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Partitions

A partition is an array A = (A1, A2, ..., A¢) of nonnegative integers such that

AL > A2 > 2> A

Example:

(5,4,4,2,1,1,0) =

Let Par(a, b) denote the set of partitions whose diagrams are contained in an a x b box.

Then
1—
> =1 ks

)\EPar(a,b) i=1j=1

where |\| := 3", A (size).
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Plane partitions

A plane partition is a 2D array m = (7;,;) of nonnegative integers such that

Ti,j Z Ti41,5, Ti,5 Z Ti,5+1 for V(l,])
Example:
5 3 3 2 1
3321 1|
32 2 1 0]
3 2 0 0 O

Theorem (MacMahon)

Let PP(a, b, c) denote the set of plane partitions whose diagrams are contained in an

a X b x c box. Then
itj+k—1

Z ‘l_HHH1:ZZ+]+k2

w€PP(a,b,c) 1=1j=1k=1

where || := 37, mi (size).
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Example: Fora=b=c= 2,

_ (-4’1 -4°

> d"=14+4q+3¢ +3¢" +4¢" +3¢° +3¢° + 4" + ¢° =002

mePP(2,2,2)

over 20 plane partitions contained in a 2 X 2 X 2 box:

99 %Y e
@&@@

%%@%@ﬁﬁﬁ
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Trace generating function

Theorem (Stanley?)

Let PP(a,b,o0) := UZoPP(a, b, c), the set of plane partitions the bottoms of whose
diagrams are contained in a X b box. Then

b
Z ytr(w)q\wl — ﬁ H(1 _ yqi+j—1)—1

nePP(a,b,c0) i=1j=1

where tr(m) = >°, mii (trace) and [r| := 37, i ; (size).

Example:

tr = tr =5+3+2+0=10.

W W W Ut
NN W W
O N W
O = =N
O O ==

2R. P. Stanley, Theory and application of plane partitions, I, Il, Studies in Appl. Math. 50 (1971), I:
167-188, 1l; 259-279.
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Motivation

m Systematic way to find nice (product) formulas for plane partitions?

m Nice formula generalizing both MacMahon's formula and the Trace GF.?

77
y=1 c — oo
MacMahon Trace GF.
. a b c 1 qi+j+k—1 () |l a iti—1 1
T _ ) || _ gty
q - H H H _ qi+j+k72 Z Y q - H H(l Ya )
7EPP(a,b,c) i=1j=1k=1 TEPP(a,b,00) i=1j=1
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Discrete 2D Toda eq.

The discrete two-dimensional (2D) Toda eq.:

s s s s, s, s+1, s, s,
gt e = (P 4 65’L+t1)7 as Hl)e%-rﬁ V= :H—tl) §L+t1)7
stn=0,1,2,..., Y =o.

Theorem (K.)
Let PP(a, b, c) denote the set of plane partitions whose diagrams are contained in an
a X b X c box.

B Assume that ¢5>% £ 0 and €45 = 0 solve the discrete 2D Toda eq.

Let us determine weight w(m) for plane partitions by ...[a systematic way with
= and 1]

Then

@ (i—1,7) c (i—1,b)

q q
Z H H H (zk 1],.371) H H }(62711 0) °

wePP(a,b,c) 1=1j=1k= 194 i=1k=1 9

3R Hirota, S. Tsujimoto T. Imai, Difference scheme of soliton equations, RIMS Kéky{iroku 822,
pp. 144-152, 1993.

S. Kamioka (Kyoto University) A nice partition function for reverse plane partitions JCCA 2018 Sendai



A nice formula from the discrete 2D Toda eq.

From the solution to the discrete 2D Toda eq.

(s,t

s ) qn(l _ yqs+t+n+1) (s t) yqs+t+n+1(1 _ qn+1)

El n+1 -

Corollary (K.)

Let PP(a, b, c) denote the set of plane partitions whose diagrams are contained in an
a X b x c box. Then

i+j+k—1
tr(m) |7r 1- Y4
Z Yo g HHHl_yqz-H-Hc 27
7w€PP(a,b,c) =l g=ills=1
min{a,b} 7i i c—k+i
1—gq
wm= 11 Il 1=
i=1 k=1

This nice formula
m generalizes MacMahon's formula (y = 1);

m refines Trace GF (¢ — o0).
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Another nice formula from the discrete 2D Toda eq.

