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© Some open problems




Rainbow connection p

Forbidden subgraphs
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number, etc. However, they can be much larger than the
lower bounds in most cases.




Rainbow connection p

Forbidden subgraphs

o Many parameters of graphs have natural lower bounds in
terms of various graph invariants, such as order, size, min-
imum degree, diameter, clique number and independence
number, etc. However, they can be much larger than the
lower bounds in most cases.

o But, if we forbid some special substructures, then they may
be bounded in a way such as by a function of those graph
invariants.




Rainbow connection parameters and forbidden subgraphs

Forbidden subgraphs

o Many parameters of graphs have natural lower bounds in
terms of various graph invariants, such as order, size, min-
imum degree, diameter, clique number and independence
number, etc. However, they can be much larger than the
lower bounds in most cases.

o But, if we forbid some special substructures, then they may
be bounded in a way such as by a function of those graph
invariants.

o Let F be a family of connected graphs. We say that a graph
G is F-free if G does not contain any induced subgraph
isomorphic to a graph from F.
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vertices of G such that any adjacent vertices receive distinct
colors.
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Chromatic number

@ A k-coloring of a graph G is an assignment of k£ colors to the
vertices of G such that any adjacent vertices receive distinct
colors.

@ The chromatic number x(G) of G is the minimum positive
integer k such that G admits a k-coloring.

o A clique of a graph is a set of mutually adjacent vertices.
The maximum size of a clique in a graph G is denoted w(G),
which is called the clique number of G.
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illustrated in the following theorem.
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o It is clear that x(G) > w(G).

e But x(G) — w(G) may be arbitrarily large, which can be
illustrated in the following theorem.

Theorem 1.1

For any positive integer k, there exists a k-chromatic graph con-
taining no triangle.
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Chromatic number

o It is clear that x(G) > w(G).

e But x(G) — w(G) may be arbitrarily large, which can be
illustrated in the following theorem.

Theorem 1.1

For any positive integer k, there exists a k-chromatic graph con-
taining no triangle.

e Mycielski, Sur le coloriage des graphes, Colloq. Math. 3(1955)
161-162 gave a constructive proof of the above theorem.
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Chromatic number

o Naturally, we ask the following question.

Question 1.2

For which family F of graphs, there exists a function f such that
X(G) < f(w(Q)) if a graph G is F-free ?
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@ A hole of a graph is an induced cycle of length at least four.
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@ A hole of a graph is an induced cycle of length at least four.

Theorem 1.3 (Chudnovsky et al., JCTB 2010.)

If G is {K4,0dd holes}-free, then x(G) < 4.
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Chromatic number

@ A hole of a graph is an induced cycle of length at least four.

Theorem 1.3 (Chudnovsky et al., JCTB 2010.)

If G is {K4,0dd holes}-free, then x(G) < 4.

Theorem 1.4 (A. Scott, P. Seymour, JCTB 2016)

Let G be a graph with no odd hole. Then x(G) < 9212
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e A graph G is perfect if x(H) = w(H) for every induced
subgraph H of G.
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e A graph G is perfect if x(H) = w(H) for every induced
subgraph H of G.

Theorem 1.5 (Chudnovsky et al., Ann. Math. 2006)

A graph is perfect if and only if it contains neither induced odd
cycles of length at least 5 (odd holes) nor their complements.
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@ The line graph of G, denoted by L(G), is the graph with
vertex set E(G) in which two vertices are joined by an edge
if and only if they are adjacent edges in G.
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@ Vizing’s Theorem asserts that for any simple graph G, x/(G) <
A(G) + 1 (where x/(G) is the edge chromatic number).
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Chromatic number

@ The line graph of G, denoted by L(G), is the graph with
vertex set E(G) in which two vertices are joined by an edge
if and only if they are adjacent edges in G.

@ Vizing’s Theorem asserts that for any simple graph G, x/(G) <
A(G) + 1 (where x/(G) is the edge chromatic number). So
we have x(L(G)) < w(L(G)) + 1.

