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THE VALIDITY OF THE SIMON'S FIRM-SIZE

MODEL. AND ITS REVISION

ABSTRACT
Herein is examined the theoretical validity of the
wellknown and widely-accepted model by Simon and others
which attempts to provide a theoretical foundation for the
skew distribution of firm sizes. The scope and limit of its
theoretical validity for a model of firm-size problem are

specified. An alternative theoretical model is presented
which is free from the aforementioned theoretical limit.

1. Introduction

The fact that the size of business firms is skewly dis-
tributed was theoretically explained by Simon and Bonini [7]
for the first time on the base of Simon's theory [5]. Since
then this theory has been developed [3, 6] and accepted and
seems now established [3, 4]. Simon [5] first gave two
resonably realistic assumptions of the proportionate growth
and the constant birth rate. Second he claimed that the
Yule distribution is derived from these assumptions. Finally
he showed that the Yule distribution fits the real data of
the American firms. This paper will show (i) his derivation
of the Yule process assumes other additional conditions which
do not hold in a general case of economics, (ii) therefore
his theoretical model fails despite a good fit to the empiri-
cal data, and (iii) this paper will specify in which case
his additional conditions hold. Finally (iv) this paper

will provide another theoretical model which also yields



the Yule distribution under the conditions which hold in a

more general case of economics.

2. Assessment of the Conditions

The derivation of the Yule distribution by Simon [3, 5]
i1s carried out with aid of linguistic interpretation of the
stochastic process. Specifically the process is modelled in
terms of word frequencies. Starting with the beginning of
a book, k words are read so far. Then f(i, k) denotes the
frequency of distinct words which have occurred exactly 1
times in the series of k words. 1In proving that the fre-
quency £(i, k) is subject to the Yule distribution, not only
the two assumptions of the proporticnate growth (Al) and of
the constant birth rate (A2) but also the two properties
(Pl and P2) of the word frequencies are exploited.
(Al} £(i, k+1}-£(i, k)= u(k) ((i-1)£(i-1,k)- if(i, k)),

i=2, ..., k+l

(A2) £(1L, k+1)=-£(1, k) = o - u(k)£f(1, k)
where u(k) denotes the proportional growth rate and o denotes
the constant birth rate ("birth" means the new words which
did not occur in the series of k words). (A2) is the bound-
ary condition of (Al).

In evaluating u(k), (Pl) is exploited.

k
(P1) Ziff{i, k) =k for all k
i=1

Evidently (Pl) holds for the word frequency problem



because the left side méans the total number of words which
have occurred in the series of k words.

In obtaining the steady-state distribution, in other
words, in making £(i, k) independent of k, the other pro-
perty (P2) is assumed.

(P2) £(i, k+1}/£(i, k) = (k+1)/k for all k

(P2) means the proportionate growth of each frequency
in k but is independent of (Al). Rather it is easy to see
that (P2), as the balanced growth, depends on (P1).

.Assuming (Al), (A2) and (P2) and utilizing (Pl), he
derivates the steady-state frequency £(i};

£(i) = (1 + p)B(i, p+1)E(1) for all i {1)
where B denotes the Beta function and p is defined

p = 1/(1 - a) , (2)

With aid of the empirical fact;

(LY~ 1/(2 - o) (3)
the egquation (4) is rewritten;

£{i) ~ ¢B(i, p+l) for all i1 (4)
which is the density of the Yule distribution.

To be more detailed, his derivation is based on (Pl)
and {P2) as follows. 1In evaluating u(k) from (&l) and {A2),
the following relation is obtained;

u(k) = (1 - o)/ ; 1£(i, k) for all k (5)

i=1

Substituting (Pl) in (5), u(k) is obtained:;

ulk}y = (1 - a)/k for all k (6)

Also in obtaining the steady-state frequency £ (i)



independent of k, (P2) ﬁmplies the following relation;

E(i, kK)/£(i-1, k) = £(i, k+l) /E(i-1, k+1) = v (i) (7)

i=2, ..., k+1

Owing to (Al), (P2) and (6), this yields;

vi{i) = ((1 - a)(i - 1))/(1 + i(1 - u)) (8)

Hence his derivation will loose its validity if (P1)
and (P2) are invalid. Since they are consistent with each
other and also with (Al) and (A2), they have no mathematical
problem. As was discussed above, (Pl) is valid in the word
frequency problem. (P2) may be natural in this problem. |
His derivation follows only from (Al), (A2), (Pl) and {P2)
plus the widely accepted axiom of the probability theory
that 1 - o denotes the probability of the event compliment
of the birth. As (Al) and (A2) are mathematically and
linguistically acceptable, his derivation of the Yule
distribution is mathematically valid and its application to
the word frequency problem is valid.

In applying the Yule distribution to the firm-size
problem and in c¢laiming (Al) and (A2) as its theoretical
model by which the application of the Yule distribution is
theoretically justified {3, 4, 7], the reasonableness of
the theoretical assumptions was not carefully examined.

Let the validity of (al), (A2), (Pl) and (P2) in the firm-
size problem be examined here.

