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Since Lindahl (1958), Samuelson (1954, 1958, 1969}, and Johansen
§l963) and others, the various concepts of equilibrium in an economy
with public (collective) consumption goods, have besen knowm.

Dorfman (1969) and Foley (1969, 1970) have investigated the optimal-
ity and existence of such concepts as public competitive equilibrium,
Lindahl equilibrium, core with respect to the public as well as
private sectors. Foley (1969) applied Brouwer's fixed point theorem
to prove the existence of a public competitive equilibrium with the
proportionate tax system, although he did not provide a complete
proof. He also applied Debreu (1962) to prove the Lindahl equilibrium
in his 1970.article. Milleron (1972) extended Foley's framework, so
that it can handle the case of positive profit.

In Part I, we shall examine the results by Foley in a more general
framework which dispenses the restrictive assumptions such as stryict
convexity of consumption set, conical production set, etc..
Secondly, we shall rigorously prove his theorems in the general
reformulation, especially, prove the existence of a public compeﬁi—
tive equilibrium under the linear income tax system, by applying
Kakutani's fixed point theorem. For the latter, Negishi (1972)'s
formulation for proving a competitive equilibrium of the economy
without public goods, will be extended so as to incorporate a public
sector, Optimality of the equilibrium prices, allocation of public
and private goods, tax rate and weights of individual values in the
social welfare, is confirmed in the Pareto sense.

See I.S5.E.P. Discussion Paper Series No. 100 (81-14) fer Part TI.
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In this Part II, we shall investigate an equilibrium concept,

due to Dorfman (1969), in the general equilibrium model.

This equilibrium concept deals with the public goods as externalities
which can be collectively consumed for productioﬁ of private goods,
as well as, for direct consumption.

The government is the only Suﬁply (production and delivery) of

public goeds. The government possesses an objective function,

its maximization of which gives the rationality to the supply.

* This funection is a weighted sum of (total) surpluses, which accrue

to consumers, due to a change in supply of the public goods.

We shall suppose there is an existing supply of public goods (already
installed). The government proposes a new supply plan X, (éenote
by x the existing public externality),. with a tax schedule (ti; ieN)
which finaces the supply. This propose is made under the prevailing
price p of private commodities in markets. For each (p, x Y, a
consumer, or producer make a new plan-of consumption, or production
so that his utility, or profit from that plan will be maximized.

The surplus accruing to each consumer will be due to this change

in the supply x to x, and calculated by taking into account,-any
difference of his new (for each (p, x)) income (wealth) from old
(for (p, x)), plus, a differeace arising from comparing his old

expenditure on private commodities, with a compensated expendi-

*
ture for keeping his utility at the same level as before the proposal. 1



Thus, the government maximizes the weighted. sum of the consumer's
surplusés for each price p, with respect to supply x.

The optimal plan =x(p}, for each p, must be consistent with the
attainable consumption and production plams, and, hence, an equili-
brium price p° of private goods must be searched in markets, as
satisfying the market equilibrium condition.

Section I; we éhall just reproduce the model economy dealt with in
Part I, with some modifications by introducing the governement output
input structure. Section II; the continuity properties of a multi-
valued mapping of the set X of public goods into the set Y of private
goods will be investigated. Section III; the continuity and
convexity properties of individual decision functions are made clear
in the set of prices and the set X. Section IV; the governement's

objective function is defined as a sum of the surpluses, and

the continuity and convexity properﬁies of the optimal plan x(p)

for each price, which gives a "surplus" maximum, will be made clear.
Section V; given a tax shedule and interpersoanl'surplus weights,.the
market equilibrium of private goods, at the surplus maximum, will be
found out. And the final section; Under a linear income tax system,

a market equilibrium will be found out, assoclated with a surplua
maximum, in the adjustment process of interpersonal weights on the

surpluses among individuals.



I. Production and Consumption Sets

In order to define such an equilibrium, we ¥eproduce a general
equilibrium framework with public goods, Qkich satisfies the
following axioms: Let X demote a set of public goods, Y a set of private ones.
Consumption set of each consumer i is denoted by Xi X Yi, where Xi
is the consumption possibility set of public goods, Yi is the set of
privatg consumption goods. We assume
54_;ﬁi)xix e is closed and convex, and (ii) v has for each ieN an
interior pointy; Y® # §.
A, 2 Each consumer's prefererence 2; is continuous and convex.
A. 3 Each consumer's preference is monotone.
Define, for each xeXi, ieN,

Yi(x) = [ yieYi; {x, yi)eXix Yi}.
Then, by A. 1(i) (convexity), Yi(x) is convex and closed, ané for
Zi = [ x in; Yi(x) F 01, (x, yi)e(Xix Yi)° +> xazi°, and ;ieYi(x)°.
Production (possibility) set of each producer f (hereinafter, Nf is the
index set of producers), is defined and denoted by Xfx Yf a subset éf

a ul4u? dimensional eucliedan epace, ard production set of the govern-

ment is given by %®x Y8. The sets of public goods ( as outputs oxr inputs)

satisfy, {a) Ri1:> xt o Xg, ieN
f
and, (b) Rilo-x > x8, £eN,.

- Xf will be dencted by Xf_, hereinafter. - = Each consumer's consumption
set of public goods is always equal to or larger than the government cutput
set of public goods. For (b), it is ; each private producer f utilizes

collectively public goods, as well as private, for producing private

goods, and his consumption (input) set of public goods is equal to or

larger than the goverment output set of public goods.



