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Coloring of a Graph

G - graph

Definition
A coloring of G is function c : V(G) — X # 0.

Typically, X = N.

Definition
c is a proper coloring if c(u) # c(v) for every uv € E(G).
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Coloring of a Graph

Non-proper and Proper Colorings

(a) A non-proper coloring of G (b) A proper coloring of G
Colorings of a graph G
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Coloring of a Graph

Chromatic Number

Definition

The chromatic number of G, denoted by x(G), is the minimum number
of colors needed in a proper coloring of G.

1 2
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Coloring of a Graph

Chromatic Number

Definition

The chromatic number of G, denoted by x(G), is the minimum number
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Set Coloring of a Graph

Chartrand, Okamoto, Ramussen, Zhang 2009

G - graph

Definition

The neighborhood of v € V(G) is N(v) = {u € V(G) : uv € E(G)}.

¢ - coloring of G

Definition

The neighborhood color set of v € V(G) is

NC(v) = {c(x) : x € N(v)}.
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Set Coloring of a Graph

Chartrand, Okamoto, Ramussen, Zhang 2009

G - graph

Definition

The neighborhood of v € V(G) is N(v) = {u € V(G) : uv € E(G)}.

¢ - coloring of G

Definition
The neighborhood color set of v € V(G) is

NC(v) = {c(x) : x € N(v)}.

Definition
c is a set coloring if NC(u) # NC(v) for every uv € E(G).
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Set Coloring of a Graph

oro

Non-proper 3-coloring of G
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Set Coloring of a Graph

{1,2,3}

{31 . 3{3}
{1,3}3 3{2,3}
{3)¢ ¥ $(3}
{3}

Set 3-coloring of G
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

{1,2,3}
31 3 {3}

3{2,3}

{317 53}

3
{3}
Set 3-coloring of G
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

{1,2,3}
3

{314 33}

{1,3}3 3{2,3}
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

Assume xs(G) <2
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

Assume xs(G) < 2 = 3 a set coloring ¢ : V(G) — {1,2}
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

NC(v) € {{1},{2},{1,2}},v € V(G)
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Definition

The set chromatic number of G, denoted by xs(G), is the minimum
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

A proper 4-coloring of G
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

x(G) =4
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Set Coloring of a Graph

Definition

The set chromatic number of G, denoted by xs(G), is the minimum
number of colors in a set coloring of G.

Xs(G) =3 < x(G) =4
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Results on Set Chromatic Number
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Xs(G) < x(G) (since any proper coloring is also a set coloring)

Proof:
¢ - proper coloring of G
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Results on Set Chromatic Number
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Xs(G) < x(G) (since any proper coloring is also a set coloring)

Proof:
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Set Coloring of a Graph

Results on Set Chromatic Number

When x5(G) = x(G)?

Proposition (Chartrand et. al, [2])

Let G be a connected graph of order n. If x(G) € {1,2,3,n—1,n}, then
Xs(G) = x(G).
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Set Coloring of a Graph

Results on Set Chromatic Number

When x5(G) = x(G)?

Proposition (Chartrand et. al, [2])
Let G be a connected graph of order n. If x(G) € {1,2,3,n—1,n}, then

xs(G) = x(G).

Proposition (Chartrand et. al, [2])
X(G) 23 =x5(G) >3

May 21, 2018 12 / 36
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Circulant Graphs

D ={a1,as,...,am} C Z" where ay # 0 (mod n),1 < k < m.
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Circulant Graphs

D ={a1,as,...,am} C Z" where ay # 0 (mod n),1 < k < m.

Definition
A circulant graph, denoted by C,(D) or Cy,(a1, a2, .., am), is a graph with
vertex set V = {vo, v1,Vva,...,Vvp_1} and edge set

E ={vivj : i — j = +a, (mod n) for some 1 < k < m}.
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Circulant Graphs

D ={a1,as,...,am} C Z" where ay # 0 (mod n),1 < k < m.

Definition
A circulant graph, denoted by C,(D) or Cy,(a1, a2, .., am), is a graph with
vertex set V = {vp, v, v2,...,v,—1} and edge set

E ={vivj : i — j = +a, (mod n) for some 1 < k < m}.

