp for all ¢ > 0. Therefore, from (6) and (39) we see that there exists 2 > 0 such
that

i

Vo<Vi< <V 1< 2 SVie <Vieqr <-o-

TNote that we have ®r>1(r)a instead of ®r>0(r)a due to (cl).
#Note the fine difference between Sz and S1(p60) .
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hence for almost the same reason as in the proof of Tom 11.2.2(p60) (c2iii2) we have S3* is true.

(c3ii2) Let (ABpu—s)/A>a---(41). Then zx > (ABu—s)/6 > a---(42) from Lemma 10.2.2(p5) (j2). Let us note here
that:
1. Let A < 1. Then V; is strictly increasing in t > 0 for the same reason as in the proof of (c3iilii).

2. Let A = 1. Then By —s > a---(43) from (41). Now, since K (p) + p = Su — s from (10.2.7 (1) (p5)) and (34) , we have

Vi = Bu — s from (19)7 hence Vi > a from (43), so Vi1 > afor t > 1 from (a). Note (4). Suppose Vi—1 < Vi. Then, from
(6.5.18(p39) ) and Lemma 10.2.2(p55) (g) we have V; < max{K (V;) + V4, 8V4} = Viq1. Accordingly by induction V;—; < V; for
t >0, i.e., V; is strictly increasing in t > 0.

Consequently, whether A < 1 or A = 1, it follows that V; is strictly increasing int > 0---(44).

(c3ii2i) Let b>0(x >0). Then =, > xx > 0---(45) from Lemma 10.2.3p56) (c (d)). Note (2). Suppose Vi 1 < k.

Then, from (6.5.18(p.%)) and from (42) and Lemma 10.2.2(p5) (h) we have V; < max{K (2« )+ =x,B2x } = max{zx,B2x } =
zx due to zx > 0. Accordingly, by induction V;_1 < zx for t > 0, hence V,_1 < @ for t > 0 from (45), so L(Vs_1) > 0 for
t > 0 from Corollary 10.2.1(p55) (a). Hence, for almost the same reason as in the proof of Tom 20.1.1(p.154) (¢) we have ®r>1(T)a
and Conduct,>¢>0a-

(c3ii2ii) Let b<0(x <0). Then . < xx ---(46) from Lemma 10.2.3(p30) (c (d)). Note (6) . Assume that V;—y < z, for
all t > 0, hence V < xr ---(47). Now, since zx <V from (a), we have the contradiction of V < z, < xx < V. Accordingly,

it is impossible that V;_; < @, for all t > 0. Therefore, from (44) and (6) we see that there exists ¢2 > 0 such that
Vo<Vi<:- o <Vieci<azp SVie <Vipqy1 <01,

hence for almost the same reason as in the proof of Tom 11.2.2(p.60) (c2iii2) we have S3 is true. 1

O Tom 20.1.3 (M &/{M:2[R][A]}) LetB<1ors>0andletp= Tx.

(a) V4 is nondecreasing in t > 0.

(b) Let B=1. Then @r>0(0) > — @
(¢) LetB<land s=0(s>0).
1. Let b>0(k >0). Then ®r>o0(r)a where Conduct,>¢>0. — — ®a
2. Let b<0(xk <0). Then @+>0{0)) — - @

® Proof Let f<1lors>0andlet p= zx. Then Vj = xx --- (1) from (6.5.17(p.39)), hence K (Vo) = K(Tx) =0---(2).

(a) We obtain Vi > K(Vo) 4+ Vo = Vo---(3) from (6.5.18(p3)) with ¢ = 1 and (2). Suppose Vi1 < Vi. Then, from
Lemma 10.2.2(p5) (¢) we have Vi < max{K (V) + V4, 8Vi} = Viq1. Hence, by induction Vi > Vi_y for t > 0, ie., V; is
nondecreasing in ¢ > 0.

(b) Let 8 =1, hence s > 0 due to the assumption “8 < 1 or s > 0”. Then =, = zx from Lemma 10.2.3(36) (b). Note (1).
Suppose V;—1 = Tx. Then, from (6.5.18(p.39)) we have V; = max{K (k) + Tk, Tk } = max{ Tk, Tk } = Tx. Accordingly, by
induction Vi_1 = zx for ¢ > 0, hence Vi1 = x fort > 0, s0 L(Vs—1) = L(2r) = 0 for t > 0. Accordingly, for the same
reason as in the proof of Tom 20.1.1(p.154) (b) we obtain @ ->0(0);.

(¢) Let S<land s=0(s>0).

(c1) Let b>0 (k>0). Then = > zx >0---(4) from Lemma 10.2.3(p36) (c (d)). Note (1). Suppose Vi_1 = zx. Then,
from (6.5.18(p.39) ) we have V; = max{K (zx )+ =x,B2x } = max{zx,BTx} = zx due to zx > 0. Accordingly, by induction
Viei = xk for t > 0, hence Vi1 < xr for t > 0 due to (4), so L (Vi—1) > 0 for ¢t > 0 due to Corollary 10.2.1(p55) (a). Therefore,
for the same reason as in the proof of Tom 20.1.1(p154) (c) we have ®r>0(r). and Conduct,>¢>04-

(¢2) Let b<0 (k <0). Then,since . < zx from Lemma 10.2.3(p36) (c (d)), we have 2, < Vj from (1), hence z, < Vi,
for t > 0 from (a), so L (Vz—1) < 0 for ¢ > 0 due to Corollary 10.2.1(p55) (a). Then, since V;—BV;_1 = 0 for ¢ > 0 from(20.1.22(p.154) ),
for the same reason as in the proof of Tom 20.1.1(p.154) (b) we obtain @->0(0);. I

There exist ¢; and ¢ (¢ > ¢; > 0) such that
(1) @es>7>0(0),

(2) ®7>te () where Conduct,>t>te 4 -++(1") and
where C~Se >t>0 4 -+ (27) and
C~Ste>t>0a (CSto>t>0a ) o+ (3).F

O Tom 20.1.4 (W &/{M:2[R][A]}) LetB8<1ors>0andletp> Tk.
(a) LetB=1orp=0=}
1. Vi=p fort>0.

fNote the fine difference between S3 and Si(ps0).
TSee Def. 2.2.1(p.12) for the definition of the symbol C~S .
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2. Let xr < p. Then @r>0(0) — - @)
3. Let xr > p. Then ®r>o0(r)s where Conduct,>¢>04 — — ®.
(b) LetB<landp>0andlet s=0(s>0).

1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.

2. Let b<0(k <0). Then @->0(0) — - @
3. Let b>0(k>0).

i. Letp< wr. Then ®r>o0(r)a where Conduct,>¢>04 — — ®a

ii. Letp= zr. Then @1(0); and ®r>1(r)s where Conduct,;>¢>0. > o JVAON

ili. Let xr < p. Then S4 (o8 [l Je-se[e-sa] s true s — ©./ @/ (8)s /5 )a

(¢c) Letf<landp<O0andlet s=0(s>0).
1. Vi is nondecreasing in t > 0.
2. Let b<0(k<0). Then @->0(0) — - @
3. Let b>0(k>0). Then ®r>0(r)s where Conduct,;>¢>0a — — ®a
® Proof Let f <1lors>0andletp> zx---(1). Hence Vo > zx ---(2) from (6.5.17(p39)) and K (p) < 0---(3) due to

Lemma 10.2.2(p.5) (j1). Note that Vo > xx. Suppose Vi1 > k. Then, from (6.5.18(p3))) and
Lemma 10.2.2(p.5) (¢) we have V; > K(Vi—1) + Vi—1 > K(2x) + Tx = Zx. Hence, by induction Vi_1 > @k ---(4) for t > 0.
From (6.5.18(p3)) ) with ¢ = 1 we have

Vi—=Vo =Vi—p=max{K(Vo)+ Vo, 8Vo} — p=max{K(p) + p, Bp} — p = max{K (p), —(1 — B)p}--- (5).

(a) LetB=1lorp=0.

(al) Then, since —(1 — 8)p = 0, due to (3) we have Vi — Vi = 0 from (5)7 ie.,, Vo = V1. Suppose V;_1 = V;. Then, from
(6.5.18(p.39) ) we have Vi = max{K (Vi) + V4, BV:} = Vit1. Thus, by induction V;—1 = V; for t > 0, i.e., Vo = Vi = Vo =+ hence
Vi=W=pfort>0.

(a2) Let 2. < p. Then, since z. < Vi_; for ¢ > 0 from (al), we have L (V;—1) < 0 for ¢ > 0 due to Corollary 10.2.1(p.5) (a),
hence V; — BVi—1 = 0 for ¢t > 0 from (20.1.22(p.154) ). Accordingly, for the same reason as in the proof of Tom 20.1.1(p.154) (b) we
obtain @ r>0(0).

(a3) Let xr > p. Then, since x > V;_; for ¢t > 0 from (al), we have L (V4—1) > 0 for ¢ > 0 due to Corollary 10.2.1(p3) (a),
hence for the same reason as in the proof of Tom 20.1.1(p.154) (¢) we obtain ®,>0(r). and Conduct,>;>04.

(b) Let B<1---(6)and p>0---(7) and let s =0 (s >0) . Then, since —(1—8)p < 0---(8), from (5) and (3) we have
Vi—Vo<0,s0 Vi > Vp, hence p="Vy > Vi---(9) from (6.5.17(p.39)).

(bl) We have Vo > Vi from (9). Suppose Vi—1 > V;. Then, from (6.5.18(p.39)) and Lemma 10.2.2(p5) (e) we have V; >
max{K (V) + V4, BVi} = Vit1. Hence, by induction Vi—1 > V; for ¢ > 0, i.e., V4 is nonincreasing in ¢ > 0. In addition, since V4
is lower bounded in ¢ due to (4), it follows that V; converges to a finite V' as t — oo. Accordingly, from (4) we have V > k.

(b2) Let b<0 (k<0). Then, since . < zx due to Lemma 10.2.3(p56) (c (d)), from (4) we have V;_; > x. for t > 0.
Accordingly, since L(Vi;—1) < 0 for ¢ > 0 from Corollary 10.2.1(p5) (a), we have V; — 8Vi—1 = 0 for ¢t > 0 from (20.1.22(p.154) ),
hence for the same reason as in the proof of Tom 20.1.1(p.154) (b) we obtain @ r>0(0).

(b3) Let b>0(x >0). Then o > xx >0---(10) from Lemma 10.2.3(p36) (c (d)).
(b3i) Let p < xr. Then, since Vo < z. from (6.5.17(p39)), we have Vi;_1 < x. for ¢ > 0 due to (bl). Therefore, since

L(Vi—1) > 0 for t > 0 from Corollary 10.2.1(p35) (a), for the same reason as in the proof of Tom 20.1.1(p.154) (c) we have ®r>0(7)a
and CONDUCT;>¢>0a-

(b3ii) Let p = =L ---(11). Then, since Vo = =z, from (6.5.17(p39)), we have L(Vo) = L(x.) = 0---(12), hence from
(20.1.24(p154) ) with ¢ = 1 we have Vi = BV --- (13), so t} = 0, i.e., @1(0);. Below let 7 > 1. From (9) and (11) we have Vi <
Vo = 1. Accordingly, since V;—1 < xp for ¢ > 1 from (bl), we have L (V;—1) > 0---(14) for ¢t > 1 from Corollary 10.2.1(p3) (a),
hence L (Vi—1) > 0---(15) for 7 > t > 1. Therefore, V; — fV;—1 > 0 for 7 > ¢ > 1 from (20.1.22p154) ), hence V; > BV;_1 for
T>t>1,s0that Vs > 8Vs_1 > --- > 77 1Vi. From this and (13) we obtain [V, > BVii1>--> By =8V, for 7 > 1,
hence t = 7 for 7 > 1, i.e., ®->1(r)a. Then Conduct;, for 7 > ¢ > 1 due to (15) and (20.1.26(p1) ).

(b3iii) Let . < p, hence z, < Vp---(16) from (6.5.17(p.3)), so = < Vp. Suppose x, < Vi_i---(17) for all t > 0.

Then, since L (Vi—1) < 0 for ¢ > 0 from Corollary 10.2.1p5) (a), we have V; = BV;_; for ¢t > 0 from (20.1.24(p15) ), hence
Vi = B'Vo = Bp > 0 for t > 0 due to (7). Then, since lim;_ o V; = 0 due to (6), from (10) we have z. > zx > V; > 0 for
a sufficiently large ¢, which contradicts (17) . Hence, it is impossible that #;, < V;_; for all ¢ > 0. Accordingly, from (16) and
(b1) we see that there exist ¢7 and ¢} (¢7 < t3) such that

VoxViz 2V a>Vie=Viepi=-=Vee_1=ar >Vie 2 Vieg1 >0 (18)

Hence, we have

TThe inverse of the condition “B=1lorp=0"1is “B < 1and p# 07", which is classified into the two cases of “f < 1and p > 0” and “8 <1
and p < 07, leading to the conditions in (b) and (c) that follows.
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xr > Ve, xp > Vieqq, o1,
Vie=2ar, Viequn =2, -+, Vo1 = 21,
Vo> zo, Vi> 2w, -+, Vo1 > a1,
or equivalently
zr >Vio1---(19),  t>t5,
Vici = oz ---(20), & >t>1t7,
Vici> xp---(21),  t2>¢>0.
Accordingly, we have:

1. Let t2 > 7 > 0. Then, since V,_1 > z, for 7 > ¢ > 0 from (20) and (21), we have L(V;_1) < 0---(22) for 7 >t > 0

from Corollary 10.2.1(p5) (a), hence Vi — BVi—1 = 0 for 7 > ¢ > 0 from (20.1.22(p.154) ), i.e., Vi = BVi—1 for 7 >t > 0, leading
to Ve =BViey = --- = B7Vo---(23), hence t7 =0 for t7 > 7 > 0, i.e., @2 >7>0(0)). Accordingly, S4(1) is true. Then,

from (23) with 7 = 2 we have Vie =fBVie 1 =---= BV - (24),
2. Let 7 > 5. Then, since x, > V;y for 7 > ¢ > % from (19), we have L (Vi_1) > 0---(25) for 7 > ¢t > 5 from

Corollary 10.2.1(p5) (a), hence V; — 8Vi—1 > 0 for 7 > ¢ > t5 from (20.1.22(p134) ), i.e., Vo > BVi—q for 7 > ¢ > t;, leading to
Ve> Vi > > 574.7‘/}; -+-(26). From this and (24) we have

Ve >pBVeei > > ,BT_t.TVt; = 5T_t;+1Vt;71 = ="MW,

hence t7 = 7 for 7 > t3, i.e., ®r>t2 ()4, 50 the former half of 84(2) is true.

(i) We have Conduct;, for 7 > >t ---(27) form (25) and (20.1.26(p.15)) ). Hence the latter half (1*) of S4(2) is true.

Below let us show the latter half (2*) and (3%) of S4(2).

(ii) If t3 >t > t2, then L(Vi—1) = L( 2z ) = 0 from (20) | hence we have Skip,, from (20.1.25(15) ), implying C~S¢, (see
Figure 7.2.1(p42) (I)) or equivalently C~8 s >¢>t0 5. Hence the latter half (2*) of 84(2) is true.

(iii) If¢2 > ¢ > 0, then L (V;—1) = (<) 0% from (21) and Lemma 10.2.1(p5) (d (e1)), hence we have Skip,, (Skip,,) from
(20.1.25p150) ) ((20.1.26(.150) )) , implying C—S, (C~S¢4) or equivalently
C~Sto>t>0a (CSto>t>04) . Hence the latter half (3%) of S4(2) is true..
(c) Letf<landp<0---(28)andlet s=0(s>0).

(cl) Since —(1 — B)p > 0, from (5) we have V4 — Vo > 0, i.e., Vo < Vi, hence Vo < Vi. Suppose V;—1 < Vi. Then, from
(6.5.18(p39) ) and Lemma 10.2.2(p.5) (e) we have V; < max{K (V;) + V4, BV;} = Vi41. Hence, by induction V;—1 < V; for ¢t > 0, i.e.,
V; is nondecreasing in ¢ > 0.

(c2) Let b<0 (k<0). Then z, < xx due to Lemma 10.2.30p5) (c (d)), hence from (4) we have V;_y > z, for ¢t > 0.
Accordingly, since L (V;—1) < 0 for ¢ > 0 from Corollary 10.2.1(p.5) (a), we have V; — 8V;—1 = 0 for ¢ > 0 from (20.1.22(p.154) ),
hence for the same reason as in the proof of Tom 20.1.1(p.154) (b) we obtain @->0(0);.

(c3) Let b>0 (k>0). Then x > xx >0---(29) from Lemma 10.2.3{p56) (c (d)). Then, since p < 0 < xx from (28) and

(29) , we have Vo < zx from (6.5.17(p39) ), hence Vo < . Suppose Vi1 < Zx, hence V;_; < zr form (29) | thus L (V;_1) > 0
from Corollary 10.2.1(p5) (a). Accordingly, from (20.1.23(p15%)) and Lemma 10.2.2(p5)(e) we have Vi = K (Viz1) + Vior <
K(xx) 4+ xx = zx. Hence, by induction V;—1 < zx for t > 0, so Vi1 < zr for ¢ > 0 from (29) . Therefore, since
L(Vi—1) > 0---(30) for t > 0 from Corollary 10.2.1(p.5) (a), for the same reason as in the proof of Tom 20.1.1(p15) (c) we have

®r>0(r)a and Conduct,>¢>0a. I

20.1.3.3 Market Restriction

20.1.3.3.1 Positive Restriction

O Pom 20.1.1 (&/{M:2[R][A]T}) Suppose a > 0. Let =1 and s = 0.

(a) Vi is nondecreasing in t > 0.

(b) Letp>b. Then @+>0(0);.

(¢) Let p<b. Then ®r>0(r)a where Conduct,>;>0a4-

® Proof The same as Tom 20.1.1(p.1534) due to Lemma 17.4.4(p.116). N

O Pom 20.1.2 (&/{M:2[R][A]T}) Suppose a > 0. Let <1 ors >0 and let p < T .

(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a < p, and converges to a finite V> Tx ast — oo.

(b)  Let x < p. Then @ +>0(0)-
(¢) Letp< zv.

Hf s = 0, then L(V;_1) =0, or else L (V;_1) < 0.
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1. ®:1(l). where Conducti,.
2. Let =1, hence s > 0.

i. Leta <p. Then ®r>1(r). where Conduct >;>0a-
ii. Letp<a.
1. Let (Ap—s)/A<a.
i. Let A\=1. Then ©r>1(1), where Conducti,.
ii. Let A\ < 1. Then ®r>1(t)s where Conduct:>¢>0a-
2. Let (A\n—3s)/A > a. Then ®->1(r)s where Conduct,>¢>0.4.
3. Letf<1ands=0. Then ®,>1(r)a where Conduct >¢>0a-
4. Let <1 and s> 0.
i. Leta<p.
1. Let ABu > s. Then ®r>1(r). where Conduct >¢>04-

2. Let A\Bu < s. Then S3(p.13d) is true.
ii. Letp<a.
1. Let (A\Bu—3s)/d <a.
i. Let A =1.
1. Let B> s. Then ®r>1(t)a where Conduct>¢>0a-
2. Let B < s. Then ©->1(1) where Conducti,.
ii. Let A < 1.
1. Let A\Bp > s. Then ®r>1(r)a where Conduct,>;>0a-

2. Let A\Bu < s. Then S3(pldd) is true.
2. Let (A\Bu—8)/6 > a. Then ®r>1(r)s where Conduct,>¢>0a-

® Proof Suppose a > 0---(1), hence b > a > 0---(2). Then, we have kK = A\Fu — s---(3) from
Lemma 10.3.1(p57) (a).
(a~c2ii2) The same as (a-c2ii2) of Tom 20.1.2(p.154) .

(c3) Let B <1ands=0. Then, due to (2) it suffices to consider only (c3il,c3iilil,
¢3iiliil,c3ii2i) of Tom 20.1.2(p.154).

(c4) Let f<1ands>0.
(cdi-c4iilii2) Immediate from (3) and (c3i-c3iilii2) of Tom 20.1.2(p13) with f.

(c4ii2) Let (ABu — s)/6 > a. Then, since(ABu — s)/6 > a > 0 due to (1), we have A\3u — s > 0, so that £ > 0 due to (3).
Hence, it suffices to consider only (c3ii2i) of Tom 20.1.2(p.154). 1

O Pom 20.1.3 (&/{M:2[R][A]"}) Suppose a > 0. Let <1 ors >0 and let p= k.

(a) Vi is nondecreasing in t > 0.
(b) Let 8=1. Then @ +>0(0)-
)

)

(c Let 5 <1 and s =0. Then ®r>o0(t)s where Conduct,>¢>04-
(d) LetB<1ands>D0.

1. Let ABu > s. Then ®r>0(r)s where Conduct,>¢>0a-
2. Let \Bu <'s. Then @->0(0)-

® Proof Suppose a > 0, hence b > a > 0---(1). Then, we have k = A\ — s---(2) from Lemma 10.3.1(p57) (a).
(a,b) The same as (a,b) of Tom 20.1.3(p.157) .
(¢) Let 8<1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 20.1.3(p.157 .
(d) Let < 1ands>0.
(d1,d2) Immediate from (2) and (c1,c2) of Tom 20.1.3(p17) with . 1

O Pom 20.1.4 (Z/{M:2[R][A]"}) Supposea >0. Let B <1 ors>0 and let p > Tx.
(a) LetB=1o0rp=0.

1. Vi=pfort>0.

2. Let xr < p. Then @+>0(0).

3. Let xr > p. Then ®r>o0(r)s where Conduct >¢>04-
(b) Let8<1andp>0 andlet s =0.

1. Vi is nonincreasing in t > 0 and converges to a finite V = Tk ast — oco.
2. Let p< xr. Then ®r>o0(r)a where Conduct>¢>0a-
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3. Letp= zr. Then ®r>1(r)a where Conduct >;>1a-

4. Let xp < p. Then Sy m is true.

(¢) Letp<1andp>0andlets>0.

1. Vi is nonincreasing in t > 0 and converges to a finite V = Tk ast — oco.

2. Let \Bu <s. Then @+>0(0);.
3. Let \Bu > s.
i. Letp< zr. Then ®r>0(r)a where Conduct,>¢>0a-

ii. Letp= wr. Then ®r>1(r)a » where Conduct,;>¢>1a-

iii. Let x, < p. Then Sy is true (see Numerical Example 5(p184)).

(d) Let 8<1andp<0 and let s =0.

1. Vi is nondecreasing in t > 0.

2. ®r>0(r)a where Conduct,>;>0a-
(e) Letp<1andp<O0 andlets>D0.

1. Vi is nondecreasing in t > 0.

2. Let \Bu <s. Then @->0(0)-

3. Let \Bu > s. Then ®r>0(r). where Conduct,>¢>0a-

® Proof Suppose a > 0, hence b > 1> a > 0---(1). Then Kk = A\Bp — s---(2) from Lemma 10.3.1(p37) (a).

(a-a3) The same as (a-a3) of Tom 20.1.4(p.157).

(b-b4) Let 8 <1and p> 0 and let s = 0. First, (bl) is the same as (bl) of Tom 20.1.4(p157) . Next, due to (1) it suffices to
consider only (b3i-b3iii) of Tom 20.1.4(p.157).

(c-c3iii) Let 8 < 1 and p > 0 and let s > 0. First, (c1) is the same as (b1) of Tom 20.1.4(p157) . Next, due to (1) and (2) it
suffices to consider only (b3i-b3iii) of Tom 20.1.4(p.157) .

(d-d2) Let 8 <1 and p <0 and let s = 0. First, (d1) is the same as (c1) of Tom 20.1.4(p.157). Next, since & = ABu > 0 due
to (2) and (1), it suffices to consider only (¢3) of Tom 20.1.4(p.157) .

(e-e3) Let B8 <1 and p < 0 and let s > 0. First, (el) is the same as (c1) of Tom 20.1.4(p.157). Next, (e2,e3) are the same as
(¢2,¢3) of Tom 20.1.4(p157) due to (2). 1

20.1.3.3.2 Mixed Restriction
Omitted.

20.1.3.3.3 Negative Restriction
Omitted.

20.1.4 Derivation of «/{M:2[R][A]}

20.1.4.1 Preliminary

Due to Lemma 20.1.1(p151) (a), we see that the following Tom’s 20.1.5(p.16]) —20.1.8(p162) can be obtained by applying Si .3 (see
(18.0.1(p128) )) to Tom’s 20.1.1(p.154) —20.1.4(p157) (see Theorem 20.1.1(p.151)).

20.1.4.2 Analysis
20.1.4.2.1 Caseof 3=1and s=0

O Tom 20.1.5 (2.« {M:2[R][A]}) Let B =1 and s = 0.

(b) Let p<a. Then @->0(0).
(c Let p > a. Then ®r>0(t)s where Conduct,>¢>0a. U

® Proof by symmetry Immediate from applying Sy .5 to Tom 20.1.1(p154). 1

(a) V4 is nonincreasing in t > 0.
)
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20.1.4.2.2 Caseof 3<lors>0

O Tom 20.1.6 (2.7 {M:2[R][A]}) Let <1 ors>0 and let p > .

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1 or b > p, and converges to a finite V < T

(b)  Let z > p. Then @ r>0(0)-
(¢) Letp> 7.

1. ®:1(l). where Conducti,. Below let 7 > 1.
2. Letp=1.
i. Letb> p. Then ®->1(r)a where Conduct->¢>0a4-
ii. Letp>b.
1. Let (Au+s)/A>b.
i. Let A\=1. Then ©r>1(1), where Conducti,.
ii. Let A < 1. Then ®->1(7). where Conduct,;>;>0a-
2. Let A+ s)/A<b. Then ®~->1(r)a where Conduct,>¢>0a-
3. Letf<1lands=0(s>0).

i. Letb> p.
1. Leta<0 (kK <0). Then ®->1(r)a where Conduct,;>¢>0a-
>0

2. Leta>0 (kR ). Then Ss3(pl) is true.

ii. Letp>b.
1. Let (A\Bu+s)/d >b.
i. Let A= 1.

1. Leta <0 (kK <0). Then ®r>1(r). where Conduct >¢>0a4-
2. Leta>0 (k& >0). Then ©-r>1(1); where Conducti,.
ii. Let A < 1.
1. Leta <0 (K <0). Then ®r>1(r). where Conduct >¢>0a4-
2. Leta >0 (& >0). Then Ss(p15) is true.
2. Let (\Bu+s)/6 <b.
i. Leta<0 (kK <0). Then ®->1(r)s where Conduct,>¢>0a-

ii. Leta>0 (k> 0). Then S3(pl5) is true. [

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.1.2(p.154). 1

O Tom 20.1.7 (2.« {M:2[R][A]}) Let 8 <1 ors>0 and let p= 7.

(a) Vi is nonincreasing in t > 0.

(b) Let 8=1. Then @r>0(0)-

(¢) Letp<1lands=0(s>0).
1. Leta<0 (& <0). Then ®r>o0(r)s where Conduct:>¢>04-
2. Leta>0 (kK >0). Then @+>0(0);. U

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.1.3(p157). 1

O Tom 20.1.8 (D .«/{M:2[R][A]}) Let 8 <1 ors>0 and let p < Tj.

(a) LetB=1orp=0.
1. Vi=p fort>0.
2. Let 7 > p. Then @ +>0(0).
3. Let 7 < p. Then ®r>o0(r)a where Conduct:>¢>0a-
(b) LetB<1andp<0andlets=0(s>0).
1. Vi is nondecreasing in t > 0 and converges to a finite V = T ast — oo.
2. Leta>0(~k>0). Then @->0(0).
3. Leta<0 (& <0).
i. Let p> 7. Then ®r>0(r)a where Conduct,>¢>0a.-
ii. Letp= Z;. Then @1(0); and ®r>1(r). where Conduct,;>¢>0a-
iii. Let Tz > p. Then S4 m is true.
(¢) Letp<1landp>0andlets=0(s>0).
1. Vi is nonincreasing in t > 0 and converges to a finite V = Tg ast — oo.
2. Leta>0(~k>0). Then @->0(0)-
3. Leta<0 (K <0). Then ®r>0(r)a where Conduct,>¢>0a. U

® Proof by symmetry Immediate from applying Sp_,5 (see to Tom 20.1.4(p157). 1

K

ast — oo.
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20.1.4.3 Market Restriction

20.1.4.3.1 Positive Restriction

O Pom 20.1.5 (W{M:Q[R][A]Jr}) Suppose a > 0. Let B =1 and s = 0.
(a) Vi is nonincreasing in t > 0.

(b) Letp<a. Then @->0(0).

(¢) Let p>a. Then ®r>0(r)a where Conduct,>;>04-

® Proof The same as Tom 20.1.5(p161) due to Lemma 17.4.4(p.116). N

O Pom 20.1.6 (W{I\?I:Q[]R][Aﬁ}) Suppose a > 0. Let B <1 ors>0 and let p > Tz.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1 or b > p, and converges to a finite V < Tz ast — oo.
(b)  Let ©z > p. Then @ +>0(0)-
(¢) Letp> 7.

1. ®:1(l). where Conducti,. Below let 7 > 1.

2. Letp=1.
i. Letb> p. Then ®r>1(r)s where Conduct,;>¢>0a-
ii. Letp>b.

1. Let (Ap+s)/A>b.
i. Let A\=1. Then ©r>1(1), where Conducty,.

ii. Let A < 1. Then ®r>1(r)s where Conduct:>¢>0a-
2. Let A+ 8)/A<b. Then ®~->1(r)a where Conduct,;>¢>0a-

3. Let <1 and s=0. Then we have S3(p.15) .
4. Let <1 and s> 0.
i. Let b > p. Then S3(p.1n) is true.
ii. Letp>b.
1. Let (ABu+s)/d >b.
i. Let A\=1. Then ©r>1(1), where Conducti,.
ii. Let A\ < 1. Then S3(pl3) is true.
2. Let (A\Bp+s)/6 <b. Then Ss(pl3) is true. 0O
® Proof Suppose a > 0---(1), hence b>a >0---(2) and K = s---(3) from Lemma 12.6.6(p81) (a).
(a-c2ii2) The same as (a-c2ii2) of Tom 20.1.6(p.162) .

(c3) Let 8 <1and s=0. Assume (A\Gu + s)/d > b. Then, since A\Bu/d > b, we have ABu > db, hence \Gu > b > Ab due
to (2) and (10.2.2 (1) (p3)), so Bu > b, which contradicts [3{p.116)]. Thus, it must be that (ABu + s)/8 < b. From this and (1) it
suffices to consider only (c3ii2ii) of Tom 20.1.6(p.162) .

(c4-c4ii2) If B <1 and s > 0, then x > 0 due to (3), hence it suffices to consider
only (c3i2,c3iili2,c3ii1ii2,c3ii2ii) of Tom 20.1.6(p16). I

O Pom 20.1.7 (d{M:Z[R][Aﬁ}) Suppose a > 0. Let B <1 ors>0 andlet p= %3.
(a) Vi is nonincreasing in t > 0.
(b)  We have @+>0{0);. [

® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 12.6.6(p81) (a).

(a) The same as (a) of Tom 20.1.7(p.162) .

(b) Let 8 =1. Then it suffices to consider only (b) of Tom 20.1.7(p162). Let 8 < 1. If s = 0, due to (1) it suffices to consider
only (¢2) of Tom 20.1.7(p162) and if s > 0, then & > 0 due to (2), hence it suffices to consider only (¢2) of Tom 20.1.7(p12), thus,
whether s = 0 or s > 0 we have the same result. Accordingly, whether 8 =1 or 8 < 1, it follows that we have the same result. 1

O Pom 20.1.8 (%{I\?I:Q[R][Aﬁ}) Suppose a > 0. Let B <1 ors>0 and let p < Tjz.
(a) LetB=1orp=0.
1. Vi=pfort>0.
2. Let 7 > p. Then @+>0(0)).
3. Let Tz < p. Then ®(r)a where Conduct,>¢>0a-
(b) Let <1 andp<D0.
1. Vi is nondecreasing in t > 0 and converges to a finite V < Tg ast — oo.
2. @>0(0)-
(c) Letp<1andp>0.
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1. Vi is nonincreasing in t > 0 and converges to a finite V. < Tz ast — oo.
2. @->0(0).
® Proof Suppose a > 0---(1). Then &K = s---(2) from Lemma 12.6.6(p31) (a).
(a-a3) The same as (a-a3) of Tom 20.1.8(p.162) .
(b) Let 8<1andp<0.
(b1) The same as (bl) of Tom 20.1.8(p.162) .

(b2) If s =0, then due to (1) it suffices to consider only (b2) of Tom 20.1.8(p162) and if s > 0, then & > 0 due to (2), hence
it suffices to consider only (b2) of Tom 20.1.8(p.162). Accordingly, whether s = 0 or s > 0, we have the same result.

(c) Let 8<1andp>0.
(c1) The same as Tom 20.1.8(p.162) (c1).

(c2) 1If s =0, then due to (1) it suffices to consider only (c2) of Tom 20.1.8(p162) and if s > 0, then & > 0 due to (2), hence
it suffices to consider only (c2) of Tom 20.1.8(p.162). Accordingly, whether s = 0 or s > 0, we have the same result. 1

20.1.4.3.2 Mixed Restriction
Omitted.
20.1.4.3.3 Negative Restriction

Unnecessary.

20.1.5 Proof and Derivation of «/{M:2[P][A]}
20.1.5.1 Preliminary
From (6.5.23(p.39) ) and from (5.1.21(p24)) and (5.1.20(p.4)) we have
Vi = max{K (Vi=1) + (1 — B)Vs—1,0} + BVi—1

= max{L(Vi_1),0} + Vi1, t>1, (20.1.27)
hence
Vi — BVie1 = max{L (Vi_1),0}, ¢> 1. (20.1.28)
Then, for ¢ > 1 we have

Vi=L(Vic1)+pVica =K (Vicr) +Vier if L(Vio1) 20 (20.1.29)
Vi = BVia if L(Vi_1) <0. (20.1.30)
Now, from (6.2.107(p33) ) and from (6.2.103(p33) ) and (6.2.105(p.33) ) we have, for ¢ > 1,
St = L (Vi—1) > (<) 0 = Conduct;, (Skip,s ), (20.1.31)
St = L (Vi—1) > (<) 0 = Conduct;, (Skip,. ). (20.1.32)
From (6.5.22(p.39) ) we have
Vi = max{A\fmax{0,a — p} — 5,0} + SBp, (20.1.33)
hence
Vi — BVo = Vi — Bp = max{Af max{0,a — p} — 5,0} > 0. (20.1.34)
From the comparison of the two terms within { } in the r.h.s. of (20.1.33(p164)) it can be seen that
S1 = ABmax{0,a — p} > (<) s = Conducti,(Skip;.), (20.1.35)
S1 = ABmax{0,a — p} > (<) s = Conduct, (Skip;.). (20.1.36)
20.1.5.2 Analysis
20.1.5.2.1 Caseof 3=1and s=0
20.1.5.2.1.1 Preliminary
Let 8 =1 and s = 0. Then, from (5.1.21(p24)), (5.1.20(p4) ), and Lemma 13.2.1(p91) (g) we have
K(x)=L(z)=AT(x) >0 for any x. (20.1.37)
In addition, from (20.1.28(p164)) we have
Vi — BVio1 = max{AT(Vi_1),0} = AT(Vi_1) >0, ¢> 1. (20.1.38)
Finally, from (20.1.33(p.164) ) we have
Vi = max{Amax{0,a — p},0} + p (20.1.39)
= Amax{0,a — p} +p (due to Amax{0,a — p} > 0) (20.1.40)

= max{p, Aa + (1 — X)p}. (20.1.41)
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20.1.5.2.1.2 Case of p<a*

In this case, due to Lemma 20.1.1(p.151) (¢), we can obtain Tom 20.1.1(p.165) below by applying Agr-p (see (18.0.5(p.128) )) to Tom 20.1.1(p.154)
with the condition p < a* (see Theorem 20.1.2(p.151)).

Proposition 20.1.1 (p < a*) Assume p <a* andlet 3 =1 and s =0.
(a) V% is nondecreasing in ¢ > 0.

(b)  ®r>0(r)a where Conduct;>¢>0a. U

® Proof Assume p < a* and let 3 =1 and s = 0.
(a) The same as Tom 20.1.1(p.154) (a).

(b) Due to the assumption p < a* we have p < a* < a < b from Lemma 13.2.1(p91) (n). Hence it suffices to consider only (c)
of Tom 20.1.1(p554) . N

20.1.5.2.1.3 Caseof b<p

In this case, due to Lemma 20.1.1(p.151) (¢), we can obtain Tom 20.1.2(p.165) below by applying Ag-p (see (18.0.5(p.128) )) to Tom 20.1.1(p.154)
with the condition b < p (see Theorem 20.1.2(p151) ).

Proposition 20.1.2 (b < p) Assume b < pandlet §=1and s =0.
(a) V4 is nondecreasing in ¢ > 0.
(b)  @r>0(0). O

® Proof Assume b<p---(1) andlet =1 and s =0.

(a) The same as Tom 20.1.1(p.154) (a).
(b) Due to (1) it suffices to consider only (b) of Tom 20.1.1(p154). 1

20.1.5.2.1.4 Caseofa* <p<b
In this case, Theorem 20.1.2(p.15) does not always hold due to Lemma 20.1.1(p.151) (d), hence &7 {M:2[P]|[A]} must be directly found.

Proposition 20.1.3 (a* < p<b) Assumea* <p<bandlet 3=1and s=0.
(a) V4 is nondecreasing in ¢ > 0.
(b) Let a <p. Then @1(0); and ®r>1(r). where Conduct,>¢>1. and C~S1,.

(¢) Let p <a. Then ®r>o(r). where Conduct,;>¢>0a. U

® Proof Assume a* < p < b---(1) and let 8 = 1 and s = 0. Then, from (5.1.20p24)) and (5.1.21(p24)) we have L (x) =
K(x) = AXT(xz) > 0---(2) for any = from Lemma 13.2.1(p91) (g). Then, since p < b and a < b, from (20.1.41(p.164)) we obtain
Vi < max{b, \b+ (1 — A\)b} = max{b, b} = b. Suppose V;_1 < b. Then, since a* < b due to (1), from (6.5.23(p39)) with 8 = 1 we

have V; < max{K (b)+b, b} from Lemma 13.2.3(p94) (h), hence V; < max{Sb—s,b} from (13.2.12(2) (p94) ), so Vi—1 < max{b,b} =b
due to the assumption “8 = 1 and s = 0”. Accordingly, by induction we have V;_1 < b---(3) for ¢t > 1, hence T(Vz—1) > 0---(4)

for t > 1 from Lemma 13.2.1(p91) (g). Accordingly, V4 — BVi—1 > 0 for ¢t > 1 from (20.1.38(p.164)), i.e., V&2 > BVi—1 for t > 1.
Then, since V; > Vi1 for 7 >t > 1, we have V; > BVo_1 > B?Vio > --- > 5T71V1~~~(5) for 7 > 1. In addition, since
L (Vie1) = XT(Vi—1) > 0---(6) for 7 > ¢ > 1 due to (4), we have Conduct,>s>1, -+ (7) from (20.1.32(.164) ).

(a) From (20.1.40(p164) ) and (6.5.21(p.39)) we have Vi — Vp = Vi — p = Amax{0,a — p} > 0, hence Vi > Vy---(8). Since
Vo > K (V1)+ V4 from (6.5.23(p.39) ) with ¢ = 2, we have Vo—V1 > K (V1) > 0 due to (2) , hence V2 > Vi ---(9). Suppose Vi > Vi_1.
Then from (6.5.23(p39)) and Lemma 13.2.3(p%) (e) we have Vi41 = max{K (V;) + Vi, BVi} > max{K (Vi—1) + Vic1, BV} = V4.
Hence, by induction V; > V;_; for t > 1. From this and (8) we have V; > Vi_y for t > 0, hence it follows that V; is nondecreasing
int>0.

(b) Let a < p---(10), hence Vi = p from (20.1.40(p164) ), so Vi < b due to (1). Then Vi —= Vo = Vi = Vo =p—p =0
from (6.5.21(p39) ), hence Vi = BVo ---(11), so tf = 0, i.e., @1(0);. Below let 7> 1. Then, from (5) and (11) we have
Vi > BVio1 > B2Veg > - > BT = B7Vy for 7 > 1, hence t& = 7 for 7 > 1, ie., ®+>1(7)s. Here note Conduct:, for
7>¢> 1 from (7). In addition, since Amax{0,a — p} = 0 due to (10), we have Amax{0,a — p} =0 < s for any s > 0, hence
Skip,, due to (20.1.35(p.164) ). Accordingly, it follows that we have C~S1, (see Remark 7.2.1(p42) ).

(c) Let p < a---(12), hence Vi = A(a — p) + p due to (20.1.40(p.164) ). Then, from (6.5.21(p39) ) we have V1 — Vo = V1 — Vo =
Vi—p=Aa—p)>0,ie, Vi >pVy---(13), hence t] =1, i.e., ®1(1)a---(14). Below let 7 > 1. Then, from (5) and (13)

we have Vi > Vi1 > B2Veo > -+ > 771 > 87V, for 7 > 1, hence t: = 7 for 7 > 1, i.e., ®r>1(r)a. From the result and
(14) we have ®r>0(r)a. Since a — p > 0 due to (12) | we have Amax{0,a — p} > 0 = s, implying that we have Conduct;, due
to (20.1.36(p.164) ). From this and (7) it follows that Conduct,>¢>0a. I
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20.1.5.2.1.5 Integration of Propositions 20.1.1(p.165) —20.1.3(p.165)
O Tom 20.1.9 (®/{M:2[P][A]}) Letf =1 ands=0.

(a) Vi is nondecreasing in t > 0.
(b) Let p<a*. Then ®r>0(r)s where Conduct,>>0a — — @
(¢) Letb<p. Then @+>0{0) — - @
(d) Leta* <p<b.
1. Leta<p. Then @1(0); and ®r>1(r)a where Conduct,>¢>1. and C~S1, = @/®./c5)s
2. Let p <a. Then ®r>0(T)a where Conduct >;>0a — EYON

® Proof (a) The same as Tom’s 20.1.1(p165) (a), 20.1.2(p.165) (a), and 20.1.3(p165) (a).
(b) The same as Tom 20.1.1(p.165) (b).
(¢) The same as Tom 20.1.2(p.165) (b).
(d-d2) The same as Tom 20.1.3(p.165) (b,c). 1

Corollary 20.1.1 Let 8 =1 and s = 0. Then, the optimal price to propose z; is nondecreasing in t. [

® Proof Immediate from Lemma 20.1.9(p.166) (a) and from (6.2.94(p33)) and Lemma 13.1.3(ps7). 1

20.1.5.2.2 Caseof 3<1lors>0
20.1.5.2.2.1 Case of p < a*

In this case, Theorem 20.1.2(p151) holds due to Lemma 20.1.1(p151) (c), hence Tom’s 20.1.10(p.166) —20.1.12(p.167) below can be derived
by applying Agr_p (see (18.0.5(p1%))) to Tom’s 20.1.2(p.15) —20.1.4(p157). In the proofs below, let us represent what results from
applying Ar_p to a given Tom by Tom’, i.e.,

Tom' = Agr_,p[Tom). (20.1.42)

O Tom 20.1.10 (@ .« {M:2[P|[A]}) Assume p<a*, let <1 ors>0, andlet p < Tx.
(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a < p, and converges to a finite V> xx ast — oo.
(b) Let . <p. Then @+>0(0).
(¢) Letp< wr.
1.  ®:1(l). where Conducti,. Below let 7 > 1.
2. Letp=1.
i. Let (Aa—s)/A<a”.
1. Let A=1. Then ©r>1(1), where Conducti,.
2. Let A< 1. Then ®->1(r)a where Conduct,>¢>0a-
ii. Let (Aa—3s)/A>a*. Then ®r>1(r)s and Conduct,>¢>0a-
3. Letf<land s=0(s>0).
i. Let (A\Ba—s)/d <a*.
1. LetA=1.
i. Let b>0 (k> 0). Then ®+>1(r)s where Conduct>¢>04-
ii. Let b<0 (k <0). Then ©r>1(1); where Conducti,.
2. Let A< 1.
i. Let b>0(k >0). Then ®r>1(r)a where Conduct,>¢>04-
ii. Let b<0 (k <0). Then S3(pl5) is true.
ii. Let (A\Ba—s)/d > a”.
1. Let b>0(k >0). Then ®r>1(r)s where Conduct,>¢>o04-
2. Let b<0(k <0). Then S3(pl5) is true. 0

~

® Proof by analogy Consider the Tom' resulting from applying Agr_p to Tom 20.1.2(p.154). Then “a < p” in

Tom 20.1.2(p.154) (c2i,c3i) changes into “a* < p” in the Tom’, which contradicts the assumption p < a*. Accordingly, removing all
[P 3

assertions with “a* < p” from the Tom’ leads to Tom 20.1.10 above. 1

Corollary 20.1.2 (&Z{M:2[P|[A]}) Assume p < a*, let B <1 ors >0, and let p < xx. Then, the optimal price to propose
zt 18 nondecreasing in t > 0. 1

® Proof Immediate from Tom 20.1.10(p.166) (a) and from (6.2.94(p33)) and Lemma 13.1.3(ps7). 1

O Tom 20.1.11 (D .&/{M:2[P][A]}) Assume p<a*,let 3<1ors>0, andlet p= k.

(a) Vi is nondecreasing in t > 0.
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(b) Let B=1. Then @r>0(0)-

(¢) Letp<land s=0(s>0).
1. Let b>0(k >0). Then ®r>o0(r)a where Conduct>¢>04-
2. Let b<0(k <0). Then @->0(0). U

® Proof by analogy The same as Tom 20.1.3(p.157) due to Lemma 13.6.1(p97). 1

Corollary 20.1.3 (&{M:2[P][A]}) Assume p <a*,let 3 <1 ors>0, andlet p= xx. Then, the optimal price to propose
z¢ 18 nondecreasing in t > 0.

® Proof Immediate from Tom 20.1.11(p.166) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(ps7). 1

O Tom 20.1.12 (B &/ {M:2[P|[A]}) Assume p<a*,let 3 <1 ors>0, andlet p> Txk.
(a) LetB=1o0rp=0.
1. Vi=p fort>0.
2. Let . < p. Then @+>0(0).
3. Let xr > p. Then ®r>0(r)s where Conduct,>¢>0a-
(b) LetB<landp>0andlet s=0(s>0).
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oco.
2. Let b<0(k<0). Then @+>0(0).
3. Let b>0(xk>0).
i. Letp< xr. Then ®r>0(r)a where Conduct >¢>04-
ii. Letp= xr. Then @1(0); and ®r>1(T)a where Conduct:>;>0a-
ili. Letp> xp. Then S4 m s true.
(¢) Letp<landp<0andlet s=0(s>0).

1. Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — oco.
2. Let b<0(k <0). Then @->0(0).
3. Let b>0(x>0). Then ®r>0(r)s where Conduct,>¢>0a. U

® Proof by analogy The same as Tom 20.1.4(p.157) (see Lemma 13.6.1(p97)). 1

Corollary 20.1.4 (Z/{M:2[P][A]}) Assume p<a*,let B<1ors>0, andlet p> Tx.
(a) LetB=1o0rp=0. Then z: = z(p) fort >0, i.e., constant in t > 0.

(b) Letp<1landp>0andlet s=0(s>0). Then z is nonincreasing in t > 0.

(¢) Letp<1landp<O0andlet s=0(s>0). Then z is nondecreasing int > 0. [

® Proof Immediate from Tom 20.1.12(p.167) (al,b1,c1) and from (6.2.94(p.33) ) and
Lemma 13.1.3(p87). 1

20.1.5.2.2.2 Caseof b<p

In this case, Theorem 20.1.2(p15) holds due to Lemma 20.1.1(p.151) (¢), hence the following Tom’s 20.1.13(p.167)—20.1.15(p.163) can be
derived by applying Agr_,p (see (18.0.5(p.128))) to
Tom’s 20.1.2(p.154) —20.1.4(p.157) :

O Tom 20.1.13 (O &/ {M:2[P][A]}) Assumeb<p,let 3<1ors>0, andlet p< Tk.
(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V> Tx ast — oo.
(b) Let xr < p. Then @+>0(0).
(¢) Letp< wr.
1. ®:1(1). where Conducti,. Below let 7 > 1.
Let B =1. Then ®r>1(T)a where Conduct >;>0a-
3. Letf<land s=0(s>0).
i. Let b>0(x >0). Then ®r>1(7)s where Conduct >¢>0a-
ii. Let b<0(k <0). Then S3pls) is true. 0
® Proof by analogy Consider the Tom' resulting from applying Ag_p to Tom 20.1.2(p.154). Then “p < a” in
Tom 20.1.2(p.154) (c2i,c3i) changes into “p < a*” in the Tom’, hence p < a* < a < b due to

Lemma 13.2.1(p1) (n), which contradicts the assumption b < p. Accordingly, removing all assertions with “p < a” from the Tom’
leads to Tom 20.1.13 above. 1



168

Corollary 20.1.5 Assumeb <p, let 3 <1 ors>0, andlet p < Tx. Then z: is nondecreasing int > 0. U
® Proof Immediate from Tom 20.1.13(p.167) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(p87). 1

O Tom 20.1.14 (O o/ {M:2[P]|[A]}) Assumeb<p,let 3 <1 ors>0, andlet p= Tx.
(a) Vi is nondecreasing in t > 0.
(b) Let B=1. Then @~>0{0)-
(¢) LetB<1land s=0(s>0).
1. Let b>0(k >0). Then ®r>0(r)a where Conduct,;>¢>0a-
2. Let b<0(k <0). Then @->0(0). U

® Proof by analogy The same as Tom 20.1.3(p.157) due to Lemma 13.6.1(p97). 1

Corollary 20.1.6 Assumeb<p, let B<1 ors >0, and let p= k. Then z is nondecreasing int > 0. [
® Proof Immediate from Tom 20.1.14(p.163) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(p87). 1

O Tom 20.1.15 (O o/ {M:2[P]|[A]}) Assumeb<p,let 3<1ors>0,andletp> Tx.
(a) LetB=1o0rp=0.
1. Vi=p fort>0.
2. Let . < p. Then @+>0(0).
3. Let xr > p. Then ®r>0(r)s where Conduct,>¢>0a-
(b) Letf<landp>0andlet s=0(s>0).
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. Let b<0(k<0). Then @+>0(0).
3. Let b>0(k>0).
i. Letp< xr. Then ®r>0(r)a where Conduct,>¢>0a-
ii. Letp= xr. Then @1(0); and ®r>0(r). where Conduct >;>0a-

iii. Let xp < p. Then S4 m is true.

(¢) Letp<landp<O0andlet s=0(s>0).

1. Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — oco.
2. Let b<0(k <0). Then @->0(0).
3. Let b>0(x>0). Then ®r>0(7)s where Conduct,>¢>0a. U

® Proof by analogy The same as Tom 20.1.4(p157) due to Lemma 13.6.1(p.97). 1

Corollary 20.1.7 Assumeb<p,let B <1 ors>0, andlet p > Tk.

(a) LetB=1o0rp=0. Then z = z(p) fort > 0.

(b) Letf<landp>0andlet s=0(s>0). Then z is nonincreasing in t > 0.
(¢) LetB<landp<0andlet s=0(s>0). Then z is nondecreasing int > 0. [

® Proof Immediate from Tom 20.1.15(p.163) (al,bl,c1) and from (6.2.94(p.33) ) and
Lemma 13.1.3(p87). 1

20.1.5.2.2.3 Caseofa* < p<b

In this case, Theorem 20.1.2(p.151) does not always hold due to Lemma 20.1.1(p.151) (d), hence o7 {M:2[P|[A]} must be directly found.
For convenience of reference, below let us copy (20.1.33(p.164) )

Vi = max{A\fmax{0,a — p} — 5,0} + Bp. (20.1.43)

Lemma 20.1.2
(a) LetVi < xzx. Then Vi is nondecreasing in t > 0.
(b) Let Vi > k.
1. LetB=1o0rVi=0. Then V; = V1 fort > 0.
2. Let <1 and Vi > 0. Then V; is nonincreasing in t > 0.
3. Let 3<1and Vi <0. Then V; is nondecreasing int > 0. [
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® Proof (a) Let Vi < k. Then, K (Vi) > 0 due to Corollary 13.2.2(p9) (b), hence from
(6.5.23(p39) ) with ¢ = 2 we have Vo > K (V1) + Vi > Vi. Suppose Vi—1 < V4. Then, from (6.5.23(p.39) ) and Lemma 13.2.3(p.9) (e)
we have Vi < max{K (V;) + V4, BVi} = Vi41. Hence, by induction V;—; < V; for ¢t > 1, i.e., V; is nondecreasing in ¢ > 0.

(b) Let Vi > xx. Then K (Vi) < 0---(1) due to Corollary 13.2.2(p%) (a). Hence, from (6.5.23(p.39)) with ¢ = 2, hence
Vo = Vi =max{K (V1) + V1, 8V1} = Vi = max{K (V1), —(1 — B)V1}---(2).

(b1) Let 8 =1or Vi = 0. Then, since —(1 — 8)V4 = 0, from (2) we have Vo — Vi = max{K (V1),0} = 0 due to (1), hence
Vo = Vi. Suppose V;—1 = Vi. Then from (6.5.23(p39)) we have V; = max{K (V1) + V1,8Vi} = Vo = Vi. Hence, by induction we
have V; = V; for t > 0.

Below note that 8 =1 or V4 = 0 (the negation of 8 =1 or V1 =0) is “8 < 1 and Vi # 07, which can be classified into the
two cases, “8 < 1and Vi >0” and “f <1 and V7 > 0”.

(b2) Let 8 <1and Vi > 0. Then, since —(1 — B)Vi < 0, from (2) we have Vo — V4 < 0 due to (1), hence Va < V4. Suppose
Vi1 < Vi—2. Then, from (6.5.23(p3)) and Lemma 13.2.3(p%) (¢) we have V; < max{K (Vi—2) + Vi—2,Vi—2} = Vi—_1. Hence, by
induction we have V; < V;_; for t > 1, thus V; nonincreasing in ¢ > 0.

(b3) Let 8 <1and Vi < 0. Then, since —(1 — 3)Vi > 0, from (2) we have Vo — V4 > 0 or equivalently Vo > Vi, s0 Vo > V3.
Suppose Vi—1 > Vi_2. Then from (6.5.23(p3))) and Lemma 13.2.3(p94) (e) we have V; > max{K (Vi—2) + Vi—2,8Vi—2} = Vi_1.
Hence, by induction we have V; > V;_; for ¢t > 1, thus V; nondecreasing in ¢t > 0. 1

Let us define:

There exists t; > 1 such that:
(1) t5 >7>1= ®r>1(r)a where Conduct,>;>1a

s5(©2]0 1]

(2) T>t = @7—>t:_ (> where Conductt; >t>1a-

There exists ¢3.7 and ¢ (t2 > ¢ > 1) such that:
(1) t2 >7>1=If \Bmax{0,a — p} <'s, then O >>1(0)-
56[ ®a [© 1] @l ]cosafo-sa] — If ABmax{0,a — p} > s, then @ys >->1(1)) where Conducti,.