£ £ £ £, JE-_f
Y(x) = [ ye¥y (x, y)eX x ¥ . -
We must specify the axioms, which each production set, including the

government input-output set, satisfies the following axioms:

B, 1 (1) 0e xFx vE, feN., (i1) Oe XBx ¥8, and (ii1) 0 e¥'(x) xex8.
- Lf g <8 _:
B. 2 X x¥Y, faNf, and X°x Y® are closed and comvex.

B. 3 (i) yf;Yf(x) - y§ < 0 at least one,ﬁeM“%'

(ii) y%evB(x) =+ y? <0 for'all jemMH2, y?< 0 at least one j eM'2
The intended interpretation for (i) is that, for production of each
private good, at least one private good is indispensable. For (ii) for pro-—
duction of each public good, at least one private good is iundispensable,
B. 4 There exists (x, y)sxg x Y® with xj> 0, for each j eMMl
(Possibility of producing every public good)
B. > If (x, ¥y)e x8 x Yg, then, (§, y)eng'Yg wirere Ej = xj , if xj> 0,
x, = 0 otherwise.
Any public good can be .produced by using only private goods in.the
governiment sector.
'B. 6 There exists x eX®, such that Y8 (x) # G,. x > X.
By (2) and (0), (x, yDed x ¥ M) (> xezloand ylevimo).

II. The Continuity Properties of a Correspondence of X into Y

% is a closed mapping (closed) of X into Y, if, whenever x°cY, y2EU(x®)

there exists two neighborhoods of N(x°) and N(y°) such that xeN(x®)~

V()N N(y®) = @,

Y is upper semicontinuous at x] if for each open set G, .containing W(x°),
there is a neighborhood of x; N(x°),such that xeN(x°)- P(x)e G . Y is
uppaer semicontinuous in X, if it is upper semicontinuous at each x in X

and Y(x) is compact for each x.



Lemma 1: If ¢ is a closed mapping, then, if %V X, yv+ Y, yve¢(xv),
then, y sp(x).
Proof: See Berge pp. 111-112.
Lemma 2: If Y is a compact space, a mapping ¥y of X into Y, is
closed if and only if ¢i£;upper—semicontiﬁu0us (u.s.c.) in X.
Proof: See Berge p. 112,
Debreu assumed that Y is compéct and defined a closed mapping to be
a u.s.c. mapping of X into Y without losing any consistencey between
the definitions. See Debreu (1939. p. 18). We shall see also the
fact thaty is u.s.c. in X, Y(K) is compact if K is a compact set of X,
For this, see Berge p. 110.

Lemma 3: Yl(x), Yf(x), and Yg(x) are closed mappings of X into Yf Yf,

and Yg, respectively.
Proof: For example, (x, yl)exl x Y. Take x'» x, xvexl, xeX" since
i, , i i i . i i
X" is closed. Comsider ylv - v ylstl(xv). Take l%g%t ylv: yl,
i i . i, . i g .
y'e Y (x), since Y~ is closed. Note also that since X = X", it is true

at each xng.

¥ is lower semicontinuous at x°, if for each open set G intersecting
P(x°), there exists a neighborhood of x°, suéh that xeN{(x®)—{(x)NG
# @. It is lower semicontinuous in X, if it is lower semicontinuous
(L.s.¢.) at each x in X. |

¥ is éontinuous (at x° or in X), if it is both u.s.c. and l.s.c.(at

x® or in X).
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Lemma 4 : Let XF:Ruland Y <= RUg Let ¢ be - a real valued function
such that (x, y)e X x ¥, (x, y)+ ¢(x, y) is upper (lower) semiconti-
nuous. Let § be a multi~valued function such that xeX, xki(x) is
upper (lower) semicontinuous. Let ¢%(x) = max{¢(x, y), yeu(x)}.
Then, ¢*(x) is upper (lower) semicontinuous in X.

Let ¢ and ¥ be both upper and lower semicontinuous. Then, ¢% is
continuous, and also ¢ - is upper semicontinucus, where u = [ yey(x);
$*(x) = ¢(x, ¥) 1.

Proof: See Berge pp. 115-116.

Lermma 5; Let T be a non-empty compact set in Ru. If ¢ .isg a.u.s.e,
mapping of T into T and if the set &(x) is convei and non-empty for
each x, then, there exists a fixed point x° in T such that

x%e o(x°).

Proof: See Berge pp. 174~176. This is Kakutani's theorem.

Economic Behavicur of the Government, Producers and Consumers —

Individual Decision Makings

First, we shall define, for each price and each supply of public goods,

the government expenditure, designated by eg(p, x), on inputs of private

goods, required to realize the supply x, under the price p, as;

max{p y® ; ygng(x)}

]

E(p, %

and Blp, 1 = [ y%y®0; 8(p, % = p y°I.



Here, Ieg(p, x)l is the government expenditurfe (funection) on private
goods, and, yg(p, x) is its input demand function for the goods, which
minimizes the expenditure funcfion for each(p, x).

Producers (firms) maximizes profit for each given (p, x), that is, for
the prevailing price and the new production externality.

' Let us define producer f 's profit function rf(p, x) to be
max{p yf; yerf(x)}
for each (p,A x). Define supply function Yf(p, x) for each {(p, %)

£ £ £
to be vy (p, x) = [ yst (%) T.(p, x) =py].

We take 8§ -l to be an y-1 dimensional simplex.

Lemma 6: Suppose Yf(x) is u.s.c.(l.s.c.) in Xﬁ_, then,

wf(p, x) is u.s.c.(l.s.c.) in Suz_lx Xf:

y?(p, x} is u.s.e., if Yf(x) is continuous, and convex.
p £, f £ . £- - - .

roof: Take p y in ¥, Y (.) in X* and ﬂf as ¢, ¥, and ¢%*, respectively.