D - generating set

Definition
A circulant graph Cp,(a1,a2,...,am) is said to be properly given if a; #
+aj (mod n) for i # j.
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Circulant Graphs
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Proposition (Boesch and Tindell, [5])

Cn(a1,a2,...,am) is connected < gcd(n,ai,as,...,am) =1
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Circulant Graphs

Circulant Graphs

Some important properties:

Proposition (Boesch and Tindell, [5])

Cn(a1,a2,...,am) is connected < gcd(n,ai,as,...,am) =1

Proposition (Adam, [6])
If Cp(a, b) is a properly given circulant graph and gcd(a, n) = 1, then

Co(a, b) = Co(1,a1b (mod n))

where a=! € 7 such that a~'a =1 (mod n).
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Theorem (Heuberger, [4])

Let a,b € Z* and a,b # 0 (mod n). If Cy(a,b) is a properly given
connected circulant graph, then

2 if a,b are odd and n is even

4 if 3{n,n#5, and (b= +2a (mod n) or
a= +2b (mod n))

X(Cn(a,b)) =< 4 if n=13 and (b= +5a (mod n) or
a = 45b (mod n))

5 if n=5

3 if otherwise
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Characteristics of C,(a, b) Xs(Cn(a, b))
<3
n=4
5
n>6
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Characteristics of C,(a, b) Xs(Cn(a, b))
<3 no properly given circulant -
n=4 C,,(a, b) = C4(].,2) = K4 4
=5 C,,(a, b) = C5(1,2) = K5 5

X(Cn(a, b)) = 2
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Characteristics of C,(a, b) Xs(Cn(a, b))
n<3 no properly given circulant -
n=4 C,,(a, b) = C4(].,2) = K4 4

=5 C,,(a, b) = C5(1,2) = K5 5
X(Cn(a, b)) =2 2
X(Cn(a7 b)) =3 3

3{nand (b= +2a (mod n)
or a = +2b (mod n)) ?

n=13 and (b = £5a (mod n)
or a = £5b (mod n)) ?

Assume, b = +2a (mod n).
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Characteristics of C,(a, b)

no properly given circulant

Cn(aa b) = C4(172) = Ky

C,,(a, b) = C5(1,2) = K5

X(Cn(a, b)) = 2

X(Cn(a7 b)) =3

3{nand (b= +2a (mod n)
or a = +2b (mod n))

n=13 and (b = £5a (mod n)
or a = £5b (mod n))

Assume, b = +2a (mod n).
= Cp(a, b) = Cp(a, £2a) = Cp(a,2a)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Characteristics of C,(a, b) Xs(Cn(a, b))
n<3 no properly given circulant -
n=4 C,,(a, b) = C4(].,2) = K4 4
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Assume, b = +2a (mod n).
= Cy(a, b) = Cp(a, £2a) = C,(a,2a) = Cp(1,2).
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The Set Chromatic Numbers of Properly Given Connected
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Characteristics of C,(a, b) Xs(Cn(a, b))
<3 no properly given circulant -
n=4 C,,(a, b) = C4(].,2) = K4 4
=5 C,,(a, b) = C5(1,2) = K5 5
X(Cn(a, b)) =2 2
X(Cn(a7 b)) =3 3

3¢ nand (b= +2a (mod n)

or a = +2b (mod n))

= x(Cn(a, b)) =4 and C,(a, b) = Cp(1,2)
n=13 and (b = £5a (mod n)

or a = £5b (mod n)) ?
= x(Cn(a, b)) =4 and C,(a, b) = CG13(1,5)

4ifn=28,11
3 otherwise
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

For n > 6, suppose 3 a set 3-coloring ¢ : V(Cy(1,2)) — {1,2,3} of
Cn(1,2).
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

For n > 6, suppose 3 a set 3-coloring ¢ : V(Cy(1,2)) — {1,2,3} of
Cn(1,2). Define the color cyclic sequence

C= (C(Vo), C(Vl)7 ey C(Vn_l)7 C(Vo)).

Definition

A block of C is a maximal subse-
quence of C consisting of terms of the
same color. For j € Z}, a j-block of
C is a block of C of j number of terms.