2) 7>t = ®r>ts (T)a where Conduct,>¢>¢e a,
where pSKIPis >7510 o (CSte >¢>10 4), and
where PSKIPtg_Zt>1A ((pSKIPtoT >t>1a4) (C~S 2 >t>14 (c~s to >t>1))-

There exists 5. > 1 such that:
(1) 5 >7>1=If \Gmax{0,a — p} <s, then @2 >->1(0)-

If ABmax{0,a — p} > s, then ©ts >7>1(1)) where Conducty,.
2) >t = ®7>ts (7)a where Conduct;>;>¢e o and where pSKIPgs > 5 14.

Sy[®a]@ 1] @ife-se]

Remark 20.1.2 For explanatory convenience, let us represent “g = 1 or V4 = 0” as {# = 1UV; = 0}. Then, its negation
{8 =1UV; =0} can be written as

{B=1UV1 =0}={B8<1NV1 #0}={B8<1NnV; >0}U{B<1NnV; <0}
Without loss of generality, this can be further expressed as

{B=1UV1=0}={B8<1Ns>0NV; >0tU{B<1nNs>0NV; <O0}.
Furthermore, since {s > 0} can be denoted by {s = 0(s > 0)}, it follows that the above expression can be rewritten as

{B=1UV1 =0} ={B<1n{s=0(s>0)}N{V1 >0}} U{B<IN{s=0(s>0)}Nn{Vi <0}}. O

O Tom 20.1.16 (®./{M:2[P][A]}) Assumea” < p <bandlet <1 ors>0.
(a) If \Bmax{0,a — p} < s, then @1(0), or else ®1(1). where Conducti,. Below let 7 > 1 — — @/®a
(b) Let Vi < zk.

1. Vi is nondecreasing in t > 0 and converges to a finite V> xx ast — oo.

2. Let Vi > z. Then, if \Bmax{0,a — p} <s, we have @+>1(0), or else ©->1(1); where Conducti,

ﬁ
3. LetVi< x. ©./0;
i. Let B=1. Then ®r>1(7)a where Conduct,>¢>1. — — ®a
ii. LetB<1land s=0(s>0).
1. Let b>0(x >0). Then ®+>1(r)s where Conduct,>¢>1. — ®a
2. Let b<0(k <0). Then S5 LO4[@ 1] s true—s = ®./0)

(¢) LetVi> zk.
1. LetB=1o0orVi=0.
i. Vi=VWVifort>0.



170

ii. If Amax{0,a — p} <'s, then @->1(0)y, or else ©r>1(1); where Conducti, — - @,/0,
2. Letf<land s=0(s>0) (see Remark 20.1.2(p.169) above)
i. Let Vi > 0.

1. Vi is nonincreasing in t > 0 and converges to V > xk ast — 0.
2. Let b>0(x >0). Then

i. Let Vi > x1,. Then Sg [©4 @ I ®I]c-se]eosa] jg g 1y = ®./O1/ O /(5)s/(5)a
ii. Let Vi = zr. Then S; [ ©4]© 1] ®Ie-se] jg prope s = ®./01/®/(5)s

iii. Let Vi < xr. Then ®->1(r)a where Conduct,>¢>1a.

3. Let b<0(k <0). If \Gmax{0,a — p} < s, then @->1(0), or else ©r>1(1); where Conducti,

_>
i, Let Vi <O. 0,/0

1. Vi is nondecreasing in t > 0 and converges to a finite V > xx ast — oco.

2. Let b>0(x>0).
i. Let Vi > zp . If \Bmax{0,a — p} < s, then @->1(0), or else @r>1(1); where Conducti, — @,/0
ii. Let Vi < xr. Then ®r>1(r). where Conduct,;>;>1a.

3. Let b<0(k <0). If \dmax{0,a — p} <'s, then @->1(0), or else ©,>1(1); where Conduct,
- @/0
® Proof Assume a* < p<b---(1)andlet 5 <1ors>0.
(a)
i. Let ABmax{0,a — p} < s. Then, since Afmax{0,a — p} — s < 0, we have Vi — fVy = 0 from (20.1.34(p.164)), i.e.,
Vi =BVo -+ (2), hence tf =0, i.e., @1(0)).

ii. Let ABmax{0,a — p} > s. Then, since ABmax{0,a — p} —s > 0, we have Vi — 8V > 0 from (20.1.34(p.164) ), i.e.,
Vi > BVo---(3), hence tf = 1, i.e., ®1(1).. Then, since \Gmax{0,a — p} — s > 0, from the comparison of the two
terms within { } in the r.h.s. of (20.1.33(p.164)) it follows that conducting the search is strictly optimal at time ¢t = 1, i.e.,
Conducti, ---(4).

Below let 7 > 1.
(b) Let Vl S TK (5)

(bl) V4 is nondecreasing in ¢t > 0 due to Lemma 20.1.2(p.168) (a). Consider a sufficiently large M > 0 with b < M and Vi < M.
Suppose Vi—1 < M. Then, from (6.5.23(p.39) ) and Lemma 13.2.3(p94) (e) we have V; < max{K(M)+ M, BM} = max{SM —s, BM}
due to (13.2.12(2) (p9) ), hence V; < max{M,M} = M due to 8 < 1 and s > 0. Accordingly, by induction V; < M for ¢ > 0,
i.e., V; is upper bounded in ¢t. Hence V; converges to a finite V' as t — oo. Then, since V = max{K (V) + V,8M}---(6) from

(6.5.23(p39) ), we have 0 = max{K(V),—(1 — B)V}---(7), hence K(V) <0,s0V > xx due to Lemma 13.2.3(p.9) (j1).
(b2) Let V4 > xr. Then, since Vs—1 > xr for t > 1 due to (bl), we have L (V;—1) < 0 for ¢ > 1 from Corollary 13.2.1(p.94) (a),

hence V; — BVi—1 = 0 for t > 1 from (20.1.28p164) ), i.e., Vi = BVi—1 for ¢ > 1. Then, since V; = fV;_1 for 7 > ¢ > 1, we have
Ve = 6‘/7'71 == ﬂ771V1 e (8)

i. Let ABmax{0,a — p} < s. Then, from (8) and (2) we have V; = 8V, _1 = --- = 7"'V; = B7Vo, hence t* = 0 for 7 > 1,
Le., @r>1(0).
ii. Let ABmax{0,a — p} > s. Then, from (8) and (3) we have V; = 8V,_; =--- = BT 'W4 > 87Vp, hence t* = 1 for 7 > 1,

i.e., ©®r>1(1)). In addition, we have Conduct;, from (4).
(b3) Let Vi < zr ---(9).

(b3i) Let 8 =1, hence s > 0 due to the assumption “8 < 1 or s > 07, thus L = 2k ---(10) from
Lemma 13.2.4(p.9%) (b). Now, since V1 > Bp from (6.5.22(p39) ), we have Vi > p due to the assumption 8 = 1, hence a* < Vi due
to (1). Accordingly, it follows that a* < Vz_q for t > 1 due to (bl). Note Vi < zx from (9) and (10). Suppose Vi1 < Tk.
Then, from Lemma 13.2.3(p9) (f) and (6.5.23(p39)) with 8 = 1 we have V; < max{K (k) + Zx, Tx } = max{ Tk, Tk} = Txk.
Accordingly, by induction Vi1 < xx for ¢ > 1, hence V;—1 < xp for ¢ > 1 due to (10), so L(Vi—1) > 0 for t > 1 from
Lemma 13.2.2(p9) (el). Then, since L (Vi—1) > 0---(11) for 7 > ¢t > 1, we have V; — fV;_1 > 0 for 7 > ¢ > 1 from (20.1.28(p.164) ),
ie, Vi > BVi_1 for 7 >t > 1, hence V; > Vo1 > --- > 7 'V4. In addition, since Vi > BV from (20.1.34(p.164) ), we have
Vi >BVe1>--->B7""V1 > BVp, hence t£ = 7 for 7 > 1, i.e., ®r>1(r)s. Then, we have Conduct;, for 7 > ¢ > 1 from (11)
and (20.1.32(p164) ).

(b3ii)) Let B<1land s=0(s>0).

(b3iil) Let b>0(xk >0). Then z, > xx > 0---(12) from Lemma 13.2.4(p%) (c (d)). Here note (9) and (b1). Then
suppose there exists a ¢’ such that V;—1 > x for t > ¢'. Then L(V;—1) < 0 for t > #' from Corollary 13.2.1(p%) (a), hence
Vi = BVi—1 for t > t’ due to (20.1.30(p.164) ). Therefore, we have V; = Bt_t/‘HVt/_l for t > t', leading to V = limy—0o V; = 0 < Zg
due to (12), which contradicts V' > xx in (bl). Accordingly, it follows that V;—1 < zp for all ¢ > 1, hence L (V;—1) > 0 for
t > 1 from Corollary 13.2.1(p94) (a). Thus, for the same reason as in the proof of (b3i) we have ®->1(r). and Conduct,>¢>1.-

(b3ii2) Let b<0(x <0).
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e Let b=0(k =0). Then z, = zx = 0---(13) from Lemma 13.2.4(p%) (c (d)), hence V > zx = z, = 0 from (bl).

Here assume V' > xx = 0. Then, since —(1 — §)V < 0, we have K (V) = 0 from (7), leading to the contradiction V = zx
due to Lemma 13.2.3(p94) (j1). Thus it must be that V = xx = 0. Accordingly, due to (bl) and dueto Vi < xp, = 2x =V
from (9) and (13) it follows that there exists a % > 1 such that

MW SViea< o =2k =V =Vieg1 =+ T

)

where ¢; might be infinity (i.e., t; = 00). Hence Vi1 < zp for t; > ¢ > 1 and Vo1 = xp for ¢t > t;. Thus, from
Corollary 13.2.1(p.%) (a) we have

L(Vi—1) >0fort; >t >1and L(Vi—1) =0 (hence L(Vi—1) <0) for ¢ > ¢5---(14).

e Let b<0(x <0). Then z, < zx from Lemma 13.2.4p%) (c (d)). Since Vi < x. from (9) and since 2, < zx <V
from (bl), there exists ¢; such that

Vi<Vo< - <V i< ap SVie SVieyg <00
hence Vi1 < xr for t3 >¢>1and xzr < Vi_q for t > t5. Accordingly, from Corollary 13.2.1(p.94) (a) we have
L(Vei—i)>0fortl >t >1and L(Vo1) <O0fort>t---(15).
From (14) and (15) we have, whether b=0(x =0) or b<0(x <0) (or equivalently b< 0(x <0)),

L(Voe1)>0---(16) for t5 > ¢ > 1,

L(Vie1) <0---(17) for t > t5.

Accordingly, from (20.1.28(p.164) ) we have V; — fVi—1 > 0 for 5 > ¢ > 1 due to (16) and V; — BVi—1 =0 for t > t5 due to (17)
or equivalently

Vi>pBViei---(18), o =>t>1, Vi=pVio1---(19), t>t.

1. Let 2 > 7 > 1. Then, since V; > BV;_1---(20) for 7 >t > 1 due to (18), for the same reason as in the proof of (b3i) we

have ®->1(r). where Conduct,>¢>1.. Hence (1) of S5 holds. Then, since (20) with 7 = t> can be rewritten as Vi > BV;_1
for t; >t > 1, we have

Vie > BVieo1 >0 > BT (21).
2. Let 7> ¢.. Then V, = BV,_; for 7 >t > ¢ due to (19), hence
V, =BV, == 57—‘1‘4.7 o (22).
Hence, from (22) and (21) and from the fact that Vi > BV, due to (2) and (3) we obtain
Vi=fVii= o= BT Ve > 87 Wy > > BTV > BTV,
so we have t; = t5 for 7 > t}, i.e., ©r>¢e (t3)). Then Conduct, for t; >t > 1 due to (16) and (20.1.32p164)). From the
above we see that (2) of Ss holds.
(¢) Let Vi > xk---(23).
(cl) Let f=1lor Vi =0.
(cli) The same as Lemma 20.1.2(p168) (b1).
(clii) Since V; = Vy_1 =--- =V; for 7 > 0 from (cli), we have V; = 8V,_1 = --- = 7 'V; .-+ (24).
i. Let Amax{0,a — p} < s. Then, from (2) and (24) we have V, = BV-_1
Le., @7>1(0).
ii. Let Amax{0,a — p} > s. Then, from (3) and (24) we have V; = 8V, _1 =--- = BT V4 > B7Vp, hence t: =1 for 7 > 1,
i.e., ©®r>1(1); where Conducty, from (4).
(c2) Let f<1---(25)and s=0(s>0).
(c2i) Let Vi > 0.

(c2i1) The former half is the same as Lemma 20.1.2(.168) (b2). The latter half can be proven as follows. Note (23), hence
Vi > xx. Suppose Vi_1 > xxk. Then from (6.5.23(p.3) ) we have V; > K (Vi—1)+Vi—1 > K(Tx )+ Tx due to Lemma 13.2.3(p.94) (e),
hence V; > wx since K(xx ) = 0. Accordingly, by induction V; > xx fort > 0, i.e., V; is lower bounded in ¢. Hence V; converges
to a finite V as ¢ — oo. Then, since V = max{K (V) + V, 8V} from (6.5.23(p39) ), we have 0 = max{K(V),—(1 — 8)V'}, hence
K(V)<0,s0V > xk due to Lemma 13.2.3(p.9) (j1).

- =B7"'W, = 7Vo, hence t¥ =0 for T > 1,

fSince V3 < Vfor any t > 0 due to (bl), if V < V; for a t, then V = V4.
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(c2i2) Let b>0(x >0) . Then o > zx > 0---(26) from Lemma 13.2.4(p%) (c (d)).

(c2i2i) Let Vi > xp ---(27), hence Vi > 2. Suppose Vi—1 > zp for all ¢ > 1. Then, since L (Vz—1) <0 for ¢t > 1 from
Corollary 13.2.1(p%) (a), we have Vz — V41 =0 for ¢t > 1 from (20.1.28(p.164) ), i.e., V; = BV;—1 for all ¢ > 1, hence V; = Bt
Accordingly, we have V = lim;—oo V; = 0 < zx due to (25) and (26) , which contradicts V > zx in (c2i1). Thus it is impossible
that x, < Vi_q for all t > 0. Accordingly, due to (27) and (c2il) it follows that there exist ¢5 and ¢7 (t5 > t7 > 0) such that

VizVoz o 2Vie_1> a0 =Vie =Vgpi = =Vee 1 > Vi 2 Ve 204

Hence, we have
L >V;5'T, L >Vz:_+1,"',

Vie =ap, Vieyn = @, Vo1 = o1,
Wi > xL7‘/2> CEL,"',‘/tg_71> L,

or equivalently

zr > Vio1---(28), t >t

Vici= 2 ---(29), t>t>t,

Vie1 > @ ---(30), t; >t> 1.
Accordingly, we have:

1. Let t2 > 7 > 1. Then, since V;_1 > x; for 7 >t > 1 from (29) and (30), we have L (Vs—1) <0---(31) for 7 > ¢t > 1 from
Corollary 13.2.1(p%) (a), hence V; — BV,—1 = 0 for 7 > ¢ > 1 from (20.1.28(p164) ), i.e., Vi = BVi—1 for 7 >t > 1, leading to
Ve =BVeci = =71V (32).

i. Let Amax{0,a — p} < s. Then, from (2) and (32) we have V, = BVi_1 = --- = B71Vi = B7Vh, hence t: = 0 for
t;- >T7> 1, i.e., @t:_27—>1<0>“.
ii. Let Amax{0,a — p} > s. Then, from (3) and (32) we have V, = BVe_1 =---= BT V4 > BVp, hence t = 1 for
t; > 7> 1, ie., O >r>1(1)) where Conducti, from (4).
Accordingly S¢(1) holds. From (32) with 7 = t; we have Vie = fBVie 1 =--- = ﬁt;flVl -+-(33).

2. Let 7 > 3. Then, since x > V;—y for 7 >t > ¢5 from (28) | due to Corollary 13.2.1p9) (a) we have L (Vi—1) > 0---(34)
for 7 > t > t;. Accordingly, from (20.1.28(p.164)) we have Vi — fVi—1 > 0 for 7 > t > t} or equivalently V; > BVi_: for
T>t>ty, leading to V> > V1 > - > ﬁTﬁt: Vie . From this and (33) we have

Vi>BVili > > gT*t;Vt.T = ,6"'*’&:—*1‘/;.7_1 = ... = ﬁT’lvl_ - (35).
Since Vi > Vo due to (2) and (3), from (35) we have
Ve >BVeii> > Ve = ey = = 7V > BTG

Hence, we have t7 = 7 for 7 > t}, i.e., ®r>te ()4, thus the former half of S¢(2) holds. The latter half can be proven as
follows.

(i) If 7 >t > 5, then Conduct;, from (34) and (20.1.32(p.16) ).

(ii) If 5 >t > 2, then V;—1 = x from (29), hence L (V;—1) = L () = 0, so Skip,, from (20.1.31(p164) ), implying that
we have C~S e >¢>10 4 (see Figure 7.2.1(p.42) (II).

(iii) Tf 2 > ¢ > 1, then V;—1 > @ from (30) | hence L (V;—1) = (<) 0* from
Lemma 13.2.2(p.94) (d (el)); i.e., Skip, (Skip,.) due to (20.1.31(p164) ) ((20.1.32(p.164) )), implying that we have C~+8 o >¢>14
(C~Sto>t>1)-
From the above results we see that the latter half of S¢(2) holds.

(c2i2ii) Let Vi = xr. Suppose Vi_1 = xr for all t > 1. Then, since L (Vi—1) = L(zr ) =0fort > 1, we have V;—V;_1 =0
for all t > 1 from (20.1.28(p164) ), i.e., Vi = BVi—1 for all £ > 1, hence V; = B*~'V;. Then V = lim;—0o Vi = 0 < xx due to (25)
and (26) , which contradicts V > zx in (c2i1). Hence, since V;_; is not equal to @, for all t > 1, due to (c2il) it follows that
there exists ¢5 > 1 such that

Vi=Vo=--=Vie1=2L >Vie 2Vper1 >,
or equivalently V;—1 = x, for t3 >t >1and z, > Vi for ¢t > t5. Thus, due to Corollary 13.2.1(p9) (a) we have
L(Vis1)=L(z)=0---(36), tr>t>1, L(Viz1) >0---(37), t>t:.

Accordingly, we have:

HIf s = 0, then “= 07 , or else “< 0.
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1. Let t2 > 7 > 1. Then, from (36) and (20.1.28(p164)) we have V; — 8V;_1 = 0 for 7 >t > 1 or equivalently V; = 8V;_; for

7>t > 1, from which we have V, = gV,_; =--- = 57711/1.
i. Let ABmax{0,a — p} < s. Then, from (2) we have V, = 8V,_; =--- = 87 'V; = |B7Vq, hence t* = 0 for t2 > 7 > 1,
Le., @ >r>1(0)).
ii. Let ABmax{0,a — p} > s. Then, from (3) we have V; = 8V,_1 = --- = BT W4 > B"Vj, hence t: =1 for t% > 7 > 1,

Le, @t >r>1(1)- In addition, we have Conduct;, from (4).
Accordingly, it follows that S7(1) holds.

2. Let 7 > 3. Then L(Vi—1) > 0---(38) for 7 > ¢ > t; from (37), hence due to (20.1.28p.164)) we have V; — BV;_; > 0 for
T >t > t% or equivalently V; > BV,_; for 7 >t > %, leading to V; > BVy_1 > -+ > 77 Vis -+ (39). In addition, since
Vi — BVii1 =0for t2 >t > 1 from (36) and (20.1.28(p164) ), we have V; = BVi_; for t2 > ¢ > 1, leading to
Vie = Vi1 =---= 7V (40).

From (39) and (40) we have
Vi > BVroy > > B0V = B0 e == g7
In addition, since Vi > 8"V, from (2) and (3) , we eventually obtain
Ve > fBVea > > Ve = BT e = = BT > BTV (41).

Thus tX = 7 for 7 > t3, i.e., ®r>te (T, hence the former half of S7(2) holds. Then, we have that Conduct;, for 7 > ¢ > ¢}
due to (38) and (20.1.32(p.161) ). Moreover, we have Skip,, for t3 > ¢ > 1 due to (36) and (20.1.31(p164) ), so it follows that we
have pSKIP;, for ¢; >t > 1 (see Figure 7.2.1(p42) )(I)) or equivalently pSKIPss >;~1,. Hence the latter half of S7(2) holds.

(c2i2iii) Let Vi < zr. Then Vi—1 < =z for ¢ > 1 due to (c2il), hence L(V;—1) > 0---(42) for t > 1 from Corol-
lary 13.2.1(p94) (a). Accordingly, since L(Vi;—1) > 0---(43) for 7 > ¢t > 1, we have V; — V4,1 > 0 for 7 > ¢t > 1 from
(20.1.28(p164) ) or equivalently Vz > BVi_; for 7 > ¢ > 1, hence

Ve > Vo1 > > 7L
Since Vi > BV, from (2) and (3), we have

Vi >BVe1>--> 87 > 87V,

hence we have tZ = 7 for 7 > 1, i.e., ®r>1(7)a. In addition, we have Conduct;, for 7 > ¢ > 1 due to (43) and (20.1.32(p164) ).
(c2i3) Let b<0(x <0), hence , < zx ---(44) from Lemma 13.2.4p%) (c (d)). Then, from (23) and (c2il) we have
Vi_1> xx forall t > 1, hence V;_1 > =z for all t > 1 due to (44) , thus L (Vi1) <0 for all t > 1 from Corollary 13.2.1p%) (a).

Then, since L (Vi—1) <0 for 7 > ¢ > 1, we have V; — BV;—1 =0 for 7 > ¢ > 1 from (20.1.28(p.164) ) or equivalently V; = 8V;_; for
T 2>1>1, hence

Vi=8Vig=-=8"1V.
i. Let ABmax{0,a — p} < s. Then, from (2) we have V, = BVi1=--- =871 =8 Vo, hence t: = 0 for 7 > 1, i.e.,
O->1(0).
ii. Let ABmax{0,a — p} > s. Then, from (3) we have V; = BV,_1 = --- = BT W4 > B7Vp, hence t£ =1 for 7 > 1, i.e.,

©->1(1);. Then Conduct, from (4).

(c2ii) Let Vi < 0.

(c2iil) The same as the proof of (c2il).

(c2ii2) Let b>0(x >0), hence xr > xx > 0---(45) from Lemma 13.2.4(p.%) (c (d)).

(c2ii2i) Let Vi > xr. Then, since Vi1 > xr for ¢ > 1 due to (c2iil), we have L(V;—1) < 0 for ¢ > 1 from Corol-

lary 13.2.1(p%4) (a), hence L (Vi—1) <0 for 7 > ¢t > 1. Thus V; — fVi—1 =0 for 7 > ¢t > 1 from (20.1.28(p164) ), i.e., Vz = BVi—1 for
T>t>1,s0

Ve=pVia=-- ="V
i. Let ABmax{0,a — p} < s. Then, from (2) we have V; =V, 1 = --- = B7"'Vi = B7Vp, hence t: = 0 for 7 > 1, i.e.,
d0IT,>1(0);.
ii. Let A3max{0,a — p} > s. Then, from (3) we have V; = BV,_1 = --- = BT Wi > B7Vp, hence t: = 1 for 7 > 1, i.e.,

©+>1(1). Then Conduct;, from (4).
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(c2ii2ii) Let Vi < xr . Suppose that there exists ¢ > 1 such that z; < Vi_; for ¢t > t'. Then, since L (V;—1) <0 for t > ¢’
from Corollary 13.2.1(p%) (a), we have Vi — BV;_1 = 0 for ¢t > ' due to (20.1.28(p.164) ), hence V; = BV;_;1 for t > t', so

Vi=BViei =B Via = = BV

Accordingly V = lims0o Vi = 0 < x due to (25) and (45), which contradicts V > xx in (c2iil), hence it must be
that Vi1 < xp for t > 1. Then, since Vi1 < =, for 7 > ¢t > 1, we have L(Vi;—1) > 0---(46) for 7 > t > 1 from

Corollary 13.2.1(p%) (a), hence V; — fV;—1 > 0 for 7 > ¢t > 1 from (20.1.28(p164) ) or equivalently Vz > BVi_1 for 7 > ¢ > 1, thus
VT > /BVT—I > e > /BT_IVL
Since Vi > BV, from (2) and (3), we have
Ve > Vi1 > > 871 > BTV,
hence t* = 7 for 7 > 1, i.e., ®r>1(r)s. From (46) and (20.1.32(.16{)) we have Conduct;, for 7 > ¢ > 1.

(c2ii3) Let b<0(x <0), hence x, < T ---(47) from Lemma 13.2.4p.%) (c (d)). Then, due to (23) and (c2iil) we have
Viei > xx for t > 1, hence Vi1 > xp for t > 1 from (47), thus L (Ve—1) < 0 for ¢ > 1 from Corollary 13.2.1(p.%) (a).
Accordingly, the assertion is true for the same reason as in the proof of (c2ii2i). 1
Corollary 20.1.8 Assumea* <p<bandlet §<1 ors>0.

(a) Let Vi < k. Then z; is nondecreasing in t > 0.
(b)  Let Vi > wx.

1. LetB=1orVi=0. Then zx = z(V1) fort > 0.
2. Letf<land s=0(s>0).
i. Let Vi > 0. Then z is nonincreasing in t > 0.

ii. Let Vi <0. Then z is nondecreasing in t > 0. [J

® Proof Immediate from Tom 20.1.16(p.169) (b1,cli,c2il,c2iil) and from (6.2.94(p.33))
and Lemma 13.1.3(p87). 1

20.1.5.3 Market Restriction
20.1.5.3.1 Positive Restriction

20.1.5.3.1.1 Caseof 3=1and s=0

O Pom 20.1.9 («/{M:2[P][A]"}) Supposea >0. Let =1 and s = 0.
(a) Vi is nondecreasing in t > 0.

(b)  Let p <a*. Then ®r>0(r)s where Conduct,>i>0a-

(¢) Letb<p. Then @r>0(0).

(d) Leta*<p<bd.

1. Leta<p. Then @1(0); and G r>1(7)s where Conduct >;>0. and pSKIP1 ((c-s])
2. Let p<a. Then ®r>o0(r)sa where Conduct,>¢>0a-

® Proof The same as Lemma 20.1.9(p166) due to Lemma 17.4.4(p.116). 1

20.1.5.3.1.2 Caseof 3<lors>0
20.1.5.3.1.2.1 Case of p < a*
O Pom 20.1.10 (&Z{M:2[P|[A]"}) Suppose a > 0. Assume p < a*. Let <1 ors>0 and let p < Tx .
(a) V4 is nondecreasing in t > 0.
(b) Let . <p. Then @,>0(0).
(¢) Letp< zr.
1.  ®a1(1). where Conducti,. Below let 7 > 1.
2. Letp=1.
i. Let (Aa—s)/A<a".
1. Let A\=1. Then ©r>1(1) where Conducti,.
2. Let A< 1. Then ®r>1(r)s where Conduct,;>¢>0a-
ii. Let (Aa—s)/A>a*. Then ®r>1(r). and Conduct,>¢>o04-
3. Letf<1ands=0. Then ®,>1(r)a where Conduct >;>0a-
4. Let <1 and s> 0.
i. Let (\Ba—s)/d <a*.
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1. LetA=1.
i. Let s < ABT(0). Then ®r>1(r)a where Conduct,;>¢>0a-
ii. Let s > ABT(0). Then ©,>1(1); where Conducti,.

2. Let A< 1.
i. Let s < ABT(0). Then ®r>1(r)a where Conduct,>;>04-

ii. Let s > ABT(0). Then Ss(p.15) is true.
ii. Let (A\Ba—s)/d > a*.
1. Let s > ABT(0). Then ®r>1(r)s where Conduct,>¢>0a-
2. Let s < ABT(0). Then S3(pl5) is true.
® Proof Suppose a > 0, hence b > a > 0---(1). Here note k = AGT(0) — s from (5.1.23(p24)).

(a-c2ii) The same as (a-c2ii) of Tom 20.1.10(p.166) .
(c3) Let B <1ands=0. Then, due to (1) it suffices to consider only (c3ili,c3i2i,c3iil) of Tom 20.1.10(.166) .
(c4-c4ii2) The same as (c3-c3ii2) of Tom 20.1.10(p.166). N

O Pom 20.1.11 (&/{M:2[P][A]"}) Suppose a > 0. Assume p<a*. Let 3 <1 ors>0 andlet p= zx.
(a) Vi is nondecreasing in t > 0.
(b) Let B=1. Then @+>0(0)-
(c)
(d)

Let B <1 and s =0. Then ®->0(r)s where Conduct,>¢>0a-

Let <1 and s > 0.
1. Lets < pBupT(0). Then ®r>o0(r)a where Conduct,>¢>oa-
2. Let s > BuT(0). Then @,(0)-
® Proof Suppose a > 0, hence b > a > 0---(1). Here note kK = AGT(0) — s from (5.1.23(p.24) ).
(a,b) The same as (a,b) of Tom 20.1.11(p.166).
(¢) Let 8<1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 20.1.11(p.) .
(d-d2) The same as (c1,c2) of Tom 20.1.11(p.166). N

O Pom 20.1.12 (&/{M:2[P][A]*}) Suppose a > 0. Assume p < a*. Let <1 ors >0 and let p> k.
(a) LetB=1o0rp=0.

1. Vi=p fort>0.

2. Let xr < p. Then @+>0(0).-

3. Let zr > p. Then ®r>o0(T)a where Conduct >¢>0a-
(b) Letp<1andp>0andlets=0.

1. Vi is nonincreasing in t > 0 and converges to a finite V ast — oo.

2. Letp< zr. Then ®r>o0(r)a where Conduct >¢>0a-

3. Letp= zr. Then @1(0)) and ©r>0(r)s» where Conduct,>;>0a-

4.

Let z. < p. Then Sy (o8 ol Je-ss[e-sa] i prye.

(¢) Letp<1andp>0andlets>D0.

1. V4 is nonincreasing in t > 0 and converges to a finite V as t — oco.

2. Let s > BuT(0). Then @ r>0(0).
3. Let s < BuT(0).
i. Letp< zr. Then ®r>0(r)a where Conduct,;>¢>0a-
ii. Letp= zr. Then @1(0); and ®r>0(r), where Conduct,;>¢>0a-

iii. Let . <p. Then 84 18 true.
(d) Letp<1andp<0andlets=0.
1. Vi is nondecreasing in t > 0 and converges to a finite V as t — .
2. ®r>0(r)a where Conduct,>;>0a-
(e) Letp<1andp<O0 andlets>D0.
1. V4 is nondecreasing in t (1 >t > 0) and converges to a finite V as t — oo.
2. Let s> BuT(0). Then @ r>0(0).
3. Let s < BuT(0). Then ®r>0(r). where Conduct >¢>04-
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® Proof Suppose a > 0, hence b > a > 0---(1). Here note kK = A\GT(0) — s from (5.1.23(p4)).

(a-a3) The same as (a-a3) of Tom 20.1.12(p.167) .

(b-b4) Let B <1 and p > 0 and let s = 0. Then, due to (1) it suffices to consider only
(b1,b3i-b3iii) of Tom 20.1.12(p.167).

(c-c3iii) Let 8 <1 and p > 0 and let s > 0. Then, we have the same as (b1-b3iii) of Tom 20.1.12(p.167).
(d-d2) Let 8 <1 and p <0 and let s = 0. Then, due to (1) it suffices to consider only (c1,c3) of Tom 20.1.12(p.167) .
(e-e3) Let S <1and p<0andlet s> 0. Then, we have the same as (c1-c3) of Tom 20.1.12(p.167). 1

20.1.5.3.1.2.2 Caseof b < p
O Pom 20.1.13 (&/{M:2[P][A]"}) Suppose a > 0. Assume b< p. Let <1 ors >0 and let p < T .
(a) V4 is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V> Tk ast — oo.
(b) Let . <p. Then @+>0(0);.
(¢) Letp< zv.
®1(1)a where Conducti,. Below let 7 > 1.
Let B =1. Then ®r>1(T)a where Conduct >;>0a-
Let B <1 and s =0. Then ®r>1(r)s where Conduct,;>¢>o0a-
Let 8 <1 and s > 0.
i. Let s < ABT(0). Then ®,>1(r)a where Conduct,>;>0a-
ii. Let s> ABT(0). Then Ss(pl) © ] is true.
® Proof Suppose a > 0, hence b >a > 0---(1). Here note kK = \GT(0) — s from (5.1.23(p.24)).
(a-c2) The same as (a-c2) of Tom 20.1.13(p.167).
(¢3) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c3i) of Tom 20.1.13(p16).
(c4-c4ii) Let 8 <1 and s > 0. Then, we have the same as (c¢3i,c3ii) of Tom 20.1.13(p.167). B

=W N

O Pom 20.1.14 (&/{M:2[P][A]"}) Suppose a > 0. Assume b < p. Let B <1 ors>0 and let p= T .

(a) Vi is nondecreasing in t > 0.

(b) Let 8=1. Then @+>0{0)-

(¢) Letp<1ands=0. Then ®r>0(r). where Conduct >¢>04-
(d) LetB<1ands>D0.

1. Let s < ABT(0). Then ®r>0(r)s where Conduct >¢>0a-
2. Let s > A\BT(0). Then @ ->0(0).
® Proof Suppose a > 0, hence b > a > 0---(1). Here note Kk = ABT(0) — s from (5.1.23(p24) ).
(a,b) The same as (a,b) of Tom 20.1.14(p.168) .

(¢) Let 8<1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 20.1.14(p.16).
(d-d2) Let 8 <1 and s > 0. Then, we have the same as (c1,c2) of Tom 20.1.14(p.168). 1

O Pom 20.1.15 (&7 {M:2[P][A]"}) Suppose a > 0. Assume b < p. Let B <1 ors>0 and let p > Tx.
(a) LetB=1orp=0.
1. Vi=pfort>0.
2. Let xr < p. Then @+>0(0).
3. Let xr > p. Then ®r>0(r)s where Conduct,>¢>0a-
(b) Let<1andp>0andlets=0.
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. Letp < wr. Then ®r>o0(r)s where Conduct >¢>04-
3. Letp= zr. Then @1(0) and ®r>0(T)a where Conduct,>¢>0a.
4. Let xp < p. Then Sa is true.
(¢) Letp<1andp>0andlets>D0.
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.

2. Let s > ABT(0). Then @+>0(0).
3. Let s < ABT(0).
i. Letp< zr. Then ®r>0(r)a where Conduct,;>¢>0a-
ii. Letp= x.. Then @1(0); and ®r>0(T). where Conduct >¢>0a-
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iii. Let xp < p. Then S4 m s true.
(d) Let<1andp<0 andlets=0.
1. Vi is nondecreasing in t > 0 and converges to a finite V > xx ast — oco.

2. ®r>0(r)a where Conduct,>;>0a-

(e) Let B<1 andp <0 and let s > 0.
1. Vi is nondecreasing in t (1 >t > 0).
2. Let s > ABT(0). Then @+>0(0).
3. Let s < ABT(0). Then ®r>o0(r)s where Conduct,>¢>04-

® Proof Suppose a > 0, hence b > a > 0---(1). Here note k = AFT(0) — s from (5.1.23(p.24)).

(a-a3) The same as (a-a3) of Tom 20.1.15(p.168) .

(b-b4) Let 8 <1 and p> 0 and let s = 0. Then, due to (1) it suffices to consider only
(b1,b3i-b3iii) of Tom 20.1.15(p165) .

(c-c3iii) Let 8 < 1and p >0 and let s > 0. Then, we have the same as
(b1-b3iii) of Tom 20.1.15(165).

(d,d2) Let 8 <1and p <0 and let s=0. Then, due to (1) it suffices to consider only
(c1,c3) of Tom 20.1.15(p.168) .

(e-e3) Let 8 <1 and p <0 and let s > 0. Then, we have the same as
(c1-¢3) of Tom 20.1.15(p165). N

20.1.5.3.1.2.3 Caseofa* < p<b

O Pom 20.1.16 (&/{M:2[P][A]"}) Suppose a > 0. Assume a* < p <b. Let B <1 ors > 0.
(a) If \Bmax{0,a — p} < s, then @1(0), or else ®1(1)s where Conducti,. Below let 7 > 1.
(b) Let Vi < zk.
1. Vi is nondecreasing in t > 0 and converges to a finite V > xx ast — oco.
2. LetVi > . Then, if \Bmax{0,a — p} < s, we have @,>1(0), or else @r>1(1); where Conducti,.
3. LetVi < zr.
i. Let B=1. Then ®->1(r)a where Conduct,;>¢>1a.
iil. LetB<1ands=0. Then ®r>1(t). where Conduct;>¢>14-
iii. LetB <1 ands > 0.
1. Let s < ABT(0). Then ®r>1(r). where Conduct,>¢>1a-

2. Let s > A\BT(0). Then Ss is true.
(¢) LetVi> zk.
1. LetB=1o0rVs=0.
i. Vi=VWVi fort>0.
il.  If Amax{0,a — p} < s, then @:>1(0), or else ©r>1(1); where Conducti,.
2. Let <1 ands=0.
i.  Let Vi >0.

Vi is nonincreasing in t > 0 and converges to a finite V> xx ast — oo.

1.
2. LetVi > zp. Then Sg (@4 [© ] @i fc-sa[c-sa] js trye.
3. LetVi = zr. Then S; m s true.
4. Let Vi < zr. Then ®r>1(r)a where Conduct,>¢>0a-
ii. LetVh <O0.
1.  Then V; is nondecreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. LetVi > zp. If \Bmax{0,a — p} < s, then @,>1(0), or else ©r>1(1); where Conducti,.
3. LetVi < zr. Then ®r>1(r)a where Conduct >¢>14-
3. Let <1 ands>D0.
i.  Let Vi > 0.
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oco.
2. Let s < ABT(0).
i. Let Vi > xr . Then S¢ [@a]@ 1] @ic-sa[csa] js trye.
ii. Let V1 = xr . Then Sz m s true.
iii. Let Vi < xr. Then ®->1(7)a where Conduct->¢>0a4-
3. Let s > M\BT(0). If \Bmax{0,a — p} < s, then @->1(0), or else @r>1(1); where Conducti,
ii. LetVh <O.
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1. Then Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.

2. Let s < ABT(0).
i. Let Vi > zp . If \Bmax{0,a — p} < s, then @~->1(0), or else @r>1(1); where Conducti,.
ii. Let Vi < z. Then ®->(r)a where Conduct, >¢>1a-

3. Let s > ABT(0). If ABmax{0,a — p} < s, then @->1(0), or else ©r>1(1); where Conducti,

® Proof Suppose a > 0, hence b > a > 0---(1). Here note k = AFT(0) — s from (5.1.23(p24)).

(a-b3i) The same as Tom 20.1.16(p.169) (a-b3i).
(b3ii) Let 8 <1 and s =0. Then, due to (1) it suffices to consider only (b3iil) of Tom 20.1.16(p.16) .

(b3iii-b3iii2) Let 8 < 1 and s > 0. Then, the assertions are immediate from
Tom 20.1.16(p.169) (b3iil,b3ii2) with .

(c-clii) The same as Tom 20.1.16(p.169) (c-clii).

(c2-c2i4) Let 8 <1 and s = 0. Then, due to (1) it suffices to consider only
(c2i-¢2i1,c2i2i-c2i2iii) of Tom 20.1.16/(p.169) .

(c2ii-c2ii3) Due to (1) it suffices to consider only (c2ii-c2ii2ii) of Tom 20.1.16(p.169) .
(c3-c3i3) Let 8 <1 and s > 0. Then, we have the same as (c2-c2i1,c2i2i-c2i2iii) of Tom 20.1.16(p169) with .
(c3ii-c3ii3) We have the same as (c2ii-c2ii2ii) of Tom 20.1.16(p.169) with «. §

20.1.5.3.2 Mixed Restriction
Omitted.

20.1.5.3.3 Negative Restriction
Omitted.

20.1.6 Derivation of &/ {M:2[P][A]}

20.1.6.1 Preliminary
Since Theorem 20.1.3(p.151) holds due to Lemma 20.1.1(p.151) (b), we can derive th{|\~/|:2[]P’] [A]} by applying Sp_5 (see (18.0.3(p.128) ))
to @/{M:2[P][A]}.

20.1.6.2 Analysis
20.1.6.2.1 Caseof 3=1and s=0

O Tom 20.1.17 (0 .&/{M:2[P][A]}) Let =1 and s = 0.
(a

) Vi is nonincreasing in t > 0.

(b) Let p >b*. Then ®r>o0(r). where Conduct,>¢>04-
)
)

(¢) Leta>p. Then @->0(0).
(d) Letb* >p>a.

1. Letb>p. Then @1(0); and ®r>1(7)s where Conduct,>¢>1. and pSKIPi,.
2. Let p>b. Then ®r>0(r). where Conduct >¢>0a. U

® Proof by symmetry Immediate from applying Sp_,5 to Lemma 20.1.9(p.166). N

Corollary 20.1.9 Let 8 =1 and s =0. Then z is nonincreasing in t > 0. [
® Proof Immediate from Tom 20.1.17(p.1%) (a) and from (6.2.111(p.34) ) and Lemma A 3.3(p24). 1

20.1.6.2.2 Caseof 3<lors>0
20.1.6.2.2.1 Case of p > b*'

O Tom 20.1.18 (D .«/{M:2[P][A]})  Assume p > b*. Let <1 ors >0 and let p > .
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V < T ast — oo.
(b) Let 7 > p. Then @->0(0).
(¢) Letp> 7.

1.  ®a1(1). where Conducti,. Below let 7 > 1.

2. Letp=1.

i.  Let (A\b+s)/X>b".
1. Let A\=1. Then ©r>1(1); where Conducti,.

TThe condition of p > b* is what results from applying Sp_¢ to the condition p < a*in Section 20.1.5.2.2.1(p.166) .
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2. Let A< 1. Then ®r>1(r)a where Conduct,;>¢>0a-
ii. Let (Ab+s)/A <b*. Then ®r>1(r). where Conduct,>;>04-
3. Letp<1lands=0(s>0).
i. Let (\Bb+s)/6 > b*.
1. Let A=1.
i. Leta<0 (R <0).
ii. Leta>0 (k& >0). Then ©->1(l); where Conducti,.
2. Let A< 1.
i. Leta<0 (kK <0). Then ®->1(7)s where Conduct,>¢>0a-

ii. Leta >0 (& > 0). Then S3(p15) 1s true.
ii.  Let (\Bb+s)/6 < b*.
1. Leta<0 (& <0). Then ®->1(r)s where Conduct,>¢>04-

2. Leta>0 (k& >0). Then S3(pl5) is true. U

~

Then ®r>1(7)a where Conduct ;>¢>0a-

® Proof by symmetry Immediate from applying Sp_,p to Tom 20.1.10(p.166). N

Corollary 20.1.10 Assume p > b*, let B <1 or s >0, and let p > Tz. Then 2z is nonincreasing in t > 0. [
® Proof Immediate from Tom 20.1.18(p.1W) (a) and from (6.2.111(p34)) and Lemma A 3.3(p24). 1

O Tom 20.1.19 (B.&/{M:2[P][A]})  Assume p > b*. Let B <1 ors >0 and let p= . Then, for a given starting time T > 0:
(a) Vi is nonincreasing in t > 0.
(b) Let 8=1. Then @+>0{0)-
(c) Letp<1lands=0(s>0).
1. Leta<0 (kK <0). Then ®r>0(r)a and Conduct,>¢>04-
2. Leta>0(k >0). Then @->0(0);. U

® Proof by symmetry Clear from applying Sp_,z to Tom 20.1.11(p166). N

Corollary 20.1.11  Assume p > b*. Let <1 or s >0 and let p= Tz. Then z; is nonincreasing int > 0. [
® Proof Immediate from Tom 20.1.19(p.179) (a) and from (6.2.111(p34) ) and Lemma A 3.3(p244). 1

O Tom 20.1.20 (2 .o/ {M:2[P][A]}) Assume p >b*. Let B <1 ors >0 and let p < Tj.
(a) LetB=1o0rp=0.
. Vi=pfort>0.
2. Let 7 > p. Then @+>0(0)).
3. Let Ty < p. Then ®r>0(r)s where Conduct,>¢>0a-
(b) Let<1andp>0andlets=0(s>0).
1. Vi is nondecreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. Leta>0(%&>0). Then @->0(0)-
3. Leta<0 (k& <0).
i. Letp> x7. Then ®r>0(r)a where Conduct,;>;>0a-
ii. Letp= %7. Then @1(0), where ®r>0(r)s where Conduct,;>¢>0a-
iii. Let p< Tg. Then S84 m s true.
(¢) LetB<1andp<0andlets=0(s>0).
1. Vi is nonincreasing in t > 0 and converges to a finite V < T ast — oo.
2. Let a>0(k>0). Then @->0(0).
3. Let a<0(k<0). Then ®r>0(r)s where Conduct,>¢>0a. U

® Proof by symmetry Immediate from applying Sp_,3 to Tom 20.1.12(p.167). N

Corollary 20.1.12 Assume p > b*. Let <1 ors>0 and let p < Tj.

(a) LetB=1orp=0. Then z is constant in t (z: = z(p) for t > 0).
(b) Let <1 and p>0. Then z; is nondecreasing in t > 0 for any s > 0.
(¢) LetB<1andp<0. Then z is nonincreasing in t > 0 for any s > 0. U

® Proof by symmetry Evident from Tom 20.1.20(p.17) (al,bl,c1) and from (6.2.111(p34)) and
Lemma A 3.3(p244). 1
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20.1.6.2.2.2 Case of a > p'
O Tom 20.1.21 (& &/ {M:2[P][A]}) Assumea > p. Let 3 <1 ors >0 and let p> Tj.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V< Tz ast — oo.
(b)  Let 7 > p. Then @ r>0(0)-
(¢) Letp> .
1. ®:1(l). where Conducti,. Below let 7 > 1.
Let B =1. Then ®r>1(T)a where Conduct >;>0a-
3. Letf<land s=0(s>0).
i. Let a<0 (k& <0). Then ®r>1(r)s where Conduct,>¢>0a-
ii. Let a>0 (R >0). Then S3(pl5) is true. 0O

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.1.13(p.167). 1

Corollary 20.1.13 Assume a > p. Let B <1 or s >0 and let p > T. Then z is nonincreasing in t > 0. [
® Proof Evident from Tom 20.1.21(p180) (a) and from (6.2.111(p34)) and Lemma A 3.3(p244). 1

O Tom 20.1.22 (B.&/{M:2[P][A]}) Assume a > p. Let 3 <1 ors >0 and let p= T%.
(a) V4 is nonincreasing in t > 0.
(b) Let 8=1. Then @+r>0{0)-
(c) Letp<1ands=0(s>0).
1. Leta<0 (& <0). Then ®r>0(t)s and Conduct;>¢>0a-
2. Leta>0 (K >0). Then @->0{(0);. U

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.1.14(p.168). 0

Corollary 20.1.14 Assume a > p. Let 8 <1 or s >0 and let p= Tz . Then z: is nonincreasing in t > 0. [
® Proof Evident from Tom 20.1.22(p18)) (a) and from (6.2.111(p34)) and Lemma A 3.3(p.244). 1

O Tom 20.1.23 (2 .&/{M:2[P][A]}) Assume a > p. Let B <1 ors >0 and let p < T7.
(a) LetB=1orp=0.
1. Vi=pfort>0.
2. Let 7 > p. Then @ +>0(0)).
3. Let Ty < p. Then ®r>0(r)s where Conduct,>¢>0a-
(b) LetB<1andp>0andlets=0(s>0).
1. Vi is nondecreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. Leta>0 (kK >0). Then @+>0{0).
3. Leta<0(k<0).
i. Letp> Z7. Then ®r>0(r)a where Conduct,;>;>0a-
ii. Letp= ;. Then @1(0); where ®r>0(r)s where Conduct,>¢>0a-
ili. Let T > p. Then S4 m s true.
(¢) Letp<1landp<O0andlets=0(s>0).
1. Vi is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. Leta>0(k >0). Then @+>0(0).
3. Leta<0 (kK <0). Then ®~>0(r)s where Conduct,>¢>0a. U

® Proof by symmetry Immediate from applying Sp_,3 to Tom 20.1.15(p.168). B

Corollary 20.1.15 Assume a > p. Let <1 ors >0 andlet p < T3;.

(a) LetB=1o0rp=0. Then z = z(p) fort > 0.
(b) Letp<1andp>0andlets=0(s>0). Then z is nondecreasing in t > 0.
(¢c) LetB<1landp<0andlets=0(s>0). Then z is nonincreasing int > 0. U

® Proof Evident from Tom 20.1.23(p.180) (al,b1l,c1) and from (6.2.111(p34)) and
Lemma A 3.3(p244). 1

TThe condition of a > p is what results from applying Sp_ to the condition of b < p in Section 20.1.5.2.2.2(p.167) .
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20.1.6.2.2.3 Case of b* > p > a'
Let us here note that (20.1.43(p.1638) ) changes as follows.

Vi = min{ A\ min{0,b — p} + 5,0} + Bp.7

O Tom 20.1.24 (O &/ {M:2[P][A]}) Assume b* >p>a. Let 3 <1 ors>0.
(a) If A\Bmin{0,p — b} > —s, then @1(0), or else ®1(1). where Conducti,. Below let 7 > 1.
(b) Let Vi > 7.
1. Vi is nonincreasing in t > 0 and converges to a finite V < T ast — oco.
2. Let Vi < Z. Then, if ABmin{0, p — b} > —s, we have @ ->1(0)), or else ©r>1(1); where Conducti,.
Let Vi > @f.
i. LetB=1. Then ®->1(r)s where Conduct,;>¢>1a.
ii. LetB<1and s=0(s>0).
1. Let a<0(k <0). Then ®r>1{7)s where Conduct,>¢>1a.
2. Let a>0(k >0). Then Ss is true.
(¢) LetVi< Tx.
1. LetB=1orVi=0.
i Vi=Vifort>0.
ii.  If Amin{0,p — b} > —s, then @->1(0)y, or else ©,>1(1); where Conduct,.
2. LetB<land s=0(s>0).1

i. Let V4 <O0.
1.V, is nondecreasing in t > 0 and converges to a finite V < Tg as T — oo.
2. Let a<0(k <0). Then

i. Let V1 < x;. Then Sg (@] @1 ]® I]c-sa]e=sa] jg trye.
ii. Let Vi = Z7. Then Sy m s true.

iii. Let Vi > Tr. Then ®r>1(r). where Conduct,;>¢>0a.

3. Let a>0(k>0). If \Bmin{0,p — b} > —s, then @->1(0), or else ©r>1(1); where Conducti,.

ii. Let V3 > 0.

1.  Then V; is nonincreasing in t > 0 and converges to a finite V < Tg as 7 — oo.
2. Let a<O0(k <0). Then
i. Let Vi < xp. If \Bmin{0, p — b} > —s, then @->1(0), or else ©r>1(l); where Conduct,.

ii. Let Vi > 7. Then ®r>(7)a where Conduct,>¢>1a.

3. Let a>0(k>0). If \Bmin{0,p — b} > —s, then @->1(0)y, or else @,>1(1); where Conducti,.

® Proof by symmetry Immediate from applying Sp_,z to Tom 20.1.16(p169). §

Corollary 20.1.16 Assume b* >p>a. Let <1 or s> 0:

(a) Let Vi > Tg. Then z: is nonincreasing in t > 0.

(b) Let Vi < Tg. Then
1. LetB=1orVi=0. Then z; is constant int > 0 (z: = z(V1) fort > 0).
2. Letp<1.

i. Let Vi <0. Then z:¢ is nondecreasing in t > 0 for any s > 0.
ii. Let Vi > 0. Then z is nonincreasing in t >0 for any s > 0. [

® Proof Immediate from Tom 20.1.24(p.181) (b1,cli,c2i1,c2iil) and from (6.2.111(p34)) and
Lemma A 3.3p244). 1

TThe condition of b* > p > a is what results from applying Sp_5 to the condition of a* < p < b in Section 20.1.5.2.2.3(p.168) .
—Vi = max{A\8max{0,—d + p} —s,0} — Bp (apply the reverse to (20.1.43(p.168)))
i = —max{\8max{0,—éa+ p} —s,0} +Bp (multiply the above by —1)
= min{—ABmax{0,—a+ p} + 5,0} + 35 (arrangement the above)
= min{A\Bmin{0,a — p} + 5,0} + Bp (arrangement the above)

Vi = min{ABmin{0,b— p} +s,0} + 85 (apply Zr to the above)
Vi = min{ABmin{0,b — p} + 5,0} + 85 (apply Cr to the above)
Vi = min{ABmin{0,b — p} + 5,0} + Bp (remove the hat symbol ~)

TSee Remark 20.1.2(p.169) .

0

(20.1.44)
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20.1.6.3 Market Restriction
20.1.6.3.1 Positive Restriction

20.1.6.3.1.1 Caseof 3=1and s=0

O Pom 20.1.17 (sz{l\?l:Z[]P][Aﬁ}) Suppose a > 0. Let B =1 and s = 0.
(a) Vi is nonincreasing in t > 0.

(b)  Let p>b*. Then ®r>0(r)a where Conduct >¢t>04-

(¢) Leta>p. Then @+>0(0).

(d) Letbd*>p>a.

1. Letb>p. Then @1(0); and ®r>1(T)s where Conduct,>¢>0. and C~S1,.
2. Let p>b. Then ®,>0(r). where Conduct,>¢>0a. U

® Proof The same as Tom 20.1.17(p.178) due to Lemma 17.4.4(p.116). 1

20.1.6.3.1.2 Caseof 3<lors>0
20.1.6.3.1.2.1 Case of p > b*

O Pom 20.1.18 (ﬂ{l\?I:Q[]P’][Aﬁ}) Suppose a > 0. Assume p > b*. Let f <1 ors>0 and let p> Tj.
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V< T ast — oo.
(b) Let 7 > p. Then @-r>0(0)-
(¢) Letp> .
1. ®a1(1). and Conducti,. Below let 7 > 1.
2. Letp=1.
i.  Let (\b+s)/X\>0b".
1. Let A\=1. Then ©r>1(1); where Conducti,.
2. Let A< 1. Then ®->1(7). where Conduct,;>¢>0a.
ii.  Let (Ab+ 8)/A <b*. Then ®r>1(r). where Conduct,>¢>04-
3. Let 3<1 and s> 0. Then we have Ss(p.15) [®s]@ 1],
4. Let <1 and s> 0.
i.  Let (A\Bb+s)/6 > b*.
1. Let A\=1. Then ©r>1(1) where Conducty,.
2. Let A < 1. Then Ss(pl5d) is true.
ii. Let (ABb+s)/6 < b*. Then S3(pl5) is true. 0
® Proof Suppose a > 0---(1), hence b >a > 0---(2) and b* > 0---(3) from Lemma 14.6.1(p.105) (n) and (2). Then we have
E =s---(4) from Lemma 14.6.6(p.106) (a).