All are u.s.c.(l.svc.). ~Apply Lemma &4, to obtain the results. Convexity
of yf for each (p, x) follows from the convexity of Yf(x) (by B.2).
g.e.d.

Let, for each (p, %), for each consumer isN,

‘;l(p, X) =p W+ ﬂi(p, x) + tleg(p, x),(tl;iaN)E S?_%i;given.

Lemma 7: Suppose Yg(x) is econtinuous in Xg, thén,
eg(p, x) is continuous, yg(p, x) is u.s.c. and convex-valued.,
zip, x) is continuous.

Proof: Apply Lemma 4 (the latter part), as we have done in the previous

. . . . n-1 . .
lemma., Here, ni(p, x) = Efaifﬂffp,'x); (Bif;l N)e s . The continuity

i £
of w- follows from the results of this and Lemma 6, where note -X > X5.



V. The Consumer’s Surplus and the Government's Objective Funetion

The surplus is defined by taking into account three different sources.
Thesé are the parts due to the change in profits (which accrues to
consumer), due to the change in expenditure on private goods in
keeping utility at the same level, and due to the change in the
government expenditure for supplying public goods.
Let ?idesignate for each (p, x); the total surplus accrueing to consumer i.
Then, for a fixed X, such that x » x , and for each p,

Wi(p, X, X) ={ﬁi(?, X) ~ Wi(p,_g)} + {p Yi(P, x) ~p Yi(P: i; E?l}

ot {8, ) - eS(p, 0},

where yi(p, x) ={ y.ieni(p, X); max ui(x,zi) = ui(x, Yi)}

i i _— . L . .
y (e, x50k ={ y Y (x); minp z- = p yr u' < u(x, z)} and,
. i

, nies ® ={ 2 Y G0; p 2t < wip, W},

ra

ul(_:'_:, v (p, x)) = 31

By this definitiom, P yi(p, x) = ﬁi(Ps x),

Si(p, X = ¥¢(p, x, x) +p v (o, x5 }f') .
that is, the difference between the after tax incomes, ﬁi(p, x) and éi(p,
%) is equal to the total surplus minus the consumer surplus. The Ilatter
is.due to the change from x to x in public good éupply, which is brought
to consumer i, when he would expend on private consumption goods so that

he can stay at the same utility level as before the change.

We shall assume throughout this surplus-is positive for each p and for this

fixed x. That is, Wl(p, X, X} >0 peSuZ_l, or equivalently, there exists
X eX? for each pesuz_l, such that ul(x, yl(p, x))> ul(g, yl(p, x)), ieN.

To investigate the continuity property of ?1, we prove the following lemmas,



We shall here define the objective function, which the govern-

ment maximizes with respect to its supply of public goods for each price.

let us denote it by V¥, -then, VY = is§ ain , and the maximum value
& i i
] = . = T y .
v(p ) maxiSNE oy Y (p; 2) @ zeX ien % (p)
Lz 4
YZCXﬁ

i i\
Ry Cps 33 0)

<w(p, x)

i
yz(p, 3;

i
yz(p, x5P

P yi(p, x) = W%(p, x)
,Hm__~f’///= v (p, x, %) +

i i
Py (p, %5 2 )




i £
Lemma §: Suppose Yl(x), Y (x) and Yg(x) are all continuous in X°.
Then, nl(p, x) is continuous , if the interior of it #s not empty.
PP i1 i =1 _ ]
Proof: By definition,n (p, x) = [ y e¥ (x); p vy~ < w (p, X} J. Since

D yi is continuous in Su2_lx Xi, and so is ;% the u.s.c. of ni is
immediate. To show the l.s.c. ; by the l.s.c. of Yi(x), there exists

a neighborhood Ni(x°) for an open set Gi » Meeting Yi(x°), such that

xeN; (x°)- Yi(x)n Gy # #. By the l.s.c. of ;iat (p7 x°), there exist

two open sets Np(x®) and Np(p°) such that for an open set G, intersecting

@ (p°, x°), xeN5 (x°), yeNa(p®)+ w (p, x)N Gy, # §. Let y °en (p? x°).

This can be done, by assumption; the interior of nl(p, x);{nl(p, x)}° #.6.

. . . ®3
hence,for each neighborhood N(yl°), N(yl°)n nl(pf x°)°# . Thus,

xeN1(x°) 0 Np(x°), peN,(p®)~> ni(p, %) fl G3 # @ for this non empty intersect-
ion Gj. Convexityofrﬁ(p, x). in X is clear. q.é.d. .

Lemma 9: yi(p, x) is u.s.c. and convex valued.

Proof: Note that ui is continuous, ni is continuous by Lemma 8, so

apply Lemma 5 to obtain the u.s.c. property of y:-L in Suzh% x3 Convexity
of y:'L follows from that of ni and A. 1(i). q.e.d.

Lemma 10: p yi(p, %) is continuous in Suz-l_

Proof: By A, 3, p yi(p,.g) = ;i(p,.g) for a fixed x. ;i(p, x) is continuous
in §"2 -1 implies the conclusion.

Lemma 11: P yi(p, x;gi) is continuous in § M2 _l, where E? = ui(§, yi(P, x)).
Proof: ot is continuous in X' x Y© by A. 1, g;is continuvous in 8“2_1,

hence, £(p, x} = [ yieYi(x); ui(x, yi) z ui(ﬁ, yi(p, x))] is not empty

and u.s.c. (A. 4). The interior of £(p, x); £(p, x)°, is not empty, hence,

the l.s.c. property follows as we have seen in the proof of Lemma 8. Thus,

. , s i i
v (p, x;ut(p, ¥ (p, X)) is continuous in sH2-1, x1, hence, p y (p, X3u)
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is continuous in Suz_lx xt,
giz~t

i , - . . ;
- Lemma 12: ¥ (p, x) is continugus in x k% hence, so is VY.

