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Basic Concepts

Definition
A vertex coloring of G is a mapping c : V (G) −→ N.

Definition (Color Sum)

∀ v ∈ V (G),

σ(v) =
∑

u∈NG(v)

c(u).
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Hence, σ(G) ≤ 3.
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Let G be a connected graph with σ(G) = k ,
c any vertex coloring of G,
max(c) = max{c(v) : v ∈ V (G)}

Definition (Sigma Value)

ν(G) = min{max(c) : c is a sigma k− coloring of G}

Definition (Sigma Range)

ρ(G) = min{max(c) : c is a sigma coloring of G}
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Known Results

Theorem 1

σ(G) ≤ ρ(G) ≤ ν(G)

Theorem 2
If n is any positive integer, then

ρ(Pn) = ν(Pn) =

{
1, if n ∈ {1, 3}
2, otherwise.

Theorem 3
For every integer n ≥ 3,

ρ(Cn) = ν(Cn) =

{
2, if n even
3, if n odd



Theorem 4

Let G =
k∑

i=1
Pni with 4 ≤ n1 ≤ · · · ≤ nk . If ni+2 − ni ≥ 2 for 1 ≤ i ≤ k − 2 and

(n1, n2) 6= (4, 4), then
σ(G) = 2.
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The join of graphs G and H,
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Observation 1

Let G =
∑l

i=1 Pni ,
c : V (G) → {1,2} a coloring of G such that c|Pni

is a sigma 2-
coloring, and

σ(u) 6= 1 ∀u ∈ V (Pni ).
Let Si =

∑
u∈V (Pni )

c(u). If Sj − Si ≥ 3 for i < j , then c is a sigma
2-coloring of G.

Proof: If u ∈ V (Pni ), v ∈ V (Pnj ), i < j :
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Observation 1

Let G =
∑l

i=1 Pni ,
c : V (G) → {1,2} a coloring of G such that c|Pni

is a sigma 2-
coloring, and

σ(u) 6= 1 ∀u ∈ V (Pni ).
Let Si =

∑
u∈V (Pni )

c(u). If Sj − Si ≥ 3 for i < j , then c is a sigma
2-coloring of G.

Proof: If u ∈ V (Pni ), v ∈ V (Pnj ), i < j :

. . . . . . . . .

...
...

G = +Pni+ +Pnj+

u

v

σ(u) ≥ 2 + Sj + λ

σ(v) ≤ 4 + Si + λ
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∑

u∈V (G)−V (Pni +Pnj )
c(u)

⇒ σ(v) < σ(u)

∴ c is a sigma 2-coloring of G
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Let Tn =
∑

u∈V (Pn)
c

′

n(u).
If n ≡ 3 mod (4), then Tn = 5( n−3

4 ) + 2 + 5.
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Other Results:

Theorem 4

Let G =
k∑

i=1
Pni with 1 ≤ n1 < · · · < nk . If ni+1 − ni ≥ 2 for

1 ≤ i ≤ k − 1, then

ρ(G) = ν(G) = 2.



Other Results:

Theorem 5

Let G =
k∑

i=1
Cni , where ni is even and 4 ≤ n1 < n2 < · · · < nk .

Then,
ρ(G) = ν(G) = 2.

Theorem 6

Let G =
k∑

i=1
Cni , where ni is even and 4 ≤ n1 ≤ n2 ≤ · · · ≤ nk . If

ni+2−ni ≥ 4 for each 1 ≤ i ≤ k−2 and (n1,n2) 6∈ {(4,4), (6,6)},
then

ρ(G) = ν(G) = 2.



Ongoing Study:

Let G =
k∑

i=1
Cni , where 3 ≤ n1 ≤ n2 ≤ · · · ≤ nk and at least

one Cni is odd. If ni+2 − ni ≥ 3 for each 1 ≤ i ≤ k − 2 and
(n1,n2) 6∈ {(3,3), (5,5)}, then,

ρ(G) = ν(G) = 3.
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