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Abstract A cyclic renewal process is considered as an extension of an alternating renewal process, where
each of the underlying independently and identically distributed (i.i.d.) nonnegative random increments is
composed of multiple stages. Such a process may be appropriate for analyzing optimal preventive mainte-
nance policies for production management, where a pair of two stages representing an uptime until a minor
failure and the subsequent minimal repair time would be repeated until it is decided to conduct a complete
overhaul. In order to address economic problems in such applications, we also introduce a reward process
with jumps defined on the cyclic renewal process. When the system is running in stage j, the profit grows
linearly at the rate of p(j). Upon a minor failure, the subsequent minimal repair in stage (j + 1) incurs the
linear cost at the rate of p(j + 1). In addition, the fixed cost may be imposed whenever either a minimal
repair or a complete overhaul takes place, resulting in jumps of the reward process. The problem is then
to determine when to conduct a complete overhaul so as to maximize the total reward in the time interval
(0, T]. A multivariate Markov process generated from both the cyclic renewal process and the reward process
is studied extensively, yielding various new transform results explicitly and deriving their asymptotic expan-
sions. These results are used to numerically explore optimal preventive maintenance policies for production
management.
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1. Introduction

Renewal theory is the branch of probability theory concerning a variety of problems related
to the partial sums of a sequence of i.i.d. nonnegative random variables. More specifically,
let (Y,,)p2; be a sequence of i.i.d. nonnegative random variables and define S, = > 7, ;.
The renewal process {N(t) : t > 0} associated with (Y;,)32, is a counting process defined by
N(t) = nif and only if S,, < t < S,4+1. Of interest are the renewal function H(t) = E[N(t)],
the renewal density h(t) = <4 H(t) if it exists, and other related probabilistic entities. As the
name “renewal theory” indicates, the study stemmed from a class of applications involving
successive replacements of items subject to failure. Here, Y,, denotes the lifetime of the n-th
item and N (t) is the number of replacements that took place by time ¢.

The renewal theory has been extended in many ways. A delayed renewal process, for
example, has the distribution of Y] different from that of Y,(n > 1), and an alternating
renewal process deals with a situation where Y,, consists of two stages : the system uptime
and the system repair time, see e.g. Cox [4]. A Markov renewal process considers a case where
distributions of interfailure times are governed by a Markov chain {J(n) : n =0,1,2,---}
in discrete time, i.e. if J(n — 1) =i and J(n) = j, then the distribution of Y,, is given by



A;j(x). The reader is referred to Keilson [12], Keilson and Rao [13, 14], and an excellent
survey paper by Cinlar [2] for the study of Markov renewal processes. Keener [11] develops
a general renewal theory where i.i.d. increments have support on full continuum. In Kijima
and Sumita [15], the renewal theory is extended in that the distribution of the Y;, depends
on the partial sum S,, up to the n-th increment.

The purpose of this paper is to introduce a cyclic renewal process as an extension of
an alternating renewal process, where each of the underlying i.i.d. nonnegative random in-
crements is composed of multiple stages, i.e. Y, = Z?:1 X, n = 1, where Y,, denotes the
lifetime of the n-th cycle and Y,,’s are i.i.d. with respect to n. Such a process may be appro-
priate for analyzing optimal preventive maintenance policies for production management,
where a pair of two stages representing an uptime until a minor failure and the subsequent
minimal repair time would be repeated until it is decided to conduct a complete overhaul.
In order to address economic problems in such applications, we also introduce a reward
process with jumps defined on the cyclic renewal process. When the system is running in
stage j, the profit grows linearly at the rate of p(j). Upon a minor failure, the subsequent
minimal repair in stage (j + 1) incurs the linear cost at the rate of p(j+1). In addition, the
fixed cost may be imposed whenever either a minimal repair or a complete overhaul takes
place, resulting in jumps of the reward process. The problem is then to determine when to
conduct a complete overhaul so as to maximize the total reward in the time interval (0, 7.
A multivariate Markov process generated from both the cyclic renewal process and the re-
ward process is studied extensively, yielding various new transform results explicitly and
deriving their asymptotic expansions. These results are used to numerically explore optimal
preventive maintenance policies for production management.

When the renewal aspect is suppressed, the above model is reduced to a semi-Markov
process. The study of semi-Markov processes dates back to the middle of 1950s, originated
by works of Lévy [16], Smith [25] and Takécs [29]. Subsequently the scope of the study has
been expanded through a series of papers by Pyke [22, 23|, Pyke and Schaufele [24], and
Moore and Pyke [21]. Since the early 1960s, the field attracted many researchers resulting
in a collection of quite extensive results. The reader is referred to two excellent survey
papers by Cinlar [1, 2] and references therein for extensive analysis of semi-Markov and
related processes. Reward processes defined on semi-Markov processes also have been studied
extensively, including the original works by Jewell [8, 9, 10] followed by Howard [5], Mclean
and Neuts [20], Cinlar [3], Hunter [6], Sumita and Masuda [27], Masuda and Sumita [19]
and Igaki, Sumita and Kowada [7] to name a few. However, to the best knowledge of the
authors, the joint distribution of the cyclic renewal process, the underlying semi-Markov
process and the reward process has never been studied in the literature.

The structure of this paper is as follows. A cyclic renewal process {N(¢) : t > 0} is
formally introduced in Section 2 based on a cyclic semi-Markov process {J(t) : t > 0}
describing multiple stages to constitute system lifetimes. The associated age process { X (¢) :
t > 0} and the reward process {Z(t) : t > 0} are also introduced so that the multivariate
process [N(t), J(t), X(t), Z(t)] becomes Markov. Section 3 is devoted to analysis of this
multivariate process by examining its probabilistic flow in its state space, yielding various
new transform results. In Section 4, the asymptotic expansions of E[Z(¢)|J(0) = ] and
Cor[N(t), Z(t)|J(0) = i] as t — oo are derived. In Section 5, these results are used to



numerically explore optimal preventive maintenance policies for production management.
Finally, brief concluding remarks are given in Section 6. Some mathematical details are
deferred to Appendix for enhancing the readability of the paper.