Theorem 1.6 (L. W. Beineke, JCT 9(1970))

A graph is a line graph if and only if it contains none of the 9
Beineke graphs, i.e., it forbids these 9 subgraphs.

o H. Kierstead told me that 3 of these forbidden subgraphs
are enough to guarantee the upper bound w(L(G)) + 1.
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o Except for proper (vertex) coloring, there are other color-
ings, say, edge-coloring, list coloring, rainbow connection
coloring, etc.
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o Except for proper (vertex) coloring, there are other color-
ings, say, edge-coloring, list coloring, rainbow connection
coloring, etc.

@ Some of these chromatic numbers also have obvious low-
er bounds in terms of some other parameters, and upper
bounds as a function of the parameters under the condition
of some forbidden subgraphs.
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Rainbow connection

o G. Chartrand, G.L. Johns, K.A. McKeon, P. Zhang, Rain-
bow connection in graphs, Math. Bohem. 133(1)(2008) 85-
98 introduced the concept of rainbow connection number,
denoted by rc(G).
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them. And, the edge-coloring is called a rainbow connection
coloring.
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Definitions

o A path in an edge-colored graph is a rainbow path if no two
edges of the path are colored with a same color.

@ An edge-colored graph is rainbow connected, if for any two
vertices of the graph, there is a rainbow path connecting
them. And, the edge-coloring is called a rainbow connection
coloring.

e For a connected graph G, the rainbow connection number,
denoted by r¢((G), is defined to be the minimum number of
colors needed in an edge-coloring of G to make G rainbow
connected.
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Observation

@ The following observations are immediate.

Proposition 2.1

Let G be a connected graph with n vertices. Then
(a) 1 <re(G)<n-—1,

(b) re(G) = 1 if and only if G is complete,

(c) re(G) =n —1 if and only if G is a tree,

(d) rc(G) > diam(G),

(e) if G is a cycle of length n > 4, then rc(G) = [§].
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Observation

@ The following observations are immediate.

Proposition 2.1

Let G be a connected graph with n vertices. Then
(a) 1 <re(G)<n-—1,

(b) re(G) = 1 if and only if G is complete,

(c) re(G) =n —1 if and only if G is a tree,

(d) rc(G) > diam(G),

(e) if G is a cycle of length n > 4, then rc(G) = [§].

V.

e Note that the difference r¢(G) — diam(G) can be arbitrarily
large. In fact, if G = K 5, then we have rc(G) — diam(G) =
n — 2, since every edge requires a single color. Bridges have
to receive distinct colors in any rainbow connection coloring.
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@ Therefore, connected bridgeless graphs have been studied in
M. Basavaraju, L.S. Chandran, D. Rajendraprasad, D. Ra-
maswamy, Rainbow connection number and radius, Graphs
& Combin. 30(2014) 275-285 and they obtained the follow-

ing result.
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Theorem 2.1

For every connected bridgeless graph G with radius r,
re(G) < r(r+2).
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Rainbow connection

Motivation

@ Therefore, connected bridgeless graphs have been studied in
M. Basavaraju, L.S. Chandran, D. Rajendraprasad, D. Ra-
maswamy, Rainbow connection number and radius, Graphs
& Combin. 30(2014) 275-285 and they obtained the follow-

ing result.

Theorem 2.1

For every connected bridgeless graph G with radius r,
re(G) < r(r+2).

e Note that, since rad(G) < diam(G), the above theorem
gives, for bridgeless graphs, an upper bound on r¢(G) which
is quadratic in terms of the diameter diam(G) of G. The
upper bound is best possible even for graphs with high con-
nectivity.




Rainbow connection parameters and forbidden subgraphs

Rainbow connection

Question

P. Holub, Z. Ryjacek, I. Schiermeyer, P. Vrana, Rainbow con-
nection and forbidden subgraphs, Discrete Math. 338(10)(2015)
1706-1713 considered forbidden families F implying a linear up-
per bound on r¢(G) in terms of diam(G).
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Rainbow connection

Question

P. Holub, Z. Ryjacek, I. Schiermeyer, P. Vrana, Rainbow con-
nection and forbidden subgraphs, Discrete Math. 338(10)(2015)
1706-1713 considered forbidden families F implying a linear up-
per bound on r¢(G) in terms of diam(G).