Proof: Apply Lemma 6-11 to all terms of Wl(p, x).

Let X°8(p) = [ xex®; v (p, x) > 0 1eN]. Note that X =x%, ieN.

%4

Lemma 13: Xlg(p} is u.s.c. and convex for each p.
‘Proof: By Lemma 12, it is u.s.c.. Convexity follows from Lemma 6~9,
for each p.

g ig w4
Lemma 14: X°(p) =iQNX (p) is u.s.c..
Proof: The intersection of u.s.c. mappings is also a u.s.c. mapping.

See Berge p. 114.

Lemma 15: Let z(p) = [ xng(p); ¥(p ) = ZiENain(p, %), xle].

Then, Z(p) is u.s.c. and convex valued. Y¥(p) is continuous.

Proof: Apply Lemma 5 (the latter part) to the u.s.c. and convexity properties.

V. The Markets Equilibrium and its Existence

The set of attainable allocation, denoted by A, is defined to be;

A= [{(x, yi;iaN), (x, yf;feNf), (X%'yg)}: (x, yi)EXi X Yi,
(x, yf)sxf-x Yf, (xg, yg)sxg x Yg, (0, x,zi(yi—mi))s{(%xflx {0} x %Yf)+
X® x x5 x Yg} ]. This is the intersection of the set of market equilibriums;
= UG ysiam, Gy sty (B y9), 50N o = g e yE, s
and the Cartesian product [ qxix (EYi) X (I%Xf_x(§xf) X (ngYg)] of

consumption and production sets.

A is closed since by A. 1 and B. 2, each consumption, or production set
is closed, so -is an (finite) intersection or a sum of closed sets.
A. 6 X x Y has a lower bourdd for <,implies, with B, 1-3, that A is

bounded; see Debreu 1959 p.77.
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. . . viooad .
Therefore, the attainable consumption set X x Y* of every consumer i,

., . - af y ay
and the attainable production sets, X  x Y and X8 % Y® of every producer
- £ pH1tH2 .
and the government are bounded. We can take a closed cube C of R with

center (0), which contains in its interior these n + nf+ 1 sets.

Let ¥x¥ = (xxvhne, ¥ ¥ - (xFxvHac ana
Xk VB = (xBx v pc.

. . . A i
Thses sets are compact, convex and satisfy the axioms (imposed on X' x Y™,

Xf-x Yf, and X8x Yg).

Leﬁma 16: Yl(x), Yf(x), and Yg(x) are continuous mapping of %? %f“, and

. o
%g, into ,%’l, Yf

, and %g, respectively,
Proof: From Lemma 2, and 4, it follows that Y (x) is u.s.c.. It suffices to
n,, . .
show the l.s.c. property. X x Y is bounded, and there exists at least
. o o . X VA
one cluster point (x; y°). Then, there is a subsequence {x,"y "} of any
Vv v AT . . . ‘
sequence {x, vy }<Xx ¥, which converges to this cluster voint. And
by the uniqueness of limit, the original sequence also converges to the

v

VA yvk)=(x? ¥°). By definition, as x -x°

. PSR .
point. %&g(x, y) = l%m (x,‘
. v v i, v o io.0
there exists a sequence {y “}such that y "¢ Y (x ), v°e Y*(x°).

This means, for every open set G meeting Y (x°), there exists N(x®),

such that xe N(x°) + Y (x)NG ¢ 0.

et 20 = 1 Yo - ey, Yo - Y8 - {u),
_ Vi £ _ ¥s _ vg
A Iy Y - ngf ¥ Y {w}, x eX°,

= i - £ - B -
x(p, x} = sIg v (s %) ngf ¥y {p, %) yo(p, %) - w .
Let

Afz) = { peSuz-l; Pz =max q z; qe Suzhl, ze%(x)}.

Then;



Lemma 17: . % is compact and convex, x(p, x) is u.s.c. in Suz"lx Eg,
and A{z) is u.s.c. in E. { %(x) is continuous.)
Proof: .A linear sum of compact sets is compact, so is %. By Lemma 6

; . . . Uo~l g .
7 and 9 with Lemma 16, Y is continuous in S x X®. Apply Lemma 4 for
the u.s.c. of A(z), and the convexity is obwvious.
The Cartesian pro&uctofnwppings 5(.) x x(.) x A(.) maps a point of the
uz-1

& o
product S x X8 % Z, which is compact and convex, into that product,

with non void convex images. To see this, apply Lemma 15-17.

We shall modify Axiom A. 4', and A. 5, so that we replace them by;

A, 4" If (%, yi)s X x Yl, then, there exists X}E Yl, such that

——

1 . : . o ~d
(x, y)e X" xY s and p X} < w for each p>0, where w- is the after-

tax income for consumer i.
A. 5! If (x, yl)e X x Yl, for every ieN , and if (x,‘yﬁ)e Xf_x Yf
for every fst, there exists x sX? such that (x, yl)eXix Y?

(x, yl)aXf-x Yf, and x < x.

We note that n(p, x)° 1s mot empty for every (p, x), hence, the assumption

of Lemma 8 is satisfied and n{p, x) is continuous in Suzhlx Xl, as well as

convex valued for each p.
Theorem 5: Under A. 1, 2, 3, 4", 5", 6, and B. 1, 2, 3, 4, 5, and 6,

There exists a Dorfman's equilibrium.