(a~c2ii) The same as (a-c2ii) of Tom 20.1.18(p.17).

(c3) Let 8 < 1ands=0. Assume (ABb+s)/d > b*. Then since \3b/§ > b*, we have A\Bb > 6b* from (10.2.2 (1) (p4) ), hence
ABb > 6b* > Ab* due to (10.2.2(1) (p54) ), so Sb > b*, which contradicts [7(p.116)]. Thus it must be that (ASb+ s)/d < b*. From
this it suffices to consider only (c3ii2) of Tom 20.1.18(p.17).

(c4-cdii) Let 8 <1 and s> 0. Then & > 0 due (4) , hence it suffices to consider only
(c3ilii,e3i2ii,c3ii2) of Tom 20.1.18(p178); accordingly, whether s = 0 or s > 0, we have the same result. 1

O Pom 20.1.19 (427{!\7I:2[IED][A]+}) Suppose a > 0. Assume p > b*. Let $ <1 ors>0 and let p= Tjz.
(a) Vi is nonincreasing in t > 0.
(b)  We have @->0{0). [
® Proof Suppose a > 0. Then & = s---(1) from Lemma 14.6.6(p.106) (a).
(a) The same as Tom 20.1.19(p.179) (a).

(b) Let 8 = 1. Then, we have @->0(0); from (b) of Tom 20.1.19(p.179). Let 8 < 1. Then, if s = 0, it suffices to consider
only (c2) of Tom 20.1.19(p.179) and if s > 0, then & > 0 due to (1), hence it suffices to consider only (c2) of Tom 20.1.19(p.179);
accordingly, whether s = 0 or s > 0, we have the same results. Therefore, whether 3 =1 or 8 < 1, we have the same result. 1

O Pom 20.1.20 (7 {M:2[P][A]"

(a) LetB=1o0rp=0.
1. Vi=p fort>0.
2. Let 7 > p. Then @+>0(0).
3. Let 7 < p. Then ®r>0(r)a where Conduct >¢>04-

1) Suppose a > 0. Assume p >b*. Let B <1 ors>0 andlet p < Tg.
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(b) LetB <1 andp>0.
1. Vi is nondecreasing in t > 0 and converges to a finite V < Tg ast — oo.
2. @~>0{0)-

(c) Letp<1andp<O.
1. Vi is nonincreasing in t > 0 and converges to a finite V < Ti ast — oo.
2. @r>0(0). O

® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 14.6.6(p.106) (a).

(a-a3) The same as (a-a3) of Tom 20.1.20(p.179).

(b-b2) Let 8 <1 and p > 0. First, we have the same as (b1) of Pom 20.1.20. Next, if s = 0, then due to (1) it suffices to
consider only (b2) of Tom 20.1.20(p17) and if s > 0, then since & > 0 from (2) , it suffices to consider only (b2) of Tom 20.1.20(p17) .
Thus, whether s = 0 or s > 0, we have the same result.

(c-c2) Let 8 < 1 and p < 0. First, we have the same as (c1) of Pom 20.1.20. Next, if s = 0, then due to (1) it suffices to
consider only (c2) of Tom 20.1.20(p17) and if s > 0, then since & > 0 from (2) , it suffices to consider only (c2) of Tom 20.1.20(p17) .
Thus, whether s = 0 or s > 0, we have the same result. 1

20.1.6.3.1.2.2 Caseofa > p

O Pom 20.1.21 (M{M:Q[P}[Aﬁ}) Suppose a > 0. Assume a > p. Let B <1 ors >0 and let p> T.
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V < T ast — oo.
(b)  Let 7 > p. Then @ +>0(0)-
(¢c) Letp> zf.
1. ®:1(l). where Conducti,. Below let 7 > 1.
2. Let B=1. Then ®r>1(r)s where Conduct;>¢>0a-
3. Let 8 < 1. Then Ss(pl5) s true. [

® Proof Supposea>0---(1). Then & = s---(2) from Lemma 14.6.6(p.106) (a).

(a~c2) The same as (a-c2) of Tom 20.1.21(p.180).

(c3) Let B < 1. If s = 0, then due to (1) it suffices to consider only (c3ii) of Tom 20.1.21(p180) and if s > 0, then & > 0 due
to (2) , hence it suffices to consider only (c3ii) of Tom 20.1.21(p.80)). Thus, whether s = 0 or s > 0, we have the same result. 1

O Pom 20.1.22 (%{M:Q[P}[Aﬁ}) Suppose a > 0. Assume a > p. Let <1 ors>0, and let p= Zx.
(a) Vi is nonincreasing in t > 0.

(b) We have @+>0{0);. 0

® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 14.6.6(p.106) (a).

(a) The same as Tom 20.1.22(p.180) (a).

(b) Let #=1. Then @,0(0); from (b) of Tom 20.1.22(p.180). Let 8 < 1. If s = 0, then due to (1) it suffices to consider only
(c2) of Tom 20.1.22(p.180) and if s > 0, then & > 0 due to (2), hence it suffices to consider only (c2) of Tom 20.1.22(p.180) with &.
Accordingly, whether s =0 or s > 0, we have @->0(0). Thus, whether 5 =1 or 5 < 1, we have @->0(0);. 1

O Pom 20.1.23 (%{M:2[P][A]+}) Suppose a > 0. Assume a > p. Let B <1 ors>0 and let p < T.
(a) LetB=1orp=0.
1. Vi=p fort>0.
2. Let 7 > p. Then @+>0(0).
3. Let Tz < p. Then ®r>o0(r)s where Conduct;>¢>0a-
(b) Letp <1 andp>0.
1. Vi is nondecreasing in t > 0 and converges to a finite V < T ast — oo.
2. @r>0(0).
(¢) Letp<1andp<O.
1. Vi is nonincreasing in t > 0 and converges to a finite V < Tg ast — 0.

2. @7—>0<0>H. D
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® Proof Suppose a > 0---(1), hence b > a > 0. Then & = s---(2) from Lemma 14.6.6(p.106) (a).

(a-a3) The same as Tom 20.1.23(p.130) (a-a3).

(b) Let S <1landp>0.

(bl) The same as (bl) of Pom 20.1.23.

(b2) 1If s = 0, then due to (1) it suffices to consider only (b2) of Tom 20.1.23(p18%0) and if s > 0, then & > 0 from (2) | hence
it suffices to consider only (b2) of Tom 20.1.23(p.180). Thus, whether s = 0 or s > 0, we have the same result.

(c1) The same as Pom c1(bl).

(¢2) 1If s =0, then due to (1) it suffices to consider only (c2) of Tom 20.1.23(p18) and if s > 0, then & > 0 from (2), hence it
suffices to consider only (c2) of Tom 20.1.23(p.180). Thus, whether s = 0 or s > 0, we have the same result. Il

20.1.6.3.1.2.3 Case of b* > p > b
O Pom 20.1.24 (%{I\N/I:2[]P][A}+}) Suppose a > 0. Assume b* > p >b. Let § <1 ors>0.
(a) If A\Bmin{0,p — b} > —s, then @1(0), or else ®1(1). where Conducty,. Below let 7 > 1.
(b) Let Vi > ;.
1. Vi is nonincreasing in t > 0 and converges to a finite V < Tg ast — oo.
2. Let Vi < xz. Then, if \Bmax{0,p — b} < s, we have @->1(0), or else @r>1(1); where Conducti,.
3. LetVi > x.
i. Let B=1. Then ®r>1(r)a where Conduct >¢>1a4.
ii. Let 8< 1. Then Ss s true.
(¢) LetVi< xz.
1. LetB=1orVi=0. Then:
i Vi=Vifort>0.
ii.  If Amin{0,p — b} > —s, then @->1(0);, or else ©,>1(1); where Conducti,.
2. LetB<1land s=0(s>0).1
i. Let Vi <O0.

1. Vi is nondecreasing in t > 0 and converges to a finite V < Tz ast — oo.

2. IfA\Bmin{0,p — b} > —s, then @ ->1(0), or else ©r>1(1); where Conducti,.
ii. Let Vi >0.
1.  Then V; is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.

2. If \Bmin{0,p — b} > —s, then @ ->1(0), or else ©r>1(1); where Conducti,.
® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 14.6.6(p.106) (a).
(a-b3i) The same as (a-b3i) of Tom 20.1.24(p.181).

(b3ii) Let 8 < 1. If s =0, due to (1) it suffices to consider only (b3ii2) of Tom 20.1.24(p.181) and if s > 0, then & > 0 due to
, hence it suffices to consider only 112) of Tom 20.1.24(p.181). Accordingly, whether s = 0 or s > 0, we have the same result.
(2), hence it suffi ider only (b3ii2) of Tom 20.1.24 Accordingly, wheth 0 0, we have th 1

c) Let Vi < z%.

cl-clii) The same as (cl-clii) of Tom 20.1.24(p.181).

c2) Let B<land s=0(s>0).

¢2i,c2i1) The same as (c2i,c2i1) of Tom 20.1.24(p.181).
c2i2) The same as Tom 20.1.24(p.181) (¢c2i3).

c2ii,c2iil) The same as (c2ii,c2iil) of Tom 20.1.24(p.181).

(c2ii2) If s = 0, then due to (1) it suffices to consider only (c2ii3) of Tom 20.1.24(p18]) and if s > 0, then & > 0 due to (2),
hence t suffices to consider only (c2ii3) of Tom 20.1.24(p.81). Thus, whether s = 0 or s > 0, we have the same result. I

Y~ N N N N

20.1.6.3.1.2.4 Mixed Restriction
Omitted.

20.1.6.3.1.2.5 Negative Restriction

Unnecessary.

20.1.7 Numerical Calculation
Numerical Evample 5 (</{M:2[R][A]"} (selling model)

This is the example for of 544 [ el Je-se[e-sa] i pom 20.1.4(p.160) (c3iii) in which a > 0, p > zx, 8 <1, p >0, s > 0, and
x, < p. As an example let @ = 0.01, b = 1.00, A = 0.7, 8 = 0.98, s = 0.1, and p = 0.5where z, = 0.462767.7 The graph
below is for It = 87 'V;, 7 = 1,2,---,15 and t = 0,1,--- ,7, where « represents the optimal initiating time (0IT) for each
T7=1,2,---,15 (see t} - column in the table below).

TSee Remark 20.1.2(p169) .

fNote that @ = 0.01 > 0, p =05 >0, 8 =098 < 1, and s = 0.1 > 0. In addition, since p = (1.00 + 0.01)/2 = 0.505, we have
ABp = 0.34643 > 0.1 = s. Furthermore, we have zp, = 0.4627674 < 0.5 = p. Thus the condition of the assertion is satisfied.
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Since AgVi = AgVa = AgVs = AgVy = 0 (see AgVi-column in the table below), we have Vi = Vs, Va = gV, Vo = V4, and

= BV, implying that it becomes indifferent to skip the search up to the deadline t4 = 0 on t = 4,3,2,1 (see Preference
Rule 7.2.1(p43) ), i.e., @ r=4,3,2,1(0)a. On the other hand, since L(V;—1) < 0 for 1 <t < 4 (see L(Vi—1)-column in the table
below), it follows that it is strictly optimal to skip the search up to the deadline 0 (see (20.1.26(p.154))) for 1 < ¢ < 7 = 4,
ie., @r=4,32,1(0).. Although the above two results “indifferent” and “strictly optimal” seem to contradict each other at a
glance, it is what is caused by the jumble of intuition and theory (see Alice 2(p42) ).

Each of the graphs for 7 = 6,7, - ,15 shows that the optimal initiating time is strictly, i.e., ®6<r<15(7)a, meaning that the
immediate initiation is strictly optimal and that conducting the search is strictly optimal at time t = 6,7,--- ,15 (Conduct,)
and skipping the search becomes strictly optimal at time ¢ = 5,4, 3,2,1 after that (see L (V;—1)-column in the table below),
implying that we have C~S, (see Remark 7.2.1(p42)) occurs.

t Vi AgVy =Vy — BViy  t1 L(Vy_1)
0 0.5000000

1 0.4900000 0.0000000 0 —0.0133838 (SKIP, )
2 0.4802000 0.0000000 0 —0.0098846 (SKIP, )
t 3 0.4705960 0.0000000 0 —0.0063880 (SKIP, )
- +-0.50 4 0.4611841 0.0000000 0 —0.0028969 (SKIP, )
5 0.4525469 +0.0005865 5  +0.0005865 (Conduct,)
6 0.4473331 +0.0038371 6  -+0.0038371 (Conduct,)
| o5 7 0.4442109 +0.0058244 7 40.0058244 (Conduct,)
: 8 0.4423501 +0.0070235 8  +0.0070235 (Conduct,)
9 0.4412444 +0.0077413 9 +0.0077413 (Conduct,)
10 0.4405885 +0.0081690 10 40.0081690 (Conduct,)
11 0.4401998 +0.0084231 11 40.0084231 (Conduct,)
r0.40 12 0.4399696 +0.0085738 12 +0.0085738 (Conduct,)
13 0.4398333 +0.0086631 13 +0.0086631 (Conduct,)
14 0.4397527 +0.0087160 14 40.0087160 (Conduct,)
0.5 15 0.4397049 +0.0087473 15 +0.0087473 (Conduct,)

Figure 20.1.1: Graphs of It = 877'V, (15> 7> 1,7 >t > 0)

20.1.8 Conclusion 3  (Search-Allowed-Model 2)

Cl1.

Mental Conflict
On Z 7, we have (see (7.3.1p45)) and (7.3.2(p45) ) for the definitions of opt-R-price and opt-P-price below):
a. Let $=1and s=0.

1. The opt-R-price V; in M:2[R][A] (selling model) is nondecreasing in t* (see Figure 7.3.1p.5) (I)), hence we have the
normal conflict (see Remark 7.3.1(p45) ).

2. The opt-P-price z; in M:2[P|[A] (selling model) is nondecreasing in ¢ (see Figure 7.3.1(p45) (I)), hence we have the
normal conflict (see Remark 7.3.1(p45) ).

3. The opt-R-price V; in M:2[R][A] (buying model) is nonincreasing in t" (see Figure 7.3.1(p4) (II)), hence we have the
normal conflict (see Remark 7.3.1(p.45) ).

4. The opt-P-price z; in M:2[P][A] (buying model) is nonincreasing in " (see Figure 7.3.1(p45) (I)), hence we have the
normal conflict (see Remark 7.3.1(p45) ).

- * + Tom’s 20.1.1(p.154) (a).

. 1® + Corollaries 20.1.1(p.166) .
- 1% ¢« Tom’s 20.1.5(p.161) (a).

. 1+ Corollaries 20.1.9(p.17) .

b. Let 8<1lors>0.
1. The opt-R-price V; in M:2[R][A] (selling model) is nondecreasing ¥ constant " , or nonincreasing in t" (see Fig-
ure 7.3.2(p45) (I)), hence we have the abnormal conflict (see Remark 7 3.2(p45)).

2. The opt-P-price z; in M:2[P]|[A] (selling model) is nondecreasmg , constant I” | or nonincreasing in ¢ (see Fig-
ure 7.3.2(p43) (I)), hence we have the abnormal conflict (see Remark 7 3.20p4)).

3. The opt-R-price V; in M:2[R][A] (buying model) is nondecreasing!”, constant ! , or nonincreasing in ¢" (see Fig-
ure 7.3.2(p45) (I)), hence we have the abnormal conflict (see Remark 7.3.2(p.45) ).

4. The opt-P-price z in M:2[P][A] (buying model) is nondecreasing‘d, constant I | or nonincreasing in " (see
Figure 7.3.2(p45) (II)), hence we have the abnormal conflict (see Remark 7.3.2(p4) ).

-

¢ 20.1.20150 (a), 20.1.3(p57) (a), 20.1.4(.157) (c1).
I* < Tom 20.1.4(p.157) (al)).
* < Tom 20.1.4(p.157) (b1).

b

-

-

< 20.1.2(p.166) , 20.1.3(p.167),20.1.4(p.167) (c),

20.1.5(p1638) , 20.1.6(p.168) , 20.1.7(p.168) (c), 20.1.8(p.174) (a,b2ii).
I® < Corollary 20.1.4(p.167) (a), 20.1.7(p.168) (a), 20.1.8(p.174) (b1).
Y+ Corollaries 20.1.4(p.167) (b), 20.1.7(p.168) (b), 20.1.8(p.174) (b2i).

-

- 4 < Tom 20.1.8(p162) (b1).
II° <~ Tom 20.1.8(p.162) (al).
€« 20.1.6(p162) (a), 20.1.7(p.162) (a), 20.1.8(p.162) (c1).
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- 14« Corollaries 20.1.12(p.179) (b), 20.1.15(p180) (b),20.1.16(p181) (b2i).
194 « Corollaries 20.1.15(p150) (a), 20.1.16(p1s1) (b1).

v 20.1.10(p179), 20.1.11(p179), 20.1.12(p.179) (c),
20.1.13(p.180), 20.1.14(p.180), 20.1.15(p.180) (¢), 20.1.16(p.181) (a),b2ii).

The above results can be summarized as below.

A. If 3=1and s =0, then, on .# ", whether selling problem or buying problem and whether R-model or P-model, we
have the normal mental conflict in Ezamples 1.4.1(p6) - 1.4.4(ps) .

B. If 8 <1ors >0, then, on #', whether selling problem or buying problem and whether R-model or P-model, we
have the abnormal mental conflict.

C2.  Symmetry

On 7, we have:

a. Let 8 =1 and s =0. Then we have:

Pom 20.1.5(p163) A Pom 20.1.1(p150)  (Z/{M:2[R][A]}" ~v o7 {M:2[R][A]}T),
Pom 20.1.17(p18)) ~v Pom 20.1.9(p17)  («/{M:2[P][A]}* ~ &7 {M:2[P][A]}T).

b. Let 8 <1ors>0. Then we have

Pom 20.1.6(p163) Av Pom 20.1.2p01%) (&7 {M:2[R][A]}" A &/ {M:2[R][A]} ),
Pom 20.1.7(p163) Av Pom 20.1.3p160)  (/{M:2[P][A]}" Ab &/ {M:2[P][A]} )
Pom 20.1.8(p163) A Pom 20.1.4p160) (&7 {M:2[R][A]}" A &/ {M:2[R][A]} 1),
Pom 20.1.18(p.182) Av Pom 20.1.10(p17) (o7 {M:2[P][A]}" Av &/ {M:2[P][A]}T),
Pom 20.1.19(p.182) Av Pom 20.1.11(p17) (&7 {M:2[R][A]}" Av &/ {M:2[R][A]} 1),
Pom 20.1.20(p.182) Av Pom 20.1.12p17) (o7 {M:2[P][A]}" Au &/ {M:2[P][A]}T),
Pom 20.1.21(p.183) Av Pom 20.1.13(p17%) (o7 {M:2[R][A]} " AV &/ {M:2[R][A]} 1),
Pom 20.1.22(p.183) Av Pom 20.1.14(p17) (o7 {M:2[P][A]}" Au &/ {M:2[P][A]}T),
Pom 20.1.23(p.183) Av Pom 20.1.15p17%) (o7 {M:2[R][A]}T Ab &/ {M:2[R][A]} ),
Pom 20.1.24(p.184) Av Pom 20.1.16(p177) (&7 {M:2[P][A]}" Au &/ {M:2[P][A]} T).

The above results can be summarized as below.

A. Let =1 and s =0. Then the symmetry is inherited.
B. Let 8 <1ors>0. Then the symmetry collapses.
C3. Analogy

On Z 1, for any B < 1 and s > 0 we have:

a. We have:
Pom 20.1.9(p17) ki Pom 20.1.1(p159) (< {M:2[R][A]} " okt .o/ {M:2[R][A]} ),
Pom 20.1.10(p.174) bk Pom 20.1.2(p.15) (7 {M:2[P][A]}* ka7 {M:2[P][A]} ),
Pom 20.1.17(p.182) bk Pom 20.1.5(p163) (o7 {M:2[R][A]}" vkt &/ {M:2[R][A]} ),
Pom 20.1.18(p.182) bk Pom 20.1.6(p163)  (:/ {M:2[P][A]}* ki o7 {M:2[P][A]} ).

The above results can be summarized as below.
A. The analogy collapses.

C4. Optimal initiating time (0IT)
a. Let #=1and s=0. Then, from

Pom 20.1.1(p.15%), Pom 20.1.5(p163), Pom 20.1.9p1%),  Pom 20.1.17(p15),

we have the following table:

Table 20.1.1: Possible 0IT (3 =1 and s = 0)
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A {M2R][A]T} | {M2R][A]T} | {M2PAIT} | {M:2[P][A] T}

b. Let 8 <1ors>0. Then, from

Pom 20.1.2(p159), Pom 20.1.3(p.160), Pom 20.1.4(p.160), Pom 20.1.5(p.163),  Pom 20.1.6(p.163),

Pom 20.1.7(p163), Pom 20.1.8(p.163), Pom 20.1.10(p.174), Pom 20.1.11(p.175), Pom 20.1.12(p.175),
Pom 20.1.13(p.17), Pom 20.1.14(p.176), Pom 20.1.15(p.17%), Pom 20.1.16(p.177), Pom 20.1.19(p.182),
Pom 20.1.20(p.182), Pom 20.1.21(p.183), Pom 20.1.22(p.183), Pom 20.1.23(p.183), Pom 20.1.24(p.184),

we have the following table:

Table 20.1.2: Possible 0IT (3 < or s > 0)

A {M2R][A]T} | {M2R][A]T} | {M2P[AIT} |7 {M:2P][A] T}

® (1)
® (1)
® (1) a o o o o
Or(t5y) | o o o o
O~ (t3) s
Or(t3)a
@-(0) o o o o
0-(0).
0-(0).

Il
A

c. The table below is the list of the occurrence rates of ®), ©, and @ (Def.11.2.4(pf1)) on .F

(See the primitive Tom’s 20.1.1(p.154) (), 20.1.2(p.154) (), 20.1.3(p157) (m), 20.1.4(p.157) (m), 20.1.9(p.166) (1),
and 20.1.16(p.169) ().

Table 20.1.3: Occurence rates of @), ©, and @ on .%

® © L)
46.6 % / 28 21.6% /13 31.6% /19
@H @A @A @H @A A @H @A @A
- X possible possible X X possible X X
-%/ - 0.0%/0 46.6 %/ 28 21.6%/13 0.0%/0 0.0%/0 31.6%/19 0.0%/0 0.0%/0

C5.  Null-time-zone and deadline-engulfing

From Table 20.1.3(p.187) above we see that on %#:

a. See Remark 7.2.2(p43) for the implication of the symbol “a” representing the strict optimality of the initiating time
tr.

b. As a whole, ®), ©, and @ are possible at 47.5%, 21.3%, and 31.2% respectively where
®) cannot be defined (see Remark ??(p.77)).
©) is possible (21.6 %).
@ is possible (31.6 %).
®. never occur (0.0%).
©., never occur (0.0%).
® . never occur (0.0%).

IR
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7. ®. is possible (46.6 %).
8. (©. never occurs (0.0%).
9. @. never occurs (0.0%).

From the above results we see that:

A. ©) and @ causing the null-time-zone are possible at 53.2% (= 21.6% + 31.6%).
B.  ©. strictly causing the null-time-zone is impossible (0.0%).

C. @. strictly causing the deadline-engulfing is impossible (0.0%).

C6. C~S On .Z7, we have (see (A5b(p.12))):
Let B <1 or s > 0. Then, from Pom’s 20.1.4(p160), 20.1.12(p17), and 20.1.15(p.176) we have the following table:

Table 20.1.4: ¢c~8 (B < 1lors>0)

A {M2R][A]T} | {M2RI[A]T} | {M2PAIT} |z {M:2P][A] T}
(a) C~8, o ¢}
(b) C~s, o ¢}

A. C¢-8, and C~8, occur only for M:2[R][A]T and M:2[P][A]T (both are a selling model).

20.2 Search-Enforced-Model 2: Q{M:2[g]} = {M:2[R][E], M:2[R][E], M:2[P][E], M:2[P][E]}
20.2.1 Theorems
As ones corresponding to Theorems 19.2.1(p.134), 19.2.2(p.134), and 19.2.3(p.134) , let us consider here the following three theorems:

Theorem 20.2.1 (symmetry[R — R]))  Let o/ {M:2[R][E]} holds on & x .F. Then o/ {M:2[R][E]} holds on P x .F where
A {M:2[R][E]} = Sp_,z[«/{M:2[R][E]}]. [ (20.2.1)

Theorem 20.2.2 (analogy[R — P]) Let o/ {M:2[R][E]} holds on & x .%. Then «/{M:2[P][E]} holds on & x F where
o/ {M:2[P][E]} = Ar_p[«/ {M:2[R][E]}]. O (20.2.2)

Theorem 20.2.3 (symmetry[P — P|) Let o/ {M:2[P|[E]} holds on & x Z. Then </ {M:2[P|[E]} holds on P x F where

A {M2PE]} = Sp_s[7 {M:2[P][E]}]. O (20.2.3)

In order for the above three theorems to hold, the following three relations must be satisfied:

SOE{M:2[R][E]} = S,_,5[SOE{M:2[R][E]}], (20.2.4)
SOE{M:2[P][E]} = Ar_p[SOE{M:2[R][E]}], (20.2.5)
SOE{M:2[P|[E]} = S,_,5[SOE{M:2[P][E]}], (20.2.6)

corresponding to (19.2.4(p134)), (19.2.5(p.134)), and (19.2.6(p.134) ). Then, for the same reason as in Chap. 15(p109) it can be shown
that the equality

SOE{M:2[P][A]} = Az _,[SOE{M:2[R][A]}] (20.2.7)
holds (corresponding to (19.2.7(p.134))) and that we have the following theorem, corresponding to Theorem 19.2.4(p.134) .

Theorem 20.2.4 (analogy [R — P])  Let o/ {M:2[R][E]} holds on @ x .F. Then o/ {M:2[P|[E]} holds on P x .F where
A {M:2[P|[E]} = Ag_,3[«/{M:2[R][E]}]. [ (20.2.8)

In fact, from the comparison of (I) and (II) and of (IIT) and (IV) in Table 6.5.4(p.39) it can be easily shown that (20.2.4(p.18) ) and
(20.2.6(p18%) ) hold; however, from the comparison of (I) and (II) in Table 6.5.4(p.39) we can immediately see that (20.2.5(p.188))
does not always hold.



189

20.2.2 A Lemma

The following lemma provides the conditions on which whether each of Theorems 20.2.1(p.188), 20.2.2(p.183), and 20.2.3(p.188) holds
or not.

Lemma 20.2.1

(a) Theorem 20.2.1(p.188) always hold.

(b)  Theorem 20.2.3(p.188) always hold.

(¢) Letp<a® or b<p. Then Theorem 20.2.2(p.18) holds.

(d) Leta* < p<b. Then Theorem 20.2.2(p188) does not always hold. [

® Proof (a,b) From the comparisons of (I) and (II) in Table 6.5.4(p.39) and that of (III) and (IV) in Table 6.5.4(p.39) we see that
(20.2.4(p188) ) and (20.2.6(p.188) ) hold, hence Theorems 20.2.1(p188) and 20.2.3 hold.

(c,d) From the comparison of (I) and (IMl) in Table 6.5.4(p39) we see that (20.2.5(p188)) does not always hold, hence it
follows that Theorem 20.2.2(p.183) does not always hold. The proofs for the two assertions (c,d) are the same as those of
Lemma 20.1.1(p.151) (c,d). 1

20.2.3 Proof of &/{M:2[R][E|}

20.2.3.1 Preliminary
From (6.5.28(p.39) ) and (5.1.8(p23)) we have

Vi—BVia=KWVi1)+ (1 -8)Vica =L(Vic1), t>0. (20.2.9)

20.2.3.2 Analysis
20.2.3.2.1 Caseof 3=1and s=0

O Tom 20.2.1 (®&/{M:2[R][E]}) LetB =1 ands=0.

(a) V& is nondecreasing in t > 0.

(b) Let p>b. Then @->0(0) - @
(¢) Letp<b. Then ®r>o(T)a — — ®a

® Proof Let 8 =1 and s = 0. Then, since K (z) = A\T'(z)--- (1) from (5.1.4(p33)), we have K (z) > 0---(2) for any = due to
Lemma 10.1.1(p5) (g).
(a) From (6.5.28(p39)) and (2) we obtain V; > Vi1 for t > 0, i.e., Vi is nondecreasing in t > 0.

(b) Let p > b. Then, since b < Vj from (6.5.27(p39) ), we have b < V,—1 for ¢ > 0 from (a), hence L(Vi—1) =0 for ¢ > 0
from Lemma 10.2.1(p3)(d), thus V; = BVi—1 for t > 0 from (20.2.9(p.189)). Then, since V; = BVi—1 for 7 > t > 0, we have
Ve =pBVi1 =p*Vog=---= Vo, hence t: =0 for 7 > 0, i.e., @->0(0); (see Preference Rule 7.2.1(p.43)).

(¢) Let p <b. Then Vo < b---(3) from (6.5.27(p39)). Let Vi1 < b. Then, since Vi < K (b) + b from (6.5.28(p.39)) and

Lemma 10.2.2(p55) (h), we have V; < Bb—s = b from (10.2.7 (2) (p.55) ) and the assumptions “8 = 1 and s = 0”. Hence, by induction
Vici <bfort >0, s0 L(Vi—1) >0 for ¢ > 0 from Lemma 10.2.1(p55) (d). Accordingly, V; — 8Vi—1 > 0 for ¢ > 0 from (20.2.9(p.189) )
or equivalently V; > BVi_; for t > 0. Then, since V; > BVi_1 for 7 > ¢t > 0, we have V5 > BVi_1 > B2Vrg0 > --- > 87V,
hence t; =7 for 7 > 0, i.e., ®r>0(r)s. 1

20.2.3.2.2 Caseof 3<lors>0
Let us define

For any 7 > 0 there exists ¢5 > 0 such that

(1 @t' >T 0<T> )
se[@2 [0 10 a]o 4] — ) @zr>olrh
(2) ©u+1(t5)s,

(3) Or>t24+1({2)) (Or>e+1(t3)a)-

Remark 20.2.1 Sg is the same as Sa(p.135) except that the inequalities of 7 > 1, ¢5 > 1, and t; > 7 > 1 in S2 changes into
7>0,t>0, and t; > 7 > 0 respectively in Sg. [

O Tom 20.2.2 (W «/{M:2[R][E]}) LetB<1ors>0andletp< zx.

(a) V& is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a < p, and converges to a finite V= Tx ast — oo.

(b) Let 1 <p. Then @+>0(0), > — @,
(¢) Letp< zo.
1. ®1(1)s. Belowlet 7> 1+ — ®a

2. Letp=1.
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i. Leta<p. Then ®r>1(t)a — - ®.
ii. Letp<a.
1. Let (Ap—s)/A<a.

i. Let \=1. Then ©T>1<1>H —r — @H
ii. Let A< 1. Then ®r>1(r)a — ®.
2. Let (A —3s)/A>a. Then ®+>1(r)a — — ®a
3. Letf<land s=0(s>0).
i. Leta<p.
1. Let b>0(x >0). Then ®r>1{T)s — — ®a
2. Let b<0(k <0). Then Ss is true — = ®./01/0s/On
ii. Letp<a.
1. Let (A\Bu—s)/d <a.
i. Let A=1.
3. Let b>0(k>0). Then ®r>1(T)s — - ®.
4. Let b<0(k <0). Then @rs1(l)s — = Qs
ii. Let A < 1.
5. Let b>0(k >0). Then ®r>1(T)s — — ®a
6. Let b<0(rk <0). Then Ss is true — — ®./0/Os/On
2. Let (\Bp—s)/6 > a.
i. Let b>0(k >0) . Then ®r>1(t)s — — ®a
ii. Let b<0(x <0). Then Ss 18 true — = ®./01/0s/0n

® Proof Let f < 1ors > 0 and let p < Zx---(1). Then Vo < Tk ---(2) from (6.5.27(p39)) and K(p) > 0 due to
Lemma 10.2.2p5) (j1). Since Vi = K(p) + p---(3) from (6.5.28(p.3)) with ¢ = 1, we have Vi — Vo = V1 —p = K(p) > 0,
hence V1 > Vo - -+ (4).

(a) Note (4), hence Vy < Vi. Suppose Vi1 < Vi. Then, due to Lemma 10.2.2(5) (¢) we have V; < K (Vi) + Vi = Viy1 from
(6.5.28(p.39) ). Hence, by induction V; > Vi1 for t > 0, i.e., V; is nondecreasing in ¢ > 0. Note again (4). Suppose Vi_1 < Vi If
A < 1, from Lemma 10.2.2(p5) (f) we have V; < K(V;) + Vi = Viq1. If a < p, then a < Vi from (6.5.27(p.39) ), hence a < V;—; for
t > 0 due to the nondecreasing of V4, so from Lemma 10.2.2(p5) (g) we have Vi < K(V4) + Vi = Viy1. Therefore, whether A < 1
or a < p, by induction we have V;_1 < V; for t > 0, i.e., V; is strictly increasing in t > 0. Consider a sufficiently large M > 0
with p < M and b < M, hence from (6.5.27(p.39) ) we have Vo < M. Suppose Vi—1 < M. Then, from Lemma 10.2.2(p.5) (e) we
have V; < K(M)+ M = M — s due to (10.2.7 (2) (p5) ), hence Vz < M due to the assumptions “8 < 1 and s > 0”. Accordingly,
by induction V; < M for ¢ > 0, i.e., V; is upper bounded in ¢. Hence V; converges to a finite V as t — co. Thus V = K(V)+V
from (6.5.28(p39) ), hence K (V) =0, so V = xx due to Lemma 10.2.2(p5) (j1).

(b) Let . < p. Then, since z. < Vp from (6.5.27(p.39) ), we have z, < Vi for ¢ > 0 due to (a), hence L (V;—1) < 0 for
t > 0 due to Corollary 10.2.1(p55) (a), thus V; — gVi—1 < 0 for ¢ > 0 from (20.2.9(p.189)) or equivalently V; < gV;_;1 for t > 0.
Accordingly, since V; < BV;_1 for 7 >t > 0, we have V; < fV,_1 < 8%V, 5 < --- < 7V, hence t; = 0 for 7 > 0, ie.,
@T>O<O>A~

(¢) Let p< zr ---(5). Then Vo < xr ---(6) from (6.5.27(p39) ), hence L (Vp) > 0---(7) due to
Corollary 10.2.1(p.5) (a).

(c1) Since Vi — Vo = L (Vo) > 0 from (20.2.9p.189) ) with ¢ = 1 and (7) , we have V4 > 8V, hence tf = 1, i.e., ®1(1), - - - (8).
Below let 7 > 1---(9).

(c2) Let 8 =1, hence s > 0 due to the assumption “8 < 1 or s > 0”. Then § = A from (10.2.1(p5)) and L = zx ---(10)
from Lemma 10.2.3(p6) (b), hence K (21 ) = K(xx)=0---(11).

(c2i) Let a < p. Then a < Vo from (6.5.27(p.39) ), hence a < Vz—1 for ¢t > 0 due to (a). Note (2). Suppose Vi_1 < k. Then,
from (6.5.28(p.39) ) and Lemma 10.2.2(p.5) (g) we have V; < K(xx )+ x = Tx. Hence, by induction Vi_1 < x for ¢ > 0. Then,
since V;_1 < xp for t > 0 due to (10) , we have L (Vz—1) > 0 for ¢t > 0 from Lemma 10.2.1(p.55) (el), hence for the same reason
as in the proof of Tom 20.2.1(p189) (¢c) we have ®r>1(7)a.

(c2ii) Let p < a, hence Vo < a---(12) from (6.5.27(p39)). Then, from (3) and (10.2.7 (1) (p55) ) we have Vi = Ap—s+(1—A)p.
(c2iil) Let (Aw — s)/A < a. Then zx = (Ap —s)/A < a---(13) from Lemma 10.2.2(p5)(j2). Hence K (a) < 0 from

Lemma 10.2.2(5) (j1). Note (12) . Suppose V;_1 < a. Then, from (6.5.28(p39) ) and Lemma, 10.2.2(p.55) (¢) we have V; < K (a)+a <
a, hence by induction Vi—1 < a for ¢ > 0. Accordingly, from (6.5.28(p.39)) and (10.2.7 (1) (p55)) we have Vi; = Au — s + (1 —
A)Vir---(14) for t > 0.

(c2iili) Let A = 1. Then, we have zx = p— s from (13) and V; = p — s for ¢ > 0 from (14) | hence V; = 2« for t > 0,
so Vi_1 = xk for t > 1. Accordingly, Vi_y = 2, for t > 1 due to (10). Then L(V;_;) = L(x.) = 0 for ¢ > 1, hence
Vi — BVi—1 =0 for ¢ > 1 from (20.2.9(p1%9) ) or equivalently V; = SV;—1 for ¢ > 1. Then, since V; = V;—1 for 7 >t > 1, we have
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Vy =BVr_1--- =BV} for 7 > 1. From this and (4) we have V, = BVi1 =B%Vy_g=---= B4 > BV, hence ¢ = 1
for 7 > 1, i.e,, ©r>1(1).

(c2iilii) Let A < 1. Note (6). Suppose Vi—1 < @r. Then, we have V; < K(2. )+ 2, = x. from Lemma 10.2.2(5) (f) and
(11) . Accordingly, by induction V;_; < . for t > 0, hence L (Vs_1) > 0 for ¢ > 0 from Lemma 10.2.1(p53) (e1). Thus, for the
same reason as in the proof of Tom 20.2.1(p189) (c) we have ®r>1(7)a.

(c2ii2) Let (A — s)/A > a. Then zx > (A —s)/A > a from Lemma 10.2.2p5) (j2), hence 2, > a from (10). Note (6) .
Suppose Vi—1 < 2. Then, we have V; < K( 2. )+ 1 = zr from
Lemma 10.2.2(p5) (h) and (11). Accordingly, by induction V;—; < xr ---(15) for ¢t > 0, hence L (V;—1) > 0 for ¢t > 0 due to

Lemma 10.2.1(p55) (el). Consequently, for the same reason as in the proof of Tom 20.2.1(p189) (c) we obtain ®r>1(7)a.
(3) Let S<land s=0(s>0).
(c3i) Leta< p---(16). Then, since a < V; from (6.5.27(p.39) ), we have a < Vi1 for t > 0 due to (a).

(c3i1) Let b>0(x >0). Then z, > zx ---(17) from Lemma 10.2.3(p56) (c (d)). Note (2). Suppose Vi_1 < zx. Then,

from (6.5.28(p.39) ) and Lemma 10.2.2(p.5) (g) we have Vi < K(2x )+ *x = xx. Accordingly, by induction V;_1 < zx for ¢t > 0,
hence Vi1 < x1, fort > 0 due to (17). Therefore, since L (Vi—1) > 0 for ¢t > 0 from Corollary 10.2.1(p55) (a), for the same reason
as in the proof of Tom 20.2.1(p189) (c) we obtain ®r>1(7)a.

(c3i2) Let b<0(x <0). Then x; < zx ---(18) from Lemma 10.2.3(p50) (c (d)). Note (6). Suppose Vi_1 < zr for all

t > 0, hence V < zr. Now, since V = zx due to (a), we have zr < V due to (18), which is a contradiction. Hence, it is
impossible that V;_, < 2. for all ¢ > 0. In addition, from (6) and the strict increasingness of V; due to (a), it follows that
there exists t5 > 0 such that

W<Vi<- - <Vea<ar <Vie <Visg1 <Vipgo <oev
from which we have

Vi< an, £52t>0,  xL <Vie, @ <Vip, >+ 1. (20.2.10)
Hence, we have
L(Vi—1) >0 --+-(19), t>>t>0 (due to Corollary 10.2.1(p5) (a))
L(Vie) <0 ---(20), (due to Corollary 10.2.1(p55) (a))

L(Vici)=(<0)f ---(21), t>tr+1 (dueto Lemma 10.2.1(p5)(d(el)))

e Let t2 >7>0. Then L(Vi—1) >0---(22) for 7 >t > 0 from (19) . Hence, for the same reason as in

Tom 20.2.1(p.189) (¢) we obtain ®- (7). for ¢t > 7 > 0. Accordingly, Sg(1) is true. Now, since Vz — 8Vz—1 > 0 for 7 > ¢t > 0 from
(20.2.9(p189) ) and (22)7 we have V; > BV;_1 for 7 >t > 0, hence

Ve > BVii1 > Viig > > V.
Accordingly, when 7 = t%, we have )
‘/t:_ >ﬁ‘/t:_—1 > ... >/Bt7‘/0...(23)

o Let 7 = t. + 1. From (20.2.9p18)) with ¢ = ¢ + 1 and (20) we have Vie 1 — BVie = L(t}) < 0, hence Vie 1 < fVie.
Accordingly, from (23) we have

Vie 41 < BV > B2Vie—1 > *Vie 2 > - > BTG (24),

thus tje | =7, i.e., Qe +1(t3) s, so that Ss(2) is true.

o Let 7 > t7 + 1. Since L(Vis 1) = (<) 0 from (21) with ¢ = t2 + 2, we have Vis 12 = (<) BVie 11 from (20.2.9(p1%) ), hence
from (24) we have

Vieyo = (<) BVis 41 < BVie > BVie 1 > Vi 2> -+ > BTV,
Similarly we have
Vie s = (<) BViss2 = (<) BVis g1 < Ve > B*Vie 1 > - > 515,
By repeating the same procedure, for 7 = t5 4+ 2,t5 + 3,--- we obtain
Ve = (<) V1 = (<) -+ = (<) BT P Vies2 = (<)
B Wae it S BT Ve > 87T e > > BTV (25)

o Let s = 0. Then (25) can be written as

Vi=pBVe1 == ﬂTﬁt.T*QVt;Jrz = 577t;71‘4;+1 < BT Ve > 57%.*“‘/%;—1 > > BV,

hence t7 = t3, i.e., ©r>t2+1(t7)) (see Preference Rule 7.2.1(p43)), hence Sg(3) is true.

TIf s = 0, then L(V;_1) =0, or else L (V;_1) < 0.
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o Let s > 0. Then (25) can be written as

Ve <BVer < < BT Wi 0 < BT T Wae 1 < BT Ve > BT T Wy > > BTG, (20.2.11)

hence t7 = t3, i.e., ©r>te+1(t°)a, hence Ss(3) is true.
(c3ii) Let p < a, hence Vo < a from (6.5.27(p39) ). Then, from (3) and (10.2.7 (1) (p5)) we have Vi = ABu — s + (1 — \)Bp.
(c3iil) Let (ABu—s)/0 <a. Then xx = (ABu—3)/d < a---(26) from Lemma 10.2.2(p.5) (j2(p56) ). Hence Vi = dxx + (1 —
A)Bp---(27).
(c3iili) Let A = 1, hence § = 1 from (10.2.1p5)). Thus, from (26) and (27) we have 2x = Bu— s < a and Vi = 2x <
a---(28).
(c3iilil) Let b>0(x >0). Then x, > xx ---(29) due to Lemma 10.2.3p56) (c (d)). Note (28). Suppose Vi_1 = =x.

Then, from (6.5.28(p.3) ) we have V; = K (k) + Tx = zx. Accordingly, by induction Vi—1 = xx for ¢t > 1, hence Vi_1 < xr
for ¢ > 1 due to (29), thus L(V;_1) > 0 for ¢ > 1 from Corollary 10.2.1(p5) (a). Hence, from (7) we obtain L(V;_1) > 0 for
t > 0. Accordingly, for almost the same reason as in the proof of Tom 20.2.1(p189) (c) we obtain ®r>1(7)a.

(c3iili2) Let b<0(x <0). Then, since ., < Tx from Lemma 10.2.3(p6) (c (d)), we have Vi > z, from (28), hence
Vici > xp for t > 1 from (a). Accordingly, since L(V;—1) < 0 for ¢ > 1 from Corollary 10.2.1(p5) (a), we have L (V;—1) <0
for 7 >t > 1, thus V; — Vi1 <0 for 7 > ¢t > 1 from (20.2.9p1%)), i.e., V; < BVi—1 for 7 > t > 1. Hence V. < V1 <
<o <B4+ (30). Now, from (6.5.27(p39) ), (4), (28), and (29) we have p = Vo < Vi = ok < 1, hence L(p) > 0 from

Corollary 10.2.1(p5) (a). In addition, from (3) and (6.5.27(p39) ) we have Vi — Vo = Vi — Bp = K(p) +p—Bp = K(p)+ (1 —B)p =
L(p) > 0 from (5.1.8(p3) ), hence Vi > BVy. Accordingly, from (30) we have Vi < BVr 1 < B?Vio<---< BTV > 87V for
7> 1, hence t; =1 for 7 > 1, i.e., ©r>1(1)a.

(c3iilii) Let A < 1.
(c3iiliil) Let b>0(x >0). Then . > zx ---(31) from Lemma 10.2.3p56) (c (d)). Note (2). Suppose Vi_1 < k.

Then, from Lemma 10.2.2(p5) (f) we have V; < K(xx )+ x = Zx. Hence, by induction Vi;—1 < 2k for t > 0, so Vi1 < xr
for t > 0 due to (31) . Accordingly, since L (V;_1) > 0 for ¢ > 0 from Corollary 10.2.1(p5) (a), for the same reason as in the proof
of Tom 20.2.1(p.139) (¢) we obtain ®r>1(7)a-

(c3iilii2) Let b<0(x <0). Then =, < Tx ---(32) from Lemma 10.2.3(p56) (c (d)). Note (6). Assume that Vi_y < 1

for all t >0, hence V < x,, due to (a). Now, since V = zx from (a), we have the contradiction z, < V from (32). Hence, it
is impossible that V;—1 < zr for all ¢ > 0. From this and the strict increasingness of V; due to (a), it follows that there exists
t> > 0 such that

V0<V1<"'<Vt;71< T SVt;<Vt;+1<Vt;+2<"'—>IK-

Accordingly, for the same reason as in the proof of (¢3i2) we have Ss [@a]@1]o a]® 4]

(c3ii2) Let (A\Bu—s5)/0 >a---(33). Then zx > (A\Bu — s)/6 > a from Lemma 10.2.2(p5) (j2).

1. Let A < 1. Then V; is strictly increasing in t > 0 due to (a).

2. Let A =1, hence § = 1 from (10.2.1(p3) ), so Bu — s > a from (33). Now K () > Bu — s — « for any z from (10.2.4p5)) or
equivalently K (z) + 2 > fu — s for any @, so Vi > i — s > a from (3). Accordingly V;_1 > a for ¢ > 1 due to (a). Note
(4) . Suppose Vi1 < V;. Then, from Lemma 10.2.2(p5) (g) we have Vi < K (Vi) + Vi = Viy1. Accordingly, by induction we
have Vi1 < V; for t > 0, i.e., V} is strictly increasing in t > 0.
From the above, whether A < 1 or A = 1, we see that V; is strictly increasing in t > 0.
(c3ii2i) Let b>0(x >0). Then xr > xx ---(34) from Lemma 10.2.2(p.5) (¢ (d)). From the above strict increasingness

of Vi int > 0 and (a) we have V;_; < V = xx for t > 0, hence V;_; < z for t > 0 from (34). Thus, since L (V;_1) > 0 for
t > 0 from Corollary 10.2.1(p5) (a), for the same reason as in the proof of Tom 20.2.1(p.189) (¢) we obtain ®r>1(r)a.

(c3ii2ii) Let b<O0(x <0). Then . < zx ---(35) from Lemma 10.2.3(p56) (c (d)). Note (6). Suppose Vi_1 < x.. for all

t > 0, hence V < zr. Now, since V = zx from (a), we have z. <V from (35)7 which is a contradiction. Accordingly, it is
impossible that V;_1 < xp for all t > 0. From this, (6) , and the above strict increasingness of V; in t > 0 it follows that there
exists 5 > 0 such that

V0<V1<~.~<‘/;;_1<$L S‘/t:,<‘/t;+l<‘/t;+2<4)$1(

Accordingly, for the same reason as in the proof of (¢3i2) we can immediately see that the assertion holds true. 1

O Tom 20.2.3 (M &/{M:2[R][E]}) LetfS<1ors>0andletp= Tx.
(a) Vi=zx =p fort>0.
(b) LetB=1. Then @+>0(0)) — - @,
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(¢) LetB<1land s=0(s>0).
1. Let b>0(x >0). Then ®rso(r)s = @®.
2. Let b<0(k <0). Then @+>0(0)s — = @,
® Proof Let f<1lors>0andlet p= zx. Hence Vo = p = xx --- (1) from (6.5.27(p.39) ).

(a) Note (1). Suppose Vi1 = zx. Then, from (6.5.28p3)) we have V; = K(=x) 4+ 2x = xx. Hence, by induction
Vi=xx =pfort>0.

(b) Let B8 = 1, hence s > 0 due to the assumption “4 < 1 or s > 0”. Then z. = xx from Lemma 10.2.3(p6) (b).
Accordingly, since V;—1 = zp for t > 0 from (a), we have L (V;—1) = L(x. ) =0 for ¢ > 0, hence for the same reason as in the
proof of Tom 20.2.1(p.189) (b) we obtain @ r>0(0);.

(¢) Let B<land s=0(s>0).

(c1) Let b>0(x >0). Then, since zo > zx from Lemma 10.2.3p6) (c (d), we have 2L > zx = Vi_1 for t > 0 from
(a), hence L (Vi—1) > 0 for ¢t > 0 due to Corollary 10.2.1(p5) (a), thus for the same reason as in the proof of Tom 20.2.1(p.18) (c)
we obtain ®r>0(7)a.

(c2) Let b<0(x <0). Then z, < zx from Lemma 10.2.3(p36) (c (d). Hence, since z, < xx = Vi_1 for t > 0 from (a),
we have L (Vi—1) < 0 for ¢ > 0 due to Corollary 10.2.1(p5) (a), hence V; — 8Vi—1 < 0 for ¢ > 0 from (20.2.9(p.189) ) or equivalently
Vi < BVi_1 for t > 0. Accordingly, since V; < fVi_1 for 7 >t > 0, we have V;, < fV,_1 < B2V, 2 < --- <7V, thus t: = 0
for 7 >0, i.e., d0IT;50(0),. N

For any 7 > 0 there exists t* > 0 such that

so@eei[or]— | (1) @r=1(0) (@7=1(00),
(2) ®r>t+(1)s or @r>t+(0)a,

(3) @r>r>100s (Or>r>1(00a).

O Tom 20.2.4 (®W<&/{M:2[R][E]}) LetS <1 ors>0andletp> zx.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to a finite V= Zx as to — oo.
(b) Letp< zr. Then ®r>0(r)a — ®a
(¢) Letp= zr. Then @1(0)) and ®r>1(1)a > - @/®a
(d) Letp> zo.
1. LetB=1. Then @~->0(0), — - @®.
2. LetB<land s=0(s>0).
i. Let b<0(k <0). Then @+>0(0)s (@ +>0(0)s) +— - @./0.
ii. Let b>0(x >0). Then So [©2] e [ @4 ] s true s = ©®:/ 0./ On

® Proof Let 8 < 1lors > 0 and let p > xx. Then Vo > xx---(1) from (6.5.27(p.39)) and K(p) < 0---(2) from

Lemma 10.2.2(p55) (j1). From (6.5.28(p39)) with ¢ = 1 and from (6.5.27(p39)) we have Vi — Vo = K (Vo) = K(p) < 0, hence
Vi < Vo ---(3). In addition, from (20.2.9(p18) ) with ¢ = 1 we have V1 — 8Vo = L (Vo) = L(p) - - - (4) from (6.5.27(p.39)).

(a) Note (3), hence Vo > Vi. Suppose Vi1 > V;. Then, from (6.5.28(p39) ) and Lemma 10.2.2(p5) (e) we have V; >

K (Vi) + Vi = Vg1, Hence, by induction Vi—q > V; for ¢t > 0, i.e., V; is nonincreasing in ¢ > 0. Let A < 1. Note again (3).
Suppose Vi—1 > V;. Then, from Lemma 10.2.2(p5) (f) we have Vi > K (Vi) + Vi = Viq1. Hence, by induction V;—1 > V; for
t > 0, i.e., Vi is strictly decreasing in t > 0. Note (1), hence Vo > k. Suppose Vi—1 > k. Then, from (6.5.28(p.39)) and
Lemma 10.2.2(p3) (e) we have V; > K(xx) + x = xx. Hence, by induction V;_1 > zx ---(5) for ¢t > 0, i.e., V; is lower
bounded in ¢. Thus, it follows that V; converges to a finite V' as ¢ — oo. Hence, since V = K(V)+V from (6.5.28(p3)) ), we have
K(V) =0, thus V = zx due to Lemma 10.2.2(p.5) (j1).

(b) Let p < xr. Then, since Vo < z. from (6.5.27(p3)), we have Vi1 < x, for ¢ > 0 due to (a). Therefore, since
L (Vi=1) > 0 for ¢t > 0 from Corollary 10.2.1(p.5) (a), for the same reason as in the proof of Tom 20.2.1(p.18) (¢) we obtain ®r>0(7)4-

(¢) Let p= xr ---(6). Then, since L (p) = L () = 0, we have Vs — 8Vy = 0 from (4) or equivalently Vi = Vo --- (7),
hence @1(0);. Below, let 7 > 1. Now, since Vi = K (p) 4+ p < p from (6.5.28p3)) with ¢ = 1 and (2), we have V;_, < p for
t > 1 from (a), hence V;_1 < z for t > 1 due to (6), so L(Vs—1) > 0 for ¢ > 1 from Corollary 10.2.1(p) (a). Accordingly, since
L(Viz1) >0 for 7>t >1, we have V; — BV > 0 for 7 >t > 1 due to (20.2.9(p189) ) or equivalently V; > BV; for 7 > ¢ > 1, from
which we have V; > 8V,_1 > --- > 77 'Vi. Hence, from (7) we have

Ve >BVi1>---> 87V = B7V%.
Accordingly, we obtain t; = 7 for 7 > 1, i.e., ®7>1(7T)a-
(d) Let zr < p---(8), hence ., < Vp---(9) from (6.5.27(p.39)). Thus, if s = (>) 0, then L(Vp) =(<) 0---(10) from
Lemma 10.2.1(p5) (d(e1)), hence Vi — Vo = (<) 0 from (4) or equivalently V; = (<) Vo --- (11).

(d1) Let 8 =1, hence s > 0 due to the assumption “8 < 1 or s > 0”. Then L (V5) < 0 from (10) | hence Vi < 8Vp - - - (12)
from (20.2.9(p.189) ). Now, since 2. = xx due to Lemma 10.2.3(p36) (b), from (5) we have V;_y > z fort > 0, hence L (Vi-1) <0
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for t > 0 due to Lemma 10.2.1(p55) (el), thus Vs — 8Vi—1 < 0 for ¢ > 0 from (20.2.9(p.189) ). Then, since V; —3Vi—1 <O0for 7 > ¢ > 0,
we have V; < BV;_1 for 7 > t > 0, leading to

Ve<BV,a << BTV BTV

Hence we have t; = 0 for 7 > 0, i.e., @r>0{0)x.
(d2) Let f<land s=0(s>0).