2. Model Description

We consider a cyclic renewal process {N(t) ; t > 0} defined on N' = {0, 1,2, - - - } where the
underlying lifetime consists of J stages and N(t) denotes the number of failures by time ¢.
More specifically, let 7 = {1,2,---,J} be the set of the stages and let the dwell time in
stage j € J be a nonnegative random variable denoted by X;. Throughout the paper, we
assume that X; (j € J) are independent of the failure count and also mutually independent.
For each j € J, it is assumed that X is absolutely continuous characterized by

2A(0) = PLY; > aha(e) =~ Aialing(e) = Fho0) = [Ty

where A;(z), a;(z), nj(z) and a;(v) are the survival function, the probability density func-
tion, the hazard function and the Laplace transform of a;(x) respectively. Here v takes
values from the complex plane satisfying Re(v) > 0 so that o;(v) is well defined. A lifetime
associated with the cyclic renewal process is given by

(2.2) Y=Y X;.

Let Y} be the lifetime of the k-th renewal cycle where Y}’s are i.i.d. with common structure
of (2.2). For k = 0, one then sees that

(2.3) PIN(t) = 0] = P[0 < t < V]

and for k > 1,

k+1

(2.4) P[N(t) = k] = P[Zk: Vi SE< D Vil

m=1

Let {J(t) ; t > 0} be a stochastic process describing the stage at time ¢. We note that
J(t) is a cyclic semi-Markov process on J = {1,-- -, J} governed by the matrix distribution
function A(x) where

0  Ay(z) 0 - 0
0 0 Ay(zx) - 0
(25) A@@)E | o 0 : A () - A()
0 0 e 0 Ay(x)
_AJ(.%') 0 0 0 ]

Since the bivariate process [N (t), J(t)] is not Markov, we introduce an additional process
{X(t); t =20} on RT denoting the elapsed time since the last entry into the current stage
at time ¢, where R is the set of nonnegative real numbers. This process is called the age
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Figure 2.2: Typical Sample Path of

Figure 2.1: Typical Sample Path of (X (), Z(t), J(t)] with Jumps

[N(@), (1), X (t)]

process. The trivariate process [N(t), J(t), X (t)] then becomes Markov. A typical sample
path of [N(t), J(t), X(¢)] is depicted in Figure 2.1 where N(0) =0, J(0) =¢ and X (0) = 0.

From an application point of view, of particular interest is a reward process {Z(t) ; t > 0}
with jumps defined on [N(t), J(t), X (t)]. We assume that the reward increases or decreases
linearly at the rate of p(j) when J(t) is in state j € J. Furthermore, the reward process
jumps in the random amount of D; when J(t) moves from j to j+ 1 for j € J \ {J}, and
D for a transition from J to 1. Accordingly, Z(t) takes a value from R where R is the set
of real numbers. As for X; (j € J), it is assumed that D, (j € J) are independent of the
failure count, mutually independent, and absolutely continuous having

20)  Ba) =PID;> 15 be) =~ By Blw) = [ e e

dz 7’ o
where w takes values on the unit circle on the complex plane so that §;(w) is well defined.
In order to describe the reward process {Z(t) ; ¢t > 0} more formally, let {M;(t) ; t > 0}
be the stochastic process counting the number of transitions of J(¢) from j to j+ 1 by time
t for j € J\ {J}. The stochastic process {M,(t) ; t > 0} is defined similarly for transitions
of J(t) from J to 1. One then has

J M;()

(2.7) Z(t) = /Otp(J(T))dT + Dj.p

j=1 m=1

where Dj.,, denotes the jump amount associated with the m-th transition from j to j + 1
for j € J\ {J}, and from J to 1 for j = J. Following the mathematical convention, we
define Z;:a ¢m = 0 whenever a > b. It should be noted that, by the assumptions discussed
above, Dj.,(m = 1,---,M;(t)) are i.i.d. with respect to m. When J(¢) is a general semi-
Markov process, the expectation of the semi-Markov reward process with jumps is given
in Howard [5]. The transform results of [J(t), Z(t)] are derived in McLean and Neuts [20].
The trivariate Markov process [J(t), X (t), Z(t)] is also studied in detail in Sumita and Ma-
suda [27, 26] and Masuda [18]. The thrust of this paper is to analyze the multivariate process
[N(t), J(t), X(t), Z(t)] where the cyclic renewal process N (t) is incorporated together with
[J(t), X (t), Z(t)], which is new. The results are then used to numerically explore optimal
preventive maintenance policies for production management.



3. Dynamic Analysis of Multivariate Process [N(t), J(t), X(t), Z(t)]

In this section, we analyze the multivariate process [N (t), J(t), X(t), Z(t)] by describing its
probabilistic flow in the state space N x J x R* x R. For this purpose, let Fj.;;(z, z,t) be
the joint distribution function of [N(t), J(t), X (), Z(t)] given J(0) =14, X(0) = Z(0) = 0.
More formally, we define

(31) Fk:ij(l'72,t)
= PIN(t) =k, J(t) = j, X(t) < 2. Z(t) < 2|J(0) = i, X(0) = Z(0) =0] .

The corresponding joint probability density function is given by
32
0x0z

For the process [N(t), J(t), X(t), Z(t)] to be at (0,7, z,2) at time ¢ > 0 given J(0) = ¢,
either no transition of J(t) has occurred in the time interval [0,¢] with j = i, or at least one

(3-2) fk::ij(x’ Z7t) - L Zj(x <z t)

transition of J(t) from J(0) = ¢ occurred in [0, t), the process entered the state (0, 7,0+, z —
p(7)x) at time ¢ — z, and no transition of J(t) has occurred since then. Accordingly, one has

(3.3)  fouj(x,z,t) = —ad(z — p(j)t)o(t — x)A;(x)
+ Oysiyfoui(0+, 2 — p(f)w,t —2)Aj(x) , >0, j=1d,--,J .

