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Basic Concepts

Definition
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Basic Concepts

Definition
c is a sigma coloring if o(u) # o(v), V uv € E(G).

Definition (Sigma Chromatic Number)

o(@G) is the minimum number of colors required in a sigma col-
oring.
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A sigma coloring of G :

c=a+b c=a
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Example
A sigma coloring of G :

c=a+b

o=a-+=~ae

Hence, ¢(G) < 3.




Example
o(G)=2:

0'223 o=a




Let G be a connected graph with o(G) = k,
¢ any vertex coloring of G,
max(c) = max{c(v) : v € V(G)}
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¢ any vertex coloring of G,
max(c) = max{c(v) : v € V(G)}

Definition (Sigma Value)
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Definition (Sigma Range)

p(G) = min{max(c) : ¢ is a sigma coloring of G}




Known Results

Theorem 1

Theorem 2
If nis any positive integer, then
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1, ifne{1,3}
2, otherwise.

p(Pn) = v(Pn) = {

| A

Theorem 3
For every integer n > 3,

2, ifneven

P(Cn) = v(Cn) = {3. if n odd

A




Theorem 4

K
LetG=> Py withd<nm <---<m.lfno—n>2for1 <i<k-2and
i=1
(M, m2) # (4,4), then
o(G) =2.
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Definition
The join of graphs G and H, denoted by G + H, with
i. V(G+ H)=V(G)uU V(H),and




Definition

The join of graphs G and H, denoted by G + H, with
i. V(G+ H)=V(G)uU V(H),and
i. E(G+ H)=E(G)UE(H)U{uviue V(G),ve V(H)}.




Observation 1

Let G=>1, P,
¢ : V(G) — {1,2} a coloring of G such that ¢, is a sigma 2-
coloring, and

o(u) #1Vu e V(Py).
Let Sj = > cv(p,)C(u). If §;— S; = 3 fori < j, then c is a sigma
2-coloring of G.
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Let G=>1, P,

¢ : V(G) — {1,2} a coloring of G such that ¢, is a sigma 2-
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Proof: If ue V(Py),ve V(Pp),i<j:

G= - +Pp+ -+ +Pnj+



Observation 1
LetG=Y_, Ps,
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Observation 1
LetG=Y_, Ps,

¢ : V(G) — {1,2} a coloring of G such that ¢, is a sigma 2-
coloring, and '

o(u) #1vVue V(P,).

Let S; = ZueV(Pn,.) c(u). It §;— S; >3 fori < j, then cis a sigma
2-coloring of G.

Proof: Ifue V(Py),v e V(Pnj), i<j:

v

G= - +Pp+ -+ -|-Pn/,-|-
o(v) <445+
o(u)>2+ S+ A
A=2ue V(G)—V(Po;+Pr)) c(u)

= o(v) < o(u)
.. cis a sigma 2-coloring of G
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Modular Coloring c,,

n=3mod4:

- [
n=0mod4:

— —
n=1mod4:

0-0-0-0-0-0-0-0 - -0
n=2mod4
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Let Tn = ZUG V(Pn) Cn(U)
If n=3 mod (4), then T, = 5("3%) + 2 + 5.



= sum of the colors of the vertices of
Pr using the modular coloring

() +4, if n=0mod 4
(=) +5, ifn=1mod4
5(222) +8, if n=2mod 4
(&52)+7, fn=3mod4




= sum of the colors of the vertices of
Pr using the modular coloring

if n=0mod 4
if n=1mod 4
if n=2mod 4
if n=3 mod 4

= maximum sum in a sigma
2-coloring (using colors 1 and 2) of P,
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= sum of the colors of the vertices of
Pr using the modular coloring

if n=0mod 4
if n=1mod 4
if n=2mod 4
if n=3 mod 4

n—=8
2
— n—7
2
n—5
5

if n=0,2mod 4
if =1 mod 4
if =3 mod 4

= maximum sum in a sigma
2-coloring (using colors 1 and 2) of P,

7(3) if n=0mod 4
M, — 7(%)+2, ifn=1mod4
7(%2)+4, ifn=2mod4
7("2)+6, ifn=3mod4




= sum of the colors of the vertices of = maximum sum in a sigma
P, using the modular coloring 2-coloring (using colors 1 and 2) of P,

N+4, fn=0mod4
n

(
7 _)5("F)+5, ifn=1mod4
") 5(252) +8, if n=2mod 4
5(%7%)+7, ifn=3mod4 7(2), if =0 mod 4
7(1)+2, ifn=1mod4

(
(
7(%2)+ 4, ifn=2mod4
("2)+6, ifn=3mod4

22 ifn=0,2mod4
M,—T,=<{27 ifn=1mod4
if =3 mod 4

Note that if n > 13, then M, — T, > 3.
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VGV(Pn)
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o
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For every integer S, such that T, < S, < M,, there exists a
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Proof: Foreach v, € V(P,):

@ If Sy = Th, let c(vk) = ¢/ (k) (Recall: ¢, = modular coloring of Pp)
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e(ve) = 2, if Kk =1,2(mod 4),where 1 < k<2s-—-2
k c/(vk), otherwise.
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Main Result

/
Let G = > Pp with13 < ny < --- < n. If njzp — n; > 4 for

i=k
1 <i< k-2, then
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Outline of Proof:

o letG= Z Py, be any graph such that
13 < my <1n2 < ... <njand nj o — n; > 4 for each
1<i<k-2
@ Claim: There exists Sp,, Sp,,- - , Sp, such that
o Ty, < Sy <M,forall1 <i<k
S, —Sy>3forall1 <i<k-1
@ By Lemma 1, there exists a sigma 2-coloring
c¢i: V(Pn) — {1,2} such that Sp, = ZveV(Pn,) c¢i(v) and
o(v) #1Vve V(Pp).
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G using the colors 1 and 2.



Outline of Proof:

@ Letc: V(G) — {1,2} be the coloring determined by
C1,C, -+, Ck-

@ By Observation 1, it follows that c is a sigma 2-coloring of
G using the colors 1 and 2.

@ Therefore, p(G) = o(G) = 2.
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Pu: @-@00000OOOOOOO
Ti4 =22, My =25,
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Other Results:

Theorem 4
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Let G = > Py with1 < ny < - < ng. Ifngq —np > 2for
=1

1 <i<k-1,then




Other Results:

k
Let G= ) Cp, where njisevenand 4 < ny < np < --- < ng.

i=1
Then,

Let G= Z Cn,wherenjisevenand4 < ny <np <--- < ng. If

Niyo—n; 2 4for each1 <i< k—2and(ny,n) ¢ {(4,4),(6,6)},
then
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Ongoing Study:

Let G = ZC,,, where 3 < ny < n, < --- < ng and at least

one Cp, |sodd If nj,o —nj > 3foreach1 </ < k-2and
(n1,n2) ¢ {(3 3) (5,5)}, then,
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"Sl'xips in harbour are safe,

but that's not what ships are built for.™

- John Shedd *ﬂ