(d2i) Let b<0(x <0). Then z, < zx due to Lemma 10.2.3p56) (c(d)). Hence, from (5) we have Vi_; > =z, for
t > 0, hence L(V;—1) < 0 for ¢t > 0 due to Corollary 10.2.1(p5) (a), so V; — fVi—1 < 0 for ¢ > 0 from (20.2.9(p.189) ). Then, since
Vi—BViz1 <0 for 7 >t >0, we have V; < Vi_; for 7 > ¢ > 0, leading to

Ve <BV,a < < BTV S BTV
Due to (11) the inequality can be rewritten as
Ve SBVen < < BTV = (<) BTV,

hence t; =0 for 7 > 0, i.e., @r>0(0)s (@->0(0).) .
(d2ii) Let b>0(x >0). Then =, > xx >0---(13) from Lemma 10.2.3(p) (c (d)). Hence, from (3) and (9) and from

the nonincreasingness of V; and the convergency of V; to V = zx due to (a) we see that there exists ¢* > 0 such that
Vo> VicVa2> -2 Vie1 > 20 > Vie 2 Viey1 2> --- = zx ---(14)

or equivalently Vo > xr, Vie1 > xp fort* >t > 1, and . > Vi1 for t > t°. Hence, we have

L(Viz1) >0, ¢>1¢, due to Corollary 10.2.1(p5) (a),
L(Vizq1) <0, t°>t>1, due to Corollary 10.2.1(p.5) (a),
L(Vo)=(<)0 due to Lemma 10.2.1(p.5) (d(el).

Hence, from (20.2.9(p189) ) we have

Vi > fVie1---(15), t>t°,  Vi<BVii---(16), t°2>t>1,  Vi=(<)BVo---(17).
(A)  Let 7 =1. Then, since Vi = (<) BVo due to (17), we have @-—1(0); ( @-=1(0).), hence (1) of Sg holds.
(B) Lett*>7 > 1. Then, since V; < fV;_;1 for 7 > ¢ > 1 from (16), we have

Ve < BV < < BTV,
hence

Ve <PV <o < BTV = (<) BTVO - (18), 1> 7 >0,
from (17) or equivalently

<< . <Il=(x)I12---(19), t">7>0.

Thus t; =0 for t* > 7> 0, ie., @ >r>1(0)s (@2 >r>1(0).), hence (2) of Sg holds. Now, from (18) with 7 = ¢* we have
Vie <BVier < < BTV = (<) BV (20).
(C)  Let 7 >t*(>0), hence 7 > 1. From (15) with 7 > ¢ > t* we have
Ve > BVicr > > B oy > 87 Ve - (21), T > 8
Combining (21) and (20) leads to
Ve > BVeci > > B T W > BT Ve BT T e < < TV = () BTV, T > T

or equivalently . . .
F>0' >0 s> sl < < <= (Q R (22), >0

Hence we have ®r>¢e (1) or @ > {0), thus (3) of Sg holds. 1

20.2.3.3 Market Restriction
20.2.3.3.1 Positive Restriction
20.2.3.3.1.1 Caseof 3=1and s=0

O Pom 20.2.1 (#Z{M:2[R][E]"}) Supposea >0. Let =1 and s = 0.

(a) Vi is nondecreasing in t > 0.
(b) Let p>0b. Then @+>0(0).
(¢) Letp<b. Then ®r>o(T)a-

® Proof The same as Tom 20.2.1(p.189) due to Lemma 17.4.4(p116). B
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20.2.3.3.1.2 Caseof 3<lors>0

O Pom 20.2.2 («/{M:2[R][E]T}) Suppose a > 0. Let <1 or s> 0 and let p < Tx .

(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a < p, and converges to a finite V= Tx ast — oo.

(b)  Let x < p. Then @+>0(0).
(¢) Letp< zpr.
1. ®i1(l)a. Below let 7 > 1.
9. LetB=1.
i. Leta<p. Then ®r>0(T)a-
ii. Letp<a.
1. Let (Ap—s)/A<a.
i. Let A\=1. Then ©-r>1(1)-
ii. Let A< 1. Then ®r>0(T)a-
2. Let (A —s)/A>a. Then ®r>0{T)a-
3. Letf<1lands=0. Then ®r>0{T)a-
4. Let <1 and s> 0.
i. Leta<p.
1. Let \Bu > s. Then ®r>o(r)a.lusD

2. Let ABu < s. Then Sg(p.18) is true.
ii. Letp<a.
1. Let (A\Bu—3s)/d <a.
i. Let A= 1.
1. Let Bu > s. Then ®r>0{T)a-
2. Let fu<s. Then @r>1(1)s.
ii. Let A< 1.
1. Let A\Bu > s. Then ®r>0({T)a-
2. Let A\Bp < s. Then Sg(p189) is true.
2. Let (A\Bu—3s)/6 > a.
i. Let A\Bu > s. Then ®r>1(T)a-

il. Let ABu < s. Then Sg(p18)) is true.
® Proof Suppose a > 0, hence b >a > 0---(1). Then k = ABu — s---(2) from Lemma 10.3.1(p7) (a).

(a~c2ii2) The same as (a-c2ii2) of Tom 20.2.2(p.189) .

(c3) Let 8 <1 and s=0. Then, due to (1) it suffices to consider only
(c3il,c3iilil,c3iiliil,c3ii2i) of Tom 20.2.2(p.18Y).

(c4-c4ii2ii) Let 8 < 1 and s < 0. Then, due to (2) it suffices to consider only
(c3-c3ii2ii) of Tom 20.2.2(p1%9). W

O Pom 20.2.3 («/{M:2[R][E|"}) Suppose a >0. Let B <1 ors >0 and let p= .

(a) Vi=xx =p fort>0.

(b) Let 8=1. Then @ +>0(0)-

(¢) LetB<1ands=0. Then ®r>0()a.
(d) LetB<1ands>0.

1. Let A\Bu > s. Then ®r>0(T)a-
2. Let \u <s. Then @+>0{(0)x.
® Proof Suppose a > 0, hence b >a > 0---(1). Then k = ABu — s---(2) from Lemma 10.3.1(p57) (a).
(a,b) The same as (a,b) of Tom 20.2.3(p.192) .

(¢) Let 8<1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 20.2.3(p19) .
(d,d2) Let 8 < 1and s> 0. Then, due to (2) it suffices to consider only (c1,c2) of Tom 20.2.3(p.1%2). 1

O Pom 20.2.4 (/{M:2[R][E]"}) Supposea>0. Let B <1 ors>0 and let p > Tx.

(a) V& is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = zx as to t — oo.
(b) Letp< xr. Then ®r>o0{t)s —

(¢) Letp= zr. Then @1(0)) and ®r>1()s for 7 > 1.

(d) Letp> xr.

-+ ®
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1. LetB=1. Then @+>0{0),.

2. LetB<1ands=0. Then So(p.1%) [©aoe [0 | s trye.
3. Let<1ands>0.
i. Let \Bu <s. Then @+>0(0)a-

ii.  Let ABu > s. Then So(p.193) [©a]oc o ] s true (see Numerical Example 6(p216) )
® Proof Suppose a > 0. Thenb>a > 0---(1). We have k = Afu — s---(2) from Lemma 10.3.1(p57) (a).

(a-d1) The same as (a-d1) of Tom 20.2.4(p1%).
(d2) Let 8 <1 and s=0. Then, due to (1) it suffices to consider only (d2ii) of Tom 20.2.4(p.193).
(d3,d3ii) Let 8 < 1 and s> 0. Then, due to (2) it suffices to consider only (d2i,d2ii) of Tom 20.2.4(p.1%). 1

20.2.3.3.2 Mixed Restriction
Omitted.

20.2.3.3.3 Negative Restriction
Omitted.

20.2.4 Derivation of «/{M:2[R][E]}

Due to Lemma 20.2.1(p.189) (a), we see that the following Tom’s 20.2.5(p.19%) —20.2.8(p.197) can be obtained by applying Sp_,z (see
(18.0.1(p128))) to Tom’s 20.2.1(p189) —20.2.4(p1%) (see Theorem 20.2.1(p.183) ).

20.2.4.1 Analysis

20.2.4.1.1 Caseof 3=1and s=0

O Tom 20.2.5 (2.«/{M:2[R][E]}) Let =1 ands=0.
(a) Vi is nonincreasing in t > 0.

(b) Letp<a. Then @~->0(0).
(¢) Letp>a. Then ®r>o{t)a. [

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.2.1(p.189). 1
20.2.4.1.2 Caseof 3<lors>0

O Tom 20.2.6 (2.« {M:2[R][E]}) Let <1 ors>0 andlet p> Tz.
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1 or b > p, and converges to a finite V. = Tz ast — oo.
(b) Let 7 > p. Then @+>0(0),.
(¢c) Letp> zf.
1. ®1(1)a. Belowlet > 1.

2. Let p=1.
i. Letb>p. Then ®r>1(T)a-
ii. Letp>b.

1. Let (Au+s)/A>b.
i. Let A\=1. Then ©->1(1).
ii. Let A< 1. Then ®r>0(T)a-
2. Let A+ 8)/A<b. Then ®r>1()a-
3. Let<1and s=0(s>0).

i. Letb>p.
1. Let a<0(k <0). Then ®r>1(T)a-

2. Let a>0(k >0). Then Ss is true.

ii. Letp>b.
1. Let (A\Bu+s)/d >b.
i. Let A =1.

1. Let a <0(R <0). Then ®r>1(T)a-

2. Let a>0(k >0). Then @r>1(1)a.
ii. Let A < 1.

1. Let a <0(%& <0). Then ®r>1(T)a.

2. Let a>0(k >0). Then Ss is true.
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2. Let (A\Bu+s)/6 <b.
i. Let a <0(k <0). Then ®r>1(T)a-

ii. Let a>0(k >0). Then Sg is true. 0

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.2.2(p.189). 1

O Tom 20.2.7 (2.« {M:2[R][E]}) Let <1 ors>0 and let p= 5.
(a) Vi= 2z =p fort>0.
(b) Let B=1. Then @r>0(0)-
(c) Letp<1and s=0(s>0).
1. Let a<0(k <0). Then ®r>0()a-
2. Let a>0(k >0). Then @->0(0),. U

® Proof by symmetry Immediate from applying Sy .5 to Tom 20.2.3(p.1%2). 1

O Tom 20.2.8 (2.7 {M:2[R][E]}) Let <1 ors>0 andlet p < 7.

(a) V& is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tg as to t — oo.
(b) Let p> ;. Then ®r>0(T)a-
(¢) Letp= x. Then @1(0)) and ®r>1(T)a-
(d) Letp< 2.
1. LetB=1. Then @+>0(0)x.
2. LetB<1land s=0(s>0).
i. Let a>0(&k>0). Then @+>0(0)s (@ ->0(0).) .
ii. Let a<O0(&<0). Then So is true. 0

® Proof by symmetry Immediate from applying Sp_,z to Tom 20.2.4(p.193). 1

20.2.4.2 Market Restriction
20.2.4.2.1 Positive Restriction

20.2.4.2.1.1 Caseof 3=1and s =0

O Pom 20.2.5 (%{M:Q[R][Eﬁ}) Suppose a > 0. Let =1 and s =0.
(a) V& is nonincreasing in t > 0.

(b) Let p<a. Then @+>0(0).

(¢) Letp>a. Then ®r>o(T)a-

® Proof The same as Tom 20.2.5(p.1%) due to Lemma 17.4.4(p116). N

20.2.4.2.1.2 Caseof B<1lors>0
O Pom 20.2.6 (%{M:2[R][E]+}) Suppose a > 0. Let B <1 ors >0 and let p > Tjz.

(a) V4 is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1 or b > p, and converges to a finite V = Tz ast — oo.
(b) Let 7 > p. Then @-(0),.
(¢) Letp> 7.

1. ®1(1).. Below let 7 > 1.

2. Letp=1.
i. Letb>p. Then ®-(T)a.
ii. Let p>b.

1. Let (Au+s)/A>b.
i. Let A=1. Then ©->1(1)).
ii. Let A < 1. Then ®r>o0(r)a.
2. Let (Au+s)/A<b. Then ®r>0(T)a-
3. Let <1 ands=0. Then we have Sg(p.18)) (@2 ][@1]® a]@ 4],
Let 8 <1 and s > 0.

i.  Letb> p. Then Sg(p.18) s true.

ii. Let p>b.
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1. Let (A\Bu+s)/d >b.
i. Let A\=1. Then ©r>1{1)a-
ii. Let A < 1. Then Sg(p.189) is true.
2. Let (A\Bp+s)/6 <b. Then Sg(p18) is true. U
® Proof Suppose a > 0---(1), hence b>a > 0---(2). Then & = s---(3) from Lemma 12.6.6(p3l) (a).

(a-c2ii2) The same as (a-c2ii2) of Tom 20.2.6(p.1%) .

(c3) Let 8 <1ands=0. Assume (ASu+ s)/0 > b. Then, since A\Fu/é > b, we have A\Bu > b from (10.2.2 (1) (p54) ), hence
ABp > 6b > Ab due to (10.2.2 (1) (p5) ), so Bu > b, which contradicts [3(p116)]. Thus, it must be that (ABu + s)/6 < b. From this
it suffices to consider only (c¢3i2,c3ii2ii) of Tom 20.2.6(p.19) .

(c4-c4ii2) Let 8 <1 and s > 0. Then, since kK > 0 due to # > 0 due to (3), it suffices to consider only
(c3i2,c3iili2,c31i1ii2,¢3ii2ii) of Tom 20.2.2(p189). N

O Pom 20.2.7 (%{I\N/I:2[R][E}+}) Suppose a > 0. Let <1 ors>0 and let p= Tjz.
(a) Vi= T3 =

(b) Let 8=1. Then @+r>0{0)-

(c) LetB<1. Then @+>0(0)a.

® Proof Suppose a > 0---(1). Then &K = s---(2) from Lemma 12.6.6(p31) (a).

(a,b) The same as Tom 20.2.7(p.197) (a,b).

(c) If s =0, then due to (1) it suffices to consider only (¢2) of Tom 20.2.7(p197) and if s > 0, then & > 0 due to (2), hence it
suffices to consider only (c2) of Tom 20.2.7(p.197) with . Accordingly, whether s =0 or s > 0, we have the same result. 1

O Pom 20.2.8 (W{I\?I:Q[]R][Eﬁ}) Suppose a > 0. Let B <1 ors>0 andlet p < T.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = T as to t — oo.
(b) Let p> ;. Then ®r>0(T)a-

(¢) Letp= x;. Then @1(0); and ®r>1(T)a-

(d) Letp< zf.

1. LetB=1. Then @+>0(0),-
9. Let B<1. Then @r>0(0)s ( @r>0(0).) -
® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 12.6.6(p31) (a).

(a-d1) The same as Tom 20.2.8(p.197) (a-d1).

(d2) 1If s = 0, then due to (1) it suffices to consider only (d2i) of Tom 20.2.8(p.197) and if s > 0, then & > 0 due to (2), hence
it suffices to consider only (d2i) of Tom 20.2.8(p197) (d2i) with %. Accordingly, whether s = 0 or s > 0, we have the same result. 1

20.2.4.2.2 Mixed Restriction
Omitted.

20.2.4.2.3 Negative Restriction
Omitted.

20.2.5 Derivation of &/ {M:2[P|[E]}

20.2.5.1 Preliminary
From (6.5.33(p39) ) and from (5.1.21(p.4) ) and (5.1.20(p24) ) we have

Vi —BVici = K(Vic1)+ (1 — B)Vecs = L(Vie1), t> 1 (20.2.12)
From (6.5.32(p.39) ) we have
Vi—pBVo =Vi— Bp=ABmax{0,a — p} — s. (20.2.13)

20.2.5.2 Analysis
20.2.5.2.1 Caseof 3=1and s=0
Let 8 =1 and s = 0. Then, from (20.2.12(p.1%)) and (5.1.20(p:24) ) we have
Vi — BVii1 = AT(Vi1) >0, t>1, (20.2.14)

due to Lemma 13.2.1(pJ1) (g). From (6.5.32(p.39) ) we have

i Amax{0,a — p} + p (20.2.15)

max{p, A\a + (1 — \)p}. (20.2.16)
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20.2.5.2.1.1 Case of p < a*

In this case, Theorem 20.2.2(p.188) holds due to Lemma 20.2.1(p.189) (¢). Hence, Proposition 20.2.1 below can be derived by applying
Ar_p (see (18.0.5(p.128))) to Tom 20.2.1(p189) .

Proposition 20.2.1 (p <a*) Assume p<a*. Let 8=1and s =0.
(a) V4 is nondecreasing in t > 0.
(b)  ®r>o0(r)a. O
® Proof by analogy Assume p < a*. Let =1 and s =0.
(a) The same as Tom 20.2.1(p.189) (a).

(b) Since (b,c) of Tom 20.2.1(p189) have none of a and p, even if Agr_,p is applied the two assertions, no change occurs
(see Lemma 13.6.1(p97) ). However, since p < a* < a < b due to the assumption p < ¢* and Lemma 13.2.1(p91) (n), it follows that
only (c) of Tom 20.2.1(p.189) holds. 1

20.2.5.2.1.2 Caseof b< p

In this case, Theorem 20.2.2(p.183) holds due to Lemma 20.2.1(p.189) (¢). Hence, Proposition 20.2.2 below can be derived by applying
Ar_p (see (18.0.5(p.128))) to Tom 20.2.1(p.189) .

Proposition 20.2.2 (b < p) Assume b < p. Let § =1 and s = 0.
(a) V4 is nondecreasing in ¢ > 0.

(b)  @r>0(0). O

® Proof by analogy Assume b < p. Let =1 and s = 0.

(a) The same as Tom 20.2.1(p.189) (a).
(b) Due to the assumption b < p, only (b) of Tom 20.2.1(p.189) holds. N

20.2.5.2.1.3 Caseofa* <p<bd

In this case, Theorem 20.2.2(p.188) does not always hold due to Lemma 20.2.1(p.189) (d). Hence, Proposition 20.2.3 below must be
directly proven.

Proposition 20.2.3 (a* < p<b) Assumea* <p<b. Let f=1and s=0.

(a) V4 is nondecreasing in ¢ > 0.

(b) Let a < p. Then @1(0); and ®r>1(7)a.

(¢) Let p<a. Then ®r>o(r)a. [

® Proof Assume a* < p < b---(1) and let 8 = 1 and s = 0. Then L(z) = K(z) = AT(z) > 0---(2) for any = from

(5.1.20(p2) ) and (5.1.21(p24) ) and from Lemma 13.2.1(p31) (g). Since Vo < b from (1) and (6.5.31p3) ), we have L (Vo) = AT(Vo) =
AMT(p) > 0---(3) from (2) and Lemma 13.2.1p91) (g). Then, since p < b and a < b, from (20.2.16(p1%)) we obtain V; <

max{b, \b+ (1 — A\)b} = max{b,b} = b. Suppose V;_1 < b. Then, since a* < b from (1), we have V; < K (b) 4 b from (6.5.33(p.3) )
and Lemma 13.2.3(p94) (h), hence V; < b — s from (13.2.12(2) (p94)), so Vi—1 < b due to the assumption “4 = 1 and s = 0”.
Accordingly, by induction Vi—1 < bfor ¢t > 1, hence T'(Vi—1) > 0--- (4) for ¢t > 1 from Lemma 13.2.1(p91) (g). Thus Vs —fV;—1 >0

for ¢t > 1 from (20.2.14(p.1%) ) or equivalently V; > BV;_1 for ¢ > 1. Then, since V; > V;_1 for 7 > ¢ > 1, we have
Vr >6V7'71 >/B2VT—2 > .. >/37-71V1...(5)’ > 1.

In addition, from (2) we have L (Vi—1) = AT(Vi_1) > 0---(6) for t > 1 due to (4), so L(V;s_1) > 0 for t > 0 due to (3).
(a) From (20.2.15(p1%)) and (6.5.31(p.39)) we have Vi — Vp = Vi — p = Amax{0,a — p} > 0, hence Vi > V,---(7). From

(6.5.33(p39) ) with ¢t = 2 we have Vo — Vi = K (V1) > 0 due to (6) with t = 2, hence Vo > Vi, so Vo > V;i---(8). Suppose

Vi > Vi—1. Then from (6.5.33(p39)) and Lemma 13.2.3(p9) (e) we have Viy1 = K(V;) + Vi > K(Vi—1) + Vi—1 = V;. Hence, by
induction V; > V;_1 for t > 1. From this and (7) we have Vi > Vi1 for t > 0, hence it follows that V; is nondecreasing in ¢ > 0.

(b) Let a < p, hence Vi = Amax{0,a — p} + p = p from (6.5.32(p39)), so Vi < b due to (1). Then, since Vi — Vo = Vi — Vp =
p—p =0, we have V1 = BVj - -- (9), hence t7 =0, i.e., @1(0);. Below let 7 > 1. Then, from (5) and (9) we have

Vi > Vi1 > B Veio > > BTV = BTV,

hence t; =7 for 7 > 1, i.e., ®r>1()a-
(c) Let p < a. Then, since Vi = A(a — p) + p due to (6.5.32(p39) ), we have Vi — Vo = Vi = Vo =Vi —p=Aa—p) >0, ie,
Vi > BVo, hence ¢t = 1---(10). Let 7 > 1. Then, from (5) we have
Vi> Ve > BV, 0> > 8TV BTV, 7>,

hence t* = 7 for 7 > 1, hence ®r>1(r).. From this and (10) we have tf = 7 for 7 > 0, i.e., ®r>0(r)s. 1
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20.2.5.2.1.4 Integration of Propositions 20.2.1(p.199) -20.2.3(p.19)

O Tom 20.2.9 (W «&/{M:2[P|[E]}) LetB=1 ands=0.

(a) V4 is nondecreasing in t > 0.
(b)  Letp<a*. Then ®r>o{T)a — — ®a
(¢) Letb<p. Then @+>0{0) — —- @
(d) Leta* <p<bd.
1. Leta<p. Then @1(0) and ®r>1{T)s — = @/®a
2. Let p<a. Then ®r>o0(T)s — — ®a

® Proof (a) The same as Propositions 20.2.1(p.199) (a), 20.2.2(p199) (a), and 20.2.3(p.1%) (a).
(b) The same as Proposition 20.2.1(p.199) (b).
(c) The same as Proposition 20.2.2(p.19) (b).
(d-d2) The same as Proposition 20.2.3(p.19) (b,c). &

Corollary 20.2.1 (M:2[P|[E] ) Let =1 and s =0. Then, z is nondecreasing int > 0. 0
® Proof Immediate from Lemma 20.2.9(p200) (a) and from (6.2.94(p33)) and Lemma 13.1.3(p87). 1

20.2.5.2.2 Caseof 3<1lors>0
20.2.5.2.2.1 Case of p < a*

In this case, Theorem 20.2.2(p183) holds due to Lemma 20.2.1(p189) (c), hence Tom’s 20.2.10(p.200) —20.2.12(p.201) below can be derived
by applying Ar—pr (see (18.0.5(p.128))) to Tom’s 20.2.2(p.189)—20.2.4(p.193). In the proofs below, let us represent what results from
applying Ag_,p to a given Tom by Tom' (see (20.1.42(p.166))).

O Tom 20.2.10 (@ .« {M:2[P|[E]}) Assume p<a*. Let <1 ors>0 andlet p< Tx.
(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V = Tk ast — oo.
(b)  Let x < p. Then @+>0(0),.
(¢) Letp< zr.
1. ®1(l)a. Below let 7 > 1.
2. Letp=1.
i. Let (Aa—s)/A<a".
1. Let A\=1. Then ©r>1(1)y.
2. Let A< 1. Then ®r>1()a-
ii. Let (Aa—s)/A>a*. Then ®r>1(T)a.
3. Letf<land s=0(s>0).
i.  Let (A\Ba—s)/d <a”.
1. Let A=1.
i. Let b>0(k >0). Then ®r>1()a-

ii. Let b<0(k <0). Then @r>1(1)as.
2. Let A< 1.
i. Let b>0(k >0). Then ®r>1(T)a-

ii. Let b<0(k <0). Then Ssg is true.
ii. Let (ABa—s)/d > a”.
1. Let b>0(k>0). Then ®r>0(T)a-

2. Let b<0(k <0). Then Ss is true. [

® Proof by analogy Consider the Tom’ resulting from applying Agr_p to Tom 20.2.2(p.18)). Then “a < p” in
Tom 20.2.2(p.189) (c2i,c3i) changes into “a* < p” in the Tom’, which contradicts the assumption p < a*. Accordingly, removing all
assertions with “a* < p” from the Tom’ leads to Tom 20.2.10 above. 1

Corollary 20.2.2 (M:2[P][E] ) Assume p<a”*. Let B <1 ors>0 andlet p< xx. Then, 2z is nondecreasing int > 0. [

® Proof Immediate from Tom 20.2.10(p.200) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(p87). 1

O Tom 20.2.11 (/' {M:2[P][E]}) Assume p<a*. Let 8 <1 ors>0 andlet p= zk.
(a) Vi=xx =p fort>0.

(b) Let B=1. Then @+>0{0).

(¢) LetB<1land s=0(s>0).



201

1. Let b>0(k >0). Then ®r>0(T)a-
2. Let b<0(k <0). Then @+>0(0),. [

® Proof by analogy The same as Tom 20.2.3(p192) due to Lemma 13.6.1(p.97). 1

Corollary 20.2.3 (M:2[P][E] ) Assume p < a*. Let $ <1 ors >0 and let p = xx. Then, the optimal price to propose is
given by zz = z(p) fort > 0. [

® Proof Immediate from Tom 20.2.11(p.200) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(p87). 1

O Tom 20.2.12 (O &/ {M:2[P|[E]}) Assume p<a*. Let $ <1 ors>0 andlet p> Tx.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = xx as to t — oo.
(b) Letp< zr. Then ®r>0{(T)a-

(¢) Letp= xr. Then @1(0)s and ®r>1(T)a-

(d) Letp> zo.

1. LetB=1. Then @+>0(0)a-

2. LetB<1land s=0(s>0).
i, Let b<0(k <0). Then @r>0(0)s (@r>0(0)s) .
ii. Let b>0(k >0). Then Sg is true. 0

® Proof by analogy The same as Tom 20.2.4(p.193) due to Lemma 13.6.1(p97). 1

Corollary 20.2.4 (M:2[P|[E] ) Assume p <a*. Let $ <1 ors>0 andlet p> xx. Then, the optimal price to propose z; is
nonincreasing in t > 0. 0

® Proof Immediate from Tom 20.2.12(p.201) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(ps87). 1

20.2.5.2.2.2 Caseof b<p

In this case, Theorem 20.2.2(p.183) holds due to Lemma 20.2.1(p.189) (¢c). Hence Tom’s 20.2.13-20.2.15 below can be derived by
applying Ar_,p to Tom’s 20.2.2(p.189)-20.2.4(p.19) .

O Tom 20.2.13 (B &/{M:2[P|[E]}) Assumeb<p. Let <1 ors>0 andlet p< Tx.
(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V = Tx ast — oo.
(b) Let xr < p. Then @->0(0)4.
(¢) Letp< zr.
1. ®1(1).. Below let 7 > 1.
2. LetB=1. Then ®r>1(t)a-

3. Letf<land s=0(s>0).
i. Let b>0(k >0). Then ®r>1()a-
ii. Let b<0(x <0). Then Ss is true. 0O
® Proof by analogy Consider the Tom' resulting from applying Agr_p to Tom 20.2.2(p.18)). Then “p < a” in
(c2ii,c3ii) of Tom 20.2.2(p18) changes into “p < a*” in the Tom’, hence p < a* < a < b due to

Lemma 13.2.1(p1) (n), which contradicts the assumption b < p. Accordingly, removing all assertions with “p < a” from the Tom’
leads to Tom 20.2.13 above. 1

Corollary 20.2.5 (M:2[P|[E] ) Assume b < p. Let $ <1 ors>0 andlet p < xx. Then, the optimal price to propose z; is
nondecreasing in t > 0. [

® Proof Immediate from Tom 20.2.13(p201) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(ps87). 1

O Tom 20.2.14 (B &/ {M:2[P|[E]}) Assumeb<p. Let §<1 ors>0 andlet p= xk.
(a) Vi=xx =p fort>0.
(b) Let 8=1. Then @r>0(0)-
(¢) LetBp<land s=0(s>0).
1. Let b>0(k >0). Then ®r>0(T)a-
2. Let b<0(rk<0). Then @,>0(0). [

® Proof by analogy The same as Tom 20.2.3(p.192) due to Lemma 13.6.1(p97). 1
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Corollary 20.2.6 (M:2[P][E] ) Assumeb < p. Let B <1 ors > 0 and let p = k. Then, the optimal price to propose is
given by zz = z(p) fort > 0. [

® Proof Immediate from Tom 20.2.14(p.201) (a) and from (6.2.94(p33)) and Lemma 13.1.3(p87). 1

O Tom 20.2.15 (O o/ {M:2[P]|[E]}) Assumeb<p. Let <1 ors>0 andlet p> Tx.
(a) V4 is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = Zx as to t — oo.
(b) Letp= zr. Then @1(0)s and ®r>1(T)a.
(¢) Letp> zo.
1. LetB=1. Then @+>0(0)x.
2. Letf<land s=0(s>0).
i. Let b<0(k <0). Then @+>0(0)s ( @+>0(0).) -
ii. Let b>0(x >0). Then Sg [©2[es [ @4 s true. O

® Proof by analogy Assumeb < p. Let 8 < 1ors > 0and let p > zx. In this case, even if Ar_,p is applied to Tom 20.2.4(p.193) , it
can be easily confirmed that no change occurs (see Lemma 13.6.1(p.97) ). However, if the condition p < zr is added, we encounter
the following contradiction. Then we have b < p < xr ---(1). Now, since 0 = L(x.) = AST(z.) — s and T(z. ) = 0 from

Lemma 13.2.1(p91) (g), we have 0 = —s, hence s = 0, so we have z = b due to Lemma 13.2.2(p.94) (d), which is a contradicts (1).
Accordingly, the condition p < zr becomes impossible. This result implies that the assertion (b) with p > 2. in Tom 20.2.4(p.1%)
must be omitted; accordingly, it follows that we have Tom 20.2.15 above. 1

Corollary 20.2.7 (M:2[P|[E] ) Assumeb < p. Let $ <1 ors>0 and let p > xx. Then, the optimal price to propose z; is
nonincreasing in t > 0. [

® Proof Immediate from Tom 20.2.15(p.202) (a) and from (6.2.94(p.33) ) and Lemma 13.1.3(p87). 1

20.2.5.2.2.3 Caseofa* < p<b

In this case, Theorem 20.2.2(p.183) does not always hold due to Lemma 20.2.1(p.189) (d). Hence, Tom 20.2.16(p.203) below must be
directly proven. For explanatory convenience, let us define:

We have:
s10 (@202 ] =4 (1) Let Amax{0,a — p} < s. Then ®r>1()s or @+r>0(0)4.
(2) Let Amax{0,a — p} > s. Then ®r>1(7)a-

There exists ¢ > 1 such that:

(1) If ABmax{0,a — p} < s, then
L ®te>r>1()s of Ots>7>1(0)a,
. @r>te (t7)s or @r>es (0)a-

(2) If ABmax{0,a — p} > s, then
L ®t>r>1(T)ay

. Or>te (t7)s-

1, [2]6x ] 2[o7)

There exists 5. > 1 such that:

(1) If ABmax{0,a — p} < s, then
L @t >r>0(00,

S12 [©c]0a]o o[ Jea] ii. ®r>ts(T)s or @r>es(0)a

(2) If ABmax{0,a — p} > s, then
L Ot >r>1(Dy,

i ®r>te(r)a-

There exists 3. > 1 and tX > 1 such that:
(1) If ABmax{0,a — p} < s, then
L @t >r>1(00a,
S13 = i @rsie (1) OF @r>ee (t2)s-
(2) If ABmax{0,a — p} > s, then
L Ow>r>1(1)a,

. ®r>te(T)a or @r>te (t5)a-

For convenience of reference, below let us copy (6.5.32(p.39))

Vi = ABmax{0,a — p} + Bp — s. (20.2.17)
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O Tom 20.2.16 (m .o/ {M:2|P|[E]}) Assumea” <p<b. Let $<1 ors>0.

(a) If \Bmax{0,a — p} < s, then @1(0)a, or else ®1(1).. Below let T > 1 +— L  JVAON
(b) L@t‘/1 S Tk .

1. V4 is nondecreasing in t > 0 and converges to a finite V = xx ast — oco.

2. LetVi > xp. If \Bmax{0,a — p} < s, then @:>1(0),, or else Or>1(1)s + - @®./0,
3. LetVi < wp.
i. Let B=1. Then Smis true — — ®s/ @
ii. LetB<1land s=0(s>0).
1. Let b>0(x >0). Then Sio [©o [ ] is true — — ®s/ O
2. Let b=0(r=0) . If \Gmax{0,a — p} < s, then ®+>1(7)s or @+>1(0)4s, or else ®r>1(7)a
= ®:/@s/®s
3. Let b<0(rx <0). Then S11 (02 [0a [0 o[ @] is trye = ®ns/®s/On/ @

(¢) LetVi> wx.
1. V4 is nonincreasing in t > 0 and converges to a finite V= xx ast — oo.

2. Let f=1. If \max{0,a — p} < s, then @+>1(0)., or else @r>1(1), > - @./0.
3. Letf<land s=0(s>0).
i. Let b>0(x >0).

1. LetVi < xr. Then Sio is true — = ®./ @
2. LetVi= x.. Then Slzl@Al@‘l@A[°A|°‘listrue+—> = ®s/®s/Os/ @/ @,
3. LetVi> xp. Then S5 [©2]© o[ ®c [ is e s = ®s/0s/@s/ @
ii. Let b<0(k <0). If \Bmax{0,a — p} <'s, then @->1(0)4, or else Or>1(1)s — = @./0a

® Proof Assume a* < p<b---(1)andlet 3<1ors>0.

(a) If ABmax{0,a — p} < s, then Vi < BVy from (20.2.13(p1%)) or equivalently Vi < BV ---(2), hence ¢t = 0, ie.,
@1(0),---(3),0orelse Vi > BVy---(4), hence t] =1, i.e.,, ®1(1)a ---(5). Below let 7 > 1.

(b) Let Vi < zk ---(6), hence K (V1) > 0---(7) from Lemma 13.2.3(p.9) (j1).

(b1) From (6.5.33(p%)) with ¢ = 2 we have Vo = K(Vi) + Vi > Vi due to (7). Suppose V; > Vi_1. Then Vipq >

K (Vi—1) + Vi1 = V4 from Lemma 13.2.3(p94) (e), hence by induction Vi > V;_1 for ¢t > 1, so V4 is nondecreasing in ¢t > 0. Note
(6). Suppose Vi_1 < xx. Then, from (6.5.33p3)) and Lemma 13.2.3(p9) (¢) we have V; < K(2x )+ ¥x = zx. Hence, by
induction Vi < xk ---(8) for t > 0, i.e., V; is upper bounded in ¢, hence V; converges to a finite V as t — oco. Then, since

V=K(V)+V as 7 — oo from (6.5.33(p.39) ), we have V. = K(V)+V, hence K(V) = 0 thus V = xx from Lemma 13.2.3(p9) (j1).

(b2) Let Vi > xr . Then, since xr < Vi—q for ¢t > 1 due to (bl), we have L (Vz—1) < 0 for ¢ > 1 from Corollary 13.2.1(p9) (a),
thus L (Vi—1) <0 for 7 >t > 1. Accordingly, since V; < fV;_; for 7 > ¢ > 1 from (20.2.12(p.1%) ), we have

Ve <BVei << BTV (9), T L
(1) Let ABmax{0,a — p} < s. Then, from (2) and (9) we have
Ve SBVra <PV <o S BTTIVE < BTHR,

hence t; =0 for 7 > 1,i.e., @r>1(0),.
(2) Let ABmax{0,a — p} > s. Then, from (4) and (9) we have

Ve <BV,a BV < < BTTITA > BTV,
hence t;r =1 for 7 > 1, i.e., @r>1(1)a.
(b3) Let Vi < zr ---(10).

(b3i) Let f = 1---(11), hence s > 0 due to the assumption “4 < 1 or s > 0”. Then z, = zx---(12) from

Lemma 13.2.4(p9%)(b), hence Vi—1 < zp for ¢ > 1 due to (8). Accordingly, since Vi1 < zp for 7 > t > 1, we have
L(Vi—1) >0 for 7 > ¢ > 1 from Lemma 13.2.2(p94) (el), hence V; > fVi_; for 7 > ¢ > 1 from (20.2.12(p1%) ), so

V> BV >BVeo > > 87V (13), T> 1

(A)  Let Amax{0,a — p} < s, hence A\Bmax{0,a — p} < s due to (11). Then Vi — Vo < 0---(14) from (20.2.13(p1%)) or
equivalently Vi < 8Vp---(15). Hence, from (13) we have

Ve > BVe1 > BVeo > > B Vi< BTV - (16), T > 1

Thus, we have ®->1(r)s or @->0(0)4, hence (1) of Sy¢ is true.
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(B) Let Amax{0,a—p} > s, hence A3 max{0,a—p} > s due to (11). Then Vi —BV; > 0 from (20.2.13(p.1%) ) or equivalently
Vi > BV, from (20.2.13(p1%) ). Then, from (13) we have

Vo > BVe1 > BVeo > > 8771V > BTV,

hence ¢ = 7 for 7 > 1, i.e., ®+>1(7)a, thus (2) of S10 holds.
(b3ii)) Let 8<1---(17)and s=0(s>0).

(b3iil) Let b>0(x >0). Then x, > zx > 0---(18) from Lemma 13.2.4(%) (c (d)). Accordingly, from (8) we have

c
Vici < zx < @ for t > 1, hence L(Vi—1) > 0 for ¢t > 1 from Corollary 13.2.1(p%) (a), thus L(Vi—1) > 0 for 7 > ¢t > 1.
Accordingly, since V; > BV;_1 for 7 >t > 1 from (20.2.12(p1%) ), we have

Ve>pBVest > > BV (19) 7> 1

(1) Let A8max{0,a — p} < s. Then for the same reason as in (A) we have (1) of Sio.
(2) Let A8max{0,a — p} > s. Then for the same reason as in (B) we have (2) of Sio.

(b3ii2) Let b=0(x =0). Then 2, = zx from Lemma 13.2.4(p%) (c (d)). Accordingly, from (6) and (b1) we have V;_; <
i for t > 1, hence Vi1 < xx = x for 7 >t > 1. Therefore, from Corollary 13.2.1(p.94) (b) we have L(V;—1) > 0---(20) for

72>t>1, hence V; — Vi1 >0 for 7 > ¢t > 1 from (20.2.12(p1%) ) or equivalently V; > Vi1 for 7 >t > 1, leading to
Vi> BV > > 81
(1) Let ABmax{0,a — p} < s. Then, since V1 < SV, from (20.2.13(p.1%) ), we have
Ve 2 V1 2 %Ve2 20 2 577 1VA < BTVA,

hence ®r>1(7)a or @7>1(0)4.
(2) Let ABmax{0,a — p} > s. Then, since Vi > SV, from (20.2.13(p.1%) ), we have

Ve > BV > Vil > > 871 > 7V,
hence ®r>1(7)a-

(b3ii3) Let b<0(x <0), hence z, < zx < 0---(21) from Lemma 13.2.4(%) (c (d)). Then, from (10) we have Vi <
xL < Tx =V due to (bl). Accordingly, due to the nondecreasing of V; it follows that there exists ¢ > 1 such that
VisVo< - SVie1 <2 SVig SVigpr <---

Hence Vi—1 < @z for t3 > ¢ >1and zr < Vi_q for t > t5. Therefore, from Corollary 13.2.1(p94) (a) we have
L(Vie) >0--(22), 632t>1,  L(Vie) <0---(23), ¢> 13

o Let 2 > 7 > 1. Then, since L(V;_1) > 0 for 7 > ¢ > 1 from (22) | we have V; — BV;_1 > for 7 >t > 1 from (20.2.12(p1%)) or
equivalently V; > gVi_y for 7 > ¢t > 1, so

Vo> BVeir > > BTV (24).
(1) Let ABmax{0,a — p}p < s. Then, since V1 < fV; from (20.2.13(p1%) ), we have
Ve > Vi1 > > BV < BTV
from (24) | hence t* =7 or t* =0 for t2 > 7 > 1, i.e., ®te>r>1(T)a OF @¢2>r>1(0)s. Accordingly (1i) of S11 holds.
(2) Let ABmax{0,a — p}p > s. Then, since V1 > SVj from (20.2.13(p1%) ), we have

Ve >BVi1> > 877V > BTV,

from (24) | hence t = 1, i.c., ®t2>r>1(m)a. Accordingly (2i) of Si1 holds.
o Let 7 >t5. Since L (V4—1) <0 for 7 >t >t from (23), we have V; < BV, for 7 > ¢ > t; from (20.2.12(p.1%) ), hence
Ve SBVry < < BT Vi - (25), T >
From (22) and (20.2.12(p.1%) ) we have V; > 8V;_; for t% > ¢ > 1, hence
Vie > BVie_1 > > ﬂfiflvl...(%),
From (25) and (26) we have
Ve SBVei < S BT Vo > BT e i > 8T Ve o > > 8T AL (27)
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(1) Let ABmax{0,a — p} < s. Then, since Vi < SV, from (20.2.13(p.1%) ), we have
Ve <BVe1 <o < BT B Vhe > BT e > BT > > 87T < BTG,
Hence, we have t7 =t} or t; =0 for 7 > t}, i.e., ©r>¢e (t3)s Or @ >0 (0)s. Accordingly (1ii) of S11 holds.
(2) Let ABmax{0,a — p} > s. Then, since Vi > BV; from (20.2.13(p.1%)), from (27) we have
Ve <BVe1 < < BT Ve > BT W L > BT TV > > 87 > BTG,

hence t7 =t} for 7 > 1}, i.e., ©r>¢e (7). Accordingly (2ii) of S11 holds.
(¢) Let Vi > xk ---(28), hence K (V1) < 0---(29) due to Lemma 13.2.3(p.94) (j1).

(c1) From (6.5.33p3)) with t = 2 we have Vo = K (Vi) + Vi < Vi ---(30) due to (29), hence Vo < Vi. Suppose V; < Vi_1.

Then, from Lemma 13.2.3(p%) (e) we have V41 = K (Vi) + Vi < K(Vi—1) + Vi—1 = V4. Hence, by induction V; < Vi for ¢ > 1,
i.e., V; is nonincreasing in t > 0. Note (28), hence V4 > zx. Suppose Vi_1 > zx. Then, since V; > K(zx)+ 2k = Tx from
Lemma 13.2.3(p%) (e), by induction we have V; > xk ---(31) for t > 0, i.e., V4 is lower bounded in ¢, hence V; converges to a

finite V. Then, we have V = xk for the same reason as in the proof of (b1).
(c2) Let 8 =1, hence s > 0 due to the assumption “8 < 1ors > 0”. Then, since £, = xx ---(32) from Lemma 13.2.4(p.95) (b),

we have V;_1 > x,, for t > 1 from (31). Accordingly L (V;_1) < 0 for ¢ > 1 from Lemma 13.2.2(%) (e1), hence L (Vs—1) < 0 for
T>t>1,5V; <BViq for 7>t > 1 from (20.2.12(0.1%) ), leading to V; < BV, 1 < --- < 771V,

(1) Let ABmax{0,a — p} < s. Then, since V1 < SV, from (20.2.13(p.1%) ), we have
Ve BV <o <7V < BTVA,

hence t; =0 for 7 > 1, i.e., @r>1(0)a.
(2) Let ABmax{0,a — p} > s. Then, since Vi > SV, from (20.2.13(p.1%) ) we have

Ve <BVro1 < < BT > BTV,

hence t; =1 for 7 > 1, i.e., ©r>1(1)a.

(3) Let8<1---(33)and s=0(s>0).
(c3i)) Let b>0(k >0). Then =, > zx >0---(34) from Lemma 13.2.4(p.%) (c (d)).

(c3il) Let Vi < xr, hence xr > Vi—q for t > 1 from (cl). Accordingly, since L(V;—1) > 0 for ¢ > 1 from Corol-
lary 13.2.1(p94) (a), we have V; — BVi—1 > 0 for ¢ > 1 due to (20.2.12(p.1%) ) or equivalently V; > SV;_1 for ¢ > 1, hence V; > Vi1
for 7 >t > 1, leading to

V‘r > /BVT—l > > ,87_71‘/1"’(35)-

(1) Let ABmax{0,a — p} < s. Then for the same reason as in (A(p23)) we have (1) of Sio.
(2) Let ABmax{0,a — p} > s. Then for the same reason as in (B(p24)) we have (2) of Sio.

(¢3i2) Let Vi = .. Then, since Vi = 2, > xx =V from (34) and (c1), there exists ¢ > 1 such that
Vi=Vo=-o=Viei=aL >Vie 2 Vie 1 2>--+,
ie., Viey = g for t3 >¢>1and xr > Vi—q for ¢ > t5. Hence, from Corollary 13.2.1(p%) (a) we have
L(Vici)=L(xz2)=0---(36), t.>t>1, L(Vic1)>0---(37), t>t;.
Accordingly, from (20.2.12(p1%) ) we have V; — BVi_1 =0 for t5 > ¢ > 1 and V; — BV;—1 > 0 for t > ¢} or equivalently
Vi=pVic1---(38), ty>t>1, Vi > pVic1---(39), t>1t;.
o Let t; > 7 > 1. Then, we have V; = 8V;_; for 7 >t > 1 from (38) , leading to
Vi=BVi 1=---=8""1---(40).

(1) Let ABmax{0,a — p} < s. Then, since V1 < Vo from (20.2.13(p1%) ), we have
Ve =BV = =BT'Vi < BTVA,

hence t7 = 0 for t; > 7 > 1, i.e., @2 >->1(0)4, hence (1i) of S12 holds.
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(2) Let ABmax{0,a — p} > s. Then, since Vi > fV{ from (20.2.13(p.1%) ), we have
Ve=BVici=-=B"">p8"V
for t7 > 7 > 1, hence t7 =1 for t7 > 7 > 1, i.e., @2 >r>1(1)), hence (2i) of Si2 holds.
From (40) with 7 = ¢ we have

Vie = Ve 1 = - = 8771V - (41).
o Let 7 > t%. Then, we have V; > BVi_1 for 7 > ¢ >t from (39), leading to

Ve > BV > > BT Ve oo (42).
From this and (41) we have

Ve> V> o> BTV = BT W = = 7L

(1) Let ABmax{0,a — p} < s. Then, since Vi < SVp from (20.2.13(p1%) ), we have
Ve >BVig > > ﬂ"'*t;‘/t; = ﬁTftrerl‘/t:_il R — ﬂT71% < B™Vo,

hence t; =7 or t7 =0 for 7 > 3, i.e., ®r>t2 (7)s OF @r>te(0)s, thus (1ii) of S12 holds.

(2) Let ABmax{0,a — p} > s. Then, since V1 > fVp from (20.2.13(p1%) ), we have
Vo> BVe1> > Ve = e = = 5V > BTV

for 7 > 3, hence t7 = 7 for 7 > 13, i.e., ®r>¢ (7)a, hence (2ii) of S;2 holds.

(c3i3) Let Vi > @ ---(43). Then, since Vi > . > zx = V from (34) and (c1), due to the nonincreasingness of V; it
follows that there exists t; > 1 such that

VizVe2 oo 2Vie 1> 2 2Vie 2Viey1 >+
from which Vi_1 > zp for t; >¢>1and zr > Vi_1 for t > t;. Hence, from Corollary 13.2.1(p94) (a) we have
L(Vim1) €0---(44), 2 >t>1, L(Vim1) 20---(45), t>t5.
o Let t2 > 7> 1. Then L(V,_1) <0 for 7 >t > 1 from (44)  hence V; — BV,_1 < 0 for 7 > ¢ > 1 from (20.2.12(p1%) ), we have
Vi < BVi—1 for 7 >t > 1. Hence

Ve <BVei SBVeo << BTTWA---(46).

(1) Let ABmax{0,a — p} < s. Then, since V1 < fVp from (20.2.13(p1%) ), we have

Ve BV 1 < < BTV < BTVA,

hence t: =0 for t2 > 7> 1, i.e., Ot2>->1(0)4, 50 (1i) of S13 holds.
(2) Let ABmax{0,a — p} > s. Then, since V1 > SVp from (20.2.13(p1%) ), we have

V;<BVe << BTTUA > BTV

for t7 > 7 > 1, hence t; =1 for t7 > 7 > 1, i.e., @ >7>1(1)a, hence (2i) of S13 holds.

From (46) with 7 = ¢ we have
Vie <BVie 1 <o <AV (47),

o Let 7 > ¢;. Then L(Vi—1) > 0 for 7 > t > t; from (45) , hence V; — BVi1 > 0 for 7 > ¢t > t5 from (20.2.12(p.1%)) or
equivalently V; > gV;_1 for 7 > t > t}, leading to

Vo> BV > > TV,
Hence, from (47) we have

Ve > BVei1 > 2> B Ve < BT T < < BTV (48).
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(1) Let ABmax{0,a — p} < s. Since V1 — 8V < 0---(49) from (20.2.13(p1%) ) or equivalently Vi < SV;---(50). Then, from
(48) and (50) we have

Vi > BVe1 > > B Ve < BTN L << BTV < BTV

hence Thus, we obtain ®-(7), or @.(0),, hence (1ii) of S13 holds.
(2) Let ABmax{0,a — p} > s. Then V4 — 8V > 0 from (20.2.13(p19%) ), hence Vi > 8Vy. Then, from (48) we have

Vi > BV > > 8 Ve < BTN < < BT < BT > BTV,

Thus, we have ® (1), or @,(0),, hence (2ii) of S13 holds.

(c3ii) Let b<O0(x <0). Then, since 2, < xx from Lemma 13.2.4p%) (c (d)), we have Vi > xx > . from (28), hence
Vic1 > @k > x for t > 1 due to (cl). Accordingly L(Vi—1) <0 for ¢t > 1 from Corollary 13.2.1(p9) (a), hence V; — fV;—1 <0
for t > 1 from (20.2.12(p.1%) ) or equivalently V; < BV;_1 for ¢ > 1. Accordingly, since V; < 8V, for 7 >t > 1, we have

Ve <BVeg <o < BT (51).
(1) Let ABmax{0,a — p} < s. Then, since Vi < SV, from (20.2.13(p.1%) ), we have
Ve <BVra <o BTV S BTVA,
from (51) | hence t* =0 for 7 > 1, i.e., @r>1(0),.
(2) Let ABmax{0,a — p} > s. Then, since V1 > SV, from (20.2.13(p.1%) ), we have
Ve <BVroa < S BTTIVA > BTV,
from (51), hence t; =1 for 7 > 1, i.e., ©r>1{1)s. I

Corollary 20.2.8 (M:2[P][E] ) Assumea” < p<b. Let <1 ors>0.:

(a) Let xx > Vi. Then z: is nondecreasing in t > 0.
(b) Let xx < Vi. Then z: is nonincreasing in t > 0. 1

® Proof Immediate from Tom 20.2.16(p.203) (b1,c1) and from (6.2.94(p33) ) and Lemma 13.1.3(ps7). 1

20.2.5.3 Market Restriction
20.2.5.3.1 Positive Restriction

20.2.5.3.1.1 Caseof 3=1and s=0

O Pom 20.2.9 (&Z{M:2[P][E]T}) Suppose a>0. Let =1 and s = 0.
(a) Vi is nondecreasing in t > 0.

(b) Let p<a*. Then ®r>0{T)a-

(¢) Letb<p. Then @r>0(0).

(d) Leta*<p<b.

1. Leta<p. Then @1(0); and ®r>1(T)a-
2. Letp<a. Then ®r>0(T)a.

® Proof The same as Tom 20.2.9(p200) due to Lemma 17.4.4(p116). B

20.2.5.3.1.2 Caseof 3<lors>0
20.2.5.3.1.2.1 Case of p < a*

O Pom 20.2.10 («/{M:2[P][E]*}) Suppose a > 0. Assume p <a*. Let <1 ors >0 and let p < Tx.
(a) V& is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1 or a* < p, and converges to a finite V = Tx as
t — oo.
(b) Let xr <p. Then @->0(0)4.
(¢) Letp< zr.
1. ®1(1).. Below let T > 1.
2. Letf=1.
i. Let (Aa—s)/A<a”.
1. Let A=1. Then ©-r>1(1).
2. Let A< 1. Then ®+>0(T)a-.
ii.  Let (Aa—s)/A>a*. Then ®r>0(r)a.
3. LetB<1lands=0. Then ®r>0{(T)a-
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4. Let <1 and s> 0.
i. Let (M\Ba—s)/6 <a”.
1. Let A=1.
i. Let s < ABT(0). Then ®r>0(T)a-
ii. Let s > ABT(0). Then ©r>1(1)a.
2. Let A< 1.
i. Let s < ABT(0). Then ®r>0(T)a-
ii. Let s > ABT(0). Then Ss(p.189) is true
ii. Let (ABa—s)/6 > a*.
1. Let s < ABT(0). Then ®r>0(T)a-
2. Let s > ABT(0). Then Sg(p18) is true.
® Proof Suppose a > 0, hence b >a > 0---(1). Then k = AST(0) — s---(2) from (5.1.23(p:24) ).

(a-c2ii) The same as (a-c2ii) of Tom 20.2.10(p200) .
(¢3) Due to (1) it suffices to consider only (c3ili,c3i2i,¢3iil) of Tom 20.2.10(p.20) .
(c4-c4ii2) Immediate from (2) and (c3-¢3ii2) of Tom 20.2.10p20). B

O Pom 20.2.11 (&/{M:2[P][E]"}) Suppose a > 0. Assume p<a*. Let <1 ors>0 and let p= zx.

(a) Vi=ax =p fort>0.

(b) Let B=1. Then @ +>0(0)-

(¢) LetB<1ands=0. Then ®r>0{T)a.
(d) Letp<1ands>0.

