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Abstract. In this paper the author treats the uniform distribution as follows:

f(x]ﬂ)={c‘1, B8, (Xl +D,

0, otherwvise

where -w<f«w, c=f,—§, and §, and §, are real numbers such that §,<f,. We refine

---- the-test--appeared—inNogami: (200ta) -and"-canpare.éthis'~ref-i-ned—--test--w:i;th—the'—testu----“

in Chatterjee and Chattopadhyay(1994).
is unknown.

We also present two—sided test when c
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§1. Introduction. For the hypothesis testing based on Lagrange’ s method we refer to
Nogami{2002). In this paper we deal with the uniform distribution over the
interval [0+0,,0+6,) with the density

(1) f(xlﬂ)=tc“, for §,8x—6<4,

0, otherwise

where -w<f<w, c=§,—-§, and §,(i=1, 2) are real numbers such that §,<éi,. Based on
a random sample X;, ... ,X, from f(x|§) we consider the test of the hypothesis
Hy :4=0, versus the alternative hypothesis H, :0#0, for a constant §,. Iet Xy
be the i-th swallest observation of X,, ... ,X,. Let V=X, and W-—-X(n,; We

--estimate § by an unbiased estimate Y=(ViW={,.)/2 with.} =8 16 Lot g - be-a — —c - - —c .

real number such that 0<s<l and let r=c{l-g!/*)/2. According to Nogami (2001a)
and Nogami(2001b) we refine the rejection region of (2.6) in Nogami(200la) as

follows:
{2) D={YSho—T, Y200+, Bo+i, <V<W<fo+i WAV o+d,, W-V<CH{W300+5,, W-V<c}.

Our refined test is to reject H, if (V,W)eD and accept H, if (V,W)§D. We can
see that this refinement makes the power higher than (3.1) of Nogami(200la).
As a bibliography of the uniform hypothesis  testing we refer to Chatterjee
& Chattopadhyay(l1994). There they considered the uniform distribution (1) with
§,=0 and §;=1. Tile tests 4°,, $%:, ¢. and §°, (by Pratt(1961)) in their paper
consist of the same approach and the same direction of thinking. Especially, ¢,
is nonsence., Even if ¢, is the locally best test, no statistician wants to use
it in practical fields because the test ¢, has the rejection region in the
center- of the true hypothesis H,. In commom sense if the sample point falls
in such a region we will accept H,. This kind of curiosity probably comes from
making the test uniformly most powerful (UMP) mathematically and not thinking
the practical use and the peculiar charact.eri;tic of the uniformity of the
uvnderlined distribution also makes this kind of curiosity possible. Although
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49, (see (5)} is UMP for the test of Hy:0=0, versus ¥ ,:0>0,, the rejection

region of §*, covers all sample space for H, when n gets large. This means
that %, rejects all the time for large n. This is curios. Even if $°, is OMP
of size s statisticians would not want to use this test. As far as our problem
concerns the author feels that some other point of view rather than merely UMP
is necessary.

According to Result 2.1 in Chatterjee and Chattopadhyay(1994) our two tests
in Sections 2 and 3 are both umbiased. We see that our test (2) has a natural
rejection region and has the same power as that for ¢°. (see (4)) locally for
n=5 and ¢=. 05. Also, when we derive from (2) one-sided test for H, versus H ,,

our test has the same power as ¢°, locally.

... Let A be the accept.ancewr,egion__of_'_t_he__test_.___.__We.__call__E,,;( A)_the test—accept—_ .

ance function of §{. In Sections 2 and 3 we assume that ¢(>0) is known. In
Section 4 we assume that ¢ is unknown. In Secticn 2 we show the tes;tmacceptance
function of ¢ for our refined test (2) and compare this w:Lt_h $°.. In Sectiomn 3
we show another test derived from (2) and compare it with $%:. Test—acceptance
functions for §°,, $%, and }°, are shown in Appendix. In Section 4 we introduce

a two-sided test for testing H, versus H, when c is unknown.

