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Theorem (Neumaier 1981)

Let T be edge-regular with a regular clique.
Suppose T is vertex-transitive and edge-transitive.
Then T is strongly regular.
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Theorem (Neumaier 1981)

Let T be edge-regular with a regular clique.
Suppose T is vertex-transitive and edge-transitive.
Then T is strongly regular.

strongly regular
srg(10,6,3,4)
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Question (Neumaier 1981)

Is every edge-regular graph with a regular clique strongly
regular?
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Question (Neumaier 1981)

Is every edge-regular graph with a regular clique strongly
regular?

Answer (GG and Koolen 2018)
No.
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Question (Neumaier 1981)

Is every edge-regular graph with a regular clique strongly
regular?

Answer (GG and Koolen 2018)

No. There exist infinitely many non-strongly-regular,
edge-regular vertex-transitive graphs with regular cliques.
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An example

000 2 Gary — magma.exe + magma — 94x34

Graph
Vertex Neighbours

1 8 9 14 15 18 19 22 24 27 ;
2 8 9 10 16 19 20 23 25 28 ;
3 9 10 11 17 20 21 22 24 26 ;
4 10 11 12 15 18 21 23 25 27 ;
5 11 12 13 15 16 19 24 26 28 ;
6 12 13 14 16 17 20 22 25 27
7 8 13 14 17 18 21 23 26 28 ;
8 127 1517 20 22 25 26 ;
9 12316 18 21 23 26 27 ;
10 2341517 19 24 27 28 ;
11 34516 18 20 22 25 28 ;
12 456 17 19 21 22 23 26 ;
13 567 15 18 20 23 24 27 ;
14 167 16 19 21 24 25 28 ;
15 145810 13 22 23 28 ;
16 25609 11 14 22 23 24 ;
17 367810 12 23 24 25 ;
18 14791113 24 25 26 ;
19 12510 12 14 25 26 27 ;
20 23681113 26 27 28 ;
21 3470912 14 22 27 28 ;
22 13681112 15 16 21 ;
23 24791213 15 16 17 ;
24 13510 13 14 16 17 18 ;
25 24681114 17 18 19 ;
26 357891218 19 20 ;
27 146010 13 19 20 21 ;
28 25710 11 14 15 20 21 ;
>
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Cayley graphs
» Let G be an (additive) group and S C G a (symmetric)
generating subset, i.e., s €S = —s € Sand G = (S).

» The Cayley graph Cay(G, S) has vertex set G and edge

set
{{g,§+s}:g€GandseS}.
Example
I' = Cay(Zs,S) Generating set S = {—1,1}
2 0
_ 21
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An examp|e Generating set S
» T = Cay(Z5 5 7Z7,S)
(01,0)  (01,+1)

(10,0) (10, 42)
(11,0)  (11,43)
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An example
» T = Cay(Z2 3 Z,,S)

» T is edge-regular (28,9,2):
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An example

» T = Cay(Z2 3 Z,,S)

» T is edge-regular (28,9,2):

(00,0) —

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)
(11,0)  (11,43)

4 (10,0) I
(01,0) (11,0)
(11,3)
(01,1) (10,2)
(10, -2) (01,-1)
\_ (11, -3) )
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An example

» T = Cay(Z2 3 Z,,S)

Generating set S

(01,0)  (01,+£1)
| (10,0) (10, %2)
» T is edge-regular (28,9,2): (11,0)  (11,+3)
' (10,0) I
e N
(01,0) (11,0)
(00,0) — (11,3)
(01,1) (10,2)
(10,-2) _(01,-1)
\_ (11, -3) J
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An example

» I = Cay(Z% 4 Z,,S)
» T is edge-regular (28,9,2);

» I has a 1-regular 4-clique:
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(01,0)

PN
(00,0) + (10,0)
~ |

(11,0)
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(10,0) (10, 42)
(11,0)  (11,43)
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An examp|e Generating set S

» T = Cay(Z2 6 Z,,S) (01,0)  (01,41)
» T is edge-regular (28,9,2); (10,0)  (10,+2)
(11,0)  (11,+3)

» I has a 1-regular 4-clique:

(01,0)

e N (%, —b)
(00,0) + (10,0) (a,b) b#0
N e
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An examp|e Generating set S

» [ = Cay(Z3©Z;,5) (01,0) (01,+1)
. _ (10,0) (10, +2)

» T is edge-regular (28,9, 2); (11.0)  (11,43)

» I has a 1-regular 4-clique; ’ ’

» I is not strongly regular:
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An example

v

v

Generating set S

v

v

(00,0)