14
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Proof: Let ¢ designate the product of the méppings, and apply Lemma 5;
Kagutani's theorem to obtain a fixed point (p°®, x°, z°), such that
(p°, x°, z°) e o(p°, x°, 2°).
This is equivalent to
x%e 2{p°), =% x(p°, x°) and p°c A(2°).
The first one implies that for every xng, Zi ai?i(pﬁ x) = Ziaiwi(p? %x%),
the second does that for each z®ex(p{ x°), p° z° £ 0, and the third

.2_1 o
>

~1
implies that for each paSP Dz ° z° H2

p° z°. Therefore, p z° £ 0, pe$ R

A

which means in turn z° < O. In fact, z° = Q0. To see this, by A. 2, 3,
p° yi(p°, x°) = %i(p°, x°); see Debreu (1959, p. 87), and a summation
over iegN, gives; p°{2yi(p°, x°) -I yf(p? x°) - y&8(p°, x°)}= p°w, hence,
z° = 0, since 7.(p°, x°) = p°Yf(P°, x°), p°y2(p°, x°) = e8(p°, x°).

Thus, the fized point is an equilibrium. .

VI. A Market Equilibrium under a Proportional Income Tax System

We have just seen the existence of an equilibrium, at a "surplus"

maximum, with the tax schedule and interpersonal weights given.

In what follows, we seek a certain linear income tax system, under
which a certain surplus maximum is attained and the equilibrium
associated with the maximum holds in the markets of private goods.
We seek in fact a certain set of weights; a3 ieN, and tax rate, t,

which mekes effectively wealth constraint satisfied for each consumer.
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[

- g i
£ = IP ¥ (P, x)l:{éNw (?; x)
where note the equation (5) in Section VI is likewise defined. Since(6)
can be borrowed from there in Part I, as it stands, we may have

max {a; + V[ w (p, x)- £ w(p, x) - p y'(p, 0], 0}

2y max {a + V[ wh(P, -t wi(p, x) ~ 2 yh(p, x)], 0}

This function is continuous in Suzhlx %8 x [0, 1] x Sn_l, and maps

- "\
into[0, 1]. The function t is continuous in S"2 lx X% and maps into
the interval [0, 1]. Both are real valued functions, the continuities

of which are due to Lemma 7, and 16.

Let
2(.) = 2() x x(x.80) x 1()x B(.), B =(8 ;ieN),
then, ¢ is a u.s.c. mapping of Suz_lx %g b4 A x [0, 1] % Sn_l, into itself.
By Lemma 15-17 and the above argument, we may apply Xakutani's theorem
(Lemma 5), to get a fixed point (p°, x°, 2%, t°, &°), such that
(p%, x°, 2z°, t°, a®)ed(p®, x°, 2°, t°, 0°®). To be specific,
frrans t° =[p° y8(p°, x|/ e W (p? x°)

max {a; + V[ wl(p°, x°)—t°w1(p°, x°)—p°yl(p°, x°) 1, 0}

I max {op + V[ wh(p°, x°)-t°wh(p°, x“)-p°yh(p°, x°)], 0}

ieN, and,

x°c 5(p°), =z% x{(p°, x°) and p°c A(z°).
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Recall A. 7, that is, there exists a consumption plan (x', yl) for

each ieN, suech that (x?, yl) ?‘(x, 0), yl‘i 0, (x7, yl)e = x v,

Theorem 6: Under A. 1,2,3,4',5)6,7, and B. 1,2,3,4,5, and 6, there
exists an equilibrium with a linear income tax system, if w%i 0, ieN,
and if yi(p, x) > 0, at least one ieN.

We shall add to the proof; A. 4' implies p°> 0, hence, mizp implies
wi(p°, x°)> 0. By A. 7, if yi(p°, x°) = 0, then, there is (x, yi)

€ Xi x Yi, guch that ui(x, yi) > ui(x°, 0), actually, uiQ§, yi(p, x))
> ui(x°, 0). This is a contradiction, and yi(p°, x°)> 0. Note also

for any t<1, A. 4" holds by A. 4'.



*3
4

18

Footnotes

This amgunts to the new. income (aft?r tax) minus the compensated
expenditure on private goods, since the old expenditure is equal to
the old income after tax. See this on p. 9.

The knot ° ovér a set reads as the interior of the set.

Let G3 denote this inersection.

Non-emptyness of this follows from the assumption made right

after the definition of the surplus W} ielN.



19

References

Berge, C. : Topological Spaces 1963 1st English Editien,

Cliver & Boyd, Edinburgh and London p.168-, p. 115-.p. 1537-.
Debreu, G.:" New Concepts and Techniques for Equilibrium Analysis,"

International Economic Review 3(1962) pp. 257-273.

Debreu, G. The Theory of Value 1959, 1965. New York, John Wiley.

Dorfman, R. " General Equilibrium with Public Goods ™ 1969

~Public Economics ed. Guitton et al.

Foley, D. " Lindahl's Solution and the Core of an Economy with

Public Good.” Econometrica 38 (1970) pp. 66-72.

Foley, D. ' Resource Allocation. and the Public Sector."

Yale Economic Essays 7(1967)

Johansen, L, " Some Notes on the Lindahl Theory of Determination

of Public Expenditures."”" International Economic Review 4

1}

(1963), pp. 346-357.

Lindahl, E. " Just Taxation - A Positive Solution." Classics

in the Theory of Public Finance, R. A. Musgrave and A. T.

Paacock (eds.) London, 1958.
Milleron, J-C. : ' Theory of Value with Public Goods: A Survay

Article " Journal of Economic Theory 5(1972) pp. 419-477.