1. Let s < ABT(0). Then ®r>0(T)a-
2. Let s > A\BT(0). Then @+->0(0)a.
® Proof Suppose a > 0, hence b >a > 0---(1). Then kK = AST(0) — s---(2) from (5.1.23(p24) ).
(a,b) The same as (a,b) of Tom 20.2.11(p.200) .
(¢c) Due to (1) it suffices to consider only (c1) of Tom 20.2.11(p20) .
(d-d2) Immediate from (2) and (c1,c2) of Tom 20.2.11(p20). W

O Pom 20.2.12 («/{M:2[P][E]*}) Suppose a > 0. Assume p < a*. Let <1 ors >0 and let p> k.
) V& is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to V = xx as to t — oo.
) Letp< xr. Then ®r>0(T)a-
(¢) Letp= zr.. Then @1(0)s and ®r>1(T)a-
) Letp> zL.
1. LetB=1. Then @->0(0),-
2. Let <1 ands=0. Then So(p.1%) [®a ] o2 [oa ] s true.
Let <1 and s > 0.
i. Let s > A\BT(0). Then @+>0(0)s ( @ +r>0(0)a) .
ii. Lets < ABT(0). Then So(p.193) [©2 [ ec [ oa | s true.
® Proof Suppose a > 0, hence b>a > 0---(1). Then k = A\FT(0) — s---(2) from (5.1.23(p.4) ).
(a-d1) The same as (a-d1) of Tom 20.2.12(p.201).
(d2) Due to (1) it suffices to consider only (d2ii) of Tom 20.2.12(p.201) .
(d3i,d3ii) Immediate from (2) and (d2i,d2ii) of Tom 20.2.12(p1). I

20.2.5.3.1.2.2 Caseof b < p

O Pom 20.2.13 (&/{M:2[P][E]"}) Suppose a > 0. Assume b< p. Let f <1 ors >0 and let p < Tx .
(a)
(b) Let . <p. Then @+>0(0)s-
(¢) Letp< zr.

®1(1)a. Below let 7 > 1.

Let 8 =1. Then ®r>0(T)a-

Let B <1 and s =0. Then ®->0(T)a-
Let 8 <1 and s > 0.

Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V = Tk ast — oo.

L
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i.  Let s < ABT(0). Then ®r>0(T)a.
ii. Lets > ABT(0). Then Ss(p.l89) is true.
® Proof Suppose a > 0, hence b >a > 0---(1). Then k = ABT'(0) — s---(2) from (5.1.23(p:24) ).

(a-c2) The same as (a-c2) of Tom 20.2.13(p.201) .
(c3) Due to (1) it suffices to consider only (c3i) of Tom 20.2.13(p.21) .
(c4-c4ii) Immediate from (2) and Tom 20.2.13(p.201) (c3i,c3ii). B

O Pom 20.2.14 («/{M:2[P][E]T}) Suppose a > 0. Assume b< p. Let $ <1 ors >0 and let p= k.

(a) Vi=ax =p fort>0.

(b) Let B=1. Then @r>0(0)-

(¢) Let B<1ands=0. Then ®r>0{)a.
(d) Let3<1ands>0.

1. Let s < ABT(0). Then ®r>0(T)a-
2. Let s > A\BT(0). Then @+>0(0)x.
® Proof Suppose a > 0, hence b >a > 0---(1). Then k = AT(0) — s---(2) from (5.1.23(p24) ).

(a,b) The same as (a,b) of Tom 20.2.14(p.201).
(¢) Due to (1) it suffices to consider only (c1) of Tom 20.2.14(p21) .
(d-d2) Immediate from (2) and (c1,c2) of Tom 20.2.14(p21). I

O Pom 20.2.15 (&/{M:2[P][E]T}) Suppose a > 0. Assume b< p. Let <1 ors >0 and let p > Tx .
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = Zx as to t — oo.
(b) Let p= xr. Then @1(0)s and ®r>1(T)a-
(¢) Letp> xv.
1. Let p=1. Then @+>0{0),-
Let B <1 and s =0. Then So(p.1%) 1s true.
3. Letf <1 ands>0.
i. Lets>M\BT(0). Then @+>0(0)s ( @ +>0(0)s) .
ii. Let s < ABT(0). Then Sop1s3) [©2 ]2 [ @4 ] s true.
® Proof Suppose a > 0, hence b >a > 0---(1). Then k = AT(0) — s---(2) from (5.1.23(p.4)).

(a-cl) The same as (a-cl) of Tom 20.2.15(p.202) .
(¢2) Due to (1) it suffices to consider only (c2ii) of Tom 20.2.15(p2) .
(c3-¢3ii) Immediate from (2) and (c2i,c2ii) of Tom 20.2.15(p22) . I

20.2.5.3.1.2.3 Caseofa* < p<b

O Pom 20.2.16 («/{M:2[P|[E]*}) Suppose a > 0. Assume a* <p <a. Let 3 <1 ors>0.
(a) If \Bmax{0,a — p} < s, then @1(0)4, or else ®1(1).. Below let 7 > 1.
(b) LetWV < zk.
1. V4 is nondecreasing in t > 0 and converges to a finite V = xx ast — oo
2. LetVi > zp. If \Bmax{0,a — p} < s, then @,>1(0)4, or else @r>1(1),.
3. LetVi < xp.
i. Let B=1. Then Sio(p-202) [©a [0 ] js true.
ii. LetB <1 ands=0. Then Sio(p.202) [©2 [ @0 ] 45 true.
iii. LetB <1 ands > 0.
1. Let s < ABT(0). Then Sio(p202) [©2 @2 ] s true.
2. Let s = ABT(0). If \Bmax{0,a — p} < s, then ®+>1(T)s or @+>1(0)4,
or else ®r>1{T)a.
3. Let s > A\BT(0). Then S11(p202) [(©2 [0 [© o] @2 ] 45 trye.
(¢) LetVi> xk.
1. V4 is nonincreasing in t > 0 and converges to a finite V = Tk ast — oo.
2. Let B=1. If \max{0,a — p} < s, then @+>1(0)., or else @r>1(1),.
Let 8 <1 and s =0.
i. Let Vi < zr. Then Sio(p.202) m s true.
ii. Let Vi = zr. Then Si2(p202) [02[0a]© o] @2 [ @] g trye.
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iii. Let Vi > xr . Then Sg(p18)) 1s true.
4. Let <1 ands>0.
i.  Let s < ABT(0).
1. Let Vi < zr. Then Si0(p-202) m s true.
2. Let Vi = xr. Then S12(p202) (02 [0a]© s] @2 [@a] g e,

3. LetVi > xzr. Then Sg(p18)) 18 true.

ii.  Let s > ABT(0). If \Bmax{0,a — p} < s, then @+>1(0),, or else @r>1(1)s-
® Proof Suppose a > 0, hence b > a > 0---(1). Then, we have kK = AT(0) — s---(2) from (5.1.23(p24) ).
(a-b3i) The same as (a-b3i) of Tom 20.2.16(p.203).

(b3ii) Due to (1) it suffices to consider only (b3iil) of Tom 20.2.16(p.203) .
(b3iii-b3iii3) The same as (b3iil-b3ii3) of Tom 20.2.16(y203).

(c-c2) Immediate from (2) and (c-c2) of Tom 20.2.16(p.203) .
(
(

¢3-c3iii)  Due to (1) it suffices to consider only (c3il-c3i3) of Tom 20.2.16(p.203) .
cd-c4ii) Immediate from (2) and (c3i-c3ii) of Tom 20.2.16(p.23). N

20.2.5.3.2 Mixed Restriction
Omitted.

20.2.5.3.3 Negative Restriction
Omitted.
20.2.6 Derivation of &7 {M:2[P][E]}

20.2.6.1 Preliminary

Since Theorem 20.2.3(p188) holds due to Lemma 20.2.1(p.189) (b), we can derive <7 {M:2[P][E]} by applying Sp_,p (see (18.0.3(p12)))
to @/{M:2[P|[E]}.

20.2.6.2 Analysis

20.2.6.2.1 Caseof 3=1and s =0

O Tom 20.2.17 (0.&/{M:2[P][E]}) Let =1 and s = 0.

(a) V& is nonincreasing in t > 0.
(b) Let p>b*. Then ®r>0(T)a-
(¢) Leta>p. Then @+>0(0).
(d) Letd*>p>a.

1. Letb>p. Then @1(0)) and ®r>1(T)a-
2. Let p>b. Then ®r>o{t)a. U

® Proof by symmetry Immediate from applying Sp_,p to Lemma 20.2.9(p.200). 1

Corollary 20.2.9 (M:2[P][E] ) Let 8 =1 and s =0. Then, z is nonincreasing in t > 0. [
® Proof Immediate from Tom 20.2.17(p210) (a) and from (6.2.111(p34)) and Lemma A 3.3(p244). 1

20.2.6.2.2 Caseof 3<lors>0
20.2.6.2.2.1 Case of p > b*

O Tom 20.2.18 (T .o/ {M:2[P|[E]}) Assume p >b*. Let $ <1 ors >0 and let p > .
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V= T ast — oo.
(b) Let 7 > p. Then @+>0(0)s.
(¢) Letp> .
1. ®1(1).. Below let 7 > 1.
2. Letf=1.
i.  Let (\b+s)/X>0b".
1. Let A=1. Then ©r>1(1)y-
2. Let A< 1. Then ®r>1(7)a-
ii.  Let (Ab+8)/A <b*. Then ®r>1(T)a-
3. Letf<land s=0(s>0).
i. Let (\Bb+s)/6 > b".
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1. LetA=1.
i. Let a<0( ) - Then ®r>1(7)a-

k<0
ii. Let a>0(k>0). Then ©r>1(1)a.

2. Let A< 1.
i. Let a <0(k <0). Then ®r>1()a-
>0

ii. Let a>0(k ) . Then Ss is true.
ii.  Let (\Bb+s)/6 < b*.
1. Let a<0(k<0). Then ®r>1()a-

2. Let a>0(k >0). Then Ss is true. 0
® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.2.10(p.200). 1

Corollary 20.2.10 (M:2[P][E] ) Assume p>b*. Let 3 <1 ors >0 and let p> Tz. Then, z is nonincreasing in t > 0. [
® Proof Immediate from Tom 20.2.18(p210) (a) and from (6.2.111(p34)) and Lemma A 3.3(p244). 1

O Tom 20.2.19 (0.« {M:2[P][E]}) Assume p > b*. Let <1 ors >0 and let p= .
(a) Vi= 2z =p fort>0.
(b) Let =1. Then @+>0(0).
(¢) LetB<1land s=0(s>0).
1. Let a<0(k <0). Then ®r>0(T)a-
2. Let a>0(k>0). Then @+>0(0),. [
® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.2.11(p200). 1

Corollary 20.2.11 (M:2[P][E] ) Assume p>b*. Let 3 <1 ors >0 and let p= Tz. Then, z = z(p) fort > 0. [
® Proof Immediate from Tom 20.2.19(p211) (a) and from (6.2.111(p34)) and Lemma A 3.3(p244). 1

O Tom 20.2.20 (0.« {M:2[P][E]})  Assume p > b*. Let <1 ors >0 and let p < 7.
(a) V& is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tg as to t — oo.
(b) Let p> Zz. Then ®r>0(T)a-
(¢) Letp= x;. Then @1(0)s and ®r>1(1)a-
(d)

1. LetB=1. Then @+>0(0),-

2. LetB<1land s=0(s>0).

i. Let a>0(%k>0). Then @+>0(0)a (@ +>0(0).) .

ii. Let a<0(k <0). Then Sg is true. 0

® Proof by symmetry Immediate from applying Sp_,5 to Tom 20.2.12(p.201). 1

Corollary 20.2.12 (M:2[P][E] ) Assume p > b*. Let 5 <1 ors>0 and let p < Tiz. Then, z is nondecreasing in t > 0. [
® Proof Immediate from Tom 20.2.20(p.211) (a) and from (6.2.111(p34)) and Lemma A 3.3(p244). 1

20.2.6.2.2.2 Caseofa>p

O Tom 20.2.21 (T .«/{M:2[P|[E]}) Assumea > p. Let 3 <1 ors>0 and let p> Tf.
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V= T ast — oo.
(b) Let 7 > p. Then @ +>0(0)x.
(¢) Letp> 7.

1. ®1(l)a. Below let 7 > 1.

2. LetB=1. Then ®r>1(t)a-

3. Letf<land s=0(s>0).

i. Let a<0(k <0). Then ®r>1(T)a-

ii. Let a>0(k >0). Then Ss is true. 0

® Proof by symmetry Immediate from Sp_ 5 to Tom 20.2.13(p.201) A |

TSS does not change by the application of the operation.



Corollary 20.2.13 (M:2[P][E] )

0 Tom 20.2.22 (T </ {M:2[P][E]})

(a) Vi= 2z =p fort>0.

(b) Let B=1. Then @ r>0(0)-

(¢) Letp<land s=0(s>0).
1. Let a<0(k<0).
2. Let a>0(k>0).

212

Assume a > p. Let B <1 ors>0 andlet p > Tx.

Assume a > p. Let B <1 ors>0 andlet p= Tj.

Then ®T>0<T>A'
Then @ +>0(0),. [

® Proof by symmetry Immediate from Sp_,5 to Tom 20.2.14(p201). B

Corollary 20.2.14 (M:2[P][E] )

Assume a > p. Let B <1 ors>0 and let p= Tx.

Then, z: is nonincreasing in t > 0.
® Proof Immediate from Tom 20.2.21(p211) (a) and from (6.2.111(p34)) and Lemma A 3.3(p24). 1

Then, zy = z(p) fort > 0. 0

® Proof Immediate from Tom 20.2.22(p.212) (a) and from (6.2.111(p34)) and Lemma A 3.3(p244). 1

O Tom 20.2.23 (O o/ {M:2[P][E]})

Assume a > p. Let B <1 ors>0 andlet p < Tg.

a Vi is mondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = T3z as tot — oo.
(a) g , Y g , g

(b) Letp= ;.

(¢) Letp< @f.
1. LetB=1. Then @+>0(0),.
2. Letf<land s=0(s>0).

Then @1(0)s and ®r>1(T)a-

i. Let a>0(%>0). Then @r>0(0)s ( @r>0(0)s) .

ii. Let a<0(k <0). Then So is true. 0

® Proof by symmetry Immediate from S,_ 5 to Tom 20.2.15(p.202) L |

Corollary 20.2.15 (M:2[P][E] )

® Proof Immediate from Tom 20.2.23(p212) (a) and from (6.2.111(p.34) ) and Lemma A 3.3(p24). 1

20.2.6.2.2.3 Case of b* > p > a

By applying Sp_p in Theorem 20.2.3(p.188), we see that S1o(p202) —S13 change as follows respectively:

S14 m

S15 [©2] ©4]0 s s ]

Si6 I®A | ©a

@Al.Al.Al

S17[©2]0 o] @s Jeu ]

We have:

(1) Let Amin{0,p — b} > —s. Then ®r>1(r)a or @+>0(0)4.
(2) Let Amin{0,p — b} < —s. Then ®r>1(7)x-

There exists t; > 1 such that:

(1) If ABmin{0, p — b} > —s, then
i ®te>r>1(m)a of @ts>7>1(0)a,
. @r>te(ty)s of @r>ee(0)a-

(2) If ABmin{0, p — b} < —s, then
L ®te>r>1(mas
. Or>ts (85)s-

There exists 5. > 1 such that:

(1) If ABmin{0, p — b} > —s, then
L @t >r>0(00,
. ®r>ts(7)s or @r>ts(0)a-

(2) If ABmin{0, p — b} < —s, then
L Ou>r>1(D),

. ®rsts (T)a.

There exists t3 > 1 and tX > 1 such that:

(1) If ABmin{0, p — b} > —s, then
L @t>r>10004,
. ®r>te(7)s or @r>te (t5)s-
(2) If ABmin{0,p — b} < —s, then
L Ot >r>1(1)a,

. ®r>te(T)a or @r>ee (t5)a-

Moreover, note that (20.2.17(p22)) can be changed into

Vi = A8min{0,p — b} + Bp + s.

ng does not change by the application of the operation.

Assume a > p. Let B <1 ors>0 and let p < Zz. Then, 2z is nondecreasing in t > 0. [J

(20.2.18)
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O Tom 20.2.24 (O« {M:2[P|[E]}) Assumeb* > p>a. Let 3 <1 ors>0.

(a)  If ABmin{0,p — b} > —s, then @1(0)4, or else ®1(1).. Below let 7 > 1.
(b)  Let Vi > .t
1. Vi is nonincreasing in t > 0 and converges to a finite V= Tz ast — oo.
2. Let Vi < zp. If A\Bmin{0,p — b} > —s, then @ +>1(0)a, or else ©r>1(1)4.
3. LetVp > 7.
i. Let B=1. Then Sia s true.
ii. Letf<1land s=0(s>0).
1. Let a<0(k <0). Then Si4 is true.
2. Let a=0(k=0). If\Bmin{0,p — b} > —s, then ®r>1(T)s or @+r>1(0)4, or else ®r>1(T)a-
3. Let a>0(k >0). Then Si5 (02 [ ©a]© s] @ | is true.
(C) Let Vi < 2.
1. V4 is nondecreasing in t > 0 and converges to a finite V = Tg ast — oo.
2. Let B=1. If \Gmin{0,p — b} > —s, then @ +>1(0),, or else Or>1(1)4.
3. LetB<1land s=0(s>0).
i. Let a<0(k<0).
1. LetVi > 7. Then Sia s true.
2. LetVi = ;. Then Sis [©2] ©a]0 a] @2 [@a] jg trye.
3. LetVi < x7. Then Si7 mu s true.

ii. Let a>0(&k>0). If \Gmin{0,p — b} > —s, then @+>1(0)a, or else @Or>1(1)s. [
® Proof by symmetry Immediate from Sp_,3 to Tom 20.2.16(p203). |

Corollary 20.2.16 (M:2[P][E] ) Assume b* > p>a. Let 5 <1 ors> 0.

(a) LetVi > Tz. Then z: is nonincreasing in t > 0.
(b)  Let Vi < z. Then z is nondecreasing int > 0. [

® Proof Immediate from Tom 20.2.24(p213) (bl,cl) and from (6.2.111(p34)) and Lemma A 3.3(p24). 1

20.2.6.3 Market Restriction

20.2.6.3.1 Positive Restriction
20.2.6.3.1.1 & {M:2[P][E]"}

20.2.6.3.1.1.1 Caseof 3=1and s=0
O Pom 20.2.17 (#{M:2[P][E]"})  Suppose a > 0. Let =1 and s = 0.

(a) V4 is nonincreasing in t > 0.
(b)  Let p>b*. Then ®r>0{T)a-
(¢) Leta>p. Then @+>0(0)-
(d) Letb* >p>a.

1. Letb>p. Then @1(0)) and &r>1(T)a-
2. Letp>0b. Then ®r>0(T)a-
® Proof The same as Tom 20.2.17(p210) due to Lemma 17.4.4(p.116). 1

20.2.6.3.1.1.2 Caseof B<lors>0
20.2.6.3.1.1.2.1 Case of p > b*

O Pom 20.2.18 (,;27{|\~/|:2[P}[E]+}) Suppose a > 0. Assume p > b*. Let 5 <1 ors>0 and let p > Tjz.
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V= Tg ast — oo.
(b)  Let 7 > p. Then @->0(0)a.
(¢) Letp> ;.
1. ®:1(l). and Conducti,. Below let 7 > 1.
2. LetB=1.
i.  Let (A\b+s)/X > b".
1. Let A=1. Then ©-r>1(1)).
2. Let A< 1. Then ®r>0(7)a-
ii. Let (Ab+s)/A<b*. Then ®r>0{T)a-

Vi = ABmin{0,b — p} + Bp + s (see (6.5.25(p.39))).
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3. Let8<1ands=0. Then Sg is true.
4. Let <1 ands > 0.
i. Let (A\Bb+s)/6 > b*.
1. Let A=1. Then ©-(1)a-
2. Let A < 1. Then Sg(p13)) is true.
ii. Let (\Bb+5)/5 < b*. Then Ss(p18)) is true.

® Proof Suppose a > 0---(1), hence b* > b > a > 0---(2) from Lemma 14.6.1(p.105) (n). Then we have & = s---(3) from
Lemma 14.6.6(p.106) (a).
(a~c2ii) The same as (a-c2ii) of Tom 20.2.18(p.210).

(¢3) Let B <1ands =0, hence & = 0 due to (3). Assume (A3b+ s)/§ > b*. Then since \3b/§ > b*, we have A\3b > 6b*
from (10.2.2 (1) (p34) ), hence ABb > §b* > Ab* due to (10.2.2 (1) (pid)), so Bb > b*, which contradicts [7(p.116)]. Thus it must be
that (ABb+ s)/d < b*. From this it suffices to consider only (c3ii2) of Tom 20.2.18(p210).

(c4-c4ii) Let 8 <1 and s > 0. Then & > 0 from (3), hence it suffices to consider only
(c3ilii,c3i2ii,c3ii2) of Tom 20.2.18(p210). 0

O Pom 20.2.19 (,;z%{l\~/|:2[IP][E]+}) Suppose a > 0. Assume p > b*. Let § <1 ors>0 and let p= Tg.
(a) Vi= 2z =p fort>0.

(b)  We have @+>0{0);.

® Proof Leta>0---(1), then & =s---(2) from Lemma 14.6.6(p.106) (a).

(a) The same as (a) of Tom 20.2.19(p.211).

(b) Let 8 = 1. First, we have (a) of Tom 20.2.19(p211). Let 8 < 1. Then, if s = 0, due to (1) it suffices to consider only (c2)
of Tom 20.2.19(p211) and if s > 0, then & > 0 from (2) , hence it suffices to consider only (c2 of Tom 20.2.19(p211). Thus, whether
s =0 or s > 0, we have the same result. 1

O Pom 20.2.20 (%{M:Z[]P)][Eﬁ}) Suppose a > 0. Assume p > b*. Let f <1 ors>0 and let p < Tj.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tz as to t — oo.
(b)  Letp> ;. Then ®r>0{T)a-

(¢) Letp= x;. Then @1(0)s and ®r>1(1)a-

(d) Letp< zf.

1. LetB=1. Then @+>0(0)a-
2. Let B<1. Then @+>0(0)s (@+>0(0)4).
® Proof Suppose a > 0---(1). Then & = s---(2) due to Lemma 14.6.6(p.106) (a).
(a-d1) The same as Tom 20.2.20(p211) (a-d1).
(d2) If s =0, due to (1) it suffices to consider only (d2i) of Tom 20.2.20(p211) and if s > 0, we have & > 0 due to (2), hence
it suffices to consider only (d2i) of Tom 20.2.20(p211). Thus, whether s = 0 or s > 0, we have the same result. 1
20.2.6.3.1.1.2.2 Case ofa > p

O Pom 20.2.21 (;z{{l\~/|2[IP’][E]+}) Suppose a > 0. Assume a > p. Let <1 ors>0 and let p > Zz.
(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V= T ast — oo.
(b) Let 7 > p. Then @ +>0(0)s.
(¢) Letp> 7.
1. ®i(l)a. Below let 7 > 1.
2. LetB=1. Then ®r>1(T)a-

3. Let B < 1. Then Sg(p13)) is true.

® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 14.6.6(p.106) (a).

(a-c2) The same as (a-c2) of Tom 20.2.21(p211).

(c3) If s =0, due to (1) it suffices to consider only (c3ii) of Tom 20.2.21(p211) and if s > 0, we have & > 0 due to (2), hence
it suffices to consider only (c3ii) of Tom 20.2.21(p211). Thus, whether s = 0 or s > 0, we have the same result. 1

O Pom 20.2.22 (M{M:Q[IP][EF}) Suppose a > 0. Assume a > p. Let B <1 ors >0 and let p= Tj.
(a) Vi= gz =p fort>0.

(b) Let 8=1. Then we have @ r>0(0);-

(¢) Let B <1. Then we have @ +>0(0)s.
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® Proof Suppose a > 0---(1). Then & = s---(2) from Lemma 14.6.6(p.106) (a).

(a,b) The same as (a,b) of Tom 20.2.22(p.212) .

(¢) Let B < 1. If s =0, due to (1) it suffices to consider only (c2) of Tom 20.2.22(p212) and if s > 0, then & > 0 due to (2),
hence it suffices to consider only (¢2) of Tom 20.2.22(p.212). Thus, whether s = 0 or s > 0, we have the same result. I

O Pom 20.2.23 (%{I\?I:Q[]P)][Eﬁ}) Suppose a > 0. Assume a > p. Let <1 ors>0 and let p < Tz.
(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tz as to t — oo.
(b) Letp= ;. Then @1(0)s and ©r>1(7)a.
(¢) Letp< =f.
1. LetB=1. Then @+>0(0),-
2. LetB<1andlets=0(s>0). Then @->0(0)s (@ +>0(0).).
® Proof Suppose a > 0---(1). Then &K = s---(2) due to Lemma 14.6.6(p.106) (a).
(a,b) The same as (a,b) of Tom 20.2.23(p.212) .
(¢) Letp< ;.
(c1) Let 8 =1. Then we have @,>0(0), from (c1) of Tom 20.2.23(p212) .
(c2) Let 8 < 1. If s =0, then due to (2) it suffices to consider only (c2i) of Tom 20.2.23(p212) and if s > 0, then & > 0 due
to (2) , hence it suffices to consider only (c2i) of Tom 20.2.23(p212). Thus, whether s = 0 or s > 0, we have the same result. 1
20.2.6.3.1.1.2.3 Case of b* > p > a

O Pom 20.2.24 (sz{{l\7|2[IP’][E]+}) Suppose a > 0. Assume b* > p > a. Let § <1 or s> 0.
(a) If \Bmax{0,p — b} < s, then @1(0), or else ®1(1).. Below let 7 > 1.
(b)  Let Vi > zz.t
1. V4 is nonincreasing in t > 0 and converges to a finite V = T as t — oo.
2. LetVi > xz. If \Bmax{0,p — b} < s, then @->1(0)4, or else @r>1(1),.
Let Vi > 2.
i. Let B=1. Then S14p22) [©219 ] s true.
ii. Let B < 1. Then Si5(p212) [©2 [ @a]® o] 02 ] is trye.
(¢) LetVi< Tf.
1. Vi is nondecreasing in t > 0 and converges to a finite V = T ast — oo.
2. If ABmax{0,p — b} < s, then @->1(0)4, or else @r>1(1)x.

® Proof Suppose a > 0---(1), hence b > a > 0. Then & = s---(2) due to Lemma 14.6.6(p.106) (a).

(a-b3i) The same as (a-b3i) of Tom 20.2.24(p.213) .

(b3ii) Let 8 < 1. If s = 0, then due to (1) it suffices to consider only (b3ii3) of Tom 20.2.24(p213) and if s > 0, then & > 0
due to (2) , hence it suffices to consider only (b3ii3) of Tom 20.2.24(p213). Thus, whether s = 0 or s > 0, we have the same result.

(cl) The same as (c1) of Tom 20.2.24(p213).

(¢2) 1If B = 1, then it suffices to consider only (c2) of Tom 20.2.24(p213) and if 8 < 1, whether s = 0 or s > 0, it suffices to
consider only (c3ii) of Tom 20.2.24(p.213). Accordingly, whether S =1 or 8 < 1, we have the same result. 1

20.2.6.3.2 Mixed Restriction
Omitted.

20.2.6.3.3 Negative Restriction
Omitted.

V4 = ABmin{0,b — p} + Bp + s (see (6.5.25(.39))).
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20.2.6.4 Numerical Calculation

Numerical Example 6 (o7 {M:2[R][E]"} (selling model)  This example is for the assertion in
Pom 20.2.4(p.1%) (d3ii) in which @ > 0, p > %k, p > 2, 8 < 1, s > 0, and A\Bu > s. As an example let a = 0.01, b = 1.00,
A=0.7,5=0.98, s=0.1, and p = 0.5.7 where z, = 0.462767 and =x = 0.439640. The symbols « in the figure below shows
the optimal initiating times ¢75 >, > (see the t;-column in the table of Figure 20.2.2(p216) below).

Vi AWy

0.5000000

0.4766162 —0.0133838
0.4619911  —0.0050927
0.4530367  +0.0002854
0.4476274  +0.0036514
0.4443866  +0.0057117
0.4424547  40.0069558
0.4413065  +0.0077009
0.4406253  +0.0081449
0.4402216  +0.0084088
10 0.4399825 +0.0085653 10
11 0.4398410 +0.0086581 11
12 0.4397572  +0.0087130 12
13 0.4397076  +0.0087456 13
14 0.4396783 +0.0087648 14
15 0.4396609 +0.0087762 15

AV = Vi — BVi1
[TAB05218]

o~
4%

r0.50

,
T=15 T=T L 1 0.45

XTI U R WN = O|

© 00~ = =

1 1 1 1 1 1 1 1 1 1

1
151413121110 9 8 7 6 5
Graphs of It = 7'V, with 15> 7 >0and 7 >t >
Figure 20.2.2: Graphs of IZ =87 "'V, for 15> 7>2and 7 >t > 1

,pk
o wif
o
-
(@)

Scaling up the graphs for 7 = 6 and 7 = 7 in the above figure, we have the figure below. This figure demonstrates that the
optimal initiating time shifts from 0 to 7 when the starting time changes from 7 =6 to 7 = 7.

[017(1)yLatex]
6.4429

T=6 T=T

t ﬁ(}—tw + a?—tvt
0:4176 0 04429212 0 0.4340628
1 04308233 1 0.4222069
2 04261259 2 0.4176034
=% 304263946 3 0.4178667
T= 404209014 4 0.4213034
5 04354989 5 0.4267889
6 04424547 6 0.4336056
=7 7 0.4413065

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1514131211109 8 7 6 5 4 3 2 1 0
Graphs of It = 87V} with 7 =6,7

Graphs for 7 = 6 and 7 = 7 [TAB05224]
Figure 20.2.3: Graphs of I = 87 'V, for Tt =6 and 7 = 7

20.2.6.5 Conclusion 4 (Search-Enforced-Model 2)
Cl. Mental Conflict
On .Z 7, we have (see (7.3.1(p45)) and (7.3.2(p43) ) for the definitions of opt-R-price and opt-P-price below):

a. Let f=1and s=0.

1. The opt-R-price V; in M:2[R][E] (selling model) is nondecreasing in t'" (see Figure 7.3.1(p.%) (I)), hence we have the
normal conflict (see Remark 7.3.1(p45) ).

2. The opt-P-price z; in M:2[P][E] (selling model) is nondecreasing in v (see Figure 7.3.1(p45) (I)), hence we have the
normal conflict (see Remark 7.3.1(p45) ).

3. The opt-R-price Vi in M:2[R][E] (buying model) is nonincreasing in t"* (see Figure 7.3.1(p.%5) (1)), hence we have the
normal conflict (see Remark 7.3.1(p45)).

4. The opt-P-price z in M:2[P][E] (buying model) is nonincreasing in ¢ (see Figure 7.3.1p4) (II)), hence we have the
normal conflict (see Remark 7.3.1(p45) ),'d.

@ (
. < Tom 20.2.1(p.189) (a)
P < Corollary 20.2.1(p.200)
- "« Tom 20.2.5(p.196) (a)

o < Corollary 20.2.9(p.210) .
b. Let 8<1ors>0.

1.  The opt-R-price V; in M:2[R][E] (selling model) is nondecreasing in ", constant " or nonincreasing in t"" (see
Figure 7.3.2(p45) (I)), hence we have the abnormal conflict (see Remark 7.3.2(p45)).

TWe have p=10.5>0462767 = zr, 8 =098 < 1, and s = 0.1 > 0. Since p = (0.01 4 1.00)/2 = 0.505, we have A\Gp = 0.7 x 0.98 x 0.505 =
0.34634 > 0.1 = s. Thus the condition of this assertion is confirmed.
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2. The opt-P-price z; in M:2[P][E] (selling model) is nondecreasing in t‘b, constant b, or nonincreasing in " (see
Figure 7.3.2(p.45) (I)), hence we have the abnormal conflict (see Remark 7.3.2(p45) ).
3. The opt-R-price V; in |\~/|:2[]R} [E] (buying model) is nondecreasing in 7§‘C7 constant 07 or nonincreasing in t" (see
Figure 7.3.2(p45) (I)), hence we have the abnormal conflict (see Remark 7.3.2(p.45) ).
4. The opt-P-price z; in M:2[P][E] (buying model) is nondecreasing in %, constant ", or nonincreasing in ¢ (see
Figure 7.3.2(p.£5) (I)), hence we have the abnormal conflict (see Remark 7.3.2(p45) ).
- Tom 20.2.1(.18) (), 20.2.2(p.18) (a).
I* — Tom 20.2.3p.19) (a)).
™« Tom 20.2.4(p.19) (a).

" Corollary 20.2.1p200), 20.2.2:200), 20.2.5(201) ,20.2.8.207) (a).

K < Corollary 20.2.3(p.201), 20.2.6(p.202) .

i < Corollary 20.2.4(p201), 20.2.7(p.202), 20.2.8(p.207) (b).

© « Tom 20.2.8(p.197) (a).

© + Tom 20.2.7(p197) (a).

< Tom 20.2.5(p.19) (a), 20.2.6(p.1%) (a).

. Corollary 20.2.12(p211), 20.2.15(p.212), 20.2.16(p.213) (b).

+ Corollary 20.2.11(p211), 20.2.14(p.212) .

" Corollary 20.2.9(:210), 20.2.10(p211), 20.2.13(:217, 20.2.16(213) ().

-

- -
©

)

The above results can be summarized as below.

A. If 3=1and s =0, then, on .# ", whether selling problem or buying problem and whether R-model or P-model, we
have the normal mental conflict in Ezamples 1.4.1(p6) - 1.4.4(p) .

B. If 8 <1ors>0,then, on .#", whether selling problem or buying problem and whether R-model or P-model, we
have the abnormal mental conflict.

C2.  Symmetry
On .Z7*, we have:
a. Let =1 and s =0. Then we have:
Pom 20.2.5(p197) A Pom 20.2.1(p1%) (& {M:2[R][E]}" ~v &/{M:2[R][E]} 1),
Pom 20.2.17(p213) A Pom 20.2.9p207) (o7 {M:2[P][E]}" ~v &/ {M:2[P][E]} ).
b. Let 8 <1ors>0. Then we have:
Pom 20.2.6(p197 v Pom 20.2.2(.1%)
Pom 20.2.7(p1%) Av Pom 20.2.3(p.1%)
Pom 20.2.8(p19) A Pom 20.2.4(p1%)
Pom 20.2.18(p213) Av Pom 20.2.10(p207)
Pom 20.2.19(p.214) Av Pom 20.2.11(p.208)
Pom 20.2.20(p214) AU Pom 20.2.12(p215)
Pom 20.2.21(p214) Av Pom 20.2.13(p205)
( (p:209)
( (p-209)
(p:209)

(o {M:2R][E]}" Ab o {M:2R][E]} ")
(o {'\7| 2[RI[EN}" A o {M:2(R][E]} ")
(o {M:2R][E}}* Ao o {M:2R][E]} )
(o {M:2R][E]}" Ao o {M:2[R][E]} ")
(o/{M:2[R[E]} " Av o {M:2[R][E]}")
(e {M:2R][E]}" Ao o {M:2[R][E]} ")
(e {M:2R][E]}" Ao o {M:2[R][E]} ")
(o {M:2R][E]}" Ao o {M:2[R][E]} ")
(o {M:2R][E]}" Ao o {M:2[R][E]} ")
(e {M:2R][E]}" Ao o {M:2[R][E]} ")

Pom 20.2.22(p.214) Av Pom 20.2.14(p.209
Pom 20.2.23(p.215) Av Pom 20.2.15(p.209
Pom 20.2.24(p213) Au Pom 20.2.16(p209
The above results can be summarized as below.
A. Let =1 and s =0. Then the symmetry is always inherited (see C2a(p217)).
B. Let 8<1ors>0. Then the symmetry always collapses (see C2b(p217) ).

C3.  Analogy
a. On.Z*, for any B <1 and s > 0 we have:

Pom 20.2.9(p207) ki Pom 20.2.1p.194)  («/{M:2[R][E]} " ki &7 {M:2[R][E]} 1)

Pom 20.2.10(p.207) ki Pom 20.2.2(01%) (&7 {M:2[R][E]}" sk &/ {M:2[R][E]} 1)

Pom 20.2.11(p208) > Pom 20.2.3(p1%)  («/{M:2[R][E]} " b 7 {M:2[R][E]} ") --- (%)
Pom 20.2.12(.208) k1 Pom 20.2.4(1%) (&7 {M:2[R][E]}" skt &/ {M:2[R][E]} 1)

Pom 20.2.17(p213) ki Pom 20.2.5(p197) (&7 {M:2[R][E]}" sk .7 {M:2[R][E]} ")

Pom 20.2.18(p213) tki Pom 20.2.6(p197 (o7 {M:2[R][E]} " tk &7 {M:2[R][E]} )

Pom 20.2.19(p214) bk Pom 20.2.7p.1%) (o {M:2[R][E]} " bk &/ {M:2[R][E]} 1)

Pom 20.2.20(p214) ki Pom 20.2.8p1%) (&7 {M:2[R][E]}" tki &/ {M:2[R][E]} ")

Pom 20.2.21(p214) ki Pom 20.2.6(p197) (&7 {M:2[R][E]}" tki &7 {M:2[R][E]} ")

Pom 20.2.22(0214) b Pom 20.2.7(01%) (7 {M:2[R][E]} T b & {M:2[R][E]} ") - - (%)
Pom 20.2.23(p215) ki Pom 20.2.8p1%) (&7 {M:2[R][E]}" tki &/ {M:2[R][E]} ")
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The above results can be summarized as below.
A. The analogy collapses except (x) and (k).
C4. Optimal initiating time (0IT)

On .Z 7, we have:

a. Let 8 =1 and s =0. Then, from
Pom 20.2.1(p18), Pom 20.2.5(p197), Pom 20.2.9(p207, Pom 20.2.17(p213),

we obtain the following table.

Table 20.2.3: Possible 0IT on . (8 =1 and s = 0)

A {M2R|[E]T} | {M2RIET} |/ {MAPIET} | {M:2PET}

b. Let 8 <1 or s> 0. Then, from

Pom 20.2.4(p1%), Pom 20.2.12(p208), Pom 20.2.15(p.29), Pom 20.2.16(p20%), Pom 20.2.24(p215),
Pom 20.2.2(p1%), Pom 20.2.3(p1%), Pom 20.2.4(p1%), Pom 20.2.6(197, Pom 20.2.8(p19%),
Pom 20.2.10(p207), Pom 20.2.11(p28), Pom 20.2.13(p.25), Pom 20.2.14(p20%), Pom 20.2.16(p.2),
Pom 20.2.18(p213), Pom 20.2.20(p214), Pom 20.2.23(p.215), Pom 20.2.16(p2%), Pom 20.2.21(p214),
Pom 20.2.7(p1%), Pom 20.2.19(p214), Pom 20.2.22(.214), Pom 20.2.22(p214),

we obtain the following table:

Table 20.2.4: Possible 0IT on #* (8 < 1 or s > 0)

S {M2R|[ET} | {M2RIET} | {MAPIETY | {M2[P]ET}

® (1)
® (1)

®+()a
Or (7)1
Or(t7) s
Or(t3) s
©-(0)
@-(0),
®-(0).

Il
A

oO|O0OjO0O|O0O|O|O|O|O
o|O0OlO0|O|O|O|O|O
oO|0OfO0|O|O|O|O|O
oO|0OfO0|O|O|O|O|O

c. The table below is the list of the occurrence rates of ®), ©), and @ (Def. 11.2.4(p61)) on & (see Tom’s 20.2.1(p189) (W),
20.2.2(p.139) (m), 20.2.3(p.192) (1), 20.2.4(p.193) (1), 20.2.9(p.200) (), and Tom 20.2.16(p.203) (m1)).

Table 20.2.5: Occurance rates of @), ©, and @ on .#

® © @
41.6% /30 23.6% /17 34.7% /25
@H @A @A @ll A A @H @A @A
— possible possible possible possible possible possible possible possible
%/ - 12.5%/9 29.1%/21 55%/4 13.8%/ 10 42%/3 7.0%/5 20.8%/ 15 7.0%/5

C5.  Null-time-zone and deadline-engulfing
From Table 20.2.5(p.218) above we see that on .%:



219

See Remark 7.2.2(p43) for the implication of the symbol “a” representing the strict optimality of the initiating time ¢;.
b. As a whole, ®), ©, and @ are possible at 41.6%, 23.6%, and 34.7% respectively where
®) cannot be defined (see Remark ??(p.77)).
©) is possible (5.5%).
@ is possible (7.0%).
®, is possible (12.5%).
©, is possible (13.8%).
® . is possible (20.8%).
®. is possible (29.1%).
©. is possible (4.2%).
e Tom 20.2.2(p189) (¢3i2,c3iilii2,c3ii2i).

9. @. is possible (7.0%).

e Tom 20.2.4(p193) (d2i,d2ii).

o Tom 20.2.16(p.23) (c2,c3i2,c3i3).

(e B AN

From the above results we see that:

A. ©) and @) causing the null-time-zone are possible at 58.6% (= 24.3% + 34.3%).
B. (©. strictly causing the null-time-zone is possible at 4.3%.

C. @. strictly causing the deadline-engulfing are possible at 7.1%.

20.3 Conclusions of Model 2

Conclusions 3(p.185) and 4(p216) can be summed up as below.

Cl. Mental Conflict
On Z*, from C1A(p186) and C1B(pis6) and from C1A(p217) and C1B(p27). we have:
a. If 8 =1 and s = 0, then, whether selling problem or buying problem, whether R-model or P-model, and whether
search-Allowed-model or search-Enforced-model, we have the normal mental conflict in Examples 1.4.1(p6) - 1.4.4(p6) .
b. If 8 < 1or s > 0, then, whether selling problem or buying problem, whether R-model or P-model, and whether

search-Allowed-model or search-Enforced-model, we have the abnormal mental conflict.

C2.  Symmetry
On .71, we have:
a. If 8=1 and s =0, the symmetry is always inherited (see C2A(p.18) and C2A(p217)).
b. if < 1or s> 0, the symmetry always collapses (see C2B(p.186) and C2B(p.17)).

C3.  Analogy

On Z 7, we have:

a. For any 8 <1 and s > 0, the analogy collapse (see C3A(p186) and C3A(p.218)) except () and (xx) of C3(p217).
C4. Optimal Initiating Time (0IT)

On 7, we have:

a. Let f=1and s =0. Then we have G and @ (see Tables 20.1.1(p.186) and 20.2.3(p.218)).

b. Let 5<1ors>0.

1. For search-Allowed-model we have ®., ©, and @ (see Table 20.1.2(p.187) ).
2. For search-Enforced-model we have ®.,8., @), ©s, Ou, @, @4, and @ . (see Table 20.2.4(p218) ).

c. Joining Tables 20.1.3(p.187) and 20.2.5(p.218) produces the following table:

Table 20.3.1: Occurence rates of ®), ©, and @ on .#

® © e
43.9% /58 22.7% / 30 33.3% /44
®) ®. ®. Oy O OR 0 0. 0.
— possible possible possible possible possible possible possible possible
%/~ 6.8%/9 | 37.1%,/49 | 12.8%/17 | 7.5%/ 10 23%/3 | 181%/24 | 11.4%/15 | 3.8%/5
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C5.  Null-time-zone and deadline-engulfing
On .Z 1, from Table 20.3.1(p.219) above we see that:

a. See Remark 7.2.2(p43) for the implication of the symbol “” representing the strict optimality of the initiating time t;.
b. As a whole, §), ©, and @ are possible at 43.9%, 22.7%, and 33.3% respectively where

®) cannot be defined (see Remark ?77(.7?)).

©) is possible (12.8%).

@ is possible (18.1%).

®. is possible (6.8%).
©, is possible (7.5%).
® . is possible (11.4%).

®,. is possible (37.1%).
©,. is possible (2.3%).
o Tom 20.2.2(p.18) (c3i2,c3ii1ii2,c3ii2i).
9. @. is possible (3.8%).
e Tom 20.2.4(p.193) (d2i,d2ii).
e Tom 20.2.16(p.203) (¢2,c3i2,c3i3).

® N oo E W

From the above results we see that:

A. ©) and @) causing the null-time-zone are possible at 55.8% (= 23.0% + 32.8%).
B. (©. strictly causing the null-time-zone is possible at 2.3%.

C. @. strictly causing the deadline-engulfing is possible at 3.8%.



Chapter 21

Analysis of Model 3

Section 21.2(p.222) Search-Allowed-Model 3 .. ... 222
Section 21.3(p.224) Search-Ellowed-Model 3 ... ... e 224
Section 21.4(p.227) Conclusions of Model 3 .. ... 227

21.1 Reduction

Definition 21.1.1 (reduction)

(a) If it is always optimal to reject the intervening quitting penalty price p in Model 3, then it follows that Model 3 is
substantively reduced to Model 2 in which the p is not defined, schematized as

Model 3 — Model 2. (21.1.1)

Let us refer to this model reduction as the model-running-back.
(b) Let us define

Accept, > (p)>Stop & {Accept the intervening quitting penalty price p at every time ¢t >0 }

and stop the process}.(21.1.2)
Let us refer to the reduction of this optimal decision rule as odr-reduction.

(¢) Let us schematize the above two reductions as

model-running-back — Model 3 - Model 2

Reduction { (21.1.3)

odr-reduction — odr — Accept,~,(p)>Stop

Lemma 21.1.1  Suppose that odr — Accept,s(p)>Stop holds. Then

(a) 00Let B =1. Then we have @) for any p.
(b) Let 3<1 and p <0. Then we have @..
(¢) LetB<1andp=0. Then we have @) .
(d) Letp <1 andp>0. Then we have S..
(e) Let p>0. Then we have §,. U

® Proof If Accept;((p)>Stop holds, then we have V; = p for ¢ > 0 (see (6.5.38(p39) ), (6.5.44(p3) ), (6.5.52(p39) ), and (6.5.58(p3)) )),
hence we have IL = 37 "!p for t > 0 from (7.2.4(p43)). Then, for a selling problem we have:

(a) Let 8=1. Then f%p=8'p=---=fp=pforany p,hence IT =17 ' =... =12 =p sot: =0, ie., @.
(b) Let B<landp<0. Then %0 < B'p<---<f7p hence IT < IT7' <. <I% sot:i =0, ie., @..
(c) Let B<land p=0. Then % =p'p=---=p"p=0,hence IT =II"'=... =1 sott =7=0, ic., @.
(d) Let B<1landp>0. Then 8% > B'p>--->f7p hence IT > IZ7' > ... > 1% sot: =1, ie., ..

() Let p>0. Then B2 >pB'p>---> B pforany0< B <1, hence IZT > I >... >I2 soti =7, ie., @a.

The same as the above hold also for a buying problem except that the directions of inequality reverse. 1
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21.2 Search-Allowed-Model 3: Q{M:3[a]} = {M:3[R][A], M:3[R][A], M:3[P][A], M:3[P][A]}

21.2.1 Theorems

As ones corresponding to Theorems 12.5.1(p.78), 13.3.1(p.%), and 14.5.1(p104) let us consider the following three theorems:

Theorem 21.2.1 (symmetry[R — R])  Let o7/ {M:3[R][A]} holds on & x .F. Then o/ {M:3[R][A]} holds on P x .F where
A {M:3[R][A]} = Sp_z[/{M:3[R][A]}]. O (21.2.1)

Theorem 21.2.2 (analogy[R — P]) Let &/ {M:3[R][A]} holds on & x %. Then &/{M:3[P][A]} holds on &7 x F where
A {M:3[P][A]} = Ar_p[«/{M:3[R][A]}]. O (21.2.2)

Theorem 21.2.3 (symmetry(P — P|)  Let o/ {M:3[P][A]} holds on & x .F. Then o/ {M:3[P][A]} holds on & x .F where
A {M:3[P|[A]} = Sp_3[«Z{M:3[P][A]}]. [ (21.2.3)

In order for the above three theorems to hold, the following three relations must be satisfied:

SOE{M:3[R][A]} = Sp_,3[SOE{M:3[R][A]}], (21.2.4)
SOE{M:3[P][A]} = As_»[SOE{M:3[R][A]}], (21.2.5)
SOE{M:3[P|[A]} = S,_,3[SOE{M:3[R][A]}], (21.2.6)

corresponding to (12.5.34(p7)), (13.2.4(p91) ), and (14.5.4(p.104) ). Now, from the comparison of (I) and (II) and of (III) and (IV) in
Table 6.5.5(p.3) it can be easily shown that (21.2.4(p22)) and (21.2.6(p222)) hold. However, from the comparison of (I) and (III)
in Table 6.5.5(p.39) we can immediately see that (21.2.5(p.222)) does not always hold, hence it follows that also Theorem 21.2.2(p22)
does not always hold.

21.2.2 A Lemma
The following lemma determines if Theorem 21.2.2(p.222) holds by testing whether or not each of (21.2.5(p22)) is true.

Lemma 21.2.1

(a) Theorem 21.2.1(p22) always hold.

(b) Theorem 21.2.3(p222) always hold.

(¢) Letp<a* orb<p. Then Theorem 21.2.2(p222) holds.

(d) Leta* < p<b. Then Theorem 21.2.2(p.222) does not always hold. [

® Proof Almost the same as the proof of Lemma 20.1.1(p.151). 1

21.2.3 Proof of &/{M:3[R][A]}

O Tom 21.2.1 (™ «/{M:3[R][A]})

(a) Letp< xx orp<0. Then M:3[R][A] — M:2[R][A].

(b) Let p> xx and p > 0. Then we have odr — Accept,sq(p)>Stop. [

® Proof From (6.5.39(p.39)) with t = 1 and (6.5.37(p39) ) we have Uy = max{K (Vo) +p, BVo)} = max{K (p) + p, Bp} - -- (1), hence
Ui — p = max{K (p),—(1 — B)p}---(2). From (6.5.38(p.39) ) with ¢ = 1 we have Vi > p = Vi. Then, from (6.5.39(p.39) ) with ¢t = 2
and Lemma 10.2.2(p3) (e) we have Uz = max{K (V1) + V1, V1 } = max{K (Vo) + Vb, 8Vo} = Uy. Suppose U;—1 > U;_2, hence
from (6.5.38(p.39)) we have Vi—1 = max{p,Us;—1} > max{p, Ui—2} = Vi_2. Then, from (6.5.39(p.39) ) we have U; > max{K (V;—2) +
Viea,BVi—2} = Ui—1 due to Lemma 10.2.2(p5) (¢). Thus, by induction we have Uy > U;—1 for t > 1, i.e., we have that U; is
nondecreasing in ¢ > 0---(3).

(a) Let p < xx or p < 0. Suppose p < Zx, hence K (p) > 0---(4) from Corollary 10.2.2(p56) (b). Then, from (1) we have

Uy > K(p) + p > p. Hence U; > p for t > 0 due to (3). Suppose p < 0, hence —(1 — 3)p > 0. Then, noting (4), from (2) we
have Uy — p > 0, ie., Ur > p, so Uy > p for t > 0 due to (3). Accordingly, whether p < zx or p <0, we have U; > p for t > 0,
meaning that it is always optimal to reject the intervening quitting penalty price p for any ¢ > 0. This fact is the same as the
event “the intervening quitting penalty price p does not exist on any time ¢ > 0”; in other words, it follows that M:3[R][4] is
substantially reduced to M:2[R][A] which has not an intervening quitting penalty price p, i.e., M:3[R][A] — M:2[R][A].

(b) Let p > xx and p > 0---(5), hence K(p) < 0---(6) from Corollary 10.2.2(p56) (a) and —(1 — 8)p < 0. Then, since
Ui — p <0 from (2), we have Uy < p--- (7). Suppose Us—1 < p. Then Vi_1 = p from (6.5.38(p.39) ), hence from (6.5.39(p.39)) we

have U; = max{K (p) + p, Bp} = U1 < p due to (1) and (7). Accordingly, by induction U; < p for t > 0, meaning that it is
always optimal to accept the intervening quitting penalty price p at all time ¢ > 0 and stop the process. Hence we have odr —
Accept;>o(p)>Stop. 1
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21.2.4 Derivation of <7 {M:3[R][A]}

0 Tom 21.2.2 (O ./ {M:3[R][A]})
(a) Let p> Tz or p>0. Then M:3[R][A] — M:2[R][A].
(b) Letp> Tg and p > 0. Then we have odr — Accept;so(p)>Stop. [

® Proof by symmetry Immediately from applying Spoi (see (18.0.1(p1%))) to Tom 21.2.1(p.222) due to
Lemma 21.2.1(p22) (a). 1

21.2.5 Derivation of &/{M:3[P|[A]}
21.2.5.1 Caseofp<a*orb<p

O Tom 21.2.3 (@ «/{M:3[P|[A]}) Assume p <a* orb<p. Then:
(a) Let p< xx or p<0. Then M:3[P][A] -M:2[P][4].
(b) Let p> wx and p > 0. Then we have odr — Accept;>(p)>Stop. [

® Proof by analogy The same as Tom 21.2.1(p22) due to Lemma 13.6.1(p97). 1

21.2.5.2 Caseofa* < p<b
O Tom 21.2.4 (@ &/{M:3[P][A]}) Assumea* < p<b. Let B =1 and s =0. Then M:3[P][A] - M:2[P][A]. O

® Proof by analogy Assume a* < p < b and let 3 =1 and s = 0. Then, from (5.1.21(p.4)) we have K (z) = A\T(z) > 0---(1)

for any = due to Lemma 13.2.1(p91) (g). From (6.5.45(p3))) we have Uy > 8p = p. Suppose Ui—1 > p. Then, from (6.5.44(p.3)))
we have V;_1 = Ui—1 > p, hence from (6.5.46(p.39) ) we obtain Uy > BVi—1 = Vi—1 > p. Thus, by induction Uy > p for ¢t > 0.
Accordingly, for the same reason as in the proof of Tom 21.2.1(p222) (a) we have M:3[P|[A] — M:2[P][A]. 1§

O Tom 21.2.5 (® .o/ {M:3[P][A]}) Assumea” <p<b. Let <1 ors>0.
(a) Let ABmax{0,a—p}—(1—=pB)p>sor—(1—F)p>0. Then M:3[P][A] — M:2[P][A].
(b)  Let ABmax{0,a —p} — (1 —=B)p<s and —(1 —B)p < 0.

1. Let T =1. Then we have odr Acceptl(p)l>Stop.T

2. LettT>1. Then:
i. Let p < xx. Then M:3[P][A] — M:2[P][4]
ii. Letp> xx. Then we have odr —» Accepttzo(p)1>Stop.Jf 0

® Proof Assume a* < p <b. Let 8 <1 ors>0. From (6.5.45(p.39) ) we have

Us — p = max{A max{0,a — p} — (1 — B)p— 5, —(1 — B)p} - (1),
(a) Let ABmax{0,a — p} — (1 —B)p > s or —(1 — B)p > 0, hence U; — p > 0 from (1) or equivalently U; > p---(2).
Then, since Vi = Ui --- (3) from (6.5.44(p39)) with t = 1, from (6.5.46(p.39) ) with ¢ = 2 we have Uy = max{K (V1) + V1,8V1} =
max{K (U1) + U1, BU1} - - - (4). Hence, from (2), Lemma 13.2.3p9) (e), and (5.1.21(p4)) we have

Uz > max{K(p) + p,Bp}
= max{ABT(p) — (1= B)p — s+ p,Bp}
= max{\BT(p) + Bp — s, Bp}.
Then, from Lemma 13.2.1(pJ1) (h) we have Uz > max{A\fmax{0,a — p} + Bp — s,8p} = Ui due to (6.5.45p.3)). Suppose
Usi—1 > Ui—2, so Voa—1 > max{p,Ui—2} = Vi—2 from (6.5.44(p.39) ). Hence, from (6.5.46(p39)) and
Lemma 13.2.3(p9) (e) we have Uy > max{K (Vi—2) + Vi—2, BVi—2} = Ui—1. Accordingly, by induction U; > Uy for t > 1, i.e.,

U; is nondecreasing in ¢ > 0. Hence, from (2) we have U, > p for t > 0. Therefore, for almost the same reason as in the proof
of Tom 21.2.1(p222) (a) we have M:3[P][A] — M:2[P][A].