(A1) and‘(AZ) are acceptable as a discretized model

when k is considered to denote the time. But (Al) holds



for i = 1, ..., ». Now (Pl) is meaningless because i is
an economic term and k is a physical term. Instead of {p1l),
now we have (Ql);

QLY T 1f(i, k) = G(k) for all k
i=1

where G(k) denotes the sum of sizes {(e.g., asset or sales
of firms at k. Accordingly (P2) must change its form to

retain the interpretation of the balanced growth of each

(Q2) (i, k+1)/E£(i, k) = G{k+1})/G(k) for all k
After the same argument as Simon and Bonini [7], (9),

{L0) and (11) are obtained in place of (6), (2) and (8)

respectively.
u(k) = (1 - a)/G(k) for all k (9)
p(k) = (G(k+1l) - G(k))/(1 ~ a) for all k (10)
vi{i, k} = ((1-0) (i-1))/((G(k+1) - G(k)) + i(l-a))

for all i (11)
Then (1), (5) and (?) can retain the same form meanwhile
(3) must be replaced by (12) in order that (4) holds.
£(1, k) ={G(k+l) - G(k))/(l-0 + (G(k+l) - G(k))
for all k {12)
In order that p(k), v(i, k) and £(1, k) are independent
of k, the following function equation must hold:
G(k+l) - G(k) = g for all k (13)
where g denotes an unspecified conséant. The unique
solution to this function equation is the linearity of G(k)

in k, that is;



s vt

G{k) = gk + constant for all k {14)
Proposition 1. The Yule distribution is theoretically |
valid for the firm-size problem under (Al) and (A2) if and
only if the total economy grows (decays) linearly or stops
the growth.

The same comment applies to his alternative formulation
of the process [3, 5] which takes the same conditions as
before. Indeed the equation (8) which assumes the linear
growth plays again the essential role. BRut ﬁhe real economy
may grow exponentially.

A special kind of firm-size model could be found for
which their derivation of the Yule distribution is valid.
Let firms be grouped according to the location of their
head offices. 1In other words let the firms whose head
offices are located in the same city belong to the same
group. Take k firms in the decreasing order of sizes and
let £(i, k) denote the frequency of distinct groups in
which exactly i firms have been listed up among the top k
firms. These frequencies form a non-~randomly selected
sample distribution. As a concentration of firms in particu~
lar cities is a general trend, (al) and (A2) may be reasonable
this time. (Pl) holds necessarily by definitions of i and
k and (P2) is acceptable now. This may rather be called the
city-size problem in terms of firm size. As the city size
in terms of population is empirically known being subject

to the Yule distribution [3, 5, 6], this new problem is not



only theoretically but probably also empirically represented

by the above model.

3. An Alternative Theoretical Model and the Associated

Derivation of the Yule Distribution

The linear or zero growth assumption is not generally
acceptable in the firm-size problem. Hence another theo-
retical model will be proposed here from which the Yule
distribution is derived. As the proportionate growth now
(A3) is assumed in place of (Al) and (A2)for v > 0.
(A3) Prob{i~ i+l, At) ~ viAt
where the left side denotes the probability that a Ffirm of
size i increases its size in an infinitesimal time. It
is natural in the continuous time and discrete size model
to assume the growth of size by the unit in an infinitesimal
time. It is also natural in the age of inflation and of big
technology to neglect the decrease of asset because it needs
to increase its scale for technological survival and accord-
ingly its monetary value at least nominally. Even as to the
sales amount, its nominal decrease may be negligible.

Solving (A3) yields the "probability" p(i|t) that the
firm size grows from i to i+l in time t under the initial
condition of the size being i. [2, 8]

plilt) = exp(-vt) (1 - exp(-yt))i™? (15)
which is not exactly the probability in that its integration

over the time is less than the unity.



Theorem 1.

Ppiiltyde = (yi) Tt

g
Proof. Apply the integration by change of variable to the
right side of (15). Q.E.D.

Let p*(i|t) be defined as follows.

p* (il t) = vip(ilt) | |
Corollary 1. p*(i|t) possesses the property of the proba-
bility.

Actually p(ilt) or p*(i|t) yields a distribution which
approaches asymptotically to the log-normal distribution.
This is consistent to the fact that a slightly different
model of the proportionate growth yields the log-normal
distribution [1].

Second it is assumed that a firm grows with a certain
time of growth whose duration time d is subject to the
exponential distribution for & > 0.

(Ad) d(t) = dexp{-4§t)

The exponential distribution assumption is chosen
because the duration or life time is often assumed so in
bio-science, reliability engineering and communication
engineering. |

The assumption that a firm gows in a certain time
duration and then suddenly stops growth is an extremitized
simplification of the fact that a firm grows with a cyclic
pulse. Since our concern is not with the state at each

time but with the steady state long after the start time,



the important thing is-the totai length of growth time.
Clearly it is irrelevant whether the growth time is perio-
dical or once at all.

Now the probability that a firm is at size level i for

sufficiently large t is given by p(i) to follow:

u

p(i) f:exp(-Yt)(l - exp(-vt)) 1=l Sexp(~st)dt

It

§B(i, 1+8/v)/y = oB(i, p+l) for all i (16)

with p = §/y. Here the Yule distribution is derived from
(A3) and (A4} with no additional condition.

Proposition 2. The Yule distribution is theoretically valid
for the firm-size problem under (A3) and (A4) without the
linear growth condition.

As was shown by Simon [3, 5], the upper tail of the
‘Yule distribution is longer when p is smaller. In our new
definition of‘p, the upper tail is longer when 1/§ is rela-
tively larger or y is relatively larger. Recalling the
wellknown fact of the exponential distribution that 1/8 is
the mean of d(t) in (A4}, the following statement is now
valid,

Proposition 3. The firm-size distribution is skewer when
the duration of the growth time is longer relative to the

growth rate.

4. Condlusion
The seemingly established model for explaing theoreti-

cally the firm size being subject to the Yule distribution



was herein reexamined. :This thebretical model, though
mathematically correct, was found to be based on the implicit
assumption which requires the linear growth of the total
economy. An alternative model was presented which also
explains the Yule distribution of the firm size. The latter
model was shown free from the linear growth assumption and

its new assumptions was justified.
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