Question 2.2

For which families F of connected graphs, there are constants
qr,kr such that a connected graph G being F-free implies
re(G) < qr - diam(G) + kr ¢
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Results when ¢ = 1 and |F| =1

@ When gr = 1 and |F| = 1 or 2, they gave a complete answer.
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Results when ¢ = 1 and |F| =1

@ When gr = 1 and |F| = 1 or 2, they gave a complete answer.

Theorem 2.3

Let X be a connected graph. Then there is a constant kx such

that every connected X -free graph G satisfies rc(G) < diam(G)+
kx, if and only if X = Ps.
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Results when ¢ = 1 and |F| =1

@ When gr = 1 and |F| = 1 or 2, they gave a complete answer.

Theorem 2.3

Let X be a connected graph. Then there is a constant kx such

that every connected X -free graph G satisfies rc(G) < diam(G)+
kx, if and only if X = Ps.

@ Since the proof is short, we give its details, just to show the
main idea for other complicated proofs.
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Rainbow connection

Results when ¢ = 1 and |F| =1

@ When gr = 1 and |F| = 1 or 2, they gave a complete answer.

Theorem 2.3

Let X be a connected graph. Then there is a constant kx such

that every connected X -free graph G satisfies rc(G) < diam(G)+
kx, if and only if X = Ps.

@ Since the proof is short, we give its details, just to show the
main idea for other complicated proofs.

@ Proof. <) If X = P5, then G is complete, implying
re(G) = diam(G) = 1.
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=) Let t > kx + 3. Consider the graphs K ; and Kf shown in
Figure 1. K.,

Figure 1. The graphs K;; and K]
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Proof of Theorem 2.3

=) Let t > kx + 3. Consider the graphs K ; and Kf shown in
Figure 1. K.,

Figure 1. The graphs K;; and K]

Since diam(K1 ) = 2 and rc(Ky ) =t > diam(K1 ) + kx, then
X must be an induced subgraph of K7 ;, and hence X is isomor-
phic to K7, for some r < ¢.
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Proof of Theorem 2.3

=) Let t > kx + 3. Consider the graphs K ; and Kf shown in

Figure 1. K., K
1 1
<2 ( f
t t

Figure 1. The graphs K;; and K]

Since diam(K1 ) = 2 and rc(Ky ) =t > diam(K1 ) + kx, then
X must be an induced subgraph of K7 ;, and hence X is isomor-
phic to K7, for some r < ¢.

On the other hand, since diam(K}') = 3 and re(K}) =t +1 >
diam(KJ') + kx, then K}! must contain an induced copy of X.
Since Kth is K1 3-free and X = K ,, then X must be a Ky or
K1 5. Since if any graph free of K71 = K5 is an empty graph, X
must be K2 = P3.
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Results when ¢z = 1 and |F| = 2

Theorem 2.4

Let X,Y be connected graphs such that X,Y # Ps. Then there
is a constant kxy such that every connected (X,Y)-free graph G
satisfies re(G) < diam(G)+kxy, if and only if (up to symmetry)
either X = K1, (r>4) andY =Py, or X = K13 and Y is an
induced subgraph of the net N.
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Rainbow connection

Results when ¢z = 1 and |F| = 2

Theorem 2.4

Let X,Y be connected graphs such that X,Y # Ps. Then there
is a constant kxy such that every connected (X,Y)-free graph G
satisfies re(G) < diam(G)+kxy, if and only if (up to symmetry)
either X = K1, (r>4) andY =Py, or X = K13 and Y is an
induced subgraph of the net N.

Figure 2. The graph N
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Results for general qr

e They found that there are no more families with |F| < 2 for
general qr.




Rainbow connection parameters and forbidden subgraphs

Rainbow connection

Result when ¢ = 1 and |F| =3

e J. Brousek, P. Holub, Z. Ryjacek, P. Vrana, Finite fami-
lies of forbidden subgraphs for rainbow connection in graphs,
Discrete Math. 339(9)(2016) 2304-2312 considered further
when gr = 1, and finalized their previous results.
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Result when ¢ = 1 and |F| =3

e J. Brousek, P. Holub, Z. Ryjacek, P. Vrana, Finite fami-
lies of forbidden subgraphs for rainbow connection in graphs,
Discrete Math. 339(9)(2016) 2304-2312 considered further
when gr = 1, and finalized their previous results.