(b) Let ABmax{0,a —p} — (1 —B)p<sand —(1—B)p <0---(5). Then Uy — p <0 from (1), i.e., Uy < p---(6).

(bl) Let 7 =1. Then (6) implies that it is optimal to accept the intervening quitting penalty price p at ¢ = 1 and stop the
process, i.e., odr — Accept,(p)>Stop.

(b2) Let 7 > 1. Due to (6) we have Vi = p from (6.5.44(p3)) with ¢t = 1, hence Us = max{K (p) + p, Bp}--- (7) from
(6.5.46(p.39) ) with ¢ = 2.

(b2i) Let p < zx. Then K (p) > 0 from Lemma 13.2.3(p%) (j1), hence from (7) we have Uy > K (p)4p > p. Suppose U;_1 > p,
hence Vi—1 = Ui—1 = p from (6.5.44(p39) ). Then, from (6.5.46(p.39) ) and Lemma 13.2.3(p94) (e) we have U; > max{K (p) + p, Bp} >

TIn this case, we have four possibilities for the optimal initiating time (0IT): @), @4, Ga, and .
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K (p)+ p > p. Accordingly, by induction we have Uy > p for ¢ > 1. Thus the assertion holds for the same reason as in the proof
of Lemma 21.2.1(p.222) (a).

(b2ii) Let p> 2k, hence K (p) < 0 from Lemma 13.2.3(p9) (j1). Then, from (7) we have Uz < max{p, Bp}---(8). If 8 < 1,
then p > 0 from (5), hence Uy < max{p,p} = p and if 8 = 1, then Us < max{p,p} = p. Accordingly, whether § < 1 or
B =1, we have Uz < p for t > 0. Suppose Ui—1 < p, hence Vi1 = p from (6.5.44(p39)). Then, from (6.5.46(p.39)) we have
Uy = max{K (p) + p, Bp} = Ua < p. Accordingly, by induction we have U; < p for ¢t > 1. Hence, from (6) we have U; < p for
t > 0. Thus, for the same reason as in the proof of Tom 21.2.1(p.22) (b) it follows that the assertion holds. 1
21.2.6 Derivation of o7 {M:3[P][A]}
21.2.6.1 Caseof p>b*ora>p
0 Tom 21.2.6 (O .</{M:3[P][A]}) Assume p > b* ora > p.

(a) Let p> Tz or p>0. Then M:3[P][A] — M:2[P][A].
(b) Let p< Zz and p < 0. Then we have odr — Accept_ (p)>Stop. [

® Proof by symmetry Immediate from applying Sp_,5 (see (18.0.3(p1%))) due to Lemma 21.2.1(p22) (b). 1
21.2.6.2 Caseof b* > p >a

O Tom 21.2.7 (8.« {M:3[P][A]})  Assume b* > p >b. Let § =1 and s = 0. Then M:3[P][A] — M:2[P][A].

® Proof by symmetry Immediate from applying Sp_,p (see (18.0.3(p.128) )) due to Lemma 21.2.1(p.222) (b). I

O Tom 21.2.8 (T« {M:3[P][A]}) Assume b* > p>a. Let B <1 ors>0.

(a)  Let —ABmin{0,p — b} + (1 —B)p >0 or (1 — B)p > 0. Then M:3[P|[A] —M:2[P][A].
(b) Let —A\Bmin{0,p—b}+ (1 —B)p < s and (1 —B)p < 0.
1. LetT=1. Then we have odr — Accept,(p)>Stop.
2. Lett>1.
i. Let p> %z. Then M:3[P][A] — M:2[P][A].
ii. Let p< Zi. Then we have odr — Accept,sq(p)>Stop. [

® Proof by symmetry Immediate from applying Sp_,p (see (18.0.3(p.128) )) due to Lemma 21.2.1(p222) (b). 1

21.2.7 Conclusion 5  (Search-Allowed-Model 3)

The search-Allowed-model 3 (whether selling model or buying model and whether R-model or P-model) is reduced to either of
the following two cases (see (21.1.3(p.221))):

Case A M/M:3[R/P][A] — M/M:2[R/P][A] (model-running-back) where

1. for M:3[R][A] — rM:2[R][A], see Tom 21.2.1(p.222) (a),
2. for M:3[R][A] — rM:2[R][A], see Tom 21.2.2(p.223) (a),
3. for M:3[P][A] — rM:2[P][4], see Tom 21.2.3(p.223) (a), 21.2.4(p223), and 21.2.5(p.223) (a,b21i),
4. for M:3[P][A] — rM:2[P][A], see Tom 21.2.6(p24) (a), 21.2.7(p.24), and 21.2.8(p.224) (a,b2i).

Case B odr + Accept,s(p)>Stop (odr-reduction) where

1. for M:3[R][A], see Tom 21.2.1(p.222) (b),
2. for M:3[R][A], see Tom 21.2.2(p223) (b),
3. for M:3[PP][A], see Tom 21.2.3(p223) (b),21.2.5(p.223) (b1,b2ii),
4. for M:3[P][A], see Tom 21.2.6(p24) (b),21.2.8(p.224) (b1.b2ii).

21.3 Search-Enforced-Model 3: Q{M:3[g]} = {M:3[R][E], M:3[R][E], M:3[P| [E], M:3[P][E]}

21.3.1 Preliminary

As the ones corresponding to Theorems 21.2.1(p.222), 21.2.2(p222), and 21.2.3(p222) let us consider the following three theorems:

Theorem 21.3.1 (symmetry[R — R])  Let o/ {M:3[R][E]} holds on & x .Z. Then o {M:3[R][E]} holds on 2 x .F where
A {M:3[R][E]} = Sp_z[«/{M:3[R][E]}]. O (21.3.1)

Theorem 21.3.2 (analogy[R — P]) Let &/ {M:3[R][E]} holds on & x F. Then «/{M:3[P|[E]} holds on & x . where
o/ {M:3[P|[E]} = Ar_p[«/{M:3[R][E]}]. O (21.3.2)



225

Theorem 21.3.3 (symmetry[P — P|)) Let o/ {M:3[P][E]} holds on & x F. Then o/ {M:3[P][E]} holds on 2P x .F where
A {M:3[P|[E]} = Sp_,5[/ {M:3[P][E]}]. D (21.3.3)

In order for the above three theorems to hold, the following three relations must be satisfied:

SOE{M:3[R][E]} = S._,3[SOE{M:3[R][E]}], (21.3.4)
SOE{M:3[P][E]} = As_,5[SOE{M:3[R][E]}], (21.3.5)
SOE{M:3[P][E]} = S;_,3[SOE{M:3[P][E]}], (21.3.6)

corresponding to (21.2.4(p222)), (21.2.5(p.222) ), and (21.2.6(p222) ). Now, from the comparison of (I) and (II) and of (III) and (IV) in
Table 6.5.6(p.39) it can be easily shown that (21.3.4(p.225)) and (21.3.6(p.225) ) hold. However, from the comparison of (I) and (III) in
Table 6.5.6(p.39) we can immediately see that (21.3.5(p.225)) does not hold, hence it follows that also Theorem 21.3.2(p.24) does not
always hold.

21.3.2 A Lemma
Lemma 21.3.1

(a) Theorem 21.3.1(p224) always hold.

(b)  Theorem 21.3.3(p.2%) always hold.

(¢) Letp<a* orb<p. Then Theorem 21.3.2(p24) holds.

(d) Leta* < p<b. Then Theorem 21.3.2(p24) does not always hold. [

® Proof Almost the same as the proof of Lemma 20.1.1(p.151). 1

21.3.3 Proof of #{M:3[R|[E|}

O Tom 21.3.1 (MW .&/{M:3[R][E]})
(a) Let p< zx. Then M:3[R][E] - M:2[R][E].
(b) Let p> xx. Then we have odr AcceptTEtZO(p)DStop.T 0

® Proof From (6.5.53(p39)) with ¢ =1 and (6.5.51(p.39) ) we have Uy = K (p) +p--- (1) and from (6.5.52(p.39) ) with ¢ = 1 we have

Vi > p=Vp. Then, from (6.5.53(p.39) ) with ¢ = 2 and Lemma 10.2.2(p5) (e) we have Uz = K (V1) + V1 > K (p) + p = U1. Suppose
Ui—1 > Ui—2, hence Vi1 > max{p,Ui—2} = Voo from (6.5.52(p39)). Then from (6.5.53(p39)) we have U, = K(Vi—1) + Vi1 >
K (Vi—2) + Vi—a = Ui—1 due to Lemma 10.2.2(p35) (e) Thus, by induction we have Uy > Uy—1 for ¢t > 1, i.e., U; is nondecreasing
int>0---(2).

(a) Let p < xx, hence K (p) > 0 from Corollary 10.2.2p56) (b). Then, from (1) we have Ui > p. Hence Uy > p for t > 0 due
to (2). Accordingly, for almost the same reason as in the proof of Tom 21.2.1(p.222) (a) we have M:3[R][E] — M:2[R][E].

(b) Let p > xx, hence K (p) < 0---(3) from Corollary 10.2.2(p6) (a). Then, from (1) we have U; < p. Suppose U;_; < p.
Then Vi1 = p from (6.5.52(p39)), hence from (6.5.53p.3)) we have U; = K (p) + p < p due to (3). Accordingly, by induction

Us < p for t > 0, so we have odr + Accept,s;>q(p)>Stop for the same reason as in Tom 21.2.1(p222) (b).
21.3.4 Derivation of </ {M:3[R][E]}

0 Tom 21.3.2 (0.&/{M:3[R][E]}) For any 8 <1 and s > 0 we have:
(a) Let p< Tz. Then M:3[R][E] — M:2[R][E].
(b) Let p < Ti. Then we have odr — Accept, s, (p)>Stop. [

® Proof by symmetry Immediate from applying Sp_,z (see (18.0.1(p12))) due to Lemma 21.3.1(p225) (a). 1

21.3.5 Derivation of &/ {M:3[P][E|}

21.3.5.1 Caseof p<a*orb<p
In this case, we can use Lemma 21.3.1(p225) (c) to prove Tom 21.3.3(p.225) below.

O Tom 21.3.3 (O &/{M:3[P][E]}) Assume p < a* orb< p.
(a) Let p< xx. Then M:3[P|[E] -M:2[P][E].
(b) Let p> wx. Then we have odr — Accept, s,;q(p)>Stop. [

® Proof by analogy The same as Tom 21.3.1(p.22%5) due to Lemma 13.6.1(p.97). 1

fIn this case, we have four possibilities for the optimal initiating time (0IT): @), ®., Gu, and G, (see Lemma 21.1.1(p.221)).
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21.3.5.2 Caseofa* <p<b
In this case, Tom’s 21.3.4(p.226) and 21.3.5(p.226) below must be directly proven due to Lemma 21.3.1(p.225) (d).

O Tom 21.3.4 (W &/{M:3[P|[E]}) Assumea* <p<bandlet f=1 ands=0. Then we have M:3[P][E] - M:2[P][E]. [
® Proof Suppose a* < p < band let 3 =1 and s = 0. From (5.1.21(p24)) we have K (z) = AXT'(z) > 0--- (1) for any z due

to Lemma 13.2.1p91) (g). Now, from (6.5.59(p39)) we have Uy = Amax{0,a — p} + p > p due to max{0,a — p} > 0. Suppose
Ui—1 > p. Then, since V;_1 = U;_1 due to (6.5.58p39) ), from (6.5.60) we have U, = K (Uy_1) 4+ U1 > U,_1 due to (1), hence
U; > p. Accordingly, by induction U; > p for ¢t > 0, implying that it is optimal to reject the intervening quitting penalty price
p for any ¢ > 1. Thus, for almost the same as in the proof of Tom 21.2.1(p.222) (a) we have M:3[P][E] — M:2[P][E]. 1}

O Tom 21.3.5 (W &/{M:3[P][E]}) Assumea” <p<bandletf <1 ors>D0.
(a) Let ABmax{0,a — p} — (1 — B)p > s. Then M:3[P|[E] - M:2[P][E].
(b)  Let ABmax{0,a — p} — (1 = B)p < s.
1. LetT=1. Then we have odr — Accept,_,(p)>Stop.
2. Lett>1. Then
i. Let p< xx. Then M:3[P][E] — M:2[P][E].
ii. Letp> wx. Then we have odr — Accept ,o(p)>Stop.

® Proof Suppose a* < p <b. Let <1 ors>0. From (6.5.59(p.39) ) we have
Ur — p=Amax{0,a — p} — (1= B)p—s---(1).
(a) Let ABmax{0,a — p} — (1 — B)p > s, hence Uy > p---(2) from (1). Then, since Vi = Ui ---(3) from (6.5.58(39))

with ¢ = 1, we have Uy = K(U1) + Uy ---(4) from (6.5.60(p.39)) with ¢ = 2. Hence, from (2), Lemma 13.2.3(p9) (e), and
(5.1.21(p4) ) we have Uz > K (p) + p = ABT(p) — (1 — B)p — s+ p = ABT(p) + Bp — s. Then, from Lemma 13.2.1(p91) (h) we have
Uy > Mmax{0,a — p} + Bp — s = Uz due to (6.5.59(p.39)). Suppose Ui—1 > Ui_2, hence V;—1 > max{p,Ui_2} = Vi_2 from
(6.5.58(p.39) ). Then, from Lemma 13.2.3(p%) (e) we have Uy > K (Vi—2) + Vi—a = Ui—1. Accordingly, by induction Uy > U;_;
for t > 1, i.e., Uy is nondecreasing in ¢ > 0. Hence, from (2) we have U, > p for t > 0, implying that it is optimal to reject
the intervening quitting penalty price p for any ¢ > 1. Therefore, for the same as in the proof of Tom 21.2.1(p.222) (a) we have
M:3[P][E] — M:2[P][E].

(b) Let ABmax{0,a —p} — (1 —B)p <s---(5). Then Uy — p <0 from (1), i.e., Uy < p---(6).

(bl) Let 7 = 1. Now (6) implies that it is optimal to accept the intervening quitting penalty price p at the starting time
t = 1 and the process stops, hence we have odr — Accept,_,(p)>Stop.

(b2) Let 7 > 1. Now, due to (6) we have Vi = p from (6.5.58(p39) ) with ¢ = 1, thus Uy = K (p) + p- - - (7) from (6.5.60(p3) )
with t = 2.

(b2i) Let p < xx, hence K (p) > 0 from Lemma 13.2.3p.%) (j1). Then, from (7) we have Uz > p. Suppose U;_1 > p, hence
Vic1 = Ug—1 from (6.5.58(p.39) ). Then, from (6.5.60(p39) ) and Lemma 13.2.3(p94) (e) we have Uy = K(Ui—1) +Ui—1 > K(p)+p > p.
Hence, by induction Uy > p for t > 1, implying that it is optimal to reject the intervening quitting penalty price p for any ¢ > 1.
Thus, for almost the same as in the proof of Lemma 21.2.1(p.22) (a) we have M:3[P][E] — M:2[P][E].

(b2ii) Let p > xx. Then K(p) < 0---(8) from Lemma 13.2.3(p.94) (j1). Hence Uz < p from (7). Suppose Us—1 < p, hence
Vi1 = p from (6.5.58(p39) ). Then, from (6.5.60(p.39)) we have U, = K(p) +p < p---(9) due to (8). Thus, by induction U; < p

for t > 1. From this and (6) we have U, < pfort >0, hence we have odr + Accept, ,q(p)>Stop for the same reason as in the
proof of Tom 21.2.1(p222) (b) we have that the assertion holds. 1

21.3.6 Derivation of .« {M:3[P][E]}
21.3.6.1 Caseof p>b*ora>p

O Tom 21.3.6 (3.« {M:3[P|[E]}) Assume p >b* ora>p and let 3 <1 and s > 0.

(a) Let p> Tz. Then M:3[P|[E] —M:2[P][E].

(b) Let p < Tz. Then we have odr — Accept, > ;q(p)>Stop.

® Proof by symmetry Immediate from applying Sp_,p (see (18.0.2(p1%))) to Tom 21.3.3(p.225). I

21.3.6.2 Caseof b* >p >a

0 Tom 21.3.7 (O .</{M:3[P][E]})  Assume b* > p>b and let 3 =1 and s = 0. Then M:3[P][E] —M:2[P|[E]. 0

® Proof by symmetry Immediate from applying Sp_,5 (see (18.0.2(p1%))) to Tom 21.3.4(p.22). N

0 Tom 21.3.8 (O .</{M:3[P|[E]}) Assume b* > p>a and let f <1 ors > 0.



227

(a) Let —A\Bmin{0,p — b} + (1 — B)p > 5. Then M:3[P][E] —M:2[P][E].
(b) Let —A\Bmin{0,p—b}+ (1 — B)p < s.
1. LetT=1. Then we have odr — Accept,_,(p)>Stop.
2. Lett>1. Then
i. Letp> Zz. Then M:3[P][E] —M:2[P][E]
ii. Letp< Tg. Then odr — Accept, s,~q(p)>Stop.

® Proof by symmetry Immediate from applying Sp_,p (see (18.0.2(p.128))) to Tom 21.3.5(p.22). 1

21.3.7 Conclusion 6 (Search-Enforced-Model 3)

The search-Enforced-model 3 (whether selling model or buying model and whether R-model or P-model) is reduced to either of

the following two cases (see (21.1.3(p221) )):
Case A M/M:3[R/P|[E] — M/M:2[R/P|[E] (model-running-back) where
1. for M:3[R][
2. for M:3[R][E] — rM:2[R][E], see Tom 21.3.2(p.223) (a),
3. for M:3[P][E] — rM:2[P][E], see Tom 21.3.3(p.225) (a), 21.3.4(p226), and 21.3.5(p.226) (a,b2i),
4. for M:3[P][E] — rM:2[P][E], see Tom 21.3.6(p22) (a), 21.3.7(p2%), and 21.3.8(p.226) (a,b2i).

E] — rM:2[R][E], see Tom 21.3.1(p.225) (a),
)
)s
Case B odr ~ Accept,s¢(p)>Stop (odr-reduction) where
. for M:3[R][E], see Tom 21.3.1(p2) (b),
. for M:3[R][E], see Tom 21.3.2(p.225) (b),
[
[

1
2
3. for M:3[P][E], see Tom 21.3.3(p.225) (b),21.3.5(p.226) (b1,b2ii),
4. for M:3[P][E], see Tom 21.3.6(p226) (b),21.3.8(p.226) (b1,b2ii).

21.4 Conclusions of Model 3

From Conclusions 5 (p224) and 6 (p27) we see that the model 3 (whether selling model or buying model, whether R-model or

P-model, and whether search-Enforced-model or search-Allowed-model) is reduced to either of the following two cases:
a. M/M:3[R/P|[A/E] — M/M:2[R/P][A/E] (model-running-back).

b.  odr — Accept,~,~(p)>Stop (odr-reduction).
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Chapter 22

Conclusions of Part 3 (Analyses of Models)

Below is the summary of Sections 19.3(p.148), 20.3(p219), and 21.4(p.227).

B Models 1/2

Cl.

Mental Conflict

Here “always” means “whether selling model or buying model, whether R-model or P-model, and whether search-Allowed-
model or search-Enforced-model”. Then, on .# " we have:

a. For Model 1 (see C1(p.14)):
Let B <1 and s > 0. Then, we always have the normal mental conflict in Ezamples 1.4.1(p6) - 1.4.4(p6) .
b. For Model 2 (see C1(p219)):

1. Let 8 =1and s =0. Then we always have the normal mental conflict in Examples 1.4.1(p6) - 1.4.4(p$) .
2. Let < 1ors>0. Then we always have the abnormal mental conflict.

C2.  Symmetry
a. On .ZT:
1. Let 8 =1 and s = 0. Then, the symmetry is inherited for Models 1/2 (see C2b(p.4) and C2a(p219)).
2. Let 8 <1ors>0. Then, the symmetry may collapse for Model 1 (see C2¢c(p148)), but always collapse for Model 2
(see C2b(p219)).
C3. Analogy

C4.

On Z* we have:

a. For Model 1:
1. Let 8 =1 and s =0. Then the analogy is inherited (see C3b(p.143)).
2. Let 8 <1ors>0. Then analogy is may collapses (see C3c(p.143) ).

b. For Model 2:
1. For any 8 <1 and s > 0, the analogy may collapse (see C3a(p219)).

Optimal Initiating Time (0IT)
On Z7:
a. Let f=1and s=0.

1. For Model 1, only ®. is possible (see Tables 19.1.1(p133) and 19.2.1(p.147) ).

2. For Model 2, only ®. and @ are possible (see Tables 20.1.1(p.186) and 20.2.3(p213) ).
3. What is remarkable here is that @ (deadline-engulfing) occurs even in the simplest case of “4 =1 and s = 07
(see C4afp219)).

b. Let <1lors>0.

1. For Model 1, ®., @, and @ are possible (see Tables 19.1.2(p.133) and 19.2.2(p.147)).

2. For Model 2, ®4,84, Oy ©a, Ou, @, @, and @, are possible (see Tables 20.1.2(p187) and 20.2.4(p.218) ).
c. Joining Tables 19.3.1(p.148) and 20.3.1(p.219) produces the following table:

Table 22.0.1: Occurance rates of §), ©, and @ on .F

® © e
44.4% / 68 22.2% /34 33.4% /52
®) ®» ®a O]l ©a OR Q) 0. 0.
— possible possible possible possible possible possible possible possible
%/ - 59%/9 | 38.6%/59 | 124%/19 | 7.2%/11 26%/4 | 19.0%/30 | 111%/17 | 32%/5
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C5. Null-time-zone and deadline-engulfing
From Table 22.0.1(p.229) above, we see that on Z#:

a. See Remark 7.2.2(p43) for the implication of the symbol “a” representing the strict optimality of the initiating time t;.
As a whole, ®), ©, and @ are possible at 44.4%, 22.2%, and 33.4% respectively where
®) cannot be defined (see Remark 77(p.7?)).
©) is possible (12.4%).
@ is possible (19.0%).
®. never occur (5.9%).
©., is possible (7.2%).
® . is possible (11.1%).
®). is possible (38.6%),
©. is possible(2.6%).
o Tom 19.2.2(p13) (c2iii2)
o Tom 20.2.2(p189) (c3i2,c3iilii2,c3ii2i).
9. @. is possible (3.2%).
o Tom 20.2.4(.193) (d2i,d2ii).
o Tom 20.2.16(p.203) (¢2,c3i2,c3i3).

S B A S o

The following three are especially noteworthy findings:

A. (©and @causing the null-time-zone occur at 55.6% (= 22.2% + 33.4%).

B. @causing the deadline-engulfing occurs at 33.4%.

C. ©. and @. strictly causing the deadline-engulfing occurs at 2.6% and 3.2% respectively.

D. @ causing the deadline-engulfing occurs even in the simplest case of “8 =1 and s = 0” (see C4a3(p.229)).

C6. C~S (Conduct~-Skip) (see Def.2.2.1(p.12) and Remark 7.2.1(p42))

It is only for M:2[R][A]" and M:2[P][A]T with 8 < 1 or s > 0 (see Table 20.1.4(p.188) ) that we have observed C~$. It is usual
to assume that once conducting a search is optimal, it will become optimal to continue conducting the search afterward.
However, in this paper we demonstrated that this expectation does not always hold. In other words, it can become optimal
to skip the search after having continued the search for a while.

H Models 3

C7. Reduction (see Section 21.4(p.227))
Model 3 is reduced to either of the following two cases (see Conclusions 5 (p.24) and 6 (p27) ):

a. M/M:3[R/P|[A/E] — M/M:2|R/P][A/E] (model-running-back).

b. odr — Accept,.s,~q(p)>Stop (odr-reduction).
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Part 4

Conclusions and Future Studies

Chap. 23 Overall ConclusSiOn . ..........oinuitiii e e e iie e 233
Chap. 24 Future Studies .........o..oi i e 235

In Chap. 23(p233) the main points of the conclusions that were obtained in Parts 1,2, and 3 are summarized and in Chap. 24(p.235)
subjects of future studies are listed.
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Chapter 23

Overall Conclusion

Below are the essential points distilled from the conclusions which were summarized in Chaps. 8(p47), 18(p.127), and 22(p.229) .

Cl1.

C2.

Cs3.

C4.

Two Motives
This study was triggered by the following two naive motives (see Section 1.2(p4)):

Motive 1: Is a buying problem always symmetrical to a selling problem ?

Motive 2: Does a general theory integrating quadruple-asset-trading-problems exist ?

Philosophical Background

On March 31, 1965, the original theme of this paper was proposed by the academic supervisor Prof. Shizuo Senju who
has PhD (Eng.) (see the episode in Section 1.3.2(p4)). Enlightened by his thought background, before long I (Ikuta, the
first author of this paper) obtained PhD (Eng.) under his research guidance, and more than 20 years later since then,
also Kang (the second author of this paper) obtained PhD (Mgt. Sci.&Eng.) under my research guidance. In time, we,
who have the same physical recognition, found ourself down the middle of the philosophy of “decision theory as physics”
(see Section 1.3.3(p4)). This background exerted considerable influence on the whole writing of this paper —1It is not an
exaggeration that this study would never complete without it. However, we should never forget that the following two
temptations always hide there.

a. Knowledge of Ignorance

First, let us confirm that a physical perspective is to observe things as they happen, which stems from a mental process
involving unfiltered observation of things, which is free from any preconceived premises, assumptions, hypotheses,
biases, and so on. Looking back at the history of science, we will immediately see that this task was very often quite
ungovernably difficult. For instance, prior to Galileo’s era (pre-1600s), no one would have questioned the belief that
the heaven revolves around the Earth (Ptolemaic system). However, it should be registered that it took thousands of
years to acknowledge the transition to the sun-centered theory (Copernican system) and that even in this modern age
a situation is not so different from around that time in the sense that very many things still remain not-yet-unknown
also at present. Taking into account this fact, we should not forget “the knowledge of ignorance” at any time. Without
this recognition, even modern people could repeat the same mistake, not only in the natural science but also in the
business and economic sciences.

b.  Overconfidence in Mathematics

Next, what should be kept in mind is that mathematics-oriented researchers who get fixated on the conviction of “the
total truth of this world is completely included within the truth of mathematics” exist at considerable ratio. Those
familiar with physics will quickly grasp the essence of the cautionary word of Albert Einstein “As far as the laws of
mathematics refer to reality, they are not certain, and as far as they are certain, they do not refer to reality”. However,
for those without this experience (physics), the understanding of his apothegm may require significant time or might
never fully materialize. Recall here historical cases in physics that, even if being how highly mathematical elaborated
theory, bases of conventional principles can be drastically rewritten by only one simple discovery from an observance
using a cheap experimental instrument and by only one elementary result from an experiment conducted in a small
laboratory.

Structured-Unit-of-Problems

In this paper we defined the quadruple-asset-trading-problems (see Section 1.4.5(p.7)) and the structured-unit-of-problems
(see Section 3.3(p.18)). Our main concern is not to one-by-one and independently treat these problems but to clarify the
interconnectedness among them.

Integrated Theory

In this paper we succeeded in constructing the theory which integrates the quadruple-asset-trading-problems. In this theory
we first derived the two symmetry theorems, Theorems 12.5.1(p.78) and 12.8.1(p85), which connect a selling problem with
R-mechanism and a buying problem with R-mechanism through the operation Sp_, defined by (12.5.29(75) ), called the
symmetry transformation operation. On the other hand, at the earlier stage of this study we did not anticipate at all the
existence of a relationship between trading problem with R-mechanism and trading problem with P-mechanism. However,
through countless arrangements and rearrangements, as if solving a jigsaw puzzle, we noticed similarities between the
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C5.

C6.

C7.

234

above two problems and finally reached the two lemmas, Lemmas 10.1.1(p33) and 13.2.1(p91), which are connected by the
operation Ap-p defined by (13.2.1(p91)), called the analogy replacement operation. This finding led to the derivation of
the two analogy theorems, Theorems 13.3.1(p9%) and 13.3.2(p.%), which combine the above two problems. Through the long
discussions over more than twenty years, we finally reached the integrated theory, schematized by the quadrangular bi-
directional connection of the above four theorems (see Figure 16.2.1(p.113) ). Thus, it follows that the answer to the question
in Motive 2(p4) is “Yes!”.

Collapse of Symmetry and Analogy

When we started this study, we were grappling with a conflict between mathematical thinking and physical thinking;
“Should the price £ be defined on which of (—oo,00) and (0,00)”. It goes without saying that defining on (—oo, c0)
makes the mathematical treatment easier than on (0, 00), so we tried to construct the integrated theory on (—oo,c0) and
fortunately succeeded in the construction of the integrated theory under this premise. However, the price £ should be
defined on (0,00) in the usual transaction market of the actual world so that a negative price does not occur. Then,
we brought the solution to this problem by formulating the methodology of transforming results obtained on (—oo, c0)
into ones on (0, 00), i.e., the market restriction (see Chap. 17(p.115)). However, the market restriction naturally leads to the
possibility that the symmetry and analogy which are guaranteed under the integrated theory constructed on (—oo, c0) may
collapse. In Parts 3(p129) we demonstrated that the collapse can occur in fact at significant frequency. Thus, it follows that
the answer to the question in Motive 1(p4) is “No!”. For more detailed results of the inheritance and collapse of symmetry
and analogy.

Null-Time-Zone and Deadline-Engulfing

Our physical recognition (see C2(p233)) led to the time concepts of recognizing time, starting time, initiating time, stopping
time, and deadline (see H1(p8) and Section 7.1(pdl)), and the concept of the “initiating time” further inevitably yields the
concept of “optimal initiating time” (see (7.2.5(p43))). Then, we found out that there exists the three types of optimal
initiating time, the starting time (®), non-degenerate time (©), and the deadline (@) (see Section 7.2.4.3(p43)), and
that © and @ yielded the two unfamiliar phenomena, null-time-zone (see Section 7.2.4.4(p44)) and deadline-engulfing
(see Section 7.2.4.5p44) and Alice 3(p44)). The two phenomena are the most significant discoveries in this paper in the sense
that they strongly press for the comprehensive re-examination and rewriting of almost all results obtained in conventional
researches in which the concept of initiating time has not been introduced. Now, we see that and @ causing the above
two singular properties are not rare (seeTable 22.0.1(p.229) ); in fact it can occur at the rather high occurrence rates of 22.2%
and 33.4% respectively. What is furthermore amazing is that the strictly optimal initiating times, ©, and @., are possible
although at the very small occurrence rates of 2.6% and 3.2% (see Ezample 7.2.1(p44) and C5C(p.230)). What is moreover
striking is that both ©,. and @. are possible even in the simplest case of 8 = 0 and s = 0 (see Ezample 7.2.2(p4) and
C5D(p.230) ).

Others

a. Mental Conflict

It is only for Model 2 with 8 < 1 or s > 0 that we have the abnormal mental conflict (see C1b2(p229)). This was an
unpredictable phenomenon at the beginning of this study.

b. C+8 (Conduct~-Skip)

It is only for M:2[R/P][A]T with 8 < 1 or s > 0 that C—~8 is possible (see C6(p230)). This phenomenon was also what is
not predictable at the beginning of this study.
c.  Reduction (see C7(p230) )
Model 3 is reduced to either of the following two cases:
1. M/M:3[R/P|[A/E] — M/M:2[R/P][A/E] (model-running-back), i.c., Model 3 is reduced to Model 2. This reduction
implies that all discussions for Model 3 can be reduced to those of Model 2 which have already been completed in
Chap. 19(p131), hence it follows that it becomes unnecessary to discuss any more for Model 3.

2. odr — Accept,s;q(p)>Stop (odr-reduction), i.e., the process stops by accepting the intervening quitting price p.



Chapter 24

Future Studies

In the final chapter we present the subjects of study to be tackled in the future. In the present paper we examined the 24
no-recall-models (see Table 3.2.1(p.17) and Chap. 4(p.9) ). For these models we can consider the following different variations.

V1. Limited search budget [6,Ikuta] This model involves a limited total budget that can be allocated for search activities. The
challenge lies in determining how to distribute this limited budget among search activities at every time point throughout
the planning horizon.

V2.  Price mechanism switching [2,Ee] [3,Ee] This model allows for the switching of price mechanisms between R-mechanism
and P-mechanism (see Section 1.1(p3)) at each time point during the planning horizon.

V3. Several search areas [7,Ikuta] For instance, consider Tokyo, Kyoto, and Osaka as potential areas where the leading-trader
can search for counter-traders. If the leading-trader is in Tokyo today, the decision arises tomorrow whether to stay in
Tokyo or to move to which of Kyoto and Osaka.

V4. Uncertain deadline [4,Ee] In Ezample 1.4.1(p6), the return home date is not yet definite; it could be imminent or one week
later, or the directive itself might be rescinded.

The four variations posed in the above references are all basic models. Then we can consider the structured-unit-of-models
(see Section 3.3(p.18)) corresponding to each basic model. Since each structured-unit-of-models consists of 24 models, it follows
that we have 96 = 4 X 24 in all. Furthermore, the following different mixed variations can be considered:

o Model with several search areas and limited search budget,
o Model with uncertain deadline and mechanism switching,
o Model with limited search budget, uncertain deadline, and mechanism switching,

o Model with several search areas, limited search budget, uncertain deadline, and mechanism switching,

Taking into account the existence of these mixed variations, it follows that the number of models to be tackled will dramatically
increases. In addition, the introduction of the concept of the optimal initiating time will make the study situation moreover
complicated. In *A10(p.13) we presented that the asset trading problems can be largely classified into the two types, “no-recall-
model” and “recall-model”. In the present paper we exclusively examined only the no-recall-model. The investigation for the
recall-model is left as the subject of future study.
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In this appendix we provide the direct proofs for all lemmas in Section 12.6(p.78) in which they were proven by using Theo-

rem 12.5.1(p7) (symmetry theorem).

All ()
For convenience of reference, below let us copy Lemma 12.6.1(p.79) .

Lemma A 1.1 (#{Tx}) For any F € F:

(a) T(x) is continuous on (—oo, 00).

(b) T(x) s nonincreasing on (—oo, o).

(c) T(z) is strictly decreasing on [a, c).

(d) T(x) + z is nondecreasing on (—00,00).

(e) T(x)+ x strictly increasing on (—oo,b].

(f) T(x)=p—=z on[b,oo) and T(x) < p—x on (—o0,b).
(g) T(x) <0 on(a,00) and T(z) =0 on (—oo,al.

(h) T(z) <min{0,u — x} on z € (—o0,00).

(i) T(0)=0ifa>0andT(0)=p if b<O0.

(5) BT(x) + = is nondecreasing on (—oo,0) if B = 1.

(k) BT (x) + z is strictly increasing on (—oo,00) if B < 1.
() Ifzx>yandb>vy, then T(x)+z>T(y)+y.
(m)  ABT(ABu + s) + s is nondecreasing in s and is strictly increasing in s if A3 < 1.
(m) b>p. 0

® Proof First, for any x and y let us prove the following two inequalities:

—(z—y)F(y) >T(x) —T(y) > —(z —y)F(z)--- (1),

=y -F) 2T +z-T@) -y > (z-y)1-Fx)) -

def

Then, let T(z,y) £ E[(& — 2)I(¢ < )] for any = and 3.5 Since 1 > I(€ < y) > 0
min{€ — 2,0} < € — z, we have min{¢ — z,0} < min{€ — z,0}I1(§ < y) < (£ —2)I(€ <

T(z) < E[(& —2)I(€ <y)] = T(z,y). Accordingly, for any = and y we have

Since 1(¢ > y) + I(€ <) = 1, we have 7(2) ~ T(y) < —(z —y)(B[1 ~ (€ 2 y)]) = —(a

(2).

and since min{€ — z,0} < 0 and
y), hence from (5.1.11(p.33)) we get

T(x)—T(y) <T(x,y) —T(y) = E[¢—) <y - E[E-yn)IE¢<y)l=—(z—yEIE<y).

y)(1 — E[I(€ > y)]). Then, since

El(Ezy) = [T 1= y)f(©)dE = [[71x f(§)de = [T f(§)dg =Pr{§ >y} =1-Pr{{ <y} =1- F(y),

FIf a given statement S is true, then I(S) = 1, or else I(S) = 0.
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—(z —y)F(y), hence the far left inequality of (1) holds. Multiplying both sides of the inequality by —1

) > (x — y)F(y) or equivalently T(y) — T(x) > —(y — ) F(y). Then, interchanging the notations x and y
yields T(x) — T(y) > —(x — y) F'(2), hence the far right inequality of (1) holds. (2) is immediate from adding = — y to (1). Let
us note here that 7'(x) defined by (5.1.11(p33)) can be rewritten as

we have T'(z) — T(y) <
leads to —T(x) + T(y

T(x)

E[min{¢ — z,0}/(b > &§)] + E[min{{ — z,0}/(§ > b)].--- (3)
E[min{¢ — z,0}1(¢ > a)] + E[min{€ — z,0}I(a > &)].--- (4).

(a,b) Immediate from the fact that min{€ — z,0} is continuous and nonincreasing in x € (—o0, c0) for any given &.

(¢) Let z >y > a. Then, since —(z —y) < 0 and F(y) > 0 due to (2.2.1(2,3) (p.13)), we have —(z — y)F(y) < 0, hence
0> T(zx) —T(y) from (1), i.e., T(y) > T(x), so T(z) is strictly decreasing on (a,c0) - (5). Suppose T(a) = T(z) for any = > a,
hence x —a > 0. Then, for any sufficiently small € > 0 such that £ —a > 2¢ > 0 we have a < a + ¢ < z — ¢ < x, hence
T(a) = T(z) < T(a+¢) < T(a) due to (5) and (b), which is a contradiction. Thus it must be that T(a) # T(z) for any = > a,
i.e., T(a) > T(x) or T§a§ < T(x) for any x > a. Since the latter is impossible due to (b), it follows that T(a) > T(x) for any
x > a. From this and (5) it eventually follows that T'(x) is strictly decreasing on [a, o) instead of (a, c0).

(d) Evident from the fact that 7(z) + = = E[min{£,z}] from (5.1.11(23)) and that min{&, z} is nondecreasing in z for any
¢

(e) Letb >z >y, hence F(x) < 1 due to (2.2.1(1,2) (pn13)). Then, since (z —y)(1 — F(z)) > 0, we have T(z) +z > T(y) +y
from (2), i.e., T(z) + « is strictly increasing on (—co,b)---(6). Suppose T'(b) + b = T(x) + « for any z < b. Then, for any
sufficiently small € > 0 such that b— 2 > ¢ we have z < x+¢ < b, hence T(b) +b=T(z) + 2 < T(x+¢) + 2z +e < T(b) + b due
to (6) and (d), which is a contradiction. Thus, T'(z) 4+ z # T(b) + b for & < b, i.e., T(z) + 2 > T(b) + b or T(z) +z < T(b) + b
for < b. Since the former is impossible due to (d), it must be that T(x) + 2 < T(b) +b for z < b. From this and (6) it follows
that T(x) + x is strictly increasing on (—oo, b].

(f) Let x >b. If b > &, then x > &, hence min{€ — z,0} = £ — x, and if £ > b, then f(£) = 0 due to (2.2.3(3) (p.13)). Thus,
from (3) e have £(2)  BE 10> ] 10 = Blle - 2116 5 O + BIE - DIE > B = E[(€ — o)(I(b > &) + (6 >
b)] = E[€ — 2] = u — =, hence the former half is true. Then, since T(b) = p — b or equivalently T'(b) + b = pu, if b > z, from
(e) we have T(z) +x < T(b) + b = p, hence T(x) < p — x, so the latter half is true.

(g) Leta >z If &> a, then £ > z, hence min{¢ — z,0} = 0 and if a > &, then f(£) = 0 due to (2.2.3(1) (p13)), hence
E[min{¢ — 2,0} (a > £)] = 0. Accordingly, we have T(z) = 0 from (4), hence the latter half is true. Let 2 > a. Then, since
T(x) < T(a) from (c) and since T(a) = 0 from the fact stated just above, we have T(z) < 0 for > a, hence the former half is
true.

(h) From (f) we have T'(x) < p—=x for any x and from (g) we have T'(z) < 0 for any x, thus it follows that 7'(z) < min{0, u—z}
for any x.

(1) From (5.1.11(p%3) ) we have T(0) = E[min{£,0}] = E[min{£,0}I(a < & <b)]. If a > 0, then 0 < £, hence min{¢,0} = 0,
o T(0) = E[0] =0, and if b < 0, then & < 0, hence min{¢,0} = £, so T(0) = E[¢] = p.

( ) If B =1, then BT(x) + = T(z) + =, hence the assertion is true from (d).

(k) Since BT (z) +x = B(T(x) + x) + (1 — B)x, if B < 1, then (1 — )z is strictly increasing in z, hence the assertion is true
from (d).

() Letx>yandb>y. If x>0, then T(x) +x > T(b)+b>T(y) +y due to (d,e), and if b > x, then b > z > y, hence
T(z)+ x> T(y) +y due to (e).
(m) From (5.1.11(p.3) ) we have
ABT(\Bu+8) +s = ASE[min{€ — A3y — 5,0} + s
E[min{AB¢ — (A8)’11 — ABs,0}] + s
Emin{A8¢ — (A8)"n + (1= A)s, s}],

which is nondecreasing in s and strictly increasing in s if AG < 1.
(n) Evident from (2.2.2(p.13)). 1

A1.2 JZ{{i/R}, (SZ{{RR}, JZ{{ER}, and FER
From (5.1.13(p2)) and (5.1.14(p23)) and from Lemma A 1.1(p.236) (f) we obtain, noting (10.2.1(p34) ),

w){ A+ s — Ao on [b,—00) (1), "

< ABu+s—ABz on (—oo,b) ---(2),

Rz { =X\Bp+s—dx on [b,00) (1), (A12)
< ABp+s—o0x on (—oo,b) -(2).

TIb>¢)+1(€>0b) =1
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In addition, from (5.1.14(p23)) and Lemma A 1.1(p.2%) (g) we have

R’(:c){ <—(1-B)zx+s on (a,o0) < (1), (A13)
—(1-8)x+s on (—o0,a] ---(2),
hence we obtain 5
K(z)+z<pBzx+s on (—o0,00). (A1.4)
Then, from (A 1.2 (1) (p237)) and (A 1.3 (2) (p238)) we get
f((x)+:c—{ ABp+ s+ (L=A)Bzon [boo)  ---(1), (ALS)
Bx+s on (—oo,a] ---(2).
Since K (z) = L (x) — (1 — B)x from (5.1.14(p23)) and (5.1.13(p.3) ), if Tz and 3 exist, then
K(zp)=—-(1-p)zz---(1), LEz)=Q0-p8)zz - (2). (A16)

Lemma A 1.2 (#{Lr})
(a) L(x) is continuous on (—o0,00).
(b) L (z) is nonincreasing on (—o0o, 00).

Let s =0. Then Tf =a where Tf < (>)z < L(z) < (=)0= L(z) < (>)0.

d
(e) Lets>0.
1. %7 uniquely exists with Tf > a where 7 < (= (>)) z & L(z) < (= (>)) 0.
2 (At s)/A8 > (<) b o = (<) (Mu+s)/AF> (<) b O
® Proof (a-c) Immediate from (5.1.13(p.23)) and Lemma A 1.1(p.23) (a-c).

(d) Let s = 0. Then, since L(x) = A\BT(z), from Lemma A 1.1(p.23) (g) we have L(z) = 0 for a > z and L(z) < 0 for
x > a, hence Z; = a by the definition of Z; (see Section 5.2(p%) (b)), so Z7 < (>) z = L(x) < (=) 0. The inverse is true by
contraposition. In addition, since L (z) =0 = L (z) > 0, we have L(z) < (=) 0 = L(z) < (>) 0.

(e) Lets>0.

(el) From (A1.1(1)(p27) and from A > 0 and 8 > 0 we have L (z) < 0 for a sufficiently large = > 0 such that z > b. In
addition, we have L (a) = A\3T(a) + s = s > 0 from Lemma A 1.1(p23) (g). Hence, from (c) it follows that Z; uniquely exists.
The inequality 7 > a is immediate from L (a) > 0 and (c). The latter half is evident.

(e2) If (ABu + s)/AB > (<) b, from (A 1.1p.37)) we have L (A\Bu + 8)/AB) = (<) ABu + s — AB(ABu + s)/AB = 0, hence
v = (<) (B -+ 9)/A8 > (<) b from (e1). B

(c) L(x) is strictly decreasing on [a, 00).
(

Na

Corollary A 1.1 (& {ir})

(a) T <(2)ze L) <(2)0.

(b) @ <(2)a= L) <(2)0. 0

® Proof (a) “=7 is immediate from Lemma A 1.2(p23%) (d,el). “«<” is evident by contraposition.

(b) Since z; < (>)z = L(x) < (>)0 due to (a) and since L(z) < (>)0 = L(z) < (>)0, we have 27 < (>)z =
L(z) < (>)0. In addition, if Z; = =z, then L(z) = L(Z;) = 0 or equivalently Z; = 2z = L(z) = 0, hence Z; = z =
L(x) < 0. Accordingly, it follows that =z < (>)z = L(z) <(>)0. 1

Lemma A 1.3 (Z{Kr})

(a) K (x) is continuous on (—oo,00).

(b) K (z) is nonincreasing on (—oo, 00).

(c) K(z) is strictly decreasing on [a, 00).

(d) K(z) is strictly decreasing on (—o00,00) if 8 < 1.

(e) K (z)+ z is nondecreasing on (—00,00).

(f) K (x)+ x is strictly increasing on (—oo0,00) if A < 1.

(g) K(x)+ x is strictly increasing on (—oo,b].

(h) Ifz>yandb>y, then K(z) +x > K(y) +v.

(i) LetB=1ands=0. Then Tz =a where Tz < (Z)z e K@) < (=)0=K(z) < (>)0
(G) LetB<1lors>0.

1. There uniquely ezists T where Tz < (= (>)) z & K(z) < (= (>)) 0.
2 (BE+8)/6> (<) b e 77 = (<) (\Bu+5)/5.
3. Letk <(=(>))0. Then Tz < (=(>))0. O



239

® Proof (a-c) Immediate from (5.1.14(p23)) and Lemma A 1.1(p23) (a-c).
(d) Immediate from (5.1.14(p.23)) and Lemma A 1.1(p.236) (b).
(e) From (5.1.14(p23)) we have

K@) +z = MT(z) +pr+s=28(T(x) + )+ (1 —N)Bx+s---(1),

hence the assertion holds from Lemma A 1.1(p.236) (d).
(f) Obvious from (1) and Lemma A 1.1(p2) (d).
(g) Clearly from (1) and Lemma A 1.1(p2%) ().
(

h) Letx>gyandb>y. If 2 >b, then K(z) +z > K(b) +b > K(y) +y due to (e,g), and if b > z, then b > z > y, hence
K(x) +z > K(y) +y due to (g). Thus, whether z > b or b > z, we have K (z) + = > K (y) +y

(i) Let 8 =1and s = 0. Then, since K (x) = AT (x) due to (5.1.14(p23)), from Lemma A 1.1(p26) (g) we have K (x) = 0 for
a>xand K(x) <0 for z > a, so ;7 = a by the definition of Tz (see Section 5.2(p.%) (b)). Hence Tz < (>) z = K(x) < (=) 0.
The inverse holds by contraposition. In addition, since K (z) =0 = K (z) > 0, we have K(z) < (=) 0= K(z) < (>) 0

(j) Letf<1lors>0.
(j1) This proof consists of the following six steps:

e First note (A 1.3(2)(p28)). If 8 < 1, then K (z) > 0 for any sufficiently small x < 0 with = > a and if s > 0, then, whether
B < 1or B =1, wehave K(z) > 0 for any sufficiently small < 0 with 2 < a. Hence, whether 5 < 1 or s > 0, we have
K (z) > 0 for any sufficiently small z < 0 with z < a.

e Next note (A1.2(1)(p27). Then, since § > 0 from (10.2.2 (1) (p5)), whether § < 1 or s > 0 we have K (z) < 0 for any
sufficiently large x > 0 with x > b.

e Hence, whether 8 < 1 or s > 0, it follows that there exists the solution Tx.

o Let 8 < 1. Then, the solution Zz is unique from (d).

o Let s > 0. If 8 < 1, the solution Zj is unique for the reason just above. If 8 = 1, we have K (a) = s > 0 from (A 1.3 (2) (p.23%)),
hence Z;z > a due to (c), so K (z) is strictly decreasing on the neighbourhood of z = Z; due to (c), thus the solution Zjz
is unique. Therefore, whether 5 < 1 or § = 1, it follows that the solution Tz is unique.

o Hence, whether 8 < 1 or s > 0, it follows that the solution 3 is unique.

From all the above, whether 8 < 1 or s > 0, it eventually follows that the solution Tz uniquely exists.

(j2) Let (ABu +s)/8 > (<) b. Then, from (A 1.2 (1(2)) (p:87) we have K ((ABu + s)/8) = (<) M8y + s — 6(ABu+s)/d = 0,
hence Tz = (<) (ABp + s)/d due to (j1). The inverse is true by contraposition.

(33) If& < (= (>)) 0, then K(0) < (= (>)) 0 from (5.1.17(p3) ), hence Tz < (= (>)) 0 from (j1). 1

Corollary A 1.2 (#{Kr})

(a) 7z <(>)w e K@) <(2)0
b) <)o = K@) < (>)0. 0
® Proof (a) Clearly Tz < (>)x = K(z) < (>) 0 due to Lemma A 1.3(p.23) (i,j1). The inverse holds by contraposition.

(b) Since zZz < (>)x = K(z) < (>)0 due to (a) and since K(z) < (>)0 = K(z) < (>)0, we have Tz < (>)z =
K(x) < (>)0. In addition, if Tz = z, then K(z) = K(%z) = 0 or equivalently Zz = x = K(x) = 0, hence ¢z = z =
K (z) < 0. Accordingly, it follows that Zz < (>)z = K(z) < (>)0. 1

Lemma A 1.4 (o/{Ir/Kr})

(a) LetB=1ands=0. Then Z;
(b) LetB=1ands>0. Then Tx = %
() LetB<1lands=0. Thena<(
(d) LetB<1lands>0. Thenk < (=

xT

=
I
Q

Bl

>) 0= 2; <(=(>) %k <(=(=)0.
>) 0= 1z <(=(>) Tz <(=(>))0. 0O

/\/—\

® Proof (a)If f=1and s=0, then T =a from Lemma A 1.2(p2%) (d) and Tz = a from

Lemma A 1.3(p2%) (i), hence Ty = Tgz = a.
(b) Let 8=1and s> 0. Then K(%;) =0 from (A 1.6 (1) (p23)), hence Zz = % from Lemma A 1.3(p.23%) (j1).
(¢) Let < 1lands=0. Then Tz =a---(1) from Lemma A 1.2(p.23) (d).

o If a <0, then Z; <0, hence K (#;) > 0 from (A 1.6 (1) (p238) ), hence 7 < Zz from Lemma A 1.3(p23%) (j1), and if a = (>) 0,
then 7 = (>) 0, hence K (zr) = (<) 0 from (A 1.6 (1) (p23%)), so &7 = (>) Tz from
Lemma A 1.3(p238) (j1). Accordingly, we have “=” holds and its inverse “<7” is immediate by contraposition. Thus the first
relation “<” holds.

o Ifa <0, from (5.1.17(p33) ) we have K (0) = ABT(0) < 0 due to Lemma A 1.1(p2%) (g), hence Tz < 0---(2) from Lemma A 1.3(p.23) (j1),

and if @ = (>) 0, from (5.1.17(p.33) ) we have K (0) = ABT(0) = 0 due to Lemma A 1.1(p.23) (g), hence 7z = 0 from Lemma A 1.3(238) (j1)
or equivalently Tz = (=) 0. Accordingly, we have the second relation “=-".
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(d) Let B < 1 and s > 0. Now, since # = K(0) from (5.1.17(p.3)), if & < (= (>)) 0, then K(0) < (= (>)) 0, thus
Tz < (=(>)) 0---(3) from Lemma A 1.3(p238) (j1). Accordingly L (%z) < (= (>)) 0 from (A 1.6 (2) (p.238) ), hence Z; < (= (>) Tz
from Lemma A 1.2(p.23) (el). Thus “=-" holds and its inverse “<” is immediate by contraposition. The last “=” is immediate
from (3). 1

Lemma A 1.5 (&/{Lz})

(a) L(s) is nondecreasing in s and strictly increasing in s if \3 < 1.
(b)  Let A\Bu < a.

1.z > ABp+s.
2. Lets>0and A\ < 1. Then T > ABu+ s.

(¢c) Let A\Bp> a. Then, there exists a Sz > 0 such that if 5z > (<) s, then T < (>) A\Bp+s. U

® Proof (a) From (5.1.15(p23)) and (5.1.13(p23)) we have £ (s) = L (A\Bu + s) = ABT(A\Bp + s) + s--- (1), hence the assertion
holds from Lemma A 1.1(p23) (m).
(b) Let ABu < a. Then, from (1) we have £ (0) = AT (ABu) = 0---(2) due to Lemma A 1.1(p.2) (g).

(b1) Since s > 0, from (a) we have £(s) > £(0) = 0 due to (2) or equivalently L (M3u + s) > 0 due to (1), hence
Ty > ABu + s from Corollary A 1.1(p23) (a).

(b2) Let s > 0 and A3 < 1. Then, from (a) we have £Z(s) > £(0) = 0---(3) due to (2) or equivalently L (ABu + s) > 0,
hence T7 > ABu + s from Lemma A 1.2(p.238) (el).

(¢) Let ABu > a. From (1) we have £(0) = ABT(ABu) < 0 due to Lemma A 1.1(23) (g). Noting (A 1.1(1)(p23)), for any
sufficiently large s > 0 such that A\Bu +s > b and A\Fu +s > 0 we have £(s) = L(ABu + 5) = A\Bu + s — AB(ABu + 5) =
(1 = AB)(A\Bp + s) > 0. Accordingly, due to (a) it follows that there exists the solution Sz > 0 of £(s) = 0. Then £ (s) < 0 for
s < Sz and £(s) > 0 for s > Sz or equivalently L (A\Bu +s) < 0 for s < Sz and L(A\Bu + s) > 0 for s > Sz. Hence, from
Corollary A 1.1(p23%) (a) we get T7 < ABu+ s for s < Sz and Tz > A\Bu+ s for s > sz. 1

Lemma A 1.6 (kx) We have:
(a) R=sifa>0andk =ABu+sifb<0.
(b) Letf<lors>0. Thenk <(=(>))0& Tz <(=(>))0. U

® Proof (a) Immediate from (5.1.16(p2)) and Lemma A 1.1(p.236) (i).
(b) Let 8 < 1lors>0. Then, if # < (= (>)) 0, we have K(0) < (= (>)) 0 from (5.1.17(p.23) ), hence Zz < (= (>)) 0 from

Lemma A 1.3(p238) (j3). Thus “=" was proven. Its inverse “<” is immediate by contraposition. 1
A 2  Direct Proof of Underlying Functions of Type P
A21 {1}

For convenience of reference, below let us copy Lemma 13.2.1(pJ91).