Here, §;py = 1 if the statement P holds true, d;py = 0 otherwise, and §(¢) is the delta
function defined as the unit function associated with the convolution operation, i.e., f(x) =
[ fly y)dy for any integrable function f. Similarly, for £ > 0, to be at (k, j, z, z) at
time t > O, the process should have entered the state (k, j, 04,z — p(j)z) at time ¢ — z and
no transition of J(t) has occurred since then. This then yields

(3.4) frij(@, 2,t) = frij(0+, 2 — p(f)z,t —2)A;(x) , >0, k>1

In order to determine the boundary conditions fy.;;(0+, z,t) associated with the age
process X (t), we first consider the case that k = 0, 2z = 0+ and ¢ = 0+. One then sees that
fo:ij (04,04, 04) = 0gj=0(2)d(t). For t > 0 and j > 14, the process [N(t), J(t), X (t), Z(t)]
just enters the state (0, j, 0+, z) at time ¢ only if the dwell time of J(¢) in state j — 1 expires
at time t with the reward at 2 — D;_; followed by the instantaneous jump of size D;_; so
that Z(t) = z. Combining the two cases, one observes that

(3.5) fo:i5 (04, 2 t)
= 0=i46(2)
+ 5{j>z‘}/ / o j1( Zl,t)nj,l(x)bj,l(z')dz/dg; L=,

For k > 1, similar arguments lead to

(36) fk;ij(()—i—, Z, t)
fooo ffooo fk:—l:iJ(x7 &= 2,7 t)nJ(l')bJ(Z,)dZ/d.]} ) .7 =1
I frigei(@, 2z — 2 i ()b (2)d2'de . 2 <5< J
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We are now in a position to prove the key theorem of this paper. For notational convenience,
the following matrix Laplace-Fourier transforms are introduced.

(37) f (l‘ = 8) < [@k:ij(x7za S)] ; @kz:ij(xa 278) d:ef/ 6_Stfk::ij(xa Z7t)dt ;
=k 0

A def (4 5 I B
(38) ﬁk('xawas) = [(Pk;;ij(x,w,S)] ) (pk:ij(xawas) = / e (Pk:ij(xa 2, S)dZ )

A def (2 3 def [ _pun
(3.9) fk(vawas) = [Spk:z‘j(va@U,S)] ; (pk:ij(va'lU?S) = / € ‘Pk:ij($aw75)dx )
= 0

def

(3.10) (O—I—,Z S) def [fk U(O—f- Z, S)] ) fk:ij(O—hz, S) = /Oo G_Stfk;ij(o—‘r, Z,t)dt s
0

(3.11) (0+, w, 5) [fk: i (0+,w, s)] gk:ij(0+7w7s) « /°° efwzék:ij(oﬂza s)dz

1 —aj(s+ P(j)w)]
s+ p(j)w

(3.13)  (y(w,s) d:efHOzn(s—i—p(n)w)ﬁn(w); Ci(w,s) =1 for i>j,

(312) 8 (w.5) ™ |6y

0 Gii(w,s) 0 0
(3.14) a*(w, s) def 0 0 Cz(w, 5) - 0
. =\ o .. s Gy g-1(w,s) 7
0 0
ClJ(wa S) Q
(3.15) o’ (w,5) def Cos(w, s)
Q CJJ(UJ; s)

We also define the following matrices.

| 1 0
(3.16) i:e Lo ,!i:ef y
1 ... 1 0 1
A few preliminary lemmas are needed.
Lemma 3.1 For ;k(O—hw,s) defined in (3.11), one has
2 I —a*(s,w)]™t, k=0
GBI & 0w = { L E G0 1
=k {Cuws}a ws)ig;‘j (w,s), k=1
Proof

Substituting (3.3) into (3.5), it can be seen that
(3.18) fo.i5 (04, 2, 1)
= 0i=p0(2)6(t) + 8gj>i) / ) / " {Bymmnd(z — 2 plG = DOt — 1) A1 (2)
+ 01> fouj—1(0+, 2 — 2 — p(j — D, t —x)A, }77] 1(2)b; ,1(2/)dzlda: )

6



Similarly, substitution of (3.4) into (3.6) yields

(319) fk:ij(o_'_a Z,t)
_ I i (04,2 = 27 = p(J)z,t — @)ay(z)by(2)d da j=1
I 7 frigar (04, 2 = 27 = p(j — Dt — 2)aj_y (2)bj_1 (2)dz'de . 2<j<J

By taking Laplace transforms with respect to ¢t in (3.18) and (3.19), it then follows that
(3.20)  &04j(0+, 2, 3)

= 0g=ip0(2) + €7 0gm /0 ) /_ Z {84-128(2 = 2 = p(j — Da)Aja(2)

+ (5{j,1>i}e’”§0:i,j,1(0+, z—2 — p(j — 1z, S)Aj,l(x)}nj,l(x)bj,l(z/)dzlda: ,
and

(3.21) €1y (0+, 2, 5)

_ fooo ffooo e*smék_lzu(()—l—, 2—z - p(J)x, s)aJ(x)bJ(z/)dz'da: , j=1
fooo ffooo e i j—1(0+, 2 — 2 — p(j — 1z, s)aj,l(x)bj,l(z/)dz'dx . 2<5<J

If we again take Laplace-Fourier transforms with respect to z in (3.20) and (3.21), one has