IND
o Let H C G denote that H is an induced subgraph of G.
Set:

§1= {{P?)}}’ IND
Fo = {{X,YI{X,Y} C {K13,N}},
83 = {{K1, Pa}|r > 4}.
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Rainbow connection

Result when g = 1 and |F| =3

e J. Brousek, P. Holub, Z. Ryjacek, P. Vrana, Finite fami-
lies of forbidden subgraphs for rainbow connection in graphs,
Discrete Math. 339(9)(2016) 2304-2312 considered further
when gr = 1, and finalized their previous results.

o Let H H\éD G denote that H is an induced subgraph of G.
Set:
§1 = {{Bs}},
IND
S2 = {{X7Y}|{X7 Y} - {Kl,?ﬂN}}?
83 = {{K1, Pa}|r > 4}.

Theorem 2.5

Let F be a family of connected graphs with |F| = 3 such that
F 2 F for any F' € §1 UF2UFs. Then there is a constant
kr such that every connected F-free graph G satisfies rc(G) <

diam(G) + kr, if and only if F € F4UF5 U Fs.
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Result when ¢ = 1 and |F| =3

Set:

Fa={{K13, K Nijiptls>3,1<j<kj+k>2}

Ts = {{K1,, K! P}|r > 3,5 >3,0> 4},

376 — {{Kl,rasl,j,ka}‘r > 37 1 SJ S k?] +k > 2}7
and D

i={{X,Y,Z}{X,Y,Z} C F forsome F € §;},i =4,5,6,

where Klyt,Kf,Si’j’k and N; j, with ¢,4,75,k € N are shown in
Figure 3.

S35,k Nijx

1 vertices i vertices
—— )

—— . .—@
J vertices J vertices
SN——— N——

vertices ; vertices
——— ——

Figure 3: The graphs S; ;x, N
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Result when g = 1 and |F| =4

Set:

Fr = {K1r K2, Nijg Sy 554 > 3,5 > 3,1 < j <k, j+k >
21<j<kj+k>2)
and

& = ({X,Y, 2, WY{X,Y,Z,W} C F for some F € 37}.
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Rainbow connection

Result when ¢z = 1 and |F| =4

Set:
Fr = {K1r K2, Nijg Sy 554 > 3,5 > 3,1 < j <k, j+k >
2,1<j<k,j+k>2}

& = {{X,Y, 2, W}{X,Y,Z,W)} C F for some F € Fr}.

Theorem 2.6

Let F be a family of connected graphs with |F| = 4 such that
F D F forany F' € F1UF2U---UFs. Then there is a constant
kr such that every connected F-free graph G satisfies rc(G) <
diam(G) + kr, if and only if F € §7.
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o Finally, they gave a complete answer to Question 2.2 for any
finite family F when gr = 1.




Rainbow connection parameters and forbidden subgraphs

Rainbow connection

Final result when gr = 1

o Finally, they gave a complete answer to Question 2.2 for any
finite family F when gr = 1.

Theorem 2.7

Let F be a finite family of connected graphs. Then there is a
constant kr such that every connected F-free graph G satisfies
re(G) < diam(G) + kg, if and only if F contains a subfamily
FleFiugU---UFr.
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Question under the assumption §(G) > 2

o P. Holub, Z. Ryjécek, 1. Schiermeyer, P. Vrana, On forbidden
subgraphs and rainbow connection in graphs with minimum
degree 2, Discrete Math. 338(3)(2015) 1-8 added an assump-
tion 6(G) > 2 to Question 2.2 (i.e., pendant edges are not
allowed).
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Rainbow connection

Question under the assumption §(G) > 2

o P. Holub, Z. Ryjécek, 1. Schiermeyer, P. Vrana, On forbidden
subgraphs and rainbow connection in graphs with minimum
degree 2, Discrete Math. 338(3)(2015) 1-8 added an assump-
tion 6(G) > 2 to Question 2.2 (i.e., pendant edges are not
allowed).