A coloring of Cy(1,2)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

Assumptions: c is a set 3-coloring of C,(1,2)
C =(c(wvo),c(v1),...,c(vn-1),c(v0))

Observation

The length of any block of C is at most 5.
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Circulant Graphs C,(a, b)

Cyclic Color Sequence C

Assumptions: c is a set 3-coloring of C,(1,2)
C = (c(w),c(v1),...,c(Vn-1),c(v0))
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

Assumptions: c is a set 3-coloring of C,(1,2)
C = (c(w),c(v1),...,c(Vn-1),c(v0))

Observation

Let x,y € {1,2,3} be distinct. The cyclic color sequence C cannot have a
subsequence (x,y, x,y).
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Circulant Graphs C,(a, b)

Cyclic Color Sequence C

For distinct x,y,z € {1,2,3},

Forms of Sequences that
Cannot Be Contained in C

Consequence
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

For distinct x,y,z € {1,2,3},

Forms of Sequences that
Cannot Be Contained in C

Consequence

(x, x, X, X, X, X)
X?.y?X’y)

X, Y,Y,2)

X, ¥, ¥ Y5 Y, X)

(
(
(X, Y,¥,¥,x)
(
(

X, Y ¥, Y, Y Y, X)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

For distinct x,y,z € {1,2,3},

Forms of Sequences that Consequence

Cannot Be Contained in C

(x, x, X, X, X, X) For n # 0 (mod 3),

(x,y¥,%,¥y) C contains a k-block (2 < k <5)
(x,y,y,2) 2-block (y,y) < (x,y,y,x)

(X7y7yaY?X) 3-block (Y>y>y) < (X,y,y,y,Z)

(X, Y, ¥:¥,X) 4-block (y,y,y,y) < (X, ¥,y.¥,¥,2)
(XY, ¥, ¥, ¥:¥,%) 5-block (y,y.y,y.,y) < (X.y,y.¥,y.¥,2)

* & - must be contained in
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Cyclic Color Sequence C

For distinct x,y,z € {1,2,3},

Form Containment Form
(vyz,x,y,y,x,y,2) or
(z,y,%.y,y:%,2,y)
(z,y,¥:¥,%) (X ¥,2. ¥,y Y%, ¥, 2)
(v vy y.z) |z Xy, Y,y Y:2,%,Y)
(

(x.y,y,x)

XY VYV Z) | (Ve zZo XY Y Y Y Y, 2o X, )
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.

Proof:

X(Cal1,2)) = 4
= Xs( (1 )) is either 3 or 4
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.

Proof:

x(Cn(1,2)) =4
= Xs(Cn(l, 2)) is either 3 or 4

Suppose xs(Cn(1,2)) =3
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.

Proof:

x(Cn(1,2)) =4

= Xs(Cn(l, 2)) is either 3 or 4

Suppose xs(Cn(1,2)) =3

= 3 a set 3-coloring ¢ : V(Cn(1,2)) = {1,2,3} of Ci(1,2)
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.

Proof:

x(Cn(1,2)) =4
= Xs(Cn(l, 2)) is either 3 or 4

Suppose xs(Cn(1,2)) =3
= 3 a set 3-coloring ¢ : V(C,(1,2)) — {1,2,3} of Cs(1,2)

Consider C : (c(vo), c(v1),...,c(Va-1),c(v1))
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.

Proof:

x(Cn(1,2)) =4

= Xs(Cn(l, 2)) is either 3 or 4

Suppose xs(Cn(1,2)) =3

= 3 a set 3-coloring ¢ : V(Cn(1,2)) = {1,2,3} of Ci(1,2)

Consider C : (c(vo), c(v1),...,c(Va-1),c(v1))
= C contains a k-block where 2 < k <5
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n = 8,11, xs(Ch(1,2)) = 4.