(3.22) 0450+, w,8) = 6jmiy + Oj1=3Gm1j—1(w, )
+ 5{j—1>z‘}éo:z‘,j—1(0+7 w, 5)Cj—1,j-1(w, s)
and
A c 0 1
(3.23) Epij (0, w, 8) = {gk_l'”( s 8)oriw,s) / _
$ijo1 (0w, 8)G150(w,8) , 2<j<J

since (jj(w, s) = (s + p(j)w)B;(w). )
Equations in (3.22) and (3.23) can be rewritten in matrix form using gk(0+, w, s) defined

in (3.11) in the following manner. From (3.22), we first note that

1 50:12(04‘,“}7 ) e §0:1J(0+7w7 s)
go(o—i_? w, S) — 1 T EO:ZJ(O_'_a w, S)
i 0 1
L Cu(w,s) 50:12(04'»?0; s)Coa(w,s) -+ §0:1,J71(0+7w7 5)Cr—1,7-1(w, s)
_ 1 Coz(w, 8) o ooy (04w, 8) o1 1 (w, 8)
1 :
I 0 1

The last matrix in the above expression can be written from (3.14) as £+§o (04, w, s)a*(w, s),
so that -

(3.24) £ (0+,w,8) = [L—a*(w,s)] ",

7



proving the case for k = 0.
For k > 1, we prove by induction. When k = 1, one sees that

€ (0+,w,s)

él:ll(o‘hw»s) él:l](o—'_vwas)

_él:Jl(O—’_?w?S) él:JJ(0+7w7S)

éO:IJ(O_'_aw?S)CJJ(waS) 51:11(0+aw75)C11(w75) 51:17.]—1(04‘,wys)CJ—l,J—l(WS)
_éO:JJ((H_aw?S)CJJ(w»S) 51:J1(0+7w75)cu(w73) gl:J,J—l(O—'_vwaS)QJ—I,J—I(U}»S)

By employing (3.22) in the above expression, it follows that

Cu(@U,S) ClJ(@U,S)Cn(IU,S; ClJ(was)Cl,Jfl('LU,S)

§1(0+,w,5): Cw@as) C2J(w73)'C11(w»S C2J(waS)C:17J—1(w»S)

CJJ(@,S) Cry(w, s)C(w,s) - CJJ(IU»S)C'I,J—I(U}»S)

From (3.15) and (3.16), this then leads to

1 0
(3.25) §1(0+, w,s) = a) (w,s)1 Sulw, s) '
0 Cry-1(w, s)
It should be noted from (3.13) and (3.15) that
1 0
o sy | — Cuw, 9)I |
0 ' Gri-1(w, s)
so that one has
1 0
(3.26) ufw, s) } = Culw, s)a M w, s)
0 | Cr-1(w, s)
Substituting (3.26) into (3.25), one concludes that
(3.27) §1(0+, w, s) = Gy(w, s)a; (w, s)1 ggl(w, s) ,

proving for k = 1.



Suppose the statement holds true for £ — 1 and consider the case for k. It can be seen
from (3.23) that

£ (0+,w,s)
gk:ll(o_'_aw?‘g) gk:l](o_'_aw?‘g)
_ 61@:21(0_'_7“}78) 5k:2](0+7w78)
_ék:Jl(O—}_aw?S) ék:JJ(O+7w78)
gk—lzu(o‘fﬂwas)gﬂ(was) gk:I,J—l((H‘aw»S)CJ—I,J—I(was)
_ Er 10704+, w, 8)Crs(w,5) - Epp g 1 (04, w, 8)C—1,7-1(w, 5)
_ék—lzJJ((H_aw»S)CJJ(va) ék:J,J—l(O‘f'»wa3)(J—1,J—1(w75)

The last matrix in the above expression can be written in matrix product form as

gquu(oﬁw? s) gk:ll(o"i_vwa s) e gkzl,Jfl(O—i_vwa s)
2 (0+,w,5) = Eo1:2s (0, w0, 8)  Ear (0, w0, 8) -+ o y1 (04, w0, 8)
2 : : :
_ék—I:JJ(O+7w7 s) ék:Jl(O_'_aw? s) e ék:J,J—1(0+7w7 s)
Crr(w, s) 0
Cui(w, s)
i 0 Cr1,7-1(w, s)

By applying (3.23) to the first matrix in the above expression, one sees that

£ (0+,w,5)
-§k71:1J(0+7w75) §k111(0+7w75) gk:l,Jfl(O-i—vwﬂg) CJJ(’LU,S) Q
_ §k71:2J(0+7w75) 5k:21(0+7w75) o 5k:2,]—1(0+7w75) Cll(w’s)

A ) X ' A ) 0 1 1(w,s
L€h—1:.000+,w,8)  &oy1 (O, w,8) oo Epuy g1 (04, w0, 8) = Cr-1,-1(w,9)
—§k71:1,171(0+7w75) §k—1:1J(0+7w75) §k:1,]—2(0+7w75)

_ Ek—1:2,7-10+,w,8)  &pq.05(0+,w,8) o+ Epo yo(04,w, )
_ékflzJ,Jfl(O""vva) €ocr.g(O0F,w,s) oo ék:J,J72(O+7w75)
Cr—1,0-1(w,s) 0 Cru(w,s) 0
Cr(w,s) Cr1(w, s)
0 Cr—2,0-2(w,s) 0 Cr-1,0-1(w,s)

By repeating this procedure, it follows that

~

k(O—i—,w, s) = (1(w, s)ékil(O—i—,w, s),

(3.28)

[l

9



where (;5(w,s) = H;.Izl (jj(w, s) is employed from (3.13). From the induction hypothesis,
the lemma now follows. O

Lemma 3.2 For the multivariate process [N(t), J(t), X (t), Z(t)] with N(0) = X(0) =
Z(0) =0 and J(0) =1, let ék(v,w, s) be defined as in (3.9). Then

L a'(w,s)] '8 (w,0+5) k=0
1

(3:29) &,(v:w,5) {Glw 9 ap(w sl ay w98 (w,v+s) s k>

Proof
By taking Laplace transforms of (3.3) and (3.4) with respect to ¢ , one sees that

