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・・・ ・・・

𝑧𝐴,𝐵

𝐴 𝐵

(Erdős-Rényi 1963, Blass-Harary 1979)

𝐺 satisfies 𝓟 𝒍, 𝒎
def

Adjacency properties

If 𝐺 satisfies 𝒫(𝑙, 𝑚) for all (𝑙, 𝑚) s.t. 𝑙 + 𝑚 = 𝑛, 𝐺 is called 𝒏-e.c.
(𝒏-existentially closed). 

∀𝐴, 𝐵 ⊂ 𝑉 𝐺 𝐴 = 𝑙, 𝐵 = 𝑚 , 𝐴 ∩ 𝐵 = ∅ , 
∃𝑧𝐴,𝐵 ∉ 𝐴 ∪ 𝐵 satisfying the following property ∗ 𝐴,𝐵:

∗ 𝐴,𝐵
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𝒫 1,1 (moreover, 2‐e. c. )
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Main result

・Blass-Exoo-Harary (1981), Bollobás-Thomason (1981) showed that 
Paley graphs of sufficiently large size are 𝑛-e.c.
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Main result

Let 𝑒 be odd and 𝑝 ≡ 1 mod 4.

We define the graph 𝐺𝑝𝑒 with vertex set ℤ𝑝𝑒 as follows:

𝑥, 𝑦 ∈ 𝐸 𝐺𝑝𝑒 ⟺ 𝑥 − 𝑦 = QR mod 𝑝𝑒 , 𝑥 − 𝑦, 𝑝 = 1.

・Blass-Exoo-Harary (1981), Bollobás-Thomason (1981) showed that 
Paley graphs of sufficiently large size are 𝑛-e.c.
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Main result

Let 𝑒 be odd and 𝑝 ≡ 1 mod 4.

We define the graph 𝐺𝑝𝑒 with vertex set ℤ𝑝𝑒 as follows:

𝑥, 𝑦 ∈ 𝐸 𝐺𝑝𝑒 ⟺ 𝑥 − 𝑦 = QR mod 𝑝𝑒 , 𝑥 − 𝑦, 𝑝 = 1.

Theorem  (S. 2018) 
・For each 𝑙, 𝑚 s. t. 𝑙 + 𝑚 ≤ 𝑛, 𝐺𝑝𝑒 satisfies 𝒫 𝑙, 𝑚 if 

𝑝𝑒 − 𝑛 − 2 2𝑛−1 + 1 𝑝𝑒−
1
2 − 𝑛2 + 𝑛 𝑝𝑒−1 −

𝑛 𝑛 + 1

2
> 0.

Moreover, 𝐺𝑝𝑒 is also 𝑛-e.c.

・Blass-Exoo-Harary (1981), Bollobás-Thomason (1981) showed that 
Paley graphs of sufficiently large size are 𝑛-e.c.



Let 𝐺 𝑚, 𝑝 be Erdős−Rényi random graph with edge probability 𝑝 (constant).

Then, for each 𝑛, 𝐺(𝑚, 𝑝) is asymptotically almost surely (a.a.s.) 𝑛-e.c., that is,

Prob 𝐺(𝑚, 𝑝) is 𝑛‐ e. c. → 1 (𝑚 → ∞).
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Random graphs a.a.s. satisfy 𝑛-e.c. 



Let 𝐺 𝑚, 𝑝 be Erdős−Rényi random graph with edge probability 𝑝 (constant).

Then, for each 𝑛, 𝐺(𝑚, 𝑝) is asymptotically almost surely (a.a.s.) 𝑛-e.c., that is,

Prob 𝐺(𝑚, 𝑝) is 𝑛‐ e. c. → 1 (𝑚 → ∞).

Proof

Let 𝑝 =
1

2
for simplicity.  Then, 

Prob 𝐺 𝑚,
1

2
is not 𝑛‐ e. c. ≤

𝑚
𝑛

2𝑛 1 −
1

2

𝑛 𝑚−𝑛

→ 0

as 𝑚 → ∞.

□
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Random graphs a.a.s. satisfy 𝑛-e.c. 

#{ 𝐴, 𝐵 ∣ 𝐴 ∩ 𝐵 = ∅, 𝐴 ∪ 𝐵 = 𝑛}

Prob ∀𝑧 ∉ 𝐴 ∪ 𝐵, 𝑧 doesn′t satisfy ∗ 𝐴,𝐵



Pseudo-randomness of random graphs

・Let 0 < 𝑝 = 𝑝 𝑚 < 1 ≤ 𝛼. 𝐺𝑚 with 𝑚 vertices is called (𝒑, 𝜶)-jumbled if 

∀𝑈 ⊂ 𝑉 𝐺 , 𝐸 𝐺𝑚[𝑈] − 𝑝
𝑈
2

≤ 𝛼|𝑈|. (Thomason, 1987)
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The induced subgraph of 𝐺𝑚 induced by 𝑈
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・Let 0 < 𝑝 = 𝑝 𝑚 < 1 ≤ 𝛼. 𝐺𝑚 with 𝑚 vertices is called (𝒑, 𝜶)-jumbled if 

∀𝑈 ⊂ 𝑉 𝐺 , 𝐸 𝐺𝑚[𝑈] − 𝑝
𝑈
2

≤ 𝛼|𝑈|. (Thomason, 1987)

Pseudo-randomness of random graphs

4

9
, 2 -jumbled



Adjacency properties of graphs and related results (Shohei Satake, Kobe Univ., Japan)
15

・Let 0 < 𝑝 = 𝑝 𝑚 < 1 ≤ 𝛼. 𝐺𝑚 with 𝑚 vertices is called (𝒑, 𝜶)-jumbled if 

∀𝑈 ⊂ 𝑉 𝐺 , 𝐸 𝐺𝑚[𝑈] − 𝑝
𝑈
2

≤ 𝛼|𝑈|. (Thomason, 1987)

Pseudo-randomness of random graphs

4

9
, 2 -jumbled

𝑈

4 −
4

9

4
2

= 1.33 … ≤ 8 = 2 ⋅ 4.



Pseudo-randomness of random graphs

・Let 0 < 𝑝 = 𝑝 𝑚 < 1 ≤ 𝛼. 𝐺𝑚 with 𝑚 vertices is called (𝒑, 𝜶)-jumbled if 

∀𝑈 ⊂ 𝑉 