2

Negishi, T. General Equilibrium Theory and International Trade

(1972) Chapter 1 Part I.

Samuelson, P. A. " The Pure Theory of Public Expenditure,” Review

of Economics and Statistics 36(1954) pp. 387-389.

Samuelson, P. A. " Aspects of Public Expenditure Theories,” Review

of Economics and Statistics 40(1958) pp. 332-338.

Samuelson, P. A, " Pure Theory of Public Expenditure and Taxation,"

Public Economics eds by J. Margolis et al. pp. 98-123.




No.

No.

No.

No.

No.

No.
No.
NQ.
No.
No.
No.

No.

No.

No.
No.
No.

No.

No.

No.

10

11

12

13

14

15

le

17

18

19

INSTITUTE OF SOCIO~ECONOMIC PLANNING

Discussion Paper Series (1974-1979.3)

Shuntaro Shishido and Shinyasu Heoshino,
"Economic¢ Planning Technigues in Japan," (December, 1974).

. Shuntaro Shishido and Akira Oshizaka,

“An Econometric Analysis of the Impacts of Pollution Control in Japan," (January,
1975).

Shuntaro Shishido,
"Administrative Arrangements for Increasing Effective Planning Systems,"
(September, 1975). .

Koichi Mera,
"Changing Pattern of Peopulation Distribution in Japan and its Implications to
Developing Countries," (November, 1975).

Shuntaro Shishido,
"Japan's Role in Future World Economy," (December, 1975).

Baruo Onishi,
"An Operational Approach to a Worldwide Temporal Food Allocation and Price
Determination Problem," (November, 1975).

Shuntaro Shishido, Naoki Kitayama and Hajime Wago
"Changes in Regional Distribution of Population in Japan and Its Implications for
Social policy," (September, 1976).

Koichi Mera,
"Population Concentration and Regional Income Disparity: A Comparative Analyvsis
of Japan and Korea," (December, 1976).

Hajime Eto,
"Statistical Methods to Measure the Consensus of Experts Opinions in Delphi Fore-
casts and Assessments," (January, 1977).

Hajime Eto,
"Fuzzy Operational Approach to Analysis of Delphi Forecasting," (April, 1977).

Hajime Eto,
"A Formal Approach to the Evaluation of Porecasts," (April, 1977).

Hiroshi Atsumi,
*Oon Proportional Malinvaud Prices," (June, 1977).

Atsuyuki Okabe,

"An Expected Rank-Size Rule : A Theoretical Relationship between the Rank-Size Rule

and City Size Distributions," (April, 1977).

Mamoru Kaneko,
“The Assignment Markets,® (July, 1977).

Hiroshi Atsumi,
"a Geometric Note on Global Monotonicity Theorem," {July, 1977).

Atsuyuki Okabe,
"Some Reconsiderations of Simon's City Size Distribution Model,® (July, 1977).

Atsuyuki Okabe,
"Spatial Aggregation Bias in Trip Distribution Probabilities: The Case of the
Gravity Model," (September, 1977).

Mamoru Kaneko,
“"Consideration of the Nash Social Welfare Function," (September, 1977)}.

Koichi Mera and Hiroshi Ueno,

"population Factors in Planning of Sub-national Areas: Their Roles and Implications

in the Long-Run," (September, 1977).



No.

No.

No.

No.

No.

No.

No.

No.

No.

NC.

No.

No.

No.

No.

No.

No.

No.

No.

No.

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36.

37

38

Haruo Onishi,
“"Oon the Existence and Uniqueness of a Solution to an Operational Spatial Net
Social puasi-welfare Maximization Problem," (October, 1977}.

Hajime Eto,
"Evaluation Model of Distribution Sector in Decentralized Economy," (December,
1977}).

Atsuyuki Okabe,
"population Dynamics of Cities in a Region: Conditions for the Simultaneously
Growing State," (January, 1978).

Mamoru Kaneko,
"aA Bilateral Moncopoly and the Nash Solution," (January, 1978).

Mamoru Kaneko,
"The Nash Social Welfare Function for a Measure Space of Individuals," (February,
1978} .

Hajime Eto,
"Generalized Domination and Fuzzy Domination in Preference Structure," (March,
1978).

Atsuyuki Okabe,
"mhe Stable State Conditions of the Population-Dependent Migration Functions
under No Population Growth," (April, 1978).

Mamoru Xaneko, .
"An Extension of the Nash Bargaining Problem and the Nash Social Welfare Fuaction,”
(April, 1978). -

Hiroshi Atsumi, .
“on Efficiency Prices of Competitive Programs in Closed Linear Models," (May,
ls78).

Mamoru Kaneko,
"A Measure of Ineguality in Income Distribution," (June, 1978).

Atsuyuki Okabe,
"Transportation and the Eguilibrium Size of Cities in a Region," (September, 1978}.

Kozo Sasaki,
"Food Demand Matrix Derived from Additive Quadratic Model," (September, 1978).

Yozo Ito and Mamoru Kaneko,
"Note on Linearizability of Cost Functions in Public Goods Economies," (November,
l978). :

Mamoru Kaneko, ]
"The Stable Sets of a Simple Game," {(November, 1978).

Atsuyuki Okabe,
"Spatially Constrained Clustering: Parametric and Nonparametric Methods for
Testing the Spatially Homogeneous Clusters," (November, 1978).

Ayse Gediﬁ,
"Spatial Distribution of Population in Postwar Japan (1945-75} and Implications
for Developing Countries," (November, 1978).

Ayse Gedik,
"gizes of Different Migration Flows in Turkey, 1965-70: Possible Future Directions
and Towards Comparative Analysis," (December, 1978).