N (10,2)
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I = Cay(Z2®Z;,5) (01,0)  (01,41)
T is edge-regular (28,9,2); (10,0) (10,£2)
e (11,0)  (11,+3)
I' has a 1-regular 4-clique;
I' is not strongly regular:
4 (11,0) )
(01,0)
(01,1)
(11,3)
(10,0)
(10/ _2)
(01,-1)
(11,-3)
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An example

v

I = Cay(Zi®Z7,S)

v

v

I' has a 1-regular 4-clique;

v

I is edge-regular (28,9,2);

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)
(11,0)  (11,43)

I' is not strongly regular:

4 o (11,0) )
(11’3) (0L1) 7
(00,0) ——— (io _ ;) (10,0) |
' (01, —1) |
(11, -3)
N (10,2) 7

- ——(10,1)

- (11,1)
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An example
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I is edge-regular (28,9,2);

Generating set S
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General construction

v

Generalise: Z3®Z; to Zcy1)2® Zio IFy.

v

Works for g =1 (mod 6) such that the 3rd cyclotomic
number ¢ = 02(1,2) is odd.

v

Then there exists an erg(2(c + 1)g,2¢ + ¢, 2c) having a
1-regular clique of order 2¢ + 2.

v

Take p =1 (mod 3) a prime s.t. 2 Z x° (mod p).
Then there exist a such that cga(l,Z) is odd.
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Examples in the wild

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 11, cmp. 268-310 (2014) VK 51917
MSC 05C

K3JIU-AE3A 'PA®bI, UMEIOIIVE MEHEE 60 BEPILIIMH

C.B. F'OPSIMHOB, J1.B. IHAJIATMHOB

ABsTRACT. Deza graph, which is the Cayley graph is called the Cayley-
Deza graph. The paper describes all non-isomorphic Cayley-Deza graphs
of diameter 2 having less than 60 vertices.

Keywords: Deza graph, Cayley graph, graph isomorphism, automorphism
group.

1. BBEJAEHHE

B sroit craThe Mb1 HaunHaeM usyuenne rpacdos [lesa, koTopsie siBisoTes rpada-
i Kz, Ipader [lesa npuusito pacemaTpuBarh Kak 0GobIIeHe CHIILHO peryisp-
HeIX rpacdos. B psize uccresosannit 66110 BRsicHeno, uto rpader [lesa nacueayior
HEKOTOpBIe CBOCTBA CHJIBHO pery;sipubix rpacgos. Hanpuwep, B (1] nokasano, wro
BEPIIMHHAS CBS3HOCTD rpada [lesa, moyueHHOro u3 CHIIBHO Pery.sipHoro rpada ¢
HOMOMIBIO HHBOJIOIUH, COBIAIAET C BAJIETHOCTBIO.

Four erg(24,8,2) graphs with a 1-regular clique
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Open problems

» Find general construction that includes erg(24,8,2)

» Smallest non-strongly-regular, edge-regular graph with
regular clique (Neumaier graph)

» All known examples have 1-regular cliques
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Open Closed problems

» Find general construction that includes erg(24,8,2)

» GG and Koolen (2018+): New infinite construction
a-antipodal erg(v,k, A) to erg(v(A +2)/a,k+A+1,A).

» Smallest non-strongly-regular, edge-regular graph with
regular clique (Neumaier graph)
» Evans and Goryainov (2018+): Smallest is erg(16,9,4)

» All known examples have 1-regular cliques
» Evans and Goryainov (2018+): 2-regular cliques
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Problems

» Find general construction that includes erg(24,8,2)

» GG and Koolen (2018+): New infinite construction
a-antipodal erg(v,k, A) to erg(v(A +2)/a,k+A+1,7).

» Smallest non-strongly-regular, edge-regular graph with
regular clique (Neumaier graph)
» Evans and Goryainov (2018+): Smallest is erg(16,9,4)

» All known examples have 1-regular cliques
» Evans and Goryainov (2018+): 2-regular cliques

» 3 Neumaier graphs with 3-regular cliques?
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Problems

» Find general construction that includes erg(24,8,2)

» GG and Koolen (2018+): New infinite construction
a-antipodal erg(v,k, A) to erg(v(A +2)/a,k+A+1,7).

» Smallest non-strongly-regular, edge-regular graph with
regular clique (Neumaier graph)
» Evans and Goryainov (2018+): Smallest is erg(16,9,4)

» All known examples have 1-regular cliques
» Evans and Goryainov (2018+): 2-regular cliques

» 3 Neumaier graphs with 3-regular cliques?

» 3 Neumaier graphs with diameter > 37
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Thank you for your attention

Further reading:
G. R. W. Greaves and J. H. Koolen, Edge-regular graphs with regular cliques,
European J. Combin. 71 (2018), pp. 194-201.
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