Proof:

x(Cn(1,2)) =4
= Xs(Cn(l, 2)) is either 3 or 4

Suppose xs(Cn(1,2)) =3
= 3 a set 3-coloring ¢ : V(C,(1,2)) — {1,2,3} of Cs(1,2)

Consider C : (c(vo), c(v1),...,c(Va-1),c(v1))
= C contains a k-block where 2 < k <5

Let x,y,z € {1,2,3} be distinct.
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)
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Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
2-block (y,y) < (x,y,y,x)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
2-block (y,y) < (x,y,y,x)

Vo
V Y
V6 V2
Q.
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
2-block (y,y) < (x,y,y,x)

Vo
V Y

V6 ) ¥4

N4
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
2-block (y,y) < (x,y,y,x)

Y 2
V) Vo
z, 2 Y, Y
N\ ZEERN
YQug Vo 24U 2y %
Vs, A Vs, A
T Y T Y
U4 .
Y
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case 1: n=38
2-block (y,y) < (x,y,y,x)
{z,y,2} .1, 2
; ey
v 0l
{z,y, :}Z 0 . {z,y, ;}y 0 y
v7 Y V7 Y
Y&Qug Vo x 24U V2
V5 A V5 A
T Y T Y
s v
Y
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
3-block (y,y,y) < (z,y,y,y,x)

z
)
Y
V Y
{z,y, 2} &g vopy{,y, 2}
1
{z,y, :}‘/ " y{z y}
T
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case1: n=38
4_b|0Ck (Y;%)’a)’) < (X»y,%y’%z)
z
Vo
{z,y,z} Y
U7 Y
{z,y, 2} &us v @Y
N
z Y
v
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case 1: n=28
5-block (Y7y7y7yay) < (X7Y7y’yvy>)/>z)

X

Vo
{z,y, 2} Y
U7 Y
z QUg V2 9y
Y Y
{z,y. 2} o,
Y
{y. 2}
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=38
C has no k-block (2 < k <5)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
C has no k-block (2 < k <5)
Case 2: n=11
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Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
C has no k-block (2 < k <5)
Case 2: n=11

C has no k-block, (2 < k <5)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
C has no k-block (2 < k <5)
Case 2: n=11

C has no k-block, (2 < k <5)

= Cp(1,2) cannot have a set 3-coloring
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Casel: n=28
C has no k-block (2 < k <5)
Case 2: n=11

C has no k-block, (2 < k <5)

= Cp(1,2) cannot have a set 3-coloring
= XS(CI'I(]-7 2)) — 4
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Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n>6, xs(Cn(1,2)) =3 if n # 8, 11.
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n>6, xs(Cn(1,2)) =3 if n # 8, 11.

Case 1: n=0 (mod 3)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n>6, xs(Cn(1,2)) =3 if n # 8, 11.

Case 1: n=0 (mod 3)
x(Cn(1,2)) =3
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Proposition
For n>6, xs(Cn(1,2)) =3 if n # 8, 11.

Case 1: n=0 (mod 3)
X(Cn(1,2)) =3 = xs(Ch(1,2)) =3
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)
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Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case 2: n=1 (mod 3)
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case 2: n=1 (mod 3)
X(Cn(1,2)) =4
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case 2: n=1 (mod 3)
X(Cn(1,2)) =4 = xs(Ch(1,2)) >3
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Circulant Graphs C,(1,2)

Case 2: n=1 (mod 3)
X(Cn(1,2)) =4 = xs(Ca(1,2)) = 3
1,2.3)

{15.3} {1~12}
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The Set Chromatic Numbers of Properly Given Connected

Circulant Graphs C,(a, b)

Characteristics of C,(a, b)

or a = +5b (mod n))
= x(Cn(a, b)) =4 and C,(a, b) = Cy3(1,5)

n<3 no properly given circulant -
=4 C,,(a, b) = C4(1,2) = K4 4
n 5 C,,(a, b) = C5(].,2) = K5 5
x(G) =2 2
x(G) =3 3
n>6 3J(n_and(sz:23(modn) 4ifn =811
or a = +£2b (mod n)) 3 otherwise
= x(Cn(a,b)) =4 and C,(a, b) = C,(1,2)
n=13 and (b = +5a (mod n)
-
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Circulant Graph C3(1,5)

1 3
{1,2,3} {1,2}

A set 3-coloring of Cy3(1,5)
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The Set Chromatic Numbers of Properly Given Connected
Circulant Graphs C,(a, b)

Let a,b € Z* and a,b # 0 (mod n). If C,(a,b) is a properly given
connected circulant graph. Then

2 if a,b are odd and n is even

if ne{4,8,11} and (b = +2a (mod n) or
Xs(Cn(a, b)) = a = £2b (mod n))

if n=5

otherwise

~

w o1
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