Atsuyuki Okabe,
“"An Application of the Spatially Constrained Cluster Method," (March, 1979).

Yasoi Yasuda and Ryohei Nakamura,
"A Model of Social Dissatisfaction Punction and Its Application to Regional Indica-
tors," (March, 1979).




No.

NoO.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

* No.

No.

No.

No.

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

INSTITUTE OF SOCIO-EZCONCMIC PLANNING

Discussion Paper Series (1979.4-1980.3}

Hiroyuki Odagiri,
"Income Distribution and Growth in a Hierarchical Firm," (August, 1979}.

Koichi Mera,
"Basic Human Needs versus Economic Growth Approach for Coping with Urban-Rural
Imbalances: An Evaluation Based on Relative Welfare," (April, 1979).

Iwaro Takahashi,
"Switching Punctions Constructed by Galois Extension Fields,"™ (June, 1979).

Takao Fukuchi,
"Growth and Stability of Multi-Regional Economy," (July, 1979).

Atsuyuki Okabe,
"The Number of Quadrats and The Goodness-of-Fit Test of the Quadrat Method for
Testing Randomness in the Distribution of Points on a Plane," (July, 1979).

Nozomu Matsubara,
"Informational Evaluation of Decision Criteria in Situational Decision Making
Model ," {August, 1979}. :

Mamoru Kaneko,
"The Optimal Progressive Income Tax -— The Existence and the Limit Tax Rates,"
(July, 1979).

Yozo Ito and Mamoru Kaneko,
"Ratio Equilibrium in an Economy with an Externality," (August, 1979).

Hajime Eto,
Effectiveness of Decentralization with Power Separation in Central Authority,®
{September, 1979).

Yukio Oguri,
"Relocation Demand and Housing Preference of the Households of the Tokyo Metro-
politan Region: A Metropolitan Residential Relocation Survey," (October, 1979).

Hiroyuki Odagiri,
"Advertising and Welfare: A Pedagogical Note," (September, 1979).

Satoru Fujishige,
"Lexicographically Optimal Base of a Polymatroid with respect to a Weight
Vector," (September, 1979).

Satoru Fujishige,
"A New Efficient Algorithm for Finding Shortest Paths in Networks with Arcs of
Negative Length," {October, 1979).

Hajime Eto,
"Decentralization Model with Coordination in Terms of Policy Selection," (December,
1579).

Yoshiko Nogami.,
"A Non-Regular Sguared-Error loss Set-Compound Estimation Problem," {September,
1979).

Mikoto Usui,
"Technological Capacitation and International Division of Labor," (September,
1979).

Takao Fukuchi, Fumio Isaka and Mamoru Obayvashi,
"Economic Growth and Exchange Rate Systems," {October, 1979).

Takatoshi Tabuchi,
"Optimal Distribution of City Sizes in a Region," (November, 1979),



No,

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

Ayse Gedik, ‘
"Descriptive Analyses of Vilage-to-Province-Center Migration in Turkey:
1965-70," (November, 1979).

Shoichiro Kusumoto,
"Price Strategic Eccnomic Behaviour in an Exchange Economy -- A General (Non-)
Walrasian Prototype, PART 1," {November, 1979).

Atsuyuki Okabe, '
"Statistical Test of the Pattern Similarity between Two Sets of Regional
Clusters," (November, 1879).

Yukio Oguri,
"A Residential Search Routine for A Metropolitan Residential Relocation Model "
(December, 1979).

Mikoto Usui,
"Advanced Developing Countries and Japan in Changing International Economic
Relationships," (December, 1979).

Shigeru Matsukawa, .
"Fringe Benefits in a Dynamic Theory of the Firm," (January, 1980).

Takao Fukuchi,
"A Dynamic Analysis of Urban Growth," (December, 1979).

Ryosuke Hotaka,
"A Design of the Integrated Data Dictionary Directory System," {January, 1980).

Shoichi Nishimura,. :
"Monotone Optimal Contxol of Arrivals Distinguished by Reward and Service Time,"
(January, 1980).

Yozo Ito and Mamoru Kaneko, .
"A Game Theoretical Interpretation of the Stackelbergy Disequilibrium," {January,
1980).

Sho-Ichiro Kusumoto,
"Global Aspects of the Economic Integrability Theory —-— Bguivalence Theorems on
the Hypothesis of Economic Man," (February, 1980).

Satoru Fujishige,
"An Efficient PQ-Graph Algorithm for -Solving the Graph-Realization Problem,"
{February, 1980).

Koichi Mera,
"The Pattern and Pace of Urbanization and Socio-Economic Development : A Cross—
Sectional Analysis of Development Since 1960," (March, 1980).

Atsuyuki Okabe,
"A Note : Spatial Distributions Maximizing or Minimizing Geary's Spatial Conti-
guity Ratio," {March, 1980).

Isao Ohashi,
"Wage Profiles and Layoffs in the Theory of Specific Training," (March, 1980).




No.

NoO.

No.

No.

No.

No.

No.

No.

No.,

No.

NO.

No.

No.

No.

No.

No.

No.

No.

No.

No.

74

75

76

77

78

79

80

8l

82

83

84

85

86

87

88

89

90

91

92

INSTITUTE OF SOCIO-ECONOMIC PLANNING

Discussion Paper Series (1980.4-1981.3)}

Seizo Ikuta,
"a Sequential Selection Process and Its Applications," (april, 1980).

Mamora Kaneko,
*On the Existence of an Optimal Income Tax Schedule," (April, 1980).

Kazumi Asako,
"Heterogeneity of Labor, the Phillips Curve, and Stagflation," (April, 1580).