Lemma A 2.1 (&/{Tz}) For any F € F we have:

(a) T(x) is continuous on (—oo,0).
(b) T(z) is nonincreasing on (—oo, 00).
(¢) T(x) is strictly decreasing on (—o0,b].
(d) T(z)+ x is nondecreasing on (—oo, ).
(e) T(x)+ x is strictly increasing on [a*, o).
(f) T(x)=a—=z on(—o0,a”] and T(x) > a—x on (a*,c0).
(g) T(z) >0 on (—o0,b) and T(x) =0 on [b,00).
(h) T(z) > max{0,a —z} on (—oo,00).
(i) T(0)=aifa* >0 and T(0) =0 ifb<O0.
(j) BT(x)+ x is nondecreasing on (—oo,00) if B = 1.
(k) BT (x)+ x is strictly increasing on (—oo,00) if 8 < 1.
1) Ifx<yanda* <y, thenT(x)+x <T(y)+y.
)

(m)  ABT(ABa — s) — s is nonincreasing in s and strictly decreasing in s if A\§ < 1.

(n) a*<a. 0
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A2.2 ,SZ%{L]P}, ,SZ%{KP}, ﬂ{ﬁp}, and Kp
Noting Lemma A 2.1(p.240) (f), from (5.1.20p.4) ) and (5.1.21(p.4) ) we obtain

=XBa—s— A3z on (—oo,a*] ---(1),
L(a:){ > ABa—s— A3z on (a*,00) ---(2), (A2.1)
=Ma—-s—4dx on (—oo0,a*] ---(1),
@) { >ANa—s—dr on (a*,00) - (2). (A22)
In addition, from (5.1.21(p24)) and Lemma A 2.1(p240) (g) we have
>—(1-B)x—s on (—oo0,b) ---(1),
f{ 2500 e e o (29
from which we obtain
K(z)+xz>pPx—s on (—o0,00). (A2.4)
Then, from (A 2.2 (1) (p21)) and (A 2.3(2) (p241)) we get
| ABa—s+(1-XN)Bzron (—oco,a’] ---(1),
K@) +e= {ﬁaz—s on [b,00) - (2). (A2:5)
Since K (z) = L(z) — (1 — B)x from (5.1.21(p24) ) and (5.1.20(p24) ), if z. and =k exist, then
K(ry)==-A=pB)zr---(1), L(zx)=(1-p)zx - (2) (A2.6)

Lemma A 2.2 (o/{Lp})

a) L(x) is continuous on (—o0, o).

) L(x) is nonincreasing on (—o0,00).

(¢) L(z) is strictly decreasing on (—oo,b].

(d) Lets=0. Then zr =b where xr > (<) z & L(z) > (=)0 = L(z) > () 0.

) Let s> 0.
1. xp uniquely exists with x, < b where v, > (= (<)) z & L(z) > (= (<)) 0.
2. (Ma—s)/AB < (>) 0" & au = (>) (Ma—s)/A8 > (<) a”. [

® Proof (a-c) Immediate from (5.1.20(p24)) and Lemma A 2.1(p.240) (a-c).

(d) Let s = 0. Then, since L(z) = AT (x), from Lemma A 2.1(p.40)(g) we have L(z) > 0 for z < b and L(z) = 0 for
b < z, hence xr = b by the definition of z. (see Section 5.2(p.2%)(a)), thus = > (<) x = L(x) > (=) 0. The inverse is true by
contraposition. In addition, since L (z) =0 = L(z) <0, we have L(z) > (=) 0 = L(z) > () 0.

(e) Lets>0.

(el) From (A2.1(1)(p21)) and from A > 0 and 8 > 0 we have L(x) > 0 for a sufficiently small < 0 such that z < a*. In
addition, we have L (b) = ABT(b) — s = —s < 0 from Lemma A 2.1(p240) (g). Hence, from (a,c) it follows that zr uniquely exists.
The inequality zr < b is immediate from L (b) < 0. The latter half is evident.

(e2) If (M\Ba — s)/AB < (>) a*, from (A2.1(1(2))(p21)) we have L((ABa — s)/AB) = (>) ABa — s — AB(A\Ba — s)/A\3 = 0,
hence . = (>) (ABa — s)/AB from (el). 1

Corollary A 2.1 (&/{Lp})
(a) =z >(L)ze Lx) > (X)0.
b)) L >(<L)z=L(x)>(L)0. [

® Proof (a) “=7 is immediate from Lemma A 2.2(p21)(d,e2). “<” is evident by contraposition.

(b) Since zr > (<)z = L(z) > (L) 0 due to (a) and since L(z) > (<) 0 = L(z) > (<) 0, we have z. > (<) z =
L(z) > (<) 0. In addition, if zz = z, then L(z) = L(z.) = 0 or equivalently 2. = z = L(z) = 0, hence 21, = = =
L(z) > 0. Accordingly, it follows that zr > (<) x = L(z) > (<) 0. 1
Lemma A 2.3 (&/{Kp})

(a) K (z) is continuous on (—oo,0).

(b) K(x) is nonincreasing on (—o00,00).

(¢) K(x) is strictly decreasing on (—oo, b].

(d) K(x) is strictly decreasing on (—oo0,00) if f < 1.

(e) K (x)+ z is nondecreasing on (—o0,00).

(f) K (z)+ = is strictly increasing on (—o0,00) if A < 1.
(g) K(z)+z is strictly increasing on [a*, 00).
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(h) Ifz<yanda* <y, then K(z)+z < K(y) +y.
(i) LetB=1ands=0. Then xx =b where zx > (<) z o K(z) > (=)0 = K(z) > (L) 0.
(G) LetB<1ors>0.
1. There uniquely exists xx where Tx > (= (<)) z & K(x) > (= (<)) 0.
2. MNBa—9)/d<(>)a" & zx =(>) (M\Ba—s)/d.
3. Letk > (=(<))0. Then zx > (=(<))0. 0O
® Proof (a-c) Immediate from (5.1.21(p24)) and Lemma A 2.1(p240) (a-c).
(d) Immediate from (5.1.21(p24)) and Lemma A 2.1(p.240) (b).
(e) From (5.1.21(pH)) we have K (z) +x = ABT (z) + Bz —s = A\B(T(z) + )+ (1 — X\)Bz —s--- (1), hence the assertion holds
from Lemma A 2.1(p240) (d).
(f)  Obvious from (1) and Lemma A 2.1(p20) (d).
(g) Clearly from (1) and Lemma A 2.1(p240) ().
(h) Let z <yanda* <y. If x <a*, then K(z) + 2 < K(a*) +a* < K(y) +y due to (e,g). If a* < z, then a* < z < y,
hence K(z) +z < K(y) +y due to (g). Thus, whether z < a* or a* < z, we have K(z) +z < K(y) +y

(i) Let =1 and s = 0. Then, since K (z) = AT(z) due to (5.1.21(p2)), from Lemma A 2.1(p240) (g) we have K (z) = 0 for
b <z and K(x) > 0 for z < b, so that xx = b due to the definition in Section 5.2(p.%) (a). Hence zx > (<) z = K(z) > (=) 0
The inverse holds by contraposition. In addition, since K (z) =0 = K (z) < 0, we have K (z) > (=) 0 = K(z) > (<) 0.

() LetB<1lors>0.
(j1) This proof consists of the following six steps:

e First note (A2.3(2)(p2)). If B < 1, then K (z) < 0 for any sufficiently large > 0 with z > b and if s > 0, then, whether
B <1lor B =1, we have K (z) < 0 for any sufficiently large x > 0 with z > b. Hence, whether 8 < 1 or s > 0, we have
K (z) < 0 for any sufficiently large > 0 with = > b.

e Next note (A2.2(1)(p21)). Then, since 6 > 0 from (10.2.2 (1) (p34) ), whether 8 < 1 or s > 0 we have K (z) > 0 for any
sufficiently small z < 0 with z < a*.

e Hence, whether 8 < 1 or s > 0, it follows that there exists the solution Tk .

o Let 8 < 1. Then, the solution Zx is unique from (d).

o Let s > 0. If 8 < 1, the solution xx is unique for the reason just above. If 3 = 1, we have K(b) = —s < 0 from
(A2.3(2)(p21)), hence zx < b due to (c), so K (x) is strictly decreasing on the neighbourhood of z = zx due to (c), thus
the solution zx is unique. Therefore, whether § < 1 or § = 1, it follows that the solution zx is unique.

o Hence, whether 8 < 1 or s > 0, it follows that the solution zx is unique.

From all the above, whether 8 < 1 or s > 0, it eventually follows that the solution xx uniquely exists.

(j2) Let (ABa—s)/d < (>) a”. Then, from (A2.2(1(2)) (p241)) we have K ((A\Ba — s)/6) = (>) MBa — s — 6(A\Ba — s)/d =0,
hence zx = (>) (ABa — s)/d due to (j1). The inverse is true by contraposition.

(33) If k > (= (<)) 0, then K (0) > (= (<)) 0 from (5.1.24(p24) ), hence zx > (= (<)) 0 from (j1). 1

Corollary A 2.2 ({Kp})
(a) zx >(S)z e K(z)>(£)0.
(b) x> (S)z = K(z)>(<)0. U
® Proof (a) Clearly zx > (<) z = K (z) > (<) 0 due to Lemma A 2.3(p]) (i,j1). The inverse holds by contraposition.

(b) Since zx > (<) z = K(z) > (<) 0 due to (a) and since K(z) > (<) 0 = K(z) > (<) 0, we have zx > (<) z =

K(z) > (<) 0. In addition, if zx = z, then K(z) = K(xx) = 0 or equivalently x = z = K(z) = 0, hence zx = z =
K(x) > 0. Accordingly, it follows that zx > (<) z = K(z) > (<) 0. 1

Lemma A 2.4 (&/{Lr /Kpr})
(a) LetB=1ands=0. Then . = x =b.
(b) LetB=1ands>0. Then v = Tk.
(¢c) Letf<lands=0. Thenb>(=(<))0= z. >(=()) zx > (=(=))0.
(d) Letf<lands>0. Thenk > (=(<)0= z. >(=(<)) zx >(=(x))0. 0
® Proof (a)If =1and s=0, then v, =b from Lemma A 2.2(p2) (d) and zx = b from
Lemma A 2.3(p21) (i), hence ., = zx =b.

(b) Let f=1and s >0. Then K(2.) =0 from (A 2.6 (1) (p41)), hence xx = . from
Lemma A 2.3(p241) (j1).

(¢) Let 8<1lands=0. Then x, =b---(1) from Lemma A 2.2(p.21) (d).
o If b> 0, then , > 0, hence K (. ) < 0 from (A2.6(1)(p2l)), so ro > xx from Lemma A 2.3p241)(j1), and if b = (<) 0,

then z = (<) 0, hence K (xL ) = (>) 0 from (A 2.6 (1) (p24)), so 2. = (<) zx from Lemma A 2.3(p.241) (j1). Accordingly, we
have “=" holds and its inverse “<"” is immediate by contraposition. Thus the first relation “<” holds.
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o Ifb > 0, from (5.1.24(p.4) ) we have K (0) = ABT(0) > 0 due to Lemma A 2.1(p.240) (g), hence xx > 0---(2) from Lemma A 2.3(p241) (j1),

and if b = (<) 0, from (5.1.24(p.24) ) we have K (0) = A3T(0) = 0 due to Lemma A 2.1(p.24)) (g), hence zx = 0 from Lemma A 2.3(p.241) (j1)
or equivalently zx = (=) 0. Accordingly, we have the second relation “=-".

(d) Let 8 < 1 and s > 0. Now, from (5.1.24p2)) and (5.1.23p20)), if k > (= (<)) 0, then K(0) > (= (<)) 0, thus
zx > (= (<)) 0 from Lemma A 2.3(p.241) (j1). Accordingly L (zx) > (= (<)) 0 from (A 2.6 (2) (p.41) ), hence
zr > (= (<)) zx from Lemma A 2.2(p.241) (el). 1
Lemma A 2.5 (&/{Lp})

(a) L(s) is nonincreasing in s and is strictly decreasing in s if A3 < 1.
(b)  Let A\Ba > b.
1. zp <ABa-—s.
2. Lets>0and \3<1. Then =, < Afa — s.
(¢c) Let ABa <b. Then, there exists a sz >0 such that if sc > (<) s, then x > (<) Ma—s. [
® Proof (a) From (5.1.22(p24)) and (5.1.20(p24)) we have £ (s) = L(ABa — s) = ABT(ABa — s) — s, hence the assertion holds
from Lemma A 2.1(p.240) (m).

(b) Let ABa > b. Then, from (5.1.22(p2)) and (5.1.20(p24)) we have £(0) = L(ABa) = ABT(ABa) = 0---(1) due to
Lemma A 2.1(p.240) (g)-

(b1) Since s > 0, from (a) we have £ (s) < £(0) = 0 due to (1) or equivalently L (ABa — s) < 0, hence = < A\a — s from
Corollary A 2.1(p241) (a).

(b2) Let s > 0 and A3 < 1. Then, from (a) we have £(s) < £(0) = 0 due to (1) or equivalently L(A\Ba — s) < 0, thus
zr < ABa — s from Lemma A 2.2(p.21) (el).

(c) Let ABa < b. From (5.1.22(p24) ) we have £ (0) = AGT(A\Ba) > 0 due to Lemma A 2.1(p240) (g). Noting (A 2.1 (1) (p241)), for
any sufficiently large s > 0 such that Aa — s < a* and ABa — s < 0 we have £(s) = L(ABa — s) = A\Ba — s — A\B(A\Ba — s) =
(1 =XB)(ABa —s) < 0. Accordingly, due to (a) it follows that there exists the solution sz > 0 of £(s) = 0. Then £(s) > 0 for
s < s¢ and L(s) <0 for s > s. or equivalently L (ABa —s) > 0 for s < s and L(ABa —s) <0 for s > s.. Hence, from
Corollary A 2.1(p241) (a) we get £ > Afa — s for s < s and zz < ABa—sfors> s.. 1
Lemma A 2.6 (#/{ke}) We have:

(a) K=ANBa—sifa*>0and k =—sifb<0.
(b) Letf<lors>0, Thenk >(=(<))0& zx > (=(<))0. 0
® Proof (a) Immediate from (5.1.23(p24)) and Lemma A 2.1(p.240) (i).

(b) Let B < 1ors>0. Then, if kK > (= (<)) 0, we have K (0) > (= (<)) 0 from (5.1.24(p24) ), hence zx > (= (<)) 0 from
Lemma A 2.3(p241) (j1). Thus “="” was proven. Its inverse “<” is immediate by contraposition. 1

A 3 Direct Proof of Underlying Functions of Type P
A3.1 {B}
Lemma A 3.1
(a) Letx <a. Then z(z) =a
(b) Leta<z. Thena< z(z) < z.
(¢) z(z) <b foranyz. [
® Proof (a) Letz <a. Ifa < z---(I), then z < z, hence p(z)(z —x) > 0 due to (5.1.41 (2) (p25)), and if z < a--- (1), then
p(2)(z —x) = 0 due to (5.1.41 (1) (p.25) ) (see Figure A 3.1(p243) below). Hence z(z) = a due to Def. 5.1.2(p.25) .
(1) (1)

z<a i a<z

a

Figure A3.1: Casez < a

(b) Leta<uz. Ifzx<z-- (1), then p(z)(z —x) > 0,ifa < z < x--- (1), then p(z)(z — z) < 0 due to (5.1.41 (2) (p.%) ), and if
z < a---(I), then p(z)(z — z) = 0 due to (5.1.41 (1) (p25)) (see Figure A 3.2(p243) below). Hence, z(x) is given by z on a < z < z,
ie, a<z(z) <.

@) (In) (1m)

z<a _t a<z<zw J‘ rgz

Figure A3.2: Casea <
(c) Assume that z(z) > b for a certain . Then, since p(z(z)) = 1 = p(b) due to (5.1.42(2) (p25)), from (5.1.38(p.25)) we have
T(x) = z(x) —x > b—x = p(b)(b — x) > T(z), which is a contradiction. Hence, it must be that z(z) < b for any x. 1

Corollary A3.1 a<z(z)<b foranyz. U
® Proof Evident from Lemma A 3.1(p.243). 1
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Lemma A 3.2 p(z) is nondecreasing on (—oo,00) and strictly increasing in z € [a,b]. [

® Proof The former half is immediate from (5.1.31(p24)). For a < 2’ < 2 < b we have p(z) —p(z') =Pr{€ < 2} —Pr{¢ <72/} =
Pr{z' <& <z} = [ f(£)dE > 0 (See (2.2.3(2) (p.13))), hence p(z) > p(2), i.e., p(z) is strictly increasing on [a,b]. I

Lemma A 3.3 z(z) is nondecreasing on (—o0,00). [

® Proof From (5.1.38(p.25) ), for any = and y we have

T(z) = p(z(z))(2(z) — )
= p(2(2))(2(x) —y) — (z — y)p(z(x))
> T(y) — (= — y)p(z(x))
= p(2(v)(2(y) — ) — (z — y)p(2())
= p(z) (2(y) — = + (z —y)) — (z — y)p(2(x))
= p(zW)(z(y) — ) + (z = y)(B(2(y) — p(2(x)))

> T(z) + (z = y)(B(2(y)) — B(2(2))).

Hence 0 > (z — y)(p(2(y)) — p(2(z))). Let = > y. Then 0 > p(z(y)) — p(z(z)) or equivalently p(z(z)) > p(z(y))---(1). Since
a < z(z) <band a < z(y) < b from Corollary A 3.1(p243), if z(x) < z(y), then p(z(z)) < p(z(y)) from Lemma A 3.2(p244), which
contradicts (1) . Hence, it must be that z(z) > z(y), i.e., z(z) is nondecreasing in = € (—oo,00). |

Lemma A 3.4

(a) T(zx) is continuous on (—00,00).

(b) T(x) is nonincreasing on (—oo, o).

(c) T(z) is strictly decreasing on [a, c).

(d) T(x) <0 on (a,00) and T(z) =0 on (—oco,a).

(e) T(z)<b—=x on (—00,00).

(f) T(x)+ x is nondecreasing on (—oo,c0).

(g) PBT(x)+ z is nondecreasing on (—oo,00) if B = 1.

(h) BT (z) + = is strictly increasing on (—o0o,00) if B < 1.

(i) T(x) <min{0,b—z} for any x € (—o0, o).

(5)  ABT(ABb+ s) + s is nondecreasing in s and is strictly increasing in s if A\3 < 1. 0

® Proof (a,b) Immediate from the fact that p(z)(z — ) in (5.1.32(p24)) is continuous and nonincreasing in x € (—o0, 00) for
any z.

(c) Let 2’ >z > a. Then z(z) > a from Lemma A 3.1(p.24) (b). Accordingly, since p(z(z)) > 0 due to (5.1.41 (2) (p.25)) and
since z(z) —x > z(z) — ', from (5.1.38(p.5) ) we have T'(z) = p(2(z))(2(z) — ) > p(2(2))(2(z) — 2') > T(2'), i.e., T(z) is strictly
decreasing on (a,00)---(1). Assume T(a) = T(x) for a given > a, so  —a > 0. Then, for any sufficiently small ¢ > 0 such
that 1 —a > 2 >0 we have a < a+¢ < x — e < =, hence T(a) = T(z) < T(a+¢) < T(a) due to the strict unceasingness
shown just above and the nonincreasingness in (b), which is a contradiction. Thus, since T'(z) # T(a) for any = > a, we have
T(x) < T(a) or T(z) > T(a) for any x > a. However, the latter is impossible due to (b), hence only the former holds, i.e.,
T(z) < T(a) for any z > a. From this and (1) it eventually follows that T'(z) is strictly decreasing on [a,c0) instead of on

(d) Let z < a. Then, since z(z) = a from Lemma A3.1(p23)(a), we have p(z(z)) = 0 due to (5.1.41 (1) (p25)), hence

#(2(z))(2(x) — ) = 0 on (—o0,al, so T(a) = 0. Let x > a. Then, from (c) we have T(x) < T(a) = 0, i.e., T(z) < 0 on

(e) From (5.1.32(p24)) and (5.1.42 (2) (p25)) we see that T(x) < p(b)(b — x) = b — x for any x on (—oo, c0).

(f) For 2’ < x we have, from (5.1.38(p.2)),
T(x) +z

Il
S
N
8
=
IS
—~
8
N
|
8
N
+
8

(
= p(z
> pz
= p(2(x))(2(z) —2") + 2’ 2 T(2) + 2,

hence it follows that T(x) + = is nondecreasing in z on (—oo, c0),

(g) If =1, then BT(z) + = = T(x) + z, hence the assertion is true from (f).

(h) Since BT (z) + = = B(T(x) +x) + (1 — B)z, if B < 1, then (1 — B)z is strictly increasing in z, hence the assertion is true
from (f).

(i) Since T(z) < b—x for any z from (e) and T(x) < 0 for any z from (d), we have T(z) < min{0,b—z} for any x € (—o0, 00).

(j) From (5.1.32(p4)) we have
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ABT(ABb+s) +s = ABmin, p(2)(z — ABb —s) + s
min p(2)(ABz — (AB)?b — ABs) + 5.

Then, for s > s’ we have
ABT(ABb+ 5) + 5 — ABT(\Bb+ 5') — &
min, p(2)(ABz — (AB)%b — A\Bs) — min, p(2)(ABz — (AB)?b — A\Bs’) + (s — s')
min; —p(z)A8(s — s') + (s — )T
min, —(s — s )AB+ (s —s') (due to p(z) <1 and s —s" > 0)
(s — A+ (s — )
(=)= A8 2 (>) 0 AB < () 1.

Hence, since ABT(ABb+ ) + 5 > (>) ABT(ABb + s') + &' if A3 < (<) 1, it follows that A\BT(ABb + s) + s is nondecreasing in s
and strictly increasing in s if A < 1. 1

vV vl

Let us define
h(z) =p(2)(z —b)/(1 = B(2)), =z<b,
h* = inf,p iNz(z),

Below, for any z let us define the following successive four assertions:

Ai(z) = (=) <b),

As(x) = (T(b,x) > T(7,x,) for at least one 2’ < b)),
As(z) = (b— h(2') > x for at least one 2’ < b)),
Aa(w) = (sup, {0 — h(2)} > ).

Proposition A 3.1 For any z we have A, (z) & Az(z) & As(z) & Ay(z). [
® Proof Letting T(z,2) = p(2)(z — x), we can rewrite (5.1.32(p24)) as T'(z) = min, T(z,z) = T(2(z), z) (see (5.1.38p.2))).

1. Let Ai(z) be true for any x. Suppose T(b,x) < T(z,x) for all 2/ < b. Then the minimum of T(z, ) is attained at z = b
(see Def.5.1.2(p2)), i.e., z(z) = b, which contradicts A;(x). Hence it must be that T'(b,x) > T(2’,z) for at least one 2’ < b,
thus Az(z) becomes true. Accordingly, we have A;(z) = Az(z). Suppose Ax(z) is true for any x. Then, if z(z) = b, we
have T'(b,z) > T(2',x) > T(z) = T(2(z),z) = T(b,x), which is a contradiction, hence it must be that z(z) < b due to
Lemma A 3.1(p243) (¢); accordingly, we have Az(z) = Ai(x). Thus, it follows that we have A;(z) < Az(z) for any given x.

2. Since p(b) = 1 from (5.1.42 (2) (p29) ), for 2’ < b we have

T(b,x) - T(<, )

(1= p()) (b —z) —p(z") (=" — b)
= (1-p()(b—=z—p(z") (2" —b)/(1 - p(z)))
()b~ 2z~ h(z)
(( )

3. Let As(x) be true for any z. Then clearly A4(z) is also true, i.e., Az(z) = Aa(z). Let As(z) be true for any . Then
evidently b — h(2’) > x for at least one 2’ < b, hence As(z) is true, so we have A4(z) = As(x). Accordingly, it follows that
As(x) & As(x) for any given .

From all the above we have A;(z) & Az(z) & As(z) & As(z). 1

Lemma A 3.5
(a) —oo<h*<0.

(b) & =b—h*>b.
() 8> (L) z e z(x) <(=)b.
(d b >b 0

fmin a(z) — minb(z) > min{a(x) — b(x)}.



246

® Proof (a) For any infinitesimal ¢ > 0 such that a < a+¢ <b--- (1) we have 0 < p(a +¢) < 1 from (5.1.41(2) (p2)) and
(5.1.42 (1) (p2) ), hence, h(a+¢) = pla+e)(a+e—Db)/(1 —pla+¢)) <0. If 2 < a---(I), then p(z) = 0 due to (5.1.41 (1) (p.25)),
hence h(z) =0 for z < a. From the above we have h* < 0 (finite) or h* = —o0.

@ (In) (IIm)
z<a -L a<z<b i b<z B
a . l b
ha+¢) <0

Figure A3.3: h(z) =0for z < a and h(a+¢) <0

Assume that h* = —co. Then, there exists at least one 2’ on a < 2z’ < bsuch that iL(z’) < —N for any given N > 0. Hence, if the
N is given by M/ f (see (2.2.4(p.13) )) with any M > 1,1i.e., N = M/ f, we have h(z") < =M/ f, so p(2')(2' =b) /(1-p(z)) < =M/ f.

Hence, noting (5.1.31(p24) ), we have
PN =b) < —(1=p()M/f=~(1—Pr{g <})M/f = —Pr{z’ <EM/f--- (%)
where Pr{z’ < £} = fzb/ f(w)dw > fzb, fdw = (b—2")f. Accordingly, since p(z')(z" —b) < —(b—2')fM/f = (2 — b)M, we have
p(z') > M > 1 due to 2’ — b < 0, which is a contradiction. Hence, it must follow that h* > —oo.
(b) Since Ai(z) = As(x) due to Proposition A 3.1, we can rewrite (5.1.40(p.25)) as

" = sup{z | sup,,{b — h(z)} > =}
= sup, o {b—h(2)}--- (1)

= b—inf,cph(z) =b—h*>b

due to (a), hence (b) holds.

(c) Let # > x, hence sup,_,{b— h(2)} > z from (1), so 2(z) < b due to As(z) = Ai(z). Let #* < x, hence sup,__,{b —
h(z)} < x from (1). Now, since sup, ,{b — h(2)} < 2 = z(z) > b due to the contraposition of As(z) < Ai(z), we obtain
z(z) = b due to Lemma A 3.1(p.283) (c).

(d) First note T(z) < p(2')(2' — z) for any x and 2’. Accordingly, for any sufficiently small € > 0 such that a < b — ¢ we
have p(b — ) > 0 from (5.1.41 (2) (%)), hence T(b) < p(b—e)(b—e —b) = —p(b — €)e < 0, so adding b to the both sides of this
inequality yields T'(b) + b < b, so T(x) +x < T(b) + b < b for < b due to Lemma A 3.4(p244) (f). Accordingly, if b* < b, we have
T(b*) 4+ b* < T(b) + b < b, hence from Lemma A 3.4(p24) (a) we have T(b* +¢) + b* + ¢ < b for any sufficiently small £ > 0, so
T(b* +¢) < b— (b* + ¢), which contradicts the definition of b* (see (5.1.39(p.23))). Therefore, it must follow that * > b. 1

Lemma A 3.6

(a) T(x)+ x is strictly increasing on (—oo, b*].

(b) T(x)=b—=x on [b*,00) and T(x) < b—x on (—oo,b*).
() T(0)=0bifb* <0 and T(0) =0 ifa > 0.

(d) Ifz>yandb* >y, thenT(x)+z>T(y)+y. O

® Proof (a) From (5.1.38(p.25)) we have

T(z) +z = p(2(2))(2(z) — 2) + 2 = p(2(2))2(z) + (1 — p(2(2)))z. -~ (1)

o Let £ > x. Then z(z) < b from Lemma A 3.5(p2%) (c), hence p(z(z)) < 1 due to (5.1.42 (1) (p25)), so 1 — p(z(x)) > 0. If
z > a', from (1) we have

T(x) + 2 > p(z(x))z(z) + (1 - p(2(2)))a’ = p(z(2)) (2(x) — 2') + 2’ > T(a") + 2,
i.e., T(x) + = is strictly increasing on (—o0, 00), hence understandably so also on (—oo, b*].

o Let #* < x. Then z(x) = b from Lemma A 3.5(p.245) (c), hence p(z(x)) = 1 from (5.1.42 (2) (p25) ), so T'(x) = p(2(z))(2(x) —x) =
b—x---(2). Suppose b* > Z*. Then, since b* > b* — 2¢ > Z* for an infinitesimal £ > 0, we have b* > b* —e > " +¢ > &~
or equivalently * < b* — ¢; accordingly, due to (2) we obtain T(b* — &) = b — (b* — &) ---(3). Now, due to (5.1.39p.2)) we
have T(b* — ¢) < b — (b* — &), which contradicts (3). Accordingly, it must be that Z* > b*. Let 2’ < & < b*. Then, since

Z* > x, we have z(z) < b Lemma A 3.5(p24) (c), hence p(z(z)) < 1 due to (5.1.42 (1) (p.25)) or equivalently 1 — p(z(z)) > 0.
Thus, from (1) we have

T(x) + x> pz(x))z(z) + (1 - p(2(2)))a’ = p(z(2)) (2(x) — 2') + 2’ > T(a") + o,

implying that T'(x) + x is strictly increasing on (—o0,b*)---(4). Now let us assume T(b*) + b* = T(x) + = for any
x < b*. Then, for any sufficiently small ¢ > 0 such that b* — 2 > 2¢ > 0 we have v < = + ¢ < b* — e < b*, hence
T +b* =T(x)+a < T(x+e)+xz+e<T(b*)+b* due to (4) and Lemma A 3.4(p24) (f), which is a contradiction. Thus,
T(x) +x # T(b*) + b* for x < b*, ie., T(z) +x > T(b*) +b* or T(x) +x < T(b*) + b* for x < b*; however, the former is
impossible due to the nondecreasing in Lemma A 3.4(p.244) (f), hence it follows that T(x) + z < T(b*) + b* for < b*. From
this and (4) it inevitably follows that T'(z) + x is strictly increasing on (—oc, b*] instead of (—oco, b*).
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Accordingly, whether #* > z or #* < =z, it follows that T'(z) + x is strictly increasing on (—o0, b*].

(b) Due to (5.1.39p2)) we have T(x) < b —x for x < b*, i.e., T(z) < b — x on (—o0,b*), hence the latter half is true. Since
T(z) < b—x on (—o0,00) due to Lemma A 3.4(p24) (e), we have T(x) +x < b---(5) on (—o0,0). Suppose T(b*) + b* < b.
Then, for an infinitesimal ¢ > 0 we have T(b* + €) + b* + & < b due to Lemma A 3.4(p244) (a), i.e., T(b* +¢) < b — (b* + ¢),
which contradicts the definition of b* (see (5.1.39(p23))). Consequently, it must be that T'(b*) + b* = b---(6) or equivalently
T(b*) = b —b*. Let = > b*. Then, from Lemma A 3.4(p24) (f) we have T(z) + = > T(b*) 4+ b* = b. From this and (5) it must be
that T'(z) +2 = b on (b*,0), hence T(z) = b — x on (b*,00). From this and (6) it follows that 7'(x) = b — 2 on [b*, c0). Hence
the former half is true.

(c) Letb* < 0. Then, since 0 € [b*, 00), we have T(0) = b from the former half of (b). Now we have 7(0) = min, $(2)z - - - (7)
from (5.1.32(p24)). Let @ > 0. Then, if z < a, we have p(z)z = 0 from (5.1.41 (1) (p.25)) and if z > a (> 0), then p(z)z > 0 from
(5.1.41 (2) (p5) ). Hence it follows that 7(0) = 0 due to (7).

(d) Let z >y and b* > y. If x > b*, then T(z) +z > T(b*) + b* > T(y) + y due to Lemma A 3.4(p244) (f) and (a), and if
b* > x, then b* > x > y, hence T(x) +z > T(y) +y due to (a). Thus, whether x > b* or b* > x, we have T'(z) +z > T(y) +y. I

All the results obtained above (see Lemmas A 3.1(p243)-A 3.6(p246) ) can be complied into Lemma A 3.7(p.247) below.

Lemma A 3.7 (#{T¢}) For any F € .F we have:

(a) T(x) is continuous on (—oo,00) < Lemma A 3.4(p24) (a)
(b) T(z) is nonincreasing on (—00,00) <— Lemma A 3.4(p244) (b)
(c) T(z) is strictly decreasing on [a,c0) + < Lemma A 3.4(p24) (c)
(d) T(x)+ z is nondecreasing on (—o0,00) + Lemma A 3.4(p.24) (f)
(e) T(x)+ x is strictly increasing on (—oo, b*] < < Lemma A 3.6(p.246) (a)
(f) T(x)=b—=x on [b*,00) and T(x) < b—x on (—oco,b*) + < Lemma A 3.6(p.24) (b)
(g) T(x) <0 on(a,00) and T(z) =0 on (—oo,a] + < Lemma A 3.4(p24) (d)
(h)  T(z) <min{0,b -z} on (—o0,00) + < Lemma A 3.4p244) (i)
(i) T0)=bifb*<0andT(0)=0ifa >0+ < Lemma A 3.6(p.216) (c)
(5) BT(x) + = is nondecreasing on (—oo,00) if B =1 + < Lemma A 3.4p24) (g)
(k) BT(x)+ x is strictly increasing on (—oo0,00) if B < 1 ¢+ < Lemma A 3.4(p24) (h)
1) Ifx>yandb* >y, thenT(x)+x>T(y)+y 4 Lemma A 3.6(p.246) (d)
(m)  ABT(ABb 4+ s) + s is nondecreasing in s and strictly increasing in s if A\ < 1 + < Lemma A 3.4(p.244) (j)
(n) b* > b+ <— Lemma A 3.5(p.245) (d)

A3.2 M{EHD}, M{R}p}, JZ{{EP}, and IZ?H»
From (5.1.33(p.25) ) and (5.1.34(p.%)) and from Lemma A 3.7(p.247) (f) we obtain, noting (10.2.1(p54) ),

i x){ =ABb+ s — APz on [b*,—oc0) ---(1), (A3.1)
< ABb+ s —ABz on (—oo0,b*) ---(2),
Foa { =Ab+s—0dz on [b*,00)  ---(1), (A32)
<ABb+s—dx on (—oo0,b%) ---(2).
In addition, from (5.1.34(p25)) and Lemma A 3.7(p.247) (g) we have
—(1— n (1
f((a:){ <—(1=p)z+son (a,00) (1), (A3.3)
:—(l—ﬁ)x—l—son (—OO7CL] (2)7
hence we obtain
K(x)+z<Bx+s on (—00,00). (A3.4)
Then, from (A 3.2(1)(px7)) and (A 3.3(2) (p247)) we get
R(2) o= { ABb+s+ (1 —A)Bxon [b*,00) ---(1), (A35)
Bx+ s on (—oo,a] ---(2).
Since K (z) = L (x) — (1 — B)x from (5.1.34(p2%)) and (5.1.33(p.%) ), if Z7 and 3 exist, then
K(zz)=-QA-p)zz (1), L(Tz)=(1-pB)Tz - (2) (A3.6)

Lemma A 3.8 (Ip)
(a) L (z) is continuous on (—oo,00).
(b) L (x) is nonincreasing on (—oo, 00).
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(c) L(x) is strictly decreasing on [a, 00).
(d) Lets=0. Then Tf =a where T < (>)z & L(x) <(=)0= L(z) < (>)0.
(e) Lets>0.

1. %7 uniquely exists with T7 > a where T7 < (= (>)) z & L(z) < (= (>)) 0.
2. (ABb+s)/AB > ()Y & T = (<) (ABb+35)/ A8 < (=) b*. [
c).

® Proof (a-c) Immediate from (5.1.33(p.25)) and Lemma A 3.7p.247) (a-

(d) Let s =0. Then, since L (z) = \3T(x), from Lemma A 3.7().
hence 7 = a by definition (see Section 5.2(p.%) (b)), so 7 < (>) z
addition, since L (z) =0 = L(x) > 0, we have L (z) < (=) 0 = L(z

(e) Let s>D0.

(el) From (A3.1(1)(p247)) and the assumption of A > 0 and 8 > 0 we have L (z) < 0 for a sufficiently large z > 0 such
that > b*. In addition, we have L (a) = ABT(a) + s = s > 0 from Lemma A 3.7(p.47) (g). Hence, from (a,c) it follows that =7
uniquely exists. The inequality 7 > a is immediate from L (a) > 0 and (c). The latter half is evident.

(e2) If (ABb+ s)/AB > (<) b*, from (A3.1(px7)) we have L((ABb + s)/AB) = (<) ABb + s — AB(ABb + s)/A3 = 0, hence
Ty = (<) (ABb+ s)/AB from (el). I

Corollary A 3.2 (Lp)

(d) Tz <(Xre ()<
b T <(>)z= L)< (

u1) (g) we have L (z) = 0 for @ > x and L (z) < 0 for > a,
= L(z) < ( ) 0. The inverse is true by contraposition. In
) <

(2)0

0

)0
)0

® Proof (a) Clearly z7 < (>) = L(z) < (>) 0 from Lemma A 3.8(p247) (d,el). The inverse is true by contraposition.
(

(b) Since Z; < (>)z = L(z) < (>)0 due to (a) and since L(z) < (>)0 = L(z) < (>)0, we have Z; < (>)z =
L(z) < (>)0. In addition, if 7 = =z, then L(z) = L(%z) = 0 < 0 or equivalently Z; = x = L(x) < 0, hence it fol-
lows that 27 < (>)z = L(z) <(>)0. 1

Lemma A 3.9 (Kp)

(a) f((;r:) is continuous on (—o00,00).

(b) K (z) is nonincreasing on (—oo, c0).

(c) K (x) is strictly decreasing on [a, o).

(d) K (=) is strictly increasing on (—oo,00) if B < 1.

(e) K (x)+ z is nondecreasing on (—00,00).

(f) K(z)+ =z is strictly increasing on (—oo, 00) if A < 1.

(g) K(z)+ x is strictly increasing on (—oo,b*].

(h) Ifz >y andb* >y, then K(z) +z > K(y) + .

(i) LetB=1ands=0. Then Tz =a where Tz < (>)z & K(z) < (=)0 = K(z) < (>) 0.
(G) LetB<1ors>0.

1. There uniquely exists T where Tz < (= (>)) z & K(z) < (= (>)) 0.
2. (ABb+9)/d> ()b & 2z = (<) (A\Bb+9)/d.
3. Letk < (=(>))0. Then oz < (=(>))0. O
® Proof (a~c) Evident from (5.1.34(p.25)) and Lemma A 3.7(p.247) (a-c).
(d) Evident from Lemma A 3.7(p.47) (b) and (5.1.34(p.25) ).
(e) From (5.1.34(p25)) we have

K(z)+z = AT (z) + Bx+s=AB(T(x) + )+ (1 - N)Bzx +s---(1),

hence the assertion is immediate from Lemma A 3.7(p247) (d).

(f) Evident from (1) and Lemma A 3.7p.27) (d).

(g) Evident from (1) and Lemma A 3.7(p247) (e).

(h) Let z >y and b* > y. If z > b*, then K (z) +z > K(b*) +b* > K(y) + y due to (e,g), and if b* > z, then b* >z >y,
hence K (z) + = > K (y) + y due to (g).

(i) Let 8 =1and s =0. Then, since K (x) = AT(z) due to (5.1.34(p2)), from Lemma A 3.7(p247) (g) we have K (z) =
a >z and K (z) < 0for z > a, so Tz = a by the deﬁnitlon of Z (See Section 5.2(p%) (b)). Hence 23z < (>) z = K(z) < (= )
The inverse is immediate by contraposition. In addition, since K (z) = 0 = K (z) > 0, we have K (z) < (=) 0 = K(z) < (>) 0

(j) LetB<lors>0.

(j1) First note (A 3.3(2) (p47)). Then, if 8 =1, then s > 0, hence K (z) = s > 0 for any < a and if 8 < 1, then K (z) > 0
for any sufficiently small z < 0 such that = < a. Hence, whether 5 = 1 or 3 < 1 (for any 0 < 8 < 1), we have K (z) > 0 for
any sufficiently small x. Next, for any sufficiently large > 0 such that z > b*, from (A 3.2 (1) (p247)) we have K (x) < 0 since
to § > 0 due to (10.2.2 (1) (p54)). Hence, it follows that there exists the solution %z for any 0 < 8 < 1. Let 8 < 1. Then, the
solution is unique due to (d). Let 8 = 1, hence s > 0. Then, since K (a) = s > 0 from (A 3.3 (2) (p47)), we have Z3 > a, hence
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K (z) is strictly decreasing on the neighbourhood of x = Z; due to (c), implying that the solution Zj; is unique. Therefore, for
any 0 < 8 < 1 the solution is unique. Thus, the latter half is immediate.

(i2) Let (ABb+5)/6 > (<) b*. Then, from (A 3.2 (1(2)) (pA7)) we have K ((ABb+ 5)/8) = (<) ABb+ s — §(A\Bb+5)/6 = 0,
hence gz = (<) (ABb+ s)/d due to (j1). Its inverse is also true by contraposition.

(i3) If & < (= (>)) 0, then K(0) < (= (>)) 0 from (5.1.37(p2)), hence Zz < (= (>)) 0 from (j1).

The corollary below is used when it is not specified whether s > 0 or s = 0.
Corollary A 3.3 (Kz)

(a) zz<(>)zxe K@) <
(b) Tz <(2)z= K(x)<(
® Proof (a) Clearly Tz < (>) x = K(x) < (>) 0 due to Lemma A 3.9(p248) (i,j1). The inverse is immediate by contraposition.

(b) Since Zz < (>)x = K(z) < (>)0 due to (a) and since K(z) < (>)0 = K(z) < (>)0, we have Tz < (>) z =
K(z) < (>) 0. In addition, if Tz = x, then K (z) = K(%z) = 0 <0, hence it follows that Zz < (>)x = K(z) < (>)0. 1

Lemma A 3.10 (Zp /Kp)

(a) LetB=1ands=0. Then Tz = Tz =a.
(b) Letp=1ands>0. Then Tz =
(¢) Letf<lands=0. Thena<(=(>))0= 77 <(=(>)) Tz <(=(=))0.

(d) Letf<lands>0. Thenk < (=(>)0= 2z <(=(>)) g <(=(>))0. 0

® Proof (a) If B =1and s =0, then Tz = a from Lemma A 3.8p27)(d) and Tz = a from Lemma A 3.9(p2%) (i), hence
Tr = Ty =a.

(b) Let 3=1and s> 0. Then K(2;) =0 from (A 3.6 (1) (p47)), hence Zz = %7 from
Lemma A 3.9(p.248) (j1).

(c) Let 8<1land s=0. Then Ty = a---(1) from Lemma A 3.8(p247) (d). Suppose a < 0. Then, since T; < 0, we have
K(z;) > 0 from (A3.6(1)(p27)), hence Tz > %7 from Lemma A 3.9(p.248) (j1). Furthermore, from (5.1.37(p2)) and (5.1.36(p.23))
we have K (0) = A\BT(0) < 0 due to Lemma A 3.7(p.47) (g), hence Tz < 0 from Lemma A 3.9(p.248) (j1). Suppose a = (>) 0. Then,
since 7 = (>) 0 from (1), we have K (%7) = (<) 0 due to (A 3.6 (1) (p47)), hence Tz = (>) Tz from Lemma A 3.9p.28) (j1).
Furthermore, from (5.1.37(p.%5)) and (5.1.36(p2)) we have K (0) = ABT(0) = 0 due to Lemma A 3.7(p.47) (g), hence Tz = (=)0
from Lemma A 3.9(p243) (j1).

(d) Let B < 1ands > 0. Since # = K (0) from (5.1.37(p25) ), if # < (= (>)) 0, then K (0
from Lemma A 3.9(p248) (j1). Accordingly L (2z) < (= (>)) 0 from (A 3.6 (2) (p47)), so &7

Lemma A 3.11 (L)
(a) L (s) is nondecreasing in s.
(b) If AB <1, then L(s) is strictly increasing in s.
(¢) Let \Bb<a.
1. x7 > A\Bb+s.
2. Lets>0and A\ < 1. Then Ty > A\Bb+ s.
(d) Let A\Bb > a. Then, there exists a Sz > 0 such that if 5z > (<) s, then Tz < (>) ABb+s. [

Tr.

(0) < (= (>)) 0, hence i < (=(>)) 0
< (= (>)) *z from Lemma A 3.8(pu1) (e1). 1

® Proof (a,b) From (5.1.35(p2)) and (5.1.33(p.55) ) we have £ (s) = ABT(A\Bb+s) +s--- (1), hence the assertions are true from
Lemma A 3.7(p.247) (m).
(¢) Let ABu < a. Then, from (1) we have £ (0) = ABT(A8b) = 0-- - (2) due to Lemma A 3.7(p:247) (g).

(c1) Since s > 0, from (a) we have £ (s) > £(0) = 0 due to (2) or equivalently L (A3b + s) > 0, hence =7 > b+ s from
Corollary A 3.2(p.248) (a).

(c2) Let s >0and A3 < 1. Then, from (b) we have £ (s) > £ (0) = 0 due (2), hence L (A\Bb+s) > 0, so 7 > A\3b+ s from
Lemma A 3.8(p.47) (el).

(d) Let ABb > a. From (1) we have £ (0) = A\BT(A\Bb) < 0 due to Lemma A 3.7p.47) (g). Noting (A 3.1(1)(p27), for any
sufficiently large s > 0 such that ABb+ s > b* and ABb + s > 0 we have £(s) = L(ABb+s) = ABb+ s — AB(ABb + s) =
(1= XB)(ABb + s) > 0. Accordingly, due to (a) it follows that there exists a Sz > 0 where £(s) < 0 for s < 5z and £(s) >0
for s > Sz, or equivalently, L (A\Bb+s) < 0 for s < sz and L (ABb+s) > 0 for s > Sz. Hence, from Corollary A 3.2(p.248) (a) we
have Tp < Bb+ s for s < Sz and 7 > Bb+ s for s > sz. 1

Lemma A 3.12 («/{ke}) We have:

(a) FA=XBb+sifb*<0and ki =sifa>0.

(b) LetB<lors>0. Thenk <(=(>))0& 2z <(=(>))0. [
® Proof (a) Immediate from (5.1.36(p.25)) and Lemma A 3.7(p.247) (i).

(b) Let 8 <1ors>0. Then, if # > (= (<)) 0, we have K (0) > (= (<)) 0 from (5.1.37(p.23) ), hence Tz > (= (<)) 0 from
Lemma A 3.9(p248) (j1). Thus “=” was proven. Its inverse “<” is immediate by contraposition. 1
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A 4 Direct Proof of Assertion Systems
A4.1 F{M:1[R]A]}
Since K (z) + (1 — B)z = L () for any x due to (5.1.14(p.23)) and (5.1.13(p23) ), from (6.5.4(p3)) we have

Vi — ﬂ‘/t71 = mln{i (‘/1571)70}, t>1. (A41)
Accordingly:

1. If L(Vs—1) <0, then V; — 8Vi—1 = L(Vi—1), hence
Vi=L(Viu1)+BVici = K(Vie1) + Vi1, t> 1 (A4.2)

2. If L(Vz—1) > 0, then V; — 8V;—1 = 0 or equivalently

Vi=BVi1, t>1. (A4.3)
Now, from (6.5.4(p3) ) with ¢ = 2 we have
Vo — Vi = min{K (V4), —(1 — B)V1}. (A4.4)
Finally, from (A 4.1(p230) ) we see that
L(V;—1) < (>)0 = Conduct:, (Skip,.)". (A4.5)

In this model let us note that the search must be necessarily conducted at time ¢ = 1 (see Remark 4.1.3(p.20) ) and that
A=1---(1) (see A2(p)), d=1---(2) (see (10.2.1(p5))). (A4.6)

O Tom A4.1 (Z{M:1[R][A]}) Let =1 ands=0.
(a) V4 is nonincreasing in t > 0.
(b)  We have ®-(r)s where Conduct,;>¢>14. U

® Proof Let =1 and s =0. Then, from (5.1.14(p.3)) we have K (z) = T(z) < 0---(1) for any « due to

Lemma A 1.1(p.36) (g), hence from (6.5.4(p%9)) and (1) we have
Vi = min{T(Vi—1) + Vic1, Vi1 } = min{T(Vi=1),0} + Vi1 = T(Vi—1) + Vi1 -+ (2) for ¢ > 1.

(a) Since Vo = T(V4) + Vi, we have Vo < V; due to (1). Suppose V;—1 > V;. Then, from
Lemma A 1.1(p2%6) (d) we have V; > T(V;) + Vi = Vi+1. Hence, by induction V;_1 > V; for t > 1, i.e., V; is nonincreasing in ¢ > 0.

(b) Since Vi = u from (6.5.3p39)), we have Vi > a. Suppose Vi;_1 > a. Then, noting b > a, from (2) we have V; >
T(a) + a = a due to Lemma A 1.1(p23) (1,g). Accordingly, by induction V;—1 > a for t > 1, hence V;—1 > ¥ for t > 1 due to
Lemma A 1.2(p288) (d), thus L (Vz—1) < 0 for ¢ > 1 due to Lemma A 1.2(p.23) (e1)), so L (V;—1) < 0---(3) for 7 > ¢ > 1. Hence, from

(A4.1(p20)) we obtain V; — Vo1 <0 for 7 >t > 1,ie., Vo < fVi_q for 7 >t > 1. Accordingly V> < Vo1 < --- < 87wy,
hence t; = 7 for 7 > 1, i.e., ®(r)a for 7 > 1. Then Conduct;, for 7 > ¢ > 1 due to (3) and (A4.5p20). 1

Let us define

For any 7 > 1 there exists ¢ > 1 such that
S1s[®4[@ 1] ={ (1) ®e>r>1(7)s Where Conduct,>i>1a,

(2) ©r>te (t)) where Conduct,>¢>14.

O Tom A4.2 (/{M:A[R][A]}) LetB<1ors>0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V< Tg ast — oo.
(b) Let Bu<a. Then @->1(1)).
(¢) LetBu>a.
1. Letp=1.
i. Letp+s>b. Then @->1(1).
ii. Letpu+s<b. Then ®r>1(r)a where Conduct,;>¢>1a.
2. LetB<1lands=0(s>0).
i. Leta<0 (& <0). Then ®r>1(7)s where Conduct,;>¢>1a-
ii. Leta=0 (& =0).
1. LetBu+s>0b. Then @->1(1).
2. Let fu+ s <b. Then ®r>1(r). where Conduct >¢>1a-
iii. Leta>0 (k>0).
1. LetBpu+s>bor sz <s. Then @->1(1).
2. LetBu+s<band Sz >s. Then Sis(p2) [oa [ | is true. O

TSee Section 6.1(p.27).
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® Proof Let 8 <1 ors> 0. Note here (A4.6(1,2) (p250)).

(a) Since Tz < (Bu+ 8)/6 = Bu+ s = Vi due to Lemma A 1.3p28)(j2) and (6.5.3(p3)), we have K (Vi) < 0 due to
Lemma A 1.3(p238) (j1), hence Vo — Vi < 0 from (A 4.4(p20)), i.e., Vi > Va. Suppose Vi—1 > V;. Then, from (6.5.4(p39)) and
Lemma A 1.3(p238) (e) we have V; > min{K (V;)+V;, BV:} = Vi41. Hence, by induction V;_1 > V; for t > 1, i.e., V; is nonincreasing
in t > 0. Consider a sufficiently small M < 0 such that Su+ s > M and a > M, hence Vi > M. Suppose V;—1 > M. Then,
from Lemma A 1.3(p.2%) (e) and (A 1.5 (2) (p238)) we have V; > min{K (M) + M, M} = min{BM + s,BM} > min{M, M} = M
due to 8 < 1 and s > 0. Hence, by induction V; > M for t > 0, i.e., V; is lower bounded in ¢t. Accordingly V; converges to a
finite V as t — oco. Then, from (6.5.4(p39) ) we have V = min{K (V) + V, 8V}, hence 0 = min{K (V), —(1 — 8)BV'}. Thus, since
K(V) >0, we have V < T from Lemma A 1.3(p.2%) (j1).

(b) Let Bu < a---(1). Then Tz > fu+ s = Vi from Lemma A 1.5p20) (b1) with A =1 and § = 1, hence Tz > V,_; for
t > 1 from (a). Accordingly, since L (V;—1) > 0 for ¢t > 1 due to Corollary A 1.1(p.23) (a), we have L(V;—1) > 0 for 7 > ¢ > 1.
Hence, from (A 4.3(p20)) we have V; = Vg for 7 >t > 1. Thus V, = 8V,_1 =--- = BT Vi, e, IT =177 = ... = I}.
Hence t; =1 for 7 > 1 (see Preference Rule 7.2.1(p43)), i.e., @-(1), for 7 > 1.

(¢) Let Bu > a.
(cl) Let 8 =1---(2), hence s > 0 due to the assumption “S < 1 or s > 0” of the lemma. Then (ABu+s)/d = pu+s---(3) due
to (2) and (A 4.6 (1,2) p50)). In addition, since Tz = Z% - - (4) from Lemma A 1.4(p29) (b), we have K (27) = K (Tz) = 0--- (5).

(cli) Let p—+s>b. Then T; = Tz = p+s =V, from (4), Lemma A 1.3p28) (j2), (3), and (6.5.3(p3) ). Accordingly, since
xr > V1 for t > 1 from (a), we have L (V;—1) > 0 for ¢ > 1 due to Lemma A 1.2(p.23) (e1). Hence, for the same reason as in the
proof of (b) we obtain @, (1), for 7 > 1.

(clii) Let p+s<b. Then T = Tz < p+s ="V, < b from (4), Lemma A 1.3(p2%) (j2), and (6.5.3(03) ), hence b > V;_; for
t > 1 from (a). Suppose V;—1 > %7, hence L (V;—1) < 0 from
Lemma A 1.2(28) (e1). Then, from (A 4.2p.%0) ), Lemma A 1.3(p2%) (g), and (5) we have V; > K(Zz)+ 7 = *7. Accordingly,
by induction Vi—1 > 7 for ¢ > 1, hence, E(Vt_l) <0 fort>1from
Lemma A 1.2(p23) (el). Thus, for the same reason as in the proof of Tom A 4.1(p.2%0) (b) we have ®- (7). for 7 > 1 and Conducty,
forr >t > 1.