Oj=iy0(z — p(f)w)e " A;(x)
(3.30) Preij (T, 2,8) = § +opsiye " €0.5(0+, 2 — p(j)w, 5)Aj(x) , k=0
eismgk:ij(o—i_? Z = p(])l‘, S)AJ (ZL’) ) k > 1

If Laplace-Fourier transforms are taken again with respect to z in (3.30), one has

J;(S{ji} + 5{j>z‘}éo-z‘j(0+ w 5)} (stpliwle 4, ( ) k=0

(331%2]{”(.%,@0, 8) = ~
fk:ij(o—}_aw? S) ~(s+p()w IA ( ) k Z 1

By taking Laplace transforms one more time with respect to z in (3.31), it follows that
: 1—a; (vp(j)wts) _
[5{j=i} + 0>360.45(0+, w, S)} — s k=0

F 1—a;(v+p(j)w+s
&y (04,0, 8) - % ; E>1

(3.32) ékz:ij(vaw7 5) =

which can be rewritten in matrix form as

(3.33) (v,w,s) =

k

165>
[l
>

(0+, w, s)ﬁD(w,v +s), k=>0.

Substituting (3.17) of Lemma 3.1 into (3.33), the theorem follows. O

By taking the generating function of@k(v, w, s) in (3.29) with respect to k (k =0,1,2---),
the joint transform of [N(t), J(t), X (t), Z(t)] can be obtained.

Theorem 3.3 Let go(v w, s,u) be the matriz generating function of ¢ cp (v,w,s) in (3.29)
defined by

(3.34) (v, w, s, u) 1 [éij(v,w,s,u)] gé (v, w, s, u) Zfﬁ (v, w, s)u
k=

6>

Then one has

(3.35)

[1:S>>>

(v,0,5,u) = x(w, 5,0)8_(w,0+5)
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where @D(w,v + s) is as given in (3.12),

(3.36) x(w,s,u) L= ¢(w,s,w)] 7",
and
0 G (w, s) 0 0 ]
0 0 C22(w73) 0
(3.37)  ((w,s,u) o 0 0 ' :
B 0 0 0 Crorgmil(w,s)
uCyy(w, s) 0 0 0 |

Proof

Multiplying u* to both sides of (3.29) and then summing from k = 0 to oo, one finds
that

(3.38)

(v,w,s,u) = [[—«a *(w, s)] (w v+ s)

1G>

8

k-1
+ uCy(w,s) {u(’u w, s } g*D(w,s)i %’El(w,s)gl)(w,v + s)
- £

[y

(w,s)] ™" + ma (w,s)1 o> Hw, s)

[ 1 —uGy(w,s)=P P
é (w, v+5) .

From (3.13), (3.14), (3.15), (3.36) and (3.37), it should be noted that

* —1 UCL](U), 8) * x—1 o
(3.39) [[é—g (w,s)] " + mg[)(w,sg ay (w,s)] = é(w,s,u) :

Substituting (3.39) into (3.38) then yields (3.35), completing the proof. O

Remark 3.4 By setting u =1 in (3.35), Theorem 3.3 is reduced to a special case of The-
orem 2.8.1 of Masuda [17]. Indeed, ((w,s,1) is the bivariate transform of J(t) and Z(t),
where o™ (w, s) of Masuda [17] is equal to C(w,s,1).

4. Asymptotic Expansion of E[Z(t)|J(0) = ¢] and Cor[N(t), Z(t)|J(0) = i
The purpose of this section is to establish the asymptotic expansions of E[Z(t)|J(0) = i

and Cor[N(t), Z(t)|J(0) = i] as t — oo. To accomplish this, we introduce Theorem 1 of
Keilson [12]. Let A, be the k-th moment of X;. More formally, we define

(4.1) Ak d:ef/ aFa;(x)d .
0
Also the following matrix is employed.
[0 Ay 0 - 0]
0 0 Ay --- 0
def .
(4.2) ék = 0 0 AU :
0 0 - 0 Ay
| Ase 0 -0 0 |

11



If [ 2?dA;j(x) < 0 for all j and A;(x) are not lattice distribution with a common span,
one has

(4.3) 0,s,1) = %gl +H, +0o(1)

[l<

as s — 0+ where, for ¢ = g}éo, one has
(4.4) H=—J:;JS1e;mSeAl

and

(4.5) Hd_efH<—é1+%é2£l) +(z-H, A2)(A-AH)+1.

= =1 =1=

Here, Z is the fundamental matrix associated with the Markov chain governed by éo’ ie

-1

(4.6) Z=[1-4+J]

Using Lemmas A.1, A.2 and A.3 in Appendix, the following theorem holds.

Theorem 4.1 For the matrices in Lemmas A.2 and A.3, we define

X, “ H4, 0" +DHH A,

X, d:ef %£2éD;2_gléDtl+%£1£DéD:2;

ny € p (08,1 - (T (0)L,1);

n = pT(0)S8,1-2p" (0)L,1pT (0)L,1 ;

» 2 pTOLL- T (0)X,1)

a = T OL1- 2T (00X, 10T (0)X,1:
Coy & pT (U1 —pT(0)L,1p" ()X, 15 and
Cor < p (O 1-p (0L 1" (0)X,1 - (0)L,1p" ()X 1

1Td:"’f[1..

where BT(O) is the initial probability vector of J(t) and 1 1]. Ast — oo, one has

@) EZ01J(0) = i) = pT (0)(X,t + X)L+ (1)
o 002t2 + COlt + O(t)
\/71222154 + (n221 + nlzg)t3 + n121t2 + O(tQ)

Proof
a) Setting v = w = 0 in (3.35) leads to

||‘6>>>

(0,0,s,u) = é(O s u)é (0,s) .