Hiroyuki oOdagiri,
"Worker Participation and Growth Preference: A Theory of the Firm with Two-
Layer Hierarchical Structure and Profit Sharing,"” (June, 1980).

Yoshimi Kuroda, .
"production Behavior of the Farm Household and Marginal Principles on Postwar
Japan," {April, 1980).

Kazumi Asako,
"Rational Expectations and the Effectiveness of Monetary Policy with a Special
Reference to the Barro-Fischer Model," {May, 1980).

Takao Fukuchi and Makoto Yamaguchi,
"An Econometric Analysis of Tokyo Metropolis,®" (July, 1980).

Satoru Fujishige,
"Canonical Decompositions of Symmetric Submodular Systems," (June, 1980}).

Kazumi Asako,
"On the Simultaneous Estimation of Means and Variances of the Random Coefficient
Model," (July, 19890). :

Yoshitsugu Kanemoto,
"price-Quantity Dynamics in a Monopolistically Competitive Economy with Small
Inventory Costs," (June, 1980).

Nozomu Matsubara,
"Phe N—-part Partition of Risks," (July, 1980).

Atsuyuki Okabe,
A Static Method of Qualitative Trend Curve Analysis," (September, 1980).

Shigeru Matsukawa,
"pualistic Development in the Manufacturing Sector : Japan's Experience,”
{(July, 1980).

Hirovuki Odagiri,
"Antineoclassical Management Motivation in a Neoclassical Economy: An Inter-
pretation of Japan's Economic Growth," (August, 1980).

Koilchi Mera,
v"City Size Distribution and Income Distribution in Space," {Auvgust, 1980).

Yoshitsugu Kanemoto, Mukesh Eswaran and David Ryan,
"A Dual Approach to the Locational Decision of the PFirm," (October, 1980}.

Hajime Eto, .
vEvaluation of the Reformed Division System with Enforcement of Short-Range
Corporate Strategy," {(August, 1980}.

Shuntaro Shishido,
“"Long-Term Forecast and Policy Implications : Simulations with a World Econo-
metric Model (T - FAIS IV)," (September, 1980).

isao OQOhashi,
“A Model of Labor Quality, Wage Differentials, and Unemployment," (September,
1980).



No.

NO.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

Sho-Ichiro Kusumoto,
"The Economic Location Theory -—- Revisited a Confirmation," {September, 1980).

Seizo Ikuta,
"A Generalization of a Seguential Selection Process by Introducing an
Extended Shortage Function," (QOctober, 1980).

Kazumi Asako and Ryuhei Wakasugi.,
"Some Findaings on an Empirical Aggregate Production Function with Government
Capital," (October, 1980).

Yoshimi Kuroda and Pan A. Yotopoulos,
"A Subjective Equilibrium Model of the Agricultural Household with Demographic
Behavior -~ A Methodological Note ——," (November, 1980).

Atsuyuki Okabe,
"Relative Efficiency of Simple Random, Stratified Random and Systematic
Sampling tor Estimating an Area of a Certain Land Use," (November, 1980).

Hideto Sato,
“Handling Summary Information in Databases: Derivability," (November, 1980).

Yoshitsugu Yamamoto, .
"Subdivisions and Triangulations induced by a Pair of Subdivided Manitolds,"
(December, 1980Q).

Sho-Ichiro RKusumoto,
"Foundations of the Economic Theory of Location —-- Transport Distance v.s.
Substitution," (January,l1981).

Hideto sato, :
"Handling Summary Iniformation in a Database: Categorization and Summarization,"
(January, 198.L),

Kazumi Asako,
"Utility Function and Superneutrality Of Money on the Transition Path in a
Monetary Optimizing Model," (February 1981).

Yoshitsugu Yamamoto, -
“"A Note on Van Der Heyden's Variable Dimension Algorithm for the Lainear Com-—
plementarity Problem," (February, 1981).

Kanemi Ban,
"Estimation of Consumption Function with a Stochastic Income Stream," (February,
lagl).

Ryosuke Hotaka and Masaaki Tsubaki,
"Sententlal Database Design Msthod," (February, 1981).

Yoshitsugu Kanemoto,
"Housing as an Asset and Property Taxes," (February, 1981}.

Nozomu Matsubara, Jack Carpenter and Motoharu Kimura,
"Possible Application of the James-Stein Estimator to Several Regregsion Lines,"®
{March, 19381},

Shuntaro sShishido and Hideto Sato,
"An Econometric Analysis of Multi-Country Multipliers under tixed and Floating
Exchange Rate Regimes," (Maxch, 1981).

Yaso1 Yasuda and Ken Watanabe,
"An Equitable Cost Allocation of Cooperation Sewerage System as Regional Public
Goods," (April 1981},

Kazumi Asako,
"On the Optimal Short-Run Money-Supply Management under the Monetarist Long-Run
Money-Supply Rule," {March, Ll98l1).

Yoshitsugu Yamamoto,
"A New Variable Dimension Algorithm for the Fixed Point Problem," {March, l9841i).




No.

No.

No.

113

114

115

INSTITUTE OF SOCIO-ECONOMIC PLANNING

Discussion Paper Series (1981.4- )

Sho-Ichiro Kusumoto,

"On the Eguilibrium Concepts in a General Equilibrium Theory with Public Goods
and Taxes-Pareto Optimallity and Existence," (April, 1981).

Ryosuke Hotaka,

"A Meta-Database for a Database Design Method," (May, 1981).

Hidehiko Tanimura,

"A Minlimum-Distance Location Model Central Facilities with Entropy-Maximizing
Spatial Interaction," (May, 198L).