§2. The test-acceptance function for §. ILet B be the camplement. of the set B.
In this section we compute P, (D) and compare it with that for the test %, in
Pratt(1961). In order to do so we first find the joint density of (V,W) as

follows:
(3) G(v, W)=n{n-1)c-2 (W—v)=2  For §+§, <vew<d+i,.
W | .
A In (2) the area {YS0,-¥, Y241, fo+i <vewcho+ia}
We-Uq, | WA W7V  is the shaded area in FIGURE 1 (here, d<2"! for §,=0
/ and §,=1}. Here, a;=2(f0q+; )+cet ™ and B,=2(b8ytis)—
8ty P ' ‘ cegl/®. Tt is easy to see Py (D)=0. Since 1-P, (D)=
Gt8; -4 | P, {ViWsa,, VHW2a,, f0o+8, <V<Wclo+d, P, {V<ho+i,, W—-Vec}
i Brditq \ : +Py {W3fo+i;, W-V<c}, we compute these three probabi-—
Boté) lities separately and then add them finally. (See
y FIGURE 2.) 'Then, we obtain that when 0<g!” *<2/3

FIGURE 1.
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and when 2/3%q'7

Kb, for 0<f¢—-2"'c—r
2=lc i {Z2(p - o+C)—Cal 0 ]n, for f,-2"lc-rsf<h,—2r
cr(f—-fotc)—2"1¢q, . for 9,-2rsf<«p,—2 " tc+r

cm(0—-do+c)" 27 g-2" e {2(0 0, )+ce ' "}, for ,—-2 lctrid<d,

C M (fo-t+C)t—2"1e 27 " {2(ho—0)tcat 2 }2, for §,L0<0,+2"c—1r

c o {f,—f+c)n—2"1y, for f§,+2 'c—xsf <ho+2r
2-tgme{2(f,—0+c)—ca'/"}n, FOr §o+2rSh <fo+2- Lot
0, ' for f#,+2 lc+rsy

nel,

e

P (D)=x

\

Q, ‘ for §<fs-2"tc—x
27le  {2(f~fo+c)—cCa ' }", for #,-2"'c-rifi<f,~2 " lc+r

271 {2(0~00%C)~Cu 1 PR -27 e {200 o ) 4Ca /0 e,

for §,-2"'ct+rif«f,-2r
CTR(f-fo+c) 27 g2 e {2(f 0, )tCa ' 2}, for 0o-2rif<h,
CT(fo—0+Cc) 2" 4g-2"1c 2 {2(fo—0)tcat 2}", for §,80 <f,+2r

27tem* {2(fo—f+c)—ce PP -27 e {2( 0o -0 Y+ L 3R,

for §,+2rsf<fs+2 'c—r
27lcm{2(f—0+c)—cqt 2}, for f§e+27lc—rif<f,+2 " lctr

0, , for f,+2 to+rdy.



- ' Let §,=0 and §,=1 in (1) until the eighth line.

below (4). Let x=(x(, ... ,x,). Define

\

(4) $°.(x)={1, if {x§[0,,00+1) or V20,-d+1l and/or
W8 o +d}

: . _}fv.
(V3¢ 1) 0, Otherwise.
W
Ay

FIGURE 1 shows the difference of two rejection regions,
namely D and that for '¢°., (x). We compare our test with
$%. (x) for d¢1/2. From {9) in Appendix we can easily
see that when n=5 and ¢=. 05, P, (D)=E,(1-$°,(X)) for

: —

SO [o,(. M%‘ ._<2/3_) e 'B'D ._.2.:..1..a L /.'.u.s.o..(,ﬂ,d,.l.z::l a 1 /,n,_ 'chever; ~most—of-the- time-d— -

FIGURE 2. must be larger than 27! and in this case the test §°,
has the rejection region covering large area of the
sample space for H,. The author is suspicious to take such rejection regiomn
On the other hand, our acceptance region is. Do+2 L ,—r<2 L (VW) ) g +2 1§ o +T
in the sample space for H,. Since as n+w r»0, for large n 2-! (VW) accumulates
at. the center of the interval [f,+6,,8,+6,). To avoid this accumulation we
may need to devide the test statistic by some scale factor.
In the next section we show another rejection region for testing Hy:0=0,

versus H, :0#0, and compare it with ¢°9,,

§3. Another test-acceptance function for §. Iet s=2‘lc(1—-'(2a)1/_“) and assume

0<2¢<1l. In this section we construct the another rejection region for the test 7

of H, versus H, as follows:
D,={¥20,+s, Botd <V<Wefp+i, YU{VKO o+ ,, W-V<cU{W2h,+6,, wW-V<c}l.

It is easy to see that P,,O (D, )=q. In the similar way to Section 2 we compute
P, (D;) to get
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(o, for #<ddo—c
c *{i—f,+c)", for 6,—csi<«t,—-2"1c+s

CR(0-dot+c) 27 e {2(0 0, ) +c(28) 77}, for §,-2"'c+sSh<h,

P, (51 1=
c " (fo—f+c)"~1, ‘ for §,80<4,+2s
27te " {2(fo-0+c)}—(2¢) 1}, for §,+2s8h <P +2 LCts
\0, ' for #,+2 lc+ssd.