12



By differentiating the above expression with respect to u and setting v = 1, it can be seen
that

5 (0.5)
u=1

||‘6>>>

- 5 {20.50)

u=1
Applying Lemmas A.1 ¢) and A.2 a) to (4.7), it then follows that

(0,0, s, u)}

(4.7) a%{

(4.8) %{é(o,o, s,u)}

u=1
1 1 1 1
- §g2éD T ;(glé&l N §QQAD )+ 2(;)
Hence one has
EZ01I0) =1 = p 0L {2-50.0,5,w)| 1
L~ au: b ) ) 71 =

I
3

1
_T(O)(%émt +Q A, —5Q,4,,)1+0(1)
= p (0)(X,t+ X )L+o0(1) ast— oo,
where £7! means the inversion of the Laplace transform, i.e., L7 {a/(s)} = a(t) with a(s) =

L{a(t)} = [;° e *ta(t)dt, proving part a).
For part b), we first note that

P
()/27(07 w? 87 u)

LLEIN® Z()1(0) = il} = p ()£ {50

h

u=1,w=0

The asymptotic expansion of the above expression is given in Lemma A.3 d), which in turn
yields that of

Cov[N(t), Z(t)[J(0) = i] = E[N(£)Z(t)|J(0) = i] — E[N(#)[.J(0) = {|E[Z(2)|J(0) = 4] .
More specifically, using Theorem 4.1 a) and Lemma A.3 a) and d), one finds that
(4.9) Cov[N(t), Z(t)|J(0) = i] = Cogt* + Cort + oft) .

One also sees from Lemma A.3 that

(4.10) VIN(#)[J(0)
(4.11) VI[Z(#)]J(0)

7/] = n2t2 + nlt + O(t) s
i = mt+at+o(t).

Part b) then follows from (4.10), (4.11) and (4.9) since Cor[N(t), Z(t)|J(0) = i] =
Cov[N(t), Z(t)]J(0) = i] //VIN($)|.J(0) = i]V[Z(t)|.J(0) = i] . O

In the next section, as an example of applications of these asymptotic results, we investigate
optimal preventive maintenance policies for production systems where the opportunity cost
for system down is huge.

13



5. Numerical Exploration of Optimal Preventive Maintenance Policies for Pro-
duction Management

We consider a production system where the system down cost is huge. A typical example may
be the production of semi-conductor chips because the production machines are extremely
expensive and the repair takes a long time since vendor engineers often have to be called in
once the system fails. In such a situation, preventive maintenance is widely practiced where
minimal repairs take place as minor problems occur, which can be addressed by on-site
engineers. A complete overhaul demanding the presence of vendor engineers is conducted
only after minimal repairs are repeated certain many times, as depicted in Figure 5.1. The
question then is to determine when to conduct a complete overhaul. The reward process
defined on the cyclic renewal process proposed in this paper provides a useful computational
vehicle for numerically exploring optimal preventive maintenance policies of this sort in a
dynamic environment. In this section, we demonstrate this claim using Theorem 4.1 a).

N(t) J(t) 1 39K -1 2K +1
ur
k+1
DOWN
ur
DOWN Xo Xox Xorta
J() 2 2K 2K +2

Figure 5.1: Typical Sample Path of [N (t), J(t), X (t)] for Preventive Maintenance Model

The idea behind minimal repairs is to prolong the availability of the system in the
time interval (0, 7] by accommodating a partial system adjustment from time to time. This
approach can be effective since minimal repairs can be done at much lower cost and in much
shorter time in comparison with a complete overhaul. Starting with a fresh system lifetime,
it is natural to assume that the time until the next minimal repair becomes shorter while
the subsequent minimal repair time becomes longer as this cycle is repeated. When it is
decided to conduct a complete overhaul, the system is brought back to its original fresh
state upon completion of the overhaul.

In order to incorporate this probabilistic structure, we employ Gamma variates. More
specifically, let {X;}22, and {X;}2, be sequences of i.i.d. exponential random variables with
parameters A and u respectively, where the former is used to construct system lifetimes while
the latter is employed to structure repair times. The system lifetime X; when it is in the
fresh state is assumed to be a Gamma variate of integral order K (0) with scaling parameter
A, le.,

(5.1) Xi=Y X;.

We also assume that the time required for conducting a complete overhaul is a Gamma
variate of integral order K (1) with scaling parameter p. Assuming that K minimal repairs

14



would take place, one has

K(1)
(5.2) Xy = > Xi .
=1

So as to reflect the fact that the time until the next minimal repair becomes shorter while
the subsequent minimal repair time becomes longer as this cycle is repeated, we define

Xl+)?2+"'+XK(2)+2—(j+1)/2 if j=3,5,---,2K+1
X1+ Xo+ -+ Xjp if j=24,--- 2K

(5.3) X; = { )
where K(2) is a parameter satisfying K < K(2) < K(0). For j odd, Xj is the time until
the next minimal repair which decreases stochastically with respect to j. For j even, X is
the subsequent minor repair time which increases stochastically in j.

Let a;(s) be the Laplace transform of the p.d.f of X;. From (5.1), (5.2) and (5.3), it can
be seen that

(/A KO
<s + )\) it j=1
A VKO
<s+A> if j=2(K+1)
(5.4) a;(s) = A\ EK@)+1-IH .
<+A) if j=3,5--,2K+1
S
( ’J: )E i j=2.4,... 2K
s+

By differentiating (5.4) with respect to s once or twice and setting s = 0, one finds that

(
—§O> it =1
K(1
K1) it j=2(K+1)
1
(5.5) EIX;] = ¢, . ,
ST
S K(2)+2—T) if j=3,5-- 2K +1
J i j=924,..- 2K
24
\
and
1
XK(O)(K(O)—Fl) if j=1
1
pK(l)(K(l)—l—l) if j=2(K+1)
GoEXY = {7 I i1
X(K(z) Q—T)<K(2) 3—?)1f3:3,5,-~-,2K+1
J (] e
~2u<2+1) it =24 ... 2K
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We next turn our attention to the reward structure. The reward rate function p(j) is
defined as

(5.7)

?