(c2) Let <land s=0(s>0).

(c2i) Let a<O0(8<0). Then Zy < %z < 0---(6) from Lemma A1.4(p29) (c(d)). Now, since Tz < Bu + s due
to Lemma A 1.3(p28)(j2) with A = 1 and § = 1, we have Tz < Vi from (6.5.3(p39)). Suppose Tz < Vi_i. Then, from
Lemma A 1.3(p23%) (e) we have V; > min{K (Zz) + 2z, B2z} = min{ 7,82z} = Tz due to Tz < 0. Accordingly, by induction
Vi—1 > %z for t > 1, hence V,_1 > 7 for t > 1 from (6), thus L (Vz—1) < 0 for t > 1 due to Corollary A 1.1(p.2%) (a). Hence, for
the same reason as in the proof of Tom A 4.1(p.250) (b) we have ®. (7). for 7 > 1 and CONDUCT;, for 7 > ¢ > 1.

(c2ii) Let a=0(k=0). Then 7y = 2z ---(7) from Lemma A 1.4(p.2%9) (c (d)).

(c2iil) Let Bu+ s >b. Then, Tz = Bu+ s = Vi from Lemma A 1.3(p23) (j2) and (6.5.3(p39)). Suppose Vi1 = %z, hence
Vi1 = 2 from (7), thus L (Vi—1) = L(2z) = 0. Then, from (A 4.2(20)) we have V; = K (%) + Tz = Zz. Accordingly, by
induction V;_; = *3 for t > 1, hence V;_y = @7 for ¢ > 1 due to (7). Then, since L (V;_1) = L(%;) = 0 for t > 1, we have
Vi = BVi—q for t > 1 from (A 4.3(p.2%0) ), hence, for the same reason as in the proof of (b) we obtain @-(1); for 7 > 1.

(c2ii2) Let Su+ s < b. Then, since V1 < b from (6.5.3(p3) ), we have V;_; < b for ¢ > 1 due to (a). In addition, we have
Tz < Bu+s=V; from Lemma A 1.3(p238) (j2). Suppose Tz < Vi_1, hence ;7 < V,_; from (7). Then, since L(Vi—1) < 0 due
to Lemma A 1.2(p23%) (el), from (A4.2(p20)) and Lemma A 1.3(p.2%) (g) we have V; > K(%z) + Tz = Zz. Hence, by induction
Tz < Vi fort > 1, thus Tz < Vi_y fort > 1 due to (7). Accordingly, since L (Vi—1) < 0 for t > 1 due to Corollary A 1.1(p2%) (a),
for the same reason as in the proof of Tom A 4.1(.20) (b) we have ®- (7). for 7 > 1 and Conduct,, for 7 > ¢ > 1.

(c2iii) Let a>0(%& >0). Then 7 > Tz ---(8) from Lemma A 1.4(p.23)) (c (d)).

(c2iiil) Let Bu+s>bor Sz <s. First, let B+ s > b. Then, since Tz = Bu+ s = Vi from
Lemma A 1.3(p28)(j2), we have Z7 > Vi from (8), hence 7 > Vi. Next, let sz < s. Then, since T > Bu + s due to
Lemma A 1.5p240) (¢), we have 7 > Vi from (6.5.3(p.39) ). Accordingly, whether Bu+ s > b or sz < s, we have T; > Vi, so
xr > Vi_q for t > 1 due to (a). Hence, since L (V;—1) > 0 for ¢ > 1 from Corollary A 1.1(p23) (a), for the same reason as in the
proof of (b) we obtain @-(1), for 7 > 1.

(c2iii2) Let Bu+s < b---(9) and s < sz. Then, from (8) and Lemma A 1.5(p240) (¢) we have Tz < 7 < Bu+s=Vi---(10),
hence K (V1) < 0---(11) from Lemma A 1.3(p) (j1). In addition, since Vi < b due to (9) and (6.5.3p3) ), we have Vi, < b for

t > 0 from (a). Now, from (A 4.4(p.250)) and (11) we have Vo — Vi < 0, i.e., Vo < Vi. Suppose Vi1 > V;. Then, from (6.5.4(p.39) )
and Lemma A 1.3(p.23%) (g) we have V; > min{K (V;) + V4, 8V;} = Vit1. Accordingly, by induction V;_1 > V; for t > 1, i.e., V; is
strictly decreasing in t > 0. Note that V4 > 7 due to (10) ,s0 Vi > xr. Assume that V;—1 > %7 for all t > 1, hence V > .
Now, from (8) and V < 27 in (a) we have the contradiction of V < 3z < 7 < V. Hence, it is impossible that V;_; > % for
all t > 1, implying that there exists ¢; > 1 such that

Vi>Ve> o>V 1> 87 2 Vie > Viey1 > Viego > -0 (A4.7)
from which
Viei > 27, o >t>1, T > Vioq, t>15. (A 4.8)

Therefore, from Corollary A 1.1(p.238) (a) we have L (V;—1) < 0---(12) for t; > ¢ > 1 and L(Vi—1) > 0---(13) for t > ¢;.
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1. Let £ > 7 > 1. Then, since L(Vi_1) < 0---(14) for 7 > t > 1 from (12), for the same reason as in the proof of
Tom A 4.1(p20) (b) we have ®- (7). for t2 > 7 > 1 and Conduct:, for 7 > ¢ > 1. Hence S15(p.2i0) (1) is true.

2. Let 7 > t°. First, let 7 > ¢ > 2. Then, since L(Vs_1) > 0 for 7 > ¢ > ¢2 from (13) | we have V; = 8V;_; for 7 > ¢ > t* from
(A 4.3(p20) ), thus
V=06V = 52‘/7_72 - = ﬂT_tTVt; ce (15 )

Next, let 2 >t > 1. Then, from (12) and (A4.1p20)) we have Vs — BVi_1 < 0 for t2 > ¢ > 1, i.e., Vi < BV;i_y for t2 >t > 1,
hence

Vie < Vet < BVie—2 < --- < B5VI -2 (16).
From (15) and (16) we have
Ve=BVea =BV == BT Vo < BT Wiy < BT PV < < BTV,

hence we obtain ¢t7 =t} for 7 > t; due to Preference Rule 7.2.1(p43), i.e., ©-(t;); for 7 > 1. In addition, we have Conduct:,
for t* >t > 1 due to (12) and (A 4.5(p20)). Hence Sig(p20) (2) is true. U

A 4.2 {M:1[P][A]}
Since K (z) + (1 — B)x = L (z) for any x due to (5.1.21(p24)) and (5.1.20(p24) ), from (6.5.6(p.39) ) we have

Vi — BViey = max{L (V;_1),0} >0, t>1. (A4.9)
Accordingly:
1. If L(Vi—1) >0, then V; — BV4—1 = L (V4—1), hence
Vi=L(Vic1) + Vi1 = K(Vie1) + Vier, t> 1 (A 4.10)

2. If L(Va—1) <0, then V; — fV4_1 = 0 or equivalently

Vi=pVii1, t>1. (A4.11)
Now, from (6.5.6(p39)) with ¢ = 2 we have
Vo — Vi = max{K (V1),—(1 — B)V1 }. (A4.12)
Finally, from (A 4.9(p252) ) we see that
L(Vi—1) > (<)0 = Conduct;, (Skip,.). (A4.13)

In this model let us note that the search must be necessarily conducted at time ¢t = 1 (see Remark 4.1.3(p20) ) and that

A=1---(1) (see A2p)), 0=1---(2) (see (10.2.1(p54))). (A4.14)

O Tom A 4.3 (Z{M:1[P][A]}) Letf=1ands=0.
(a) Vi is nondecreasing in t > 0.
(b)  ®~(r)s where Conduct,>¢>1a. U
® Proof Let =1 and s=0. Then, from (5.1.21(p24)) we have K () = T(z) > 0--- (1) for any = due to
Lemma A 2.1(p.240) (g), hence from (6.5.6(p.39) ) and (1) we have
Vi = max{T(Vi=1) + Vic1, Vic1} = max{T(Vs=1),0} + Vi1 = T(Vic1) + Vicar -+ (2) for ¢t > 1.
(a) Since Vo =T (Vi) + Vi, we have V2 > Vi due to (1). Suppose V;—1 < V;. Then, from
Lemma A 2.1(p240) (d) we have V; < T(V;) +V; = Viq1. Hence, by induction Vi—1 <V, for t > 1, i.e., V; is nondecreasing in ¢ > 0.

(b) Since Vi = a from (6.5.5(p39) ), we have Vi < b. Suppose V;—1 < b. Then, noting a* < a < b due to Lemma A 2.1(p.240) (n),
from (2) we have V; < T(b) + b = b due to Lemma A 2.1(p240) (c,g). Accordingly, by induction V;_; < b for ¢ > 1, hence
L(Vi—1) > 0 for ¢ > 1 due to Lemma A 2.2(p241) (d), so L(V4—1) > 0---(3) for 7 > ¢ > 1. Hence, from (A 4.9(p232)) we obtain

Vi—BVii1>0for 7>t > 1, ie., Vi > BViq for 7 >t > 1. Accordingly Vi > fVr_1 > --- > 77111, hence tf =7 for 7 > 1,
i.e., ®+(r)a for 7 > 1. Then Conduct:, for 7 > ¢ > 1 due to (3) and (A4.13p22)). 1

Let us define

For any 7 > 1 there exists ¢5 > 1 such that
$16[@[01] = { (1) ©s>ro1(r)s where Conduct,>>14,

(2)  ©@r>te(t3)) where Conduct >¢>1a.

O Tom A 4.4 (Z{M:1[P][A]}) LetB<1 ors>0.

(a) V; is nondecreasing in t > 0 and converges to a finite V> Tk ast — 0.
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(b) Let fa>b. Then @->1(1).
(¢) Let Ba<b.
1. Letp=1.
i. Leta—s<a*. Then @,>1(1)y.
ii. Leta—s>a". Then ®r>1(7)s where Conduct,>¢>1a-
2. LetB<1lands=0(s>0).
i. Letb>0 (k >0). Then ®r>1(7)s where Conduct,>¢>1a.
ii. Letb=0 (rx =0).
1. LetBa—s<a*. Then @->1(1)y.
2. Let fa—s>a*. Then ®r>1(t). where Conduct>¢>1a-
iii. Letb<0 (k<0).
1. LetBa—s<a* or sc <s. Then @-r>1(1).

2. Let Ba—s>a* and Sz > s. Then Sig(p22) [oa [#1 ] is true. O

® Proof Let f < 1ors>0. First note (A4.14(p.232))

(a) Since zx > (ABa — s)/6 = Pa —s = Vi due to Lemma A 2.3p2l)(j2) and (6.5.5(p.3)), we have K (Vi) > 0 due to
Lemma A 2.3(p241) (j1), hence Vo — Vi > 0 from (A4.12(p22) ), i.e., Vi < Va. Suppose Vi1 < V;. Then, from (6.5.6(p3)) and
Lemma A 2.3(p.241) (e) we have V; < max{K (Vz)+Vs, BV;} = Viq1. Hence, by induction Vz—1 < V; for ¢t > 1, i.e., V4 is nondecreasing
in £ > 0. Consider a sufficiently large M > 0 such that fa —s < M and b < M, hence Vi < M. Suppose Vi1 < M. Then,
from Lemma A 2.3(p241) (e) and (A 2.5(2) (p41)) we have V; < max{K (M) + M,SM} = max{SM — s, M} < max{M,M} =M
due to 8 < 1 and s > 0. Hence, by induction V; < M for t > 0, i.e., V; is upper bounded in ¢. Accordingly V; converges to a
finite V as t — oco. Then, from (6.5.6(p.39) ) we have V = max{K (V) + V, 8V}, hence 0 = max{K (V'), —(1 — 8)BV}. Thus, since
K (V) <0, we have V > xx from Lemma A 2.3(p241) (j1).

(b) Let Ba >b---(1). Then z, < fa —s = Vi from Lemma A 2.5p243) (b1l) with A =1 and 6 = 1, hence zr < V;_; for
t > 1 from (a). Accordingly, since L (V;—1) < 0 for t > 1 due to Corollary A 2.1(p241)(a), we have L(Vi—1) < 0 for 7 > ¢t > 1.
Hence, from (A 4.11(p252)) we have V; = Vi for7 >t > 1. Thus V, =BV, = --- = BT Vi, ie, [T =177 = ... = I},
hence ¢ =1 for 7 > 1 due to Preference Rule 7.2.1(p43), i.e., @-(1), for 7 > 1.

(c) Let fa<bd.

(cl) Let f=1---(2), hence s > 0 due to the assumption“s < 1 or s > 0” of the lemma. Then (Afa —s)/d =a —s---(3)
due to (2) and (A4.14(2) (p22)). In addition, since T, = 2 ---(4) from Lemma A 2.4p22) (b), we have K (x.) = K(zx) =
0--- (5)

(cli) Let a—s<a*. Then 2. = zx =a—s =V from (4), Lemma A 2.3p241) (j2), (3), and (6.5.5(p.39) ). Accordingly, since
x, < Vi for ¢t > 1 from (a), we have L (Vi—1) < 0 for ¢t > 1 due to Lemma A 2.2(p241) (el). Hence, for the same reason as in the
proof of (b) we obtain @,(1); for 7 > 1.

(clii) Let a—s>a*. Then 2, = 2x >a—s=V; > a* from (4), Lemma A 2.3p21)(j2), and (6.5.5(p3) ), hence a* < Vi_1
for t > 1 from (a). Suppose Vi—1 < ., hence L (V;—1) > 0 from
Lemma A 2.2p.41) (e1). Then, from (A 4.10(p22) ), Lemma A 2.3(p241) (g), and (4) we have V; < K(z. )+ 2. = K(&x)+ &L = 21 .
Accordingly, by induction V;—1 < xp for ¢ > 1, hence L(V;—1) > 0 for ¢ > 1 from Lemma A 2.2(p2l) (el). Thus, for the same
reason as in the proof of Tom A 4.3(p.252) (b) we have ®- (7). for 7 > 1 and Conduct;, for 7 > ¢ > 1.

(c2) Let S<land s=0(s>0).

(c2i) Let b>0(xk>0). Then =z, > xzx > 0---(6) from Lemma A2.4(p2)(c(d)). Now, since zx > fBa — s due
to Lemma A 2.3(p241)(j2) with A = 1 and § = 1, we have xx > Vi from (6.5.5(p3)). Suppose x > Vi—1. Then, from
Lemma A 2.3(p241) (e) we have Vi < max{K(zx)+ Tx,B2x} = max{Tx,B82x} = xx due to zx > 0. Accordingly, by
induction V;_, < xx for t > 1, hence V;_1 < 1, for ¢ > 1 from (6), thus L (V;_1) > 0 for t > 1 due to Corollary A 2.1(p24) (a).
Hence, for the same reason as in the proof of Tom A 4.3(p.252) (b) we have ®-(r). for 7 > 1 and conduct, for 7 > ¢ > 1.

(c2ii) Let b=0(x =0) . Then . = Tx ---(7) from Lemma A 2.4(p292) (c (d)).

(c2iil) Let Ba — s < a*. Then, xx = fa — s = V4 from Lemma A 2.3(p.241) (j2) and (6.5.5(p.39) ). Suppose Vi—1 = Zx, hence
Vi1 = a from (7), thus L (Vi—1) = L (2 ) = 0. Then, from (A 4.10(p22)) we have V; = K (2x )+ 2x = Zx. Accordingly, by
induction V;_1 = @k for t > 1, hence V;—1 = zr for t > 1 due to (7). Then, since L (Vi—1) = L(xr) =0 for t > 1, we have
Vi = Vi1 for t > 1 from (A 4.11(p252) ), hence, for the same reason as in the proof of (b) we obtain @-(1); for 7 > 1.

(c2ii2) Let fa—s > a*. Then, since Vi > a*, we have Vi_1 > a* for t > 1 due to (a). In addition, we have x > Ba—s =W,
from Lemma A 2.3(p241) (j2) and (6.5.5(p.39)). Suppose Tx > Vi_1, hence zr > Vi_; from (7). Then, since L(Vi—1) > 0 due to
Corollary A 2.1(p241) (a), from (A 4.10(p2%2)) and Lemma A 2.3(p241) (g) we have V; < K(Zx )+ Tx = Zx. Hence, by induction
xx > Vi fort>1,thus 1 > V,_q fort > 1 dueto (7). Accordingly, since L (Vi=1) > O for t > 1 due to Corollary A 2.1(p241) (a),
for the same reason as in the proof of Tom A 4.3(p.252) (b) we have ®- (7). for 7 > 1 and Conduct,, for 7 > ¢ > 1.

(c2iii) Let b<0(x <0). Then zr < Tk ---(8) from Lemma A 2.4(p242) (c (d)).

(c2iiil) Let Ba—s <a* or s <s. First, let Ba — s < a”. Then, since zx = fa — s = Vi from
Lemma A 2.3(p21) (j2), we have zr < Vi from (8), hence x. < Vi. Next, let sz < s. Then, since z, < Ba — s due to
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Lemma A 2.5p243) (c), we have . < Vi and (6.5.5p.8) ). Accordingly, whether Sa — s < a* or s < s, we have z, < Vi, so
xr < Vi1 for ¢ > 1 due to (a). Hence, since L (V;—1) <0 for ¢ > 1 from Corollary A 2.1(p241) (a), for the same reason as in the
proof of (b) we obtain @-(1); for 7 > 1.

(c2iii2) Let Ba—s > a*---(9) and s < s.. Then, from (8) and Lemma A 2.5p28) (c) we have zx > =, > fa —s =
Vi---(10), hence K (Vi) > 0---(11) from Lemma A 2.3p:41) (j1). In addition, since Vi > a* due to (9), we have V;_; > a* for

t > 0 from (a). Now, from (A 4.12(p.252) ) and (11) we have Vo — V4 > 0, i.e., Vo > V4. Suppose Vi—1 < V. Then, from (6.5.6(p.3)) )
and Lemma A 2.3(p21) (g) we have Vi < max{K (V;) + V4, 8Vi} = Viqt1. Accordingly, by induction Vi1 < V; for t > 1, ie., V;
is strictly increasing in t > 0. Note that Vi < zp due to (10). Assume that V;—1 < xp for all ¢ > 1, hence V < z,. Now,
from (8) and V > xx due to (a) we have the contradiction V' > zx > xr > V. Hence, it is impossible that V;—1 < zp for
all ¢ > 1, implying that there exists ¢; > 1 such that

V1<V2<"'<‘/t;_1<$L SVt;<‘/t;+1<‘/t;+2<"', (A4.15)

from which
Vici < xp, th>t>1, v <Vioy, t>t. (A4.16)

Therefore, from Corollary A 2.1(p.41) (a) we have L (Vi—1) > 0---(12) for t; >t > 1 and L (V1) <0---(13) for ¢t > ;.

1. Let t2 > 7 > 1. Then, since L(Vs—1) > 0---(14) for 7 > t > 1 from (12), for the same reason as in the proof of
Tom A 4.3(p2%2) (b) we have ®,(r)a for t; > 7 > 1 and Conduct;, for 7 > ¢ > 1. Hence S19(p.252) (1) is true.

2. Let 7 > t*. Firstly, let 7 > ¢ > ¢. Then, since L(Vs_1) < 0 for 7 >t > t2 from (13), we have V; = BVi_, for 7 > ¢ > t*
from (A 4.11(p2%2)), thus

VT = /Bvﬂ'fl = ﬁ2VT—2 == /BT?t;‘/t; e (15)

Next, let t2 >t > 1. Then, from (12) and (A 4.9(p22)) we have V; — BV,_1 >0 for t2 >t > 1,ie., Vi > Vi for t* >t > 1,
hence

Vie > BVie—1 > Ve > --- > 571V -+ (16).
From (15) and (16) we have
Ve=BV,1=pVop = = /BTft;Vt; > 5T7t;+1Vz;—1 > /5'T7t;+2Vt;—2 > > BT,

hence we obtain t; = t; for 7 > ¢; due to Preference Rule 7.2.1(p43), i.e., ©(t;), for 7 > t;. In addition, we have Conduct,,
for t* >t > 1 due to (12) and (A 4.13p22) ). Hence S1o(p22) (2) is true. 1

A 4.3 {M:A[P|A]}
Since K (z) + (1 — B)z = L (z) due to (5.1.34(p23)) and (5.1.33(p.23) ), from (6.5.8(p3)) ) we have

Vi — BVi_y = min{L (Vi_1),0} <0, ¢> 1. (A4.17)
Accordingly:
1. If L(Vs—1) <0, then V; — 8Vi_1 = L (Vz—1) or equivalently

Vi=L(Vic1) +BVici =K (Vic1) + Vicr, t> 1 (A4.18)

2. If L(Vz—1) > 0, then V; — BVis—1 = 0 or equivalently

Vi =BVio1, t>1. (A 4.19)
Now, from (6.5.8(p.3) ) with ¢ = 2 we have
Vo — Vi = min{K (V1), —(1 — B)V1}. (A4.20)
Finally, from (A 4.17(p234) ) we see that
L(Vi—1) < (>)0 = Conduct:, (Skip,). (A4.21)

In this model let us note that the search must be necessarily conducted at time ¢ = 1 (see Remark 4.1.3(p.20) ) and that
A=1---(1) (see A2pX)), 0=1 (see (10.2.1(p54))). (A4.22)

O Tom A 4.5 (Z{M:1[P|[A]}) Let B=1 and s = 0.

(a) V& is nonincreasing in t > 0.
(b)  We have ®+(r)s where Conduct,>¢>1a. U
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® Proof Let =1 and s =0. Then, from (5.1.34(p.%5)) we have K (z) = T(xz) < 0---(1) for any x due to
Lemma A 3.7(p247) (g), hence from (6.5.8(3)) and (1) we have V; = min{T(Vsi—1) +Vi_1,Vie1} = T(Vie1) + Vie1 - (2) for ¢t > 1.

(a) Since Vo = T(V1)+Vi from (2) , we have Vo < V4 due to (1) . Suppose V;_1 > Vi. Then, from (2) and Lemma A 3.7(p.247) (d)
we have V; > T(Vt) + Vi = Viq1. Hence, by induction Vi—1 > V; for t > 1, i.e., V; is nonincreasing in t > 0.

(b) Since V1 = b from (6.5.7(p39) ), we have V1 > a. Suppose Vi—1 > a. Then, noting b* > b > a due to Lemma A 3.7(p247) (n),
from (2) we have V; > T(a) + a = a due to Lemma A 3.7p247) (l,g). Accordingly, by induction V;—; > a for ¢t > 1, hence
L(Vi—1) <0 for t > 1 due to Lemma A 3.8(p47) (d), thus L (V;—1) < 0---(3) for 7 >t > 1. Hence, from (A 4.17(p234)) we obtain
Vi—pBVioi<Oform>t>1,ie,V; <pBVi_i for 7>t >1. Accordingly Vi < BV,_1 < --- < B7"'Vi, hence t¥ = 7 for 7 > 1,
i.c., ®(r)s for 7 > 1. Then Conduct,, for 7 >t > 1 due to (3) and (A4.21(p24)). I

Let us define

For any 7 > 1 there exists ¢; > 1 such that
520: (1) ®te>r>1(T)a where Conduct,>¢>14,

(2) ©r>te (t)) where Conduct,>¢>14.

O Tom A 4.6 (/{M:1[P][A]}) Let <1 ors>0.

(a) V4 is nonincreasing in t > 0 and converges to a finite V< Tg ast — oo.
(b) Let fb<a. Then @->1(1).
(¢) Let Bb> a.
1. LetpB=1.
i. Letb+s>b". Then @->1(1)y.
ii. Letb+s<b*. Then ®r>1(r)s where Conduct,>¢>1.4-
2. Letf<land s=0(s>0).
i. Let a<0(k <0). Then ®r>1(7)s where Conduct,>¢>1a-
ii. Let a=0(k=0).
1. Let Bb+s>b". Then @,>1(1).
2. Let Bb+ s < b*. Then ®.(r > 1), where Conduct:>¢>1a4-
iii. Let a>0(k >0).
1. LetBb+s>b" or sz <s. Then @->1(1).

2. Let Bb+s < b and s < Sz. Then Sgo 1s true. 0

® Proof Let § <1ors>0. First note (A4.22(1,2) (p54) ).

(a) Since Tz < (Bb+5)/6§ = pb+s = Vi due to Lemma A 3.9p28)(j2) and (6.5.7(3)), we have K (V1) < 0 due to
Lemma A 3.9(p.48) (j1), hence Vo — Vi < 0 from (A 4.20p2%)), i.e., Vi > Va. Suppose Vi—1 > V;. Then, from (6.5.8(p39)) and
Lemma A 3.9(p243) () we have V; > min{K (V;)+V, BV:} = Vi41. Hence, by induction V;_1 > V; for t > 1, i.e., V; is nonincreasing
in t > 0. Consider a sufficiently small M < 0 such that b+ s > M and a > M, hence V4 > M. Suppose V;—1 > M. Then,
from Lemma A 3.9(p.4) (e) and (A 3.5(2) p47)) we have V; > min{K (M) + M,3M} = min{BM + s,BM} > min{M, M} = M
due to f <1 and s > 0. Hence, by induction V; > M for ¢ > 0, i.e., V; is lower bounded in ¢. Accordingly V; converges to a
finite V as t — co. Then, from (6.5.8(p.39) ) we have V = min{K (V) + V, 8V}, hence 0 = min{K (V), —(1 — )8V }. Thus, since
K(V) >0, we have V < 3 from Lemma A 3.9(p.24) (j1).

(b) Let Bb<a---(1). Then =7 > fb+s = Vi from Lemma A 3.11(p249) (c1) with A =1 and § = 1, hence Tz >V, fort > 1
from (a). Accordingly, since L (V;—1) > 0 for ¢t > 1 due to Corollary A 3.2(p248) (a), we have L (V;—1) > 0 for 7 > ¢ > 1. Hence,
from (A 4.19p24)) we have V; = BV;—1 for 7 > ¢t > 1. Thus, we have V, = Vo1 = --- = BT Vi ie, [ =L ' =... = I},
hence t; =1 for 7 > 1, i.e., @-(1) for 7 > 1 due to Preference Rule 7.2.1(p43).

(¢) Let 8b> a.

(c1) Let 8 =1---(2), hence s > 0 due to the assumption “8 < 1 or s > 07 of the lemma. Then, we see that (A8b +
8)/6 =b+s---(3) due to (2(p25)) and (A 4.22(p254)). In addition, since Ty = %z ---(4) from Lemma A 3.10(p.249) (b), we have

(cli) Let b4s>b*. Then ¥; = Tz =b+s = V; from (4), Lemma A 3.9p2%) (j2, (3), and (6.5.7(p39) ). Accordingly, since
x> V,_y for t > 1 from (a), we have L (V;—1) > 0 for ¢ > 1 due to
Corollary A 3.2(p24) (a). Hence, for the same reason as in the proof of (b) we obtain @ (1) for 7 > 1.

(clii) Let b+s < b*. Then 7 = Tz <b+s= "V, < b* from (4), Lemma A 3.9p.2) (j2), and (6.5.7(p.39) ), hence b* > V;_;
for t > 1 from (a). Suppose Vi—1 > %7, hence L (V;—1) < 0 from
Corollary A 3.2p.248) (a). Then, from (A 4.18(p24) ), Lemma A 3.9(28) (g), and (5) we have V; > K (Z7)+ @7 = @;. Accordingly,
by induction V;—1 > 7 for ¢t > 1, hence, i(thl) <0 fort>1 from
Corollary A 3.2(p2#8) (a). Thus, for the same reason as in the proof of Tom A 4.5(p.234) (b) we have ®. (7). for 7 > 1, and Conduct;,
form >t > 1.

(c2) LetS<land s=0(s>0).
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(c2i) Let a<O0(k<0). Then 7 < Tz < 0---(6) from Lemma A 3.10(p29) (c (d)). Now, since Tz < b+ s due
to Lemma A 3.9(p28)(j2) with A = 1 and § = 1, we have Tz < Vi from (6.5.7(p39)). Suppose Tz < Vi—qi. Then, from
Lemma A 3.9p24) (¢) we have V; > min{K (Zz) + 2%, 8%z} = min{ ¢z, 8%z} = Tz due to Zz < 0. Accordingly, by induction
Vie1 > @i for t > 1, hence V;—1 > %7 for t > 1 from (6), thus L (Vi—1) < 0 for t > 1 due to Corollary A 3.2(p.24) (a). Hence, for
the same reason as in the proof of Tom A 4.5(p.24) (b) we have ® (7). for 7 > 1, and CONDUCT;, for 7 > ¢ > 1.

(c2ii) Let a=0(%& =0). Then Z; = T3z ---(7) from Lemma A 3.10(p.24) (c (d)).

K
(c2iil) Let Bb+ s > b*. Then, Tz = b+ s = V4 from Lemma A 3.9(p24) (j2) and (6.5.7(p.39) ). Suppose Vi—1 = %, hence
Vi1 = ¢ from (7), thus £ (Vi_1) = L(%7) = 0. Then, from (A 4.18p24)) we have V; = K (Zz) + Tz = Zz. Accordingly, by
induction V;_1 = Zz for ¢ > 1, hence V;_y = % for t > 1 due to (7). Then, since L (Vi_1) = L(®;) = 0 for t > 1, we have
Vi = Vi1 for t > 1 from (A 4.19(p.2%) ), hence, for the same reason as in the proof of (b) we obtain @-(1), for 7 > 1.

(c2ii2) Let Bb+ s < b*. Then, since Vi < b* from (6.5.7(p.39) ), we have V;_1 < b* for ¢t > 1 due to (a). In addition, we have
Tz < Bb+ s =Vp from Lemma A 3.9(p248) (j2). Suppose Tz < Vi_1, hence Ty < Vi_; from (7). Then, since E(thl) < 0 due
to Corollary A 3.2(p.28) (a), from (A 4.18(p.334)) and Lemma A 3.9(p248) (g) we have V; > K (%z) + Tz = Tz. Hence, by induction
Tz < Vioyfort > 1, thus 7 < Vi_y fort > 1 due to (7). Accordingly, since L (V;_1) < 0 for t > 1 due to Corollary A 3.2(p28) (a),
for the same reason as in the proof of Tom A 4.5(p.24) (b) we have ®~ (7). for 7 > 1, and Conduct¢, for 7 > ¢ > 1.

(c2iii) Let a>0(& >0). Then Tz > Tz ---(8) from Lemma A 3.10(p249) (c (d)).

(c2iiil) Let Bb+ s> b" or Sz < s. First let b+ s > b*. Then, since Tz = b — s = V4 from
Lemma A 3.9(p28)(j2), we have Ty > Vi from (8), hence 7 > Vi. Next let s; < s. Then, since Ty > b+ s due to
Lemma A 3.11(p249) (d), we have T7 > Vi. Accordingly, whether Sb+ s > b or Sz < s, we have Ty > Vi, thus Z; > V;_; for
t > 1 due to (a). Hence, since L (Vz—1) > 0 for t > 1 from Corollary A 3.2(p248) (a), for the same reason as in the proof of (b) we
obtain @, (1), for 7 > 1.

(c2iii2) Let Bb+s < b*---(9) and s < Sz. Then, from (8) and Lemma A 3.11p49) (d) we have Tz < %7 < fb+s =
Vi---(10), hence K(Vi) < 0---(11) from Lemma A 3.9p24)(j1). In addition, since Vi < b* due to (9), we have V;_; < b*
for t > 0 from (a). Now, from (A4.20p24)) and (11) we have Vo — V4 < 0, i.e.,, Vo < Vi. Suppose Vi_1 > Vi. Then, from
Lemma A 3.9p28) (g) we have V; > min{K (V) + Vi, BVz} = Viy1. Accordingly, by induction Vi;—1 > V; for t > 1, i.e., V; is
strictly decreasing in t > 0. Note that Vi > %7 due to (10) . Assume that Vi_; > xf for all t > 1, hence V > Z; due to
(a). Then, from (8) and V < %z due to (a) we have the contradiction of V < 3z < 7 < V. Hence, it is impossible that
Vi1 > 7 for all t > 1, implying that there exists ¢; > 1 such that

Vi>Va>-->Vie1 > T 2Vie > Viey1 > Vieypo >+ (A4.23)
from which . .
Vici > xp, 6 >t>1, Ty > Vioe, t> . (A4.24)
Therefore, from Corollary A 3.2(p.24) (a) we have L(V;—1) < 0---(12) for t; > ¢ > 1 and L (Vs—1) > 0---(13) for ¢t > ¢.

1. Let t2 > 7 > 1. Then, since L(Vi_1) < 0---(14) for 7 > t > 1 from (12), for the same reason as in the proof of

Tom A 4.5(p2%) (b) we have ®-(r). for 7 > 1, and Conduct:, for 7 > ¢t > 1. Hence Szo(p25) (1) is true.
2. Let 7 > t°. Firstly, let 7 > ¢ > t2. Then, since L (V;_1) > 0 for 7 > ¢ > 2 from (13), we have V; = 8V, for 7 >t > t7
from (A 4.19(p.234) ), thus
V:=8V,_1 = ﬁQVT_Q = ... = ﬁT_t;Vt;_ --(15).
Next, let t2 > ¢ > 1. Then, from (12) and (A 4.17(p254)) we have Vi — 8V, <0 for t* > ¢ > 1,ie., Vs < BVi_ for t2 > ¢ > 1,

hence .
Vie < BVie1 < BVis 2 <+ < B Vi (16).

From (15) and (16) we have
V‘r _ /BVT71 _ BQVT72 - .= ﬁ‘rft.'r‘/t; < BTﬁt;{kl‘/t;fl < Brft;+2‘/t;72 << 5771‘/17

hence we obtain t; = t; for 7 > t; due to Preference Rule 7.2.1(p4), i.e., ©-(t;) for 7 > t;. In addition, we have Conduct;,
for t2 > ¢ > 1 due to (12) and (A 4.21(p24)). Hence S20(2) is true. B

A 5 Optimal Initiating Time of Markovian Decision Processes

This section defines the optimal initiating time (0IT) for Markovian decision processes (MDP) [5,Howard,1960], which can be
regarded as the most general model of decision processes.

A 5.1 Standard Definition of Markovian Decision Processes

A5.1.1 Maximization MDP

Let the process be in a state i at a time t (see Figure 2.2.1(p11)), and if an action z is taken at that time, then a reward r(i,x)
can be obtained and the present state ¢ changes into j at the next time ¢t — 1 with a known probability p(j|é, z). By v+(7) let us
denote the maximum of the total expected present discounted profit gained over a given planning horizon starting from a time
t in a state 7. Then we have

v (i) = maxz{r(i,x)—|—,szp(j|i,:c)vt_1(j)}, t>0, (A5.1)

where vo (1) is a profit specified for a reason inherent in the process; in many cases, vo(i) = max, r(i,z). Let us call the decision
process the maximization MDP.
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A 5.1.2 Minimization MDP

This is the inverse of the maximization MDP where if an action z is taken at a given time ¢ in a state ¢, a cost ¢(i,2) must be
paid. By v¢(%) let us denote the minimum of the total expected present discounted cost over a given planning horizon from
starting a time ¢ in a state . Then we have

ve(i) = mingc{c(i,x) + ﬂzj p(j\i,ﬂc)vt_1(j)}, t>0, (A5.2)

where vo(7) is a cost specified for a reason inherent in the process; in many cases, vo(i) = min, c(é,x). Let us call the decision
process the minimization MDP.

A 5.2 Optimal Initiating Time

A 5.2.1 Initiating State i,
By p¢(%) let us represent the probability that process is in state 7 at time ¢. Then the maximum (minimum) of the total expected
present discounted value of profit (cost) from initiating the process at time t (7 >t > d,) (see H1dp§) T) is given by

Vi Z 30, pili)ve(ie) (A5.3)
where i; represents the state at time t.

A 5.2.2 Relationship between V;; and V[, (see Section 7.2.4.2(p43))
In this section, by using some examples, let us demonstrate that the monotonicity of

Vi ={Vs, Va1, Vra,--- , V5, } (original sequence)
is not always inherited to
Vo = {Vr, BVy_1,B°Vy_a,--- ,87Vs,}  (B-adjusted sequence).

Below let
Vin =
Vel —
tr — e (optimal initiating time)

O Example A 5.1 (maximization MDP) Suppose V], is strictly increasing in ¢ where
Vei>Veii>Vio>->VW>0.

In this case, as seen in Figure A 5.1(p%57) below, we have Vy > 8Vr_1 > 2V, 2 > --- > 87V, > 0, i.e., the monotonicity of Vin
is inherited to Vg[,) where the optimal initiating time is given by tj; = 16 (®). 0

tis = 16

@ L L L L L L L L L L L L L L "3]6‘?]
16 15 14 13 12 11 10 9 8 T 6

o
IS
[
-
=1

Figure A 5.1: Inheritance of monotonicity

1§, = 1 for Model 0 and §4 = 0 for Models 1/2.
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O Ezample A 5.2 (maximization MDP) Suppose V], is strictly increasing in ¢ where
V‘r >BV7'71 >V—,—72 > > V’r—t’ >0>V7_t/_1 > e >%

In this case, as seen in Figure A 5.2(p28) below, the monotonicity in Vj,} collapses in Vjz[,;] where the optimal initiating time is
given by tis = 16 (®). 0O

Figure A 5.2: Collapse of monotonicity
O Example A 5.3 (maximization MDP) Suppose V] is strictly decreasing in ¢ where
0< Vo< BVisi < Vg <o < V.

In this case, as seen in Figure A 5.3(p28) below, the monotonicity in V},} collapses in Vj[;] where the optimal initiating time is

given by tjs = 6, i.e., unregenerate (©). U

Vs

o, BV BUVs gi2y, e

B

Figure A 5.3: Collapse of monotonicity

O Ezample A 5.4 (minimization MDP) Suppose V] is strictly decreasing in ¢ where
0< Vo< BVrl1 <o < Vi <0< Vpy g <o < V.

In this case, as seen in Figure A 5.4(p238) below, the monotonicity in V{,j collapses in V() where the optimal initiating time is

given by tjs = 16 (®). U

Va
Vs
v ot

e . 82y, B3V, g1V, g1y,
BVs B°Vi 8-

oy, BVs

"

BV

8Vis B1Vis P
tis =16

Figure A 5.4: Collapse of monotonicity
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A 6 Calculation of Solutions
A6.1 xK]R’xLR’ and SL]R
The following lemma is used to numerically calculate the solutions =k, zr, and s, (see Section 5.2(p.25)).
Lemma A 6.1
(a) min{a,(A\Bu—s)/0} < zx < max{b,0}.
(b)  min{a, (ABu —s)/A} < zo <b.
(¢) 0< s <ABu—min{a,0}. O
® Proof (a)
o Ifz <a---(1), then from (10.2.4 (1) (p55) ) we have K (z) = §((ABu—s)/8 —x), hence K (z

) >0 for x < (ABu—s)/d. From
this and (1) we have K (z) > 0 for < min{a, (A8 — s)/6}, so K (min{a, (\Bu — s)/8}) > 0.

1. Let K (min{a, (ABu — s)/d}) > 0. Then min{a, (ABp — s)/6} < Tk ---(2) due to Corollary 10.2.2(p36) (a).
2. Let K (min{a, (ABp —s)/d6}) = 0.

- If =1 and s = 0, then min{a, (A\Bp — s)/6} > =k due to Lemma 10.2.2(p5) (i). Since min{a, (ABp —s)/6} <a <
b= zx from Lemma 10.2.2(p5) (i), we have min{a, (ABp — s)/0} = zk.

- If 8<1ors >0, then min{a, (A\Bu — s)/d} = xx due to Lemma 10.2.2(p5) (j1).
Accordingly, whether “8 =1 and s =0” or “g < 1 or s > 07, we have min{a, (A\Byu — s)/d} = T« ---(3).
Thus, from (2) and (3) we have min{a, (A\Bu — s)/6} < zx --- (4).

o If b < z---(5), then from (10.2.5(2)(p5)) we have K (z) < 0 for 0 < z. From this and (5) we have K(z) < 0 for
max{b,0} <z, so 0 > K (max{b,0}). Accordingly, we have x < max{b,0}---(6) due to Corollary 10.2.2(p56) (a).

From (4) and (6) the assertion becomes true.
(b)
o Ifz <a---(7), then from (10.2.3 (1) (p53)) we have L (z) = A3((ABp — s)/AB — x), hence L (x) > 0 for x < (ABu — s)/AB.
From this and (7) we have L (z) > 0 for 2 < min{a, (A\3u — s)/A8}, so L (min{a, (\Bu — s)/AB}) > 0.
1. Let L(min{a, (A\Bu — s)/AB}) > 0. Then min{a, (A\Bu — s)/A\8} < zr due to Corollary 10.2.1(p35) (a), hence
min{a, (A\Bp — s)/A\B} < xL ---(8).
2. Let L (min{a, (ABu — s)/AB}) = 0.

- If s = 0, then min{a, (A\Bu—s)/AB} > xo due to Lemma 10.2.1(p55) (d). Since min{a, (A\Bu—s)/A\8} <a<b= x.
from Lemma 10.2.1(p5) (d), we have min{a, (A\Bu — s)/AB} = zv.

- If s > 0, then min{a, (A\Bu — s)/AB} = = due to Lemma 10.2.1(p.5) (el).
Accordingly, whether s = 0 or s > 0, we have min{a, (A\Bu — s)/A8} = . --- (9).
Thus, from (8) and (9) we have min{a, (A8 — s)/A8} < 21 ---(10).

o Ifb<z---(11), then from (5.1.3(p2)) and Lemma 10.1.1(p53) (g) we have L (z) = —s < 0, hence 0 > L (b). Accordingly,
due to Corollary 10.2.1(p55) (a) we have =, <b---(12).

From (8) and (12) the assertion becomes true.

(¢) From (5.1.5(p.2)) and (5.1.3(p.23)) we have £(0) = L (ABu) = ABT(ABu) > 0---(13) due to
Lemma 10.1.1(p53) (g). Now, consider a sufficiently large s > 0 for which \Bp —s < a---(14) and \Bp —s < 0---(15), so we
have s > A\Bu — a and s > ABu, hence s > max{\Bu — a, \Bu} = A\Bu + max{—a,0} = A\Bu — min{a,0} --- (16 ). Then, from
(5.1.5(p.23) ) and (5.1.3(p.23)) we have

L (s) ABT(A\Bp—s) —s

= M(u—MBu+s)—s (due to (14) and Lemma 10.1.1(p33) (£))

= AMBu—AB(ABu—s)—s

= Mu—s—=A3(A\Bu — s)

= (1=AB)(ABu —s).
Here, since 1 > A8, due to (15) we have £ (s) < 0 for s > ABu — min{a, 0} due to (16) , hence £ (ABu — min{a,0}) < 0. Thus,
from (13) we have £ (0) > 0 > £ (A8 — min{a,0}), hence due to Lemma 10.2.4(p57) (a) we have 0 < sz < ABu — min{a,0}. 1
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A 6.2 Tz, Tp, and S5

Lemma A 6.2

(a) max{b,(A\Bu+s)/d} > Tz > min{a,0}.
(b)  max{b, (G +5)/AB} > 77 > a.

(¢) 0< sz < —=ABp+max{b,0}. [

® Proof Applying the reverse operation R (see Section 12.1.1(p67)) to Lemma A 6.1(p259) leads to
(a)  min{—a, (—ABf — s)/0} < — 7, < max{—b,0}.

(b)  min{—a, (=\Bf —s)/A}B < — i, < —b.

(¢) 0< s, < —ABi—min{—a,0}.

The above can be rewritten as below:

(a)  —max{a, (\Bji+5)/0} < —dy < —mAin{lA), 0}.

(b)  —max{a, (i +5) /A < — 2, < —b.
() 0< sc <—MBji+max{a,0},

which can be rearranged as below:

(a)  max{a, A8+ s)/6 > #, > min{b,0}.

(b)  max{a, (ABj+s)/A}B > &, > b.

(¢) 0< s < —=A\Bja+ max{a,0}.

Applying the operation Cr (see Lemma 12.3.1(p.69) (b,g,h,i) to the above yields
(a)  max{b, (\Bji+ s)/d} > xx >min{a,0}.

(b)  max{b,(ABji+s)/A\}B > zx > a.

() 0< sz <—ABi+ max{b,0}.

Finally, applying the operation Zg (see Lemma 12.3.3(p.7) (b,g,h,i), we obtain (a)-(c) of this lemma. 1
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A7 Others
A 7.1 Monotonicity of Solution

Proposition A 7.1 The solution x: of a given equation g:(x) = 0 we have the following monotonicity:

Case A Let g¢(x) is nondecreasing in z for all .

(I) If g+(x) is nondecreasing in ¢ for all z, then x; is nonincreasing in ¢.
(IT) If g¢(x) is nonincreasing in ¢ for all x, then z; is nondecreasing in t.

CaseB Let g¢(x) is nonincreasing in x for all ¢.
(III) If g¢(x) is nondecreasing in ¢ for all z, then x; is nondecreasing in ¢.

(IV) If g¢(x) is nonincreasing in ¢ for all z, then x; is nonincreasing in ¢. 0

® Proof Evident from Figures A 7.1(p.261) and A 7.2(p.261) below:

1@ gy (x) (1) e
/ g;/ () / gix (z)

/
/

/
// / //

g¢(z) is nonincreasing in ¢ (II)

gt(x) is nondecreasing in ¢ (I)

Figure A 7.1: Case A: g:(z) is nondecreasing in x

V)

~gyrrr ()
gy (x)
e gyr () T g ()

g¢(x) is nondecreasing in ¢ (IIT) g+(x) is nonincreasing in ¢ (IV)

Figure A 7.2: CaseB: g:(x) is nonincreasing in x

A 7.2 Uniform Probability Density Function

For given a and b with —co < a < b < oo let consider the uniform probability density function:

07 r<a,
fl@) = ¢ 1/(b—a), a<z<b,
Oa b < x,
where the expectation is u = 0.5(a + b). Then we have:
0.5(a+b) — =z, z < a, c (1),
T(z) = { 05(b—1x)?/(b—a), a<z<b, ---(2),
07 b S x, . (3)’

where (1) and (3) are immediate from Lemma 10.1.1(p.33) (f,g). Let a < x < b---(2). Then, from (5.1.2(p.33) ) we have:

T(z) = [!max{€—z,0}(b—a)"'de
J2E—)(b—a)"dg
(b—a)' [y ndn (n=¢&—x)
b—a) " Inly

0.5(b—x)*/(b—a).

(A7.1)

(A7.2)
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A 7.3 Graphs of Ti (x)

From Lemma 10.1.1(p53) (b,f,g) one immediately sees that Tk (z) can be depicted as in Figure A 7.3(p.262) (I) below. Similarly,
from Lemma 10.2.2(p5) (b), (10.2.4 (1) (p5)), and (10.2.5(2) (p.55)) we immediately see that Kg(x) can be depicted as in Fig-
ure A 7.3(p.262) (I) below.

@ b ~(1- ) s ~(1— ),

Figure A 7.3: Graph of Tk (z) and Kr(z)

A7.4 Graph of T; (z)

From Lemma 13.2.1pJ91) (b,f,g) we immediately see that Tp () can be depicted as in Figure A 7.4 below where a* < a due to
Lemma 13.2.1(p91) (n).

Figure A 7.4: Graph of Ty (z)

AT7.5 o and z*
Lemma A 7.1 (a¢* and z*) Let f(x) is the uniform distribution function (see (A 7.1(p261))). Then we have

a* = 2a—0b, (A7.3)
¥ = 2a—b. 0 (AT7.4)
® Proof First we have:
p(z) =1 for z<a from (5.1.28 (1) (p24)),
p(z) = [P f(€)de = [P1/(b—a)dE = (b—2)/(b—a) for a <z <b from (5.1.18p2)) and (A 7.1(p1) ),
p(z) =0 for b < z from (5.1.29 (2) (p24) ).
Hence we get o — 2 <a
T(z,2) Epiz)(z—z) =< (b—2)(z—2xz)/(b—a), a<z<Db, (A7.5)
0, b<z.

Here, by z(z) let us denote z maximizing T'(z,z) for any given x. Then (5.1.19(p.4)) and (5.1.25(p24) ) can be expressed as

T(x) = maxT(z,x)

= T(z(x),x)--- (1)
= p(2(2))(2(z) — 2).

Furthermore let us define
g (z,2) =(b—2)(z —2)/(b—a), =z1z€ (~00,00),

which is a quadratic expression of z for any given x. Then (A 7.5) can be rewritten as below.

z—ux, z<a - (2),
T(Z7ZU) = g*(z,x), a<z< b (3)7
0, b<z - (4).

TSee (5.1.25(p.24))
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Here by z*(z) let us denote z attaining the maximum of g*(z, ) for a given & € (—00,00). Then clearly
* 27 (z) = (b+2)/2--- (5)-

The relationship between T'(z,z) and g*(z,z) can be depicted as in Figure A 7.5(p.263) below.

9*(2’?‘)” . g*(z, x)

@ =) .

7 H H

P

R ; Y * .
0 2 () ;a “b“ 0 a  2*(x) 1b
i ’ T (2, x) 77
(i) 2" (@) <a (i) a < 2"(z) <b TG (i) b < 2 (2)

Figure A 7.5: Relationship between T'(z,z) (broken curve

) and ¢*(z,x) (smooth curve ......... )

The three curves in Figure A 7.5(p.263) above correspond to the following three cases respectively:

* z*(aj S a (1)7
*a<z'(z)<b - (ii),
* b < z2¥(x) <o (D).

Then, from this figure we see:

1. Let 2*(z) < a---(1). Then, from (5) we have (b+ x)/2 < a, hence = < 2a — b. Thus, from Figure A 7.5(.23) (i) we have
mz(z)=a---(6), x<2a-0

Hence, from (1) and (2) we have T'(z) = T(a,2) =a —z---(7) on & < 2a — b.

2. Let a < z*(x) < b---(2). Then, from (5) we have a < (b+ x)/2 < b, hence 2a — b < = < b. Thus, from Figure A 7.5(p263) (ii)
we have

mz(z)=z2"(z)=(b+x)/2>a---(8), 2a—b<z<h.

Hence, from (1) and (3) we have

T(x) =T(z*(x),z) = (b—2"(x))(z"(x) —z)/(b—a) = (x — b)*/4(b—a), 2a—b<z<b.

Now, since
m(z) = T(z)—a+zx
= (z—b)?*/4(b—0a) —a+=x
= ((z =) +4(b - a)(x - a))/4(b - a),
we have

m/(z) = (x —2a+0b)/2(b—a) >0, 2a—b<z<b,
hence m(z) is strictly increasing on 2a — b < z < b. In addition to the fact, since

m(2a—b) = ((2a —b—1b)* +4(b—a)(2a —b—a))/4(b— a)
= ((2a — 2b)* +4(b — a)(a — b)) /4(b — a)
(4(a —b)* —4(a — b)*)/4(b—a) = 0,

it follows that m(z) > 0 on 2a—b < x < b, hence m(z) = T(x) —a+x > 0on 2a—b < = < b or equivalently T(z) > a—x---(9)
on2a—b<ax<b.

3. Let b < 2*(x)---(3). Then, from (5) we have b < (b+ x)/2, hence b < 2. Thus, from Figure A 7.5(.23) (iii) we have
mz(z)=b>a---(10), b<=z.

Hence, from (1) we have T(z) = T'(b,z) = 0 due to (4), hence T(z) =0>b—az>a—xz---(11) on b < z.
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Collecting up (7), (9), and (11) | we have

=a—x, x<2a-—0b,
T(x) >a—=x, 2a—b<z<h, (A7.6)
>a—x, b<ua.

Accordingly, noting (5.1.26(p.24) ) and Figure A 7.4(p262), from (A 7.6(p264) ) we immediately see that
a*=2a—b---(1). (A7.7)
Similarly, collecting up (6), (8), and (10) | we have

=a, x<2a-b,
z(x)d >a, 2a—b<z<b, (A7.8)
>a, b<uwx.

Accordingly, noting (5.1.27(p.24) ), we immediately see that

¥ =2a—b---(2). (A7.9)

Numerical Experiment 1 (Discontinuity of z(z) (Dr.Mong Shan Ee))  z(z) is not always continuous in x = z*; in fact we can
demonstrate a numerical example in which z(z) is not continuous in z = z*. For example let us consider F'(§) with f(&) such
that f(€) ~ 0.05701 on [0.1,0.599], f(€) is a triangle on [0.599,0.7] with its maximum at £ = 0.6, and f(€) ~ 0.06982 on [0.7, 3.0].
Then we have z(z) ~ 0.599 for z < 0.48568 and z(x) =~ 1.7 for z < 0.48568, i.e., z(x) is discontinuous at x = 0.48568. [

A 7.6 Economic Implications of Market Partition
The three restricted markets defined in Section 17.2(p.115) implies the following:

o Positive market .#* In an asset trading problem in the real world, the price is usually positive, i.e., the problem is defined
on the positive market .Z T, called the input market in the sense that all goods are first input in the market.

o Mixed market .#F* For example, suppose you must waste a piece of well-worn furniture, say a book cabinet, sofa bed
and so on. For such a good, normally the two kinds of receiving-sides (buyers) may appear: One who pays some money on
the motive that some profit might be obtained by reselling it and the other who requires some money for the reason that
some cost may be incurred for its disposal. This market can be regarded as a market in which the positive market and the
negative market are mixed; let us call the market the secondhand market.

o  Negative market .#
market.

The trading problem in Section 3.5(p18) is defined on this market; let us call the market the junk

Remark A 7.1 (life of durable goods) A new durable good (automobile, house furnishings, TV and so on) is first placed
on the positive market .# ' (input market), deteriorates year by year, a while later is drove to the mixed market .F* (second-
hand market), before long moves into the negative market %~ (junk market), and then finally is recycled or dumped. This
deterioration flow implies that the probability density functions of price transfers from right to left as seen in Figure A 7.6(p.264)
below. [

F F* Ft
recycled or dumped <« junk market «— secondhand market <«— input market

f(w) f(w) f(w)

a b a 0 b a b

Figure A 7.6: Deterioration transition of goods (life of goods)
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Q

Many decision theories discussed by researchers have traditionally been framed as mathematical theories. In contrast, this paper
approaches “decision” as a subject of study within the natural sciences (see Section 1.3(p4)). It is important to note that some
researchers may have objections to this viewpoint. However, one should recognize that the truth of mathematics resides within
mathematics itself, and the truth of physics resides within physics; there is no direct relationship between these two types of
truth. To illustrate, physicists sometimes refer to the term “mathematics” as “arithmetic”, using it merely as a tool, akin to
how carpenters use hammers. While a good hammer is necessary for building a good structure, it would be a mistake to think
that a good structure cannot be built without a good hammer. As Albert Einstein famously stated:

As far as the laws of mathematics refer to reality, they are not certain,
and as far as they are certain, they do not refer to reality.

— Albert Einstein —

¢

This paper, which began with a proposition by Dr. Professor Shizuo Senju on March 31, 1966,
concludes with this Einstein’s apothegm today, December 12, 2025.
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