Question 2.8

For which families F of connected graphs, there are constants
qr, kr such that a connected graph G with 6(G) > 2 being F-free
implies rc(G) < qF - diam(G) + kg ?
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Results when ¢ = 1 and |F| =1

@ When gr =1 and |F| = 1, they gave a complete answer.
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Results when ¢ = 1 and |F| =1

@ When gr =1 and |F| = 1, they gave a complete answer.

Theorem 2.9

Let X be a connected graph. Then there is a constant kx
such that every connected X -free graph G with minimum degree
d(G) > 2 satisfies re(G) < diam(G) + kx, if and only if X is an
induced subgraph of Ps.
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Rainbow connection

Results when ¢z = 1 and |F| = 2

o P. Holub, Z. Ryjacek, 1. Schiermeyer, P. Vrana, Characteriz-
ing forbidden pairs for rainbow connection in graphs with
minimum degree 2, Discrete Math. 339(2016) 1058-1068
gave a complete characterization when |F| = 2.
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Rainbow connection

Results when ¢z = 1 and |F| = 2

o P. Holub, Z. Ryjacek, 1. Schiermeyer, P. Vrana, Characteriz-
ing forbidden pairs for rainbow connection in graphs with
minimum degree 2, Discrete Math. 339(2016) 1058-1068
gave a complete characterization when |F| = 2.

Theorem 2.10

IND

Let X,Y ¢ Ps be a pair of connected graphs. Then there is a
constant kxy such that every connected (X,Y)-free graph G with
d(G) > 2 satisfies re(G) < diam(G) + kxy, if and only if either
{X,Y} ED {Ps, Z]} for some r € N or {X,Y} I%D {Zs, P;}, or

IND IND IND
{X,Y} C {Z3,8114}, or {X,Y} C {Z5,8333}, or {X,Y} C
{8222, Na22}, where Z] and Zs are shown in Figure 4.

A
(el
(&)
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Rainbow connection

Results when ¢z = 1 and |F| = 2

Figure 4: The graphs Z3 and Z7
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Results for general qr

e When |F| =1 and 2, they found the answers for general g,
which are the same as in the case qr = 1.
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Rainbow vertex-connection

o As a natural idea, M. Krivelevich, R. Yuster, The rainbow
connection of a graph is (at most) reciprocal to its minimum
degree, J. Graph Theory 63(2010) 185-191 introduced the
vertex-version of rainbow connection number, called rainbow
vertex-connection number, denoted by rve(G).




Rainbow connec

bow vertex-connection

Definitions

@ A path in a vertex-colored graph is a vertex-rainbow path if
any two internal vertices of the path have distinct colors.
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Definitions

@ A path in a vertex-colored graph is a vertex-rainbow path if
any two internal vertices of the path have distinct colors.

e The graph G is rainbow vertex-connected, if for any two
vertices of G, there is a vertex-rainbow path joining them.
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Definitions

@ A path in a vertex-colored graph is a vertex-rainbow path if
any two internal vertices of the path have distinct colors.

e The graph G is rainbow vertex-connected, if for any two
vertices of G, there is a vertex-rainbow path joining them.

o For a connected graph G, the rainbow vertex-connection
number, denoted by rvc(G), is defined to be the minimum
number of colors needed in a vertex-coloring of G' to make
G rainbow vertex-connected.
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Observation

o The following observations are immediate.
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Rainbow vertex-connection

Observation

o The following observations are immediate.

Proposition 3.1

Let G be a connected graph with n vertices. Then

(a) diam(G) — 1 < rvc(G) <n —2;

(b) rve(G) = diam(G) —1 if diam(G) = 1 or 2, with the assump-
tion that complete graphs have rainbow vertex-connection number
0.
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Rainbow vertex-connection

Observation

o The following observations are immediate.