) Pup if 7=1,3,---,2K+1
p(d) = .
—Ppown lfj:274772K+2

where pyp and ppowy are parameters satisfying pyp > 0 and ppown > 0. The fixed cost for
calling in on-site engineers for a minimal repair and that for calling in vendor engineers for
a complete overhaul can be expressed in terms of random reward jumps D;. The associated
means are defined as

-D  if j=1,3,--- 2K +1
(5.8) E[D;] =40 if =24, 2K
—10D if j=2K +2

In what follows, a set of parameter values for A\, ppown, D, i, K(0), K(1) and K(2)
would be fixed as specified in Table 5.1 below. Numerical experiments are then conducted
to explore the optimal value of K, which maximizes the expected reward per unit time in
the time interval (0,7] as a function of K and T for given values of p and pyp.

Table 5.1: Parameter Values for A\, ppown, D, ¢, K(0), K(1) and K(2)
3 10 100 | 1| 100 100 20

More specifically, let Cy(K) and C1(K) be defined as

(5.9) Co(K) = pT(0)X, 1
and
(5.10) CL(E) € pT(0)X 1,

so that one has from Theorem 4.1 a)

E[Z(T)[J(0) = 1]
T

(5.11) = C(K) + 7Co(K) +o(1)

The optimal number of minimal repairs, denoted by K7 , is now given as
(5.12) Kr ¥ arg max E[Z(T)|J(0) = 1]/T
1

= argmax {Cl(K) + TCO(K) + 0(1)} .

Of interest is to understand the behavior of K7 as K and 1" are varied for given values of

wand pyp.
Figures 5.2 through 5.7 exhibit E[Z(T)|J(0) = 1]/T as a function of K and T for each

pair of = 3,5,15 and pyp = 15, 20 arranged in lexicographic order.
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Figure 5.3: E[Z(T)|J(0)

(3, 20)

Figure 5.2: E[Z(T)|J(0) = 1]/T for (i, pup)

(3,15)

1000

500
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Figure 5.4: E[Z(T)|J(0) = 1]/T for (i, pup)
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Figure 5.7: E[Z(T)|J
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Figure 5.6: E[Z(T)|J(0) =
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E[Z(T)}4(0)=1]/3000

E[Z(T)1J(0)=1)/3000

© mu=3

- mu=15
T

mu=5 ||

L
10

L
15

L
20

25

30

Figure 5.8: E[Z(T)[J(0) = 1]/T for T =
3000, pyp = 15 and p = 3,5,15

Figure 5.9: E[Z(T)|J(0) = 1]/T for T' =
3000, pyp =20 and pu = 3,5,15

Table 5.2: K;(T = 500, 1000, 1500, 2000, 2500, 3000) for each pair of p = 3,5,15 and pyp =
15,20

(1, pur) \ T | 500 | 1000 | 1500 | 2000 | 2500 | 3000
(3,15) 18| 17 | 16 | 16 | 16 | 16
(3, 20) 1716 | 15 | 15 | 15 | 15
(5,15) 19 | 18 | 17 | 17 | 17 | 17
(5, 20) 18| 17 | 17 | 16 | 16 | 16
(15,15) | 22 | 20 | 20 | 19 | 19 | 19
(15,20) | 2L | 19 | 19 | 19 | 19 | 19

Table 5.3: K2 for = 3,5,15 and pyp = 15,20

por \ it | 3 |5 115
15 16 | 17| 19
20 15 ] 16 | 18

In order to facilitate the understanding of the functional behavior, E[Z(T)|J(0) = 1]/T
are plotted in Figures 5.8 and 5.9 as the marginal functions of K for 7' = 3000 and pyp =
15,20. The values of the optimal number of minimal repairs K. are given in Table 5.2 for
T = 500, 1000, ---,3000. From Table 5.2 and Figures 5.2 through 5.7, one observes that
K decreases as T increases and E[Z(T")|J(0) = 1]/T appears to be a concave function
of K(1 < K < 30) for all p = 3,5,15 and pyp = 15,20. The optimal K in the long
run average is summarized in Table 5.3, showing that K increases as j increases or pyp
decreases. When T is relatively small, the optimal K may not be optimal as can be seen
from Tables 5.2 and Table 5.3, demonstrating the importance of dynamic analysis.

We next turn our attention to Cor[N(7T'), Z(T)|.J(0) = ] for capturing the time-dependent
correlation structure numerically based on Theorem 4.1 b). Parameter values for A, ppown,
D, i, K(0), K(1) and K(2) are again as in Table 5.1. Figures 5.10 through 5.15 illustrate
Cor[N(T), Z(T)|J(0) = i] as a function of K and T for each pair of u = 3,5,15 and
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15,20. They are also exhibited as marginal functions of K in Figures 5.16 through

Pup

5.21.

Cor[N(T), Z(T)|J(0)

Figure 5.11:

Figure 5.10: Cor[N(T), Z(T)|J(0) = 1] for
(3, 15)

(14, pur)

Cor[N(T), Z(T)|J(0)

(5,20)

Figure 5.13:
(ﬂa pUP)

Figure 5.12: Cor[N(T), Z(T)|J(0) = 1] for

054/

=]
=]

[T=(0)ci()Z (WNDI0D

g
O]
s
®

g
O}
s
®

Cor[N(T), Z(T)|J(0)

Figure 5.15:
(IU/? pUP) = (157 20)
19

(15, 15)

Figure 5.14: Cor[N(T), Z(T)|J(0) = 1] for

(/% PUP)
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Figure 5.18: Cor[N(T),Z(T)|J(0) = 1] for Figure 5.19: Cor[N(T),Z(T)|J(0) = 1] for
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From Figures 5.16, 5.18 and 5.20, one finds that Cor[N(7"),Z(T')|J(0) = 1] is uni-
modal with respect to K. Figures 5.17, 5.19 and 5.21 for u = 3,5,15 and pyp = 20
show that Cor[N(T),Z(T)|J(0) = 1] increases as u increases. In the cases of T" = 500,
Cor[N(T), Z(T)|J(0) = 1] is monotonically increasing as a function of K for all values of
1=3,5,15.