Assume that (o, ;) for j =0,1,2,... satisfies (ao, 8o) = (0,0) and
(@), Bj) = (@j—1 +1,8j-1) or (aj—1,Bj—1 + 1) forj>1
Then

qT(lsyt) _ qn(l _ mqs+a‘+n+1)(1 - yqs+ﬁt4-7z-"-1)7

n) if (Oft+1,ﬁt+1) = (at + 1aﬁt)7

S50 _ zq T (1 — yg TP (1 -
! ") if (qprr, Ber1) = (au, B+ 1).

yqs+ﬁt+n(1 s+at+n)(1 _

—xq

solve the discrete 2D Toda eq.
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Given a plane partition ™ € PP(a, b, ¢) paint the region j —1 <y —xz < jin
m blue if (o, 35) = (j—1 + 1, Bj—1),
m red if (o), 35) = (j—1,B5-1 + 1)

for j =1,2,3,....

Example: When

a plane partition is painted as
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Given a plane partition ™ € PP(a, b, ¢) paint the region j —1 <y —xz < jin

m blue if (o), 8;) = (o1 +1,55_1),
m red if (o, 85) = (aj-1,Bj-1 + 1)
forj=1,2,3,....

Example: When

a plane partition is painted as
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For a cube @ at (i, 7, k) define its weight by

i—k
zq(1—q°ti—F) . .
e if painted as
ya(1—q°TiF) _
1,ch+i—k
wq®i—itT a_yg T ARy
v )= yqi—i (1—ag T TPk
T A T R e 0 W ‘
2q®i—i (1—yg T T —i7F)
q - Y9 P

Then, weight of 7 by

vt = I1 (&)

967!'
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Corollary (K., in preparation)

Let PP(a, b, c) denote the set of plane partitions whose diagrams are contained in an
a X b x c box. Then

> ok HHH (1= gttt (1 g o
my,q z+o¢J 1+k— 1)(17yqi+,8j,1+k—1)
wE€PP(a,b,c) i=1j=1k= 1
T =2
- m
i=1j=1k= 11 2;qT

where
= (w,a;) if (o, B5) = (aj—1 + 1, 85-1),
(v, 85) if (o, B5) = (aj—1,Bj—1 + 1).

This nice formula reduces into the previous one when (o, 3;) = (0,7) for 7 =0,1,2,...
so that (z;,7v;) = (v,J).
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Reverse plane partitions

Let A be a Young diagram.

A reverse plane partition of shape X is a 2D array m = (74,5) (s,5)ex Of nonnegative

integers such that

Tij < Mitl,j,

mig < mig for V(i j).

Example: A reverse plane partition of shape A = (5,4,4,2):

1

2

4]

0
0
2
3

0
1
2
4
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Nice formulas for reverse plane partitions

Theorem (Gansner?)

Let RPP()\, co0) denote the set of reverse plane partitions of shape A. Then

Aj—i -1
> Il w==1I (- II »
TERPP (X, 00) (4,5)EX (4,5)EX L=j—X}

“E. R. Gansner, The Hillman—Grass| correspondence and the enumeration of reverse plane partitions,
J. Combin. Theory Ser. A 30 (1981), 71-89.
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For reverse plane partitons a similar systematic way with the discrete 2D Toda eq. works
well. From a specific solution

Theorem (K.)

Let RPP(), ¢) denote the set of reverse plane partitions of shape A with entries < c.

Then L
- ;'7c7 A y@
> Il wrvm= [ e

j=w@

)

I o P
TERPP(X,c) (i,5)EX (i,5) EX Hz:jij Ye
mig 1 — [Pt .
(] e L
- 1-J] ¢
(i) EN k=1 t=jtk—c—N, Yt

where X is the conjugate of A, and A} = X} for j < 0.

This nice formula for reverse plane partitions refines Gansner's formula (¢ — 00).

S. Kamioka (Kyoto University) A nice partition function for reverse plane partitions JCCA 2018 Sendai