Proposition 3.1

Let G be a connected graph with n vertices. Then

(a) diam(G) — 1 < rvc(G) <n —2;

(b) rve(G) = diam(G) —1 if diam(G) = 1 or 2, with the assump-
tion that complete graphs have rainbow vertex-connection number

0.

e Note that the difference rvc(G) — diam(G) can be arbitrar-
ily large. In fact, if G is a subdivision of a star K ,, then
we have rvc(G) — diam(G) = (n+ 1) —4 = n — 3, since ev-
ery internal vertex (cut vertex) requires a single color.
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Question

o We consider a similar question to Question 2.2 concerning
rainbow vertex-connection number, that is, characterize for-
bidden families F which imply that rve(G) is upper bounded
in terms of the diameter.
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Rainbow vertex-connection

Question

o We consider a similar question to Question 2.2 concerning
rainbow vertex-connection number, that is, characterize for-
bidden families F which imply that rve(G) is upper bounded
in terms of the diameter.

Question 3.1

For which families F of connected graphs, there is a constant
kr such that a connected graph G being F-free implies rvc(G) <
diam(G) + kr?
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Results when |F| < 2

o We give complete answers when |F| < 2.
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Rainbow vertex-connection

Results when |F| < 2

o We give complete answers when |F| < 2.

Theorem 3.2 (W. Li, X. Li, J. Zhang, 38(1)(2018) 143-154)

Let X be a connected graph. Then there is a constant kx
such that every connected X-free graph G satisfies rve(G) <
diam(QG) + kx, if and only if X = P3 or Py.
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Results when |F| < 2

o We give complete answers when |F| < 2.

Theorem 3.2 (W. Li, X. Li, J. Zhang, 38(1)(2018) 143-154)

Let X be a connected graph. Then there is a constant kx
such that every connected X-free graph G satisfies rvc(G) <
diam(QG) + kx, if and only if X = P3 or Py.

Theorem 3.3 (W. Li, X. Li, J. Zhang, DMGT 38(1)(2018) 143—

154)

Let XY # P3 or Py be a pair of connected graphs. Then there
is a constant kxy such that every connected (X,Y)-free graph

G satisfies rve(G) < diam(G) + kxy, if and only if {X,Y} I&D
IND
{Ps, K"} (r > 4), or {X,Y} C {S122,N}.
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3-rainbow index

o G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in
graphs and generalized connectivity, Networks 55(2010) 360-
367 generalized the concept of rainbow path to rainbow tree
and proposed the parameter rainbow k-index, denoted by

reg(G).
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if no two edges of the tree are assigned the same color.

e For a vertex subset S C V(G), a rainbow tree is called a
rainbow S-tree if it connects (or contains) the vertices of S
in G.




Rainbow connection parameters and forbidden subgraphs

3-rainbow index

Definitions

@ A tree in an edge-colored connected graph is a rainbow tree
if no two edges of the tree are assigned the same color.

e For a vertex subset S C V(G), a rainbow tree is called a
rainbow S-tree if it connects (or contains) the vertices of S
in G.

o Given an integer k > 2, a rainbow k-index coloring of G is
an edge-coloring of G having the property that for every k-
subset S of V(G), there exists one rainbow S-tree in G. In
this case, the graph G is called rainbow k-index connected.
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Rainbow connection p

3-rainbow index

Definitions

o Every connected graph G has a trivial rainbow k-index col-
oring: choose a spanning tree T of G and just color each
edge of T with a distinct color.

e For a connected graph G, the rainbow k-index, denoted by
rz(G), is defined to be the minimum number of colors need-
ed in a rainbow k-index coloring of G.
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Definitions

o Every connected graph G has a trivial rainbow k-index col-
oring: choose a spanning tree T of G and just color each
edge of T with a distinct color.

e For a connected graph G, the rainbow k-index, denoted by
rz(G), is defined to be the minimum number of colors need-
ed in a rainbow k-index coloring of G.

o 7¢(G) = rxa(G) <rz3(G) < - <rz,(G) <n-—1.
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Special graph classes

G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in graphs
and generalized connectivity, Networks 55(2010) 360-367 deter-
mined the rainbow k-index of trees, cycles, unicyclic graphs and
complete graphs.
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Special graph classes

G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in graphs
and generalized connectivity, Networks 55(2010) 360-367 deter-
mined the rainbow k-index of trees, cycles, unicyclic graphs and
complete graphs.