6. Concluding Remarks

In this paper, a cyclic renewal process is considered as an extension of an alternating renewal
process where each of the underlying i.i.d. nonnegative random increments is composed
of multiple stages. Such a process may be appropriate for analyzing optimal preventive
maintenance policies for production management, where a pair of two stages representing
an uptime until a minor failure and the subsequent minimal repair time would be repeated
until it is decided to conduct a complete overhaul. In order to address economic problems
in such applications, also introduced is a reward process with jumps defined on the cyclic
renewal process. When the system is running in stage j, the profit grows linearly at the
rate of p(j). Upon a minor failure, the subsequent minimal repair in stage (j + 1) incurs
the linear cost at the rate of p(j + 1). In addition, the fixed cost may be imposed whenever
either a minimal repair or a complete overhaul takes place, resulting in jumps of the reward
process. The problem is then to determine when to conduct a complete overhaul so as to
maximize the total reward in the time interval (0, 7.

The multivariate Markov process generated from both the cyclic renewal process and
the reward process is studied extensively, yielding various transform results explicitly and
deriving their asymptotic expansions. These results are used to numerically explore optimal
preventive maintenance policies for production management, demonstrating the usefulness
of the cyclic renewal model.
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Appendix
In this appendix, we establish various lemmas concerning the asymptotic expansions of the
transform results obtained in Section 3. These lemmas can be proven from (4.3) combined
with appropriate differentiation in a straightforward manner, and the proofs are omitted.
The asymptotic theorems needed for numerically exploring the underlying reward and cor-
relation structure are derived in Section 4 using these lemmas.

Let a#(s) and 1% be the matrices defined by

0 o(s) 0 e 0 01 0 0
0 0  as(s) --- 0 00 1 0
FH=| 0 o S I L D
0 0 0 ay_1(s) 0 0 0 1
_aJ(s) 0 0 0 10 0 0]
Lemma A.1 As s — 0+, the following expressions hold true.
1
#* _1# _ -2 2
a) a”(s)=1 Sél—l—QséQ—i—g(s)
) Lat(s)=—A +sA +o(s) : <i>2a#(s) = A +o(1)
dsz —1 j—)) = ) ds — f—} =
1
) @D(O’ s) =4, - QSéD;z +0(s)
0 1 0? 1
d) a—wgD(wa ) i = _égDéD;Q +2(1) ) %QD(UU 8) i, = g(g)
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Lemma A.2 As s — 0+, the following statements hold.

0 1
CL) {%é(O’S’QO} » = ?92 + Ql +g<;>
0? 1 1 1
b) {?é((),s,u)} - 53K3+?K2+g<52>
u=1
0 ( 1 = —(A_ p" +D*)+s(A__p" + A D¥)+o(s)
C> %g w, 5, ) - :D:lg =1 S :D;QQ =D:1=1 2 S
w=0
2
O {guctes D} =Ay.p gf +24, 0 DF + DF +ol)
w=0
0 1 1
2 {8—wé<w’ * 1)} » - 52K2 N szl * 0( )
2 1 1
f) {Wé(w,s,l)} = 3E3+ 2K2+0< )
=0
0? 1
) {oesnl]  <hatm o}
where
[0 p(1) 0 0 ]
p(1) 0 0 0 p@2) 0
de - def '
gD _f ) g# = O 0 . )
(N0 0 0 0 p(J—1)
p(J) 0 0 0 |
[0  EDy) 0 0 |
0 0 E[D] 0
de .
D g 0 : ,
0 0 0 E[D;]
|E[D;] 0 0 0 |
[0 ED} 0 0 :
0 0  E[DY 0 .
def & def | -
DF=1| 0 o0 AL
0 0 0 E[D%_l] 1
(E[DF] 0O 0 0
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def 3 Q “Hi -

=2
defQQ]_H £ d:efQQig +(Q1—AJ:1Q2)1£1,

v, -H (A, p»*+DHH,

=2
def

{H ( 2'0 + A D#) Ho(émﬁ# +2f£>}£1 - gl(éDzlg# - Qf)go ’
def #

g3 - _2§1(éD:1£ +21 )¥2 ’

def # # _ # # # #
l2 - 220(41):12 + 21 )LZ + 21{ 2(éD:lg + 21 )Kl + Q(éDﬁg + éD:lgl )22

# # #
+(éD:2£D£ + QéD:lgDQI +22 )gl} ’

§3d:efviH +H1V,

REVIH+HIV)+(ViIH +HIV)-AnVI1H +H1V)
~{p(N) A+ EIDYE L H,

def

Lemma A.3 Ast — oo,

a) EIN(#)]J(0) =i] = p" (0)(L,t + L)1+ o(1)
b) E[NQ(t)]J(O) =i = QT(O)(SQt2 +S8 t)l + o(t)
c) E[Z*(t)|J(0) =i :]_)T(O)(T t2+T t)1+0( )
d) EIN)Z(t)|J(0) =i] = p" (0)(L* + U, 1)L + o(t)
where
def def 1
L = QQADl Ly =Q 4, §QQ—D2 '
def def 1
5, =K, 5 = (&, +22)@ N §£34D:2 ’
TYwAa T HYwoa Liv 4 A
=2 T ==3=pa 0 =10 === Dl___3 D2_—2'0D—D2’
def def
QQ - B3AD 1 Q BQéD Tt §§3ész2 + 522£Dé13:2 :
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