Let §,=0 and {.=1 in (1) until the end of this section. ¢%, is the test
given by

(5) $°0(X)={1, if x4[0,,00+1) Or §o+1l—a' PEVWcho+],
¢, otherwise.

From (10) in Appendix P, (D, )=E, (1-4°,(X)) for 0<0<0,+1—(2e)*/. So, our test
behaves as good as ¢°,, locally. Consider the test of Hy:0=f, versus H’ 120>0,.
Since as mro g'/"»1, the rejection region of §°, covers all sample space for H;
when n gets large. This means that $°, rejects H, all the time for large n.

On the other hand, our test rejects Hy, if 27! (V4W)2§,+2 1§,42 1 (1-(2¢)1“") in
the sample space for H,. So, the rejection region becomes 2TL(VHW) 20,427 L A
(with éﬂﬁll A>0) for large n. It seems that this is more natural than 9.

(Same argument holds between our test and 4°, for the test of H, versus H”, = <f,.
We merely put the test-acceptance function of ¢ for $°, in Appendix }

In the next section we consider the two-sided test when ¢ is unknown.
§4. Two-sided test when ¢ is unknown. Iet Z=W-V. For unknown c(>0} we use

unbiased estimate (n+l}(n-1)-'Z for ¢. To test Hy:8=§, versus H,:t+0, we
use the test statistic




(6) T={2" ' (V4W)-2" "0 } /{(ntl) (n—1)"'Z}.

We try to find the distribution of T.
Let U=V+W. By variable transformations we have from (3) that

{7) hy, z(u, z)=n({n-1)2"tc oz7~2, for §+§,<2 1 (u-z)<2 1 (utz)<fy+is.
Again, using variable transformations we obtain from (7) that

(8) be, z (t, z)=n(n+l)c "z "4,

— e ——fOr -0t S e (n-1){2(n+1)z} =L -(n-1)}{2{n+1) } =% -and 0<{zSc. - Since-the range-of -

(t,z) in above (8) is also expressed by 0fzfc{2(n+l)(n-1)"*|t{+1}"! and 0£|t|«wm,

integrating out z from (8) we obtain
he (L) =({n+1) {2{n+1) (n-1)"t |t | +1} 7, £or 0L|L|«m.

From the symmetricity of hy(t) at the origin it is encugh to obtain t, so
that

w
f hp(t) dt=a/2.
teo
Then, we get t,=(n-1}{2(n+l)} (¢~ * "~ -1)., Thus, the acceptance region of

our two-sided test is given by
~Lo {271 (VHW) 271400 1/ {(ntl} (n-1)"1Z}<t,
or equivalently,
2~ (V+W)—2“‘ﬁo~to(n+l)(n—l)r"Z<80<2‘1(V+W)-—2“160+t.0 (n+l)(n-1)"'Z.

Here, since as nwe t4,-+0, T by (5} with #=§, accumulates at the origin when n

=0,




§5. Appendix. Here, we show the test-acceptance functions of §°¢,,
We can easily obtain that when d<£1/2,

$°; and $°%,.

r

0, for §«<f,+d-1

(6+1-0o)0—~d", for f§,+3-1L0<fo—d
(0+1-0o)"—(8-0,+d)"—d", for §,—d<b<d,
(9) Eo (149, (X))=

(Bo+1-8)°—(0,-0+d)"~d", For §o<h<h,o+d

——- e (gL =p )R=dR, . fOr- fo+dCH <P o=+l ...

[ 0, for §,-d+1gs
and when d>1/2,

{b, for 8 <f,+d4-1

(B+l—ﬂo)“—(6—00+d)”—d“+(2drl)“, for f,+d-180<0,
Eo (149, (X))= <

(Bo+1=0)"=(0o—0+d)"—d"+(2d-1}", for §,50 <fo—d+l

\ G, for f§,—d+lsh.

Vg

0, for d<f,-1

(3+1—9,)°, For 0,-1L0<0,—a'”/"

(10) Eo(1—¢°1(§))=-J(ﬂ+1“ﬂo)"-(ﬂ—ﬂo+a1/“)“, for fo—a' <8<,

(o+1-8)"—a, For 0,2080,+1—qgt/"

\0, for f,+1-a' <.




/0, for d<po+al” -1

(ﬂ""‘l_ﬂo)n“ﬂ', for 00+ﬁl/n“1$ﬂ<ﬂo
Eo (1-$°; (X) )= (8o+1-0)"—(§o+a'/"~§)", for §,$0<ho+al”™

(Bo+1—-0)", £or fo+a1<ng <§o+1

\0, for #,+1<4.
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