Theorem 4.1

Let T be a tree of ordern > 3. For each integer k with 3 < k <mn,
reg(T) =n— 1.
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Special graph classes

G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in graphs
and generalized connectivity, Networks 55(2010) 360-367 deter-
mined the rainbow k-index of trees, cycles, unicyclic graphs and
complete graphs.

Theorem 4.1
Let T be a tree of ordern > 3. For each integer k with 3 < k <mn,
reg(T) =n— 1.

Theorem 4.2

For integers k and n with 3 < k <n,

| n=2 ifk=3andn >4
TfEk(Cn)_{n_l ifk=n=3ord4d<k<n.
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Special graph classes

Let G be a connected graph with n vertices and m edges. We
call G a unicyclic graph if m = n. A cycle is a unicyclic graph.
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Special graph classes

Let G be a connected graph with n vertices and m edges. We
call G a unicyclic graph if m = n. A cycle is a unicyclic graph.

Theorem 4.3

If G is a unicyclic graph of order n > 3 and girth g, then

n—2 ifk=3 andg>4
n—1 ifg=3 ord<k<n.

reg(G) = {
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Special graph classes

G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in graphs
and generalized connectivity, Networks 55(2010) 360-367 investi-
gated the rainbow 3-index of complete graphs:

Theorem 4.4

2 if3<n<5h
mi”(K"):{ 3 z§n§6._
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graph G is the minimum size of a tree that connects S in G.
@ The Steiner k-diameter sdiamy(G) of G is the maximum

Steiner distance of S among all k-subsets S of G. Clearly,
sdiama(G) = diam(G).
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graph G is the minimum size of a tree that connects S in G.

@ The Steiner k-diameter sdiamy(G) of G is the maximum
Steiner distance of S among all k-subsets S of G. Clearly,
sdiamsy(G) = diam(G). The following observation is imme-
diate.
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Observations

e The Steiner distance d(S) of a vertex subset S C V(G) in a
graph G is the minimum size of a tree that connects S in G.

@ The Steiner k-diameter sdiamy(G) of G is the maximum
Steiner distance of S among all k-subsets S of G. Clearly,
sdiamsy(G) = diam(G). The following observation is imme-
diate.

Observation 4.5

For every connected graph G of order n > 3 and each integer k
with 3 <k <n, k—1< sdiam(G) < rap(G) <n—1.
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Observations

e The Steiner distance d(S) of a vertex subset S C V(G) in a
graph G is the minimum size of a tree that connects S in G.

@ The Steiner k-diameter sdiamy(G) of G is the maximum
Steiner distance of S among all k-subsets S of G. Clearly,
sdiamsy(G) = diam(G). The following observation is imme-
diate.

Observation 4.5

For every connected graph G of order n > 3 and each integer k
with 3 <k <n, k—1< sdiam(G) < rap(G) <n—1.

o Notice that for a fixed integer k with £ > 3, the difference
reg(G) — sdiamy(G) can be arbitrarily large. In fact, if G
is a star K, then we have rzy(G) — sdiami(G) = n — k,
since every edge (cut edge) requires a single color.
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@ We consider an analogous question to Question 2.2 concern-
ing the rainbow k-index. Here is the question.
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@ We consider an analogous question to Question 2.2 concern-
ing the rainbow k-index. Here is the question.

Question 4.6

For which families F of connected graphs, there is a constant Cr
such that a connected graph G being F-free implies rxi(G) <
sdiam(G) + Cr ?
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Question

@ We consider an analogous question to Question 2.2 concern-
ing the rainbow k-index. Here is the question.

Question 4.6

For which families F of connected graphs, there is a constant Cr
such that a connected graph G being F-free implies rxi(G) <
sdiam(G) + Cr ?

o For general k, the question is very difficult. For & = 4, there
are very few results on rainbow 4-index, even if the exact
value of rz4(K,) has not been determined. So we pay our
attention on the case k = 3. Fortunately, we have completely
solved the question for any finite family F.
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Results when |F| < 2

Theorem 4.7 (W. Li, X. Li, J. Zhang, Graphs & Combin.
33(4)(2017) 999-1008)

Let X be a connected graph. Then there is a constant Cx

such that every connected X-free graph G satisfies rxs(G) <
sdiams(G) + Cx, if and only if X = Ps.
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Results when |F| < 2

Theorem 4.7 (W. Li, X. Li, J. Zhang, Graphs & Combin.
33(4)(2017) 999-1008)
Let X be a connected graph. Then there is a constant Cx

such that every connected X-free graph G satisfies rxs(G) <
sdiams(G) + Cx, if and only if X = Ps.

Theorem 4.8 (W. Li, X. Li, J. Zhang, Graphs & Combin.
33(4)(2017) 999-1008)

Let X,Y # Ps be a pair of connected graphs. Then there is a
constant Cxy such that every connected (X,Y)-free graph G sat-
isfies rz3(G) < sdiams(G)+Cxy, if and only if (up to symmetry)
X = Kl,raT > 3andY = P4.
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Results when |F| = 3

o We set:
$1={{Ps}},
§2 = {{K1,, Pa}|r > 3},
IND
Sg = {{Kl,r,KPg}’T > 3,Y - Kg,s > 3,£ > 4}.
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Results when |F| =3

o We set:

$1 = {1}
S2 = {{K1,, Pa}|r > 3},

§s = ({Ki,, Y, P}r>3,Y C Kt s>30>4).

Theorem 4.9 (W. Li, X. Li, J. Zhang, Graphs & Combin.

33(4)(2017) 999-1008)

Let F be a family of connected graphs with |F| = 3 such that F 2
F' for any F' € §1 UF2. Then there is a constant Cr such that
every connected F-free graph G satisfies rz3(G) < sdiamz(G) +
Cr, if and only if F € §s.
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Final result

o Finally, we give a complete answer to Question 4.6 for any
finite family F with k = 3.
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Final result

o Finally, we give a complete answer to Question 4.6 for any
finite family F with k = 3.

Theorem 4.10 (W. Li, X. Li, J. Zhang, Graphs & Combin.

33(4)(2017) 999-1008)

Let F be a finite family of connected graphs. Then there is
a constant Cr such that every connected F-free graph satisfies
raxs(G) < sdiams(G)+ Cr, if and only if F contains a subfamily
F eF1UF2UFs.
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o At the end, we list some unsolved problems.

Open problem 5.1

For which (finite) families F of connected graphs, there are con-
stants qr and Cr such that a connected graph G being F-free
implies rve(G) < qF - diam(G) + Cr ?
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Open problems

o At the end, we list some unsolved problems.

Open problem 5.1

For which (finite) families F of connected graphs, there are con-
stants qr and Cr such that a connected graph G being F-free
implies rve(G) < qF - diam(G) + Cr ?

o We gave an answer for gr = 1 and |F| = 1 or 2. How about
the families F for general (finite) |F| and gz ?
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Open problems

o Another question is:

Open problem 5.2

For which (finite) families F of connected graphs, there are con-
stants qr and Cr such that a connected graph G being F-free
implies rxi(G) < qr - sdiamp(G) + Cr ?
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Open problems

o Another question is:

Open problem 5.2

For which (finite) families F of connected graphs, there are con-
stants qr and Cr such that a connected graph G being F-free
implies rxi(G) < qr - sdiamp(G) + Cr ?

o We gave a complete answer for gr = 1. Are there more
(finite) families F for general qr 7
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Open problems

o The last question is:

Open problem 5.3

For which (finite) families F of connected graphs, a connected
graph G satisfies rc(G) = diam(QG) if and only if G is F-free ¢
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Open problems

o The last question is:

Open problem 5.3

For which (finite) families F of connected graphs, a connected
graph G satisfies rc(G) = diam(QG) if and only if G is F-free ¢

o Just like the characterization of perfect graphs.




Rainbow connection parameters and forbidden subgraphs

Some open problems

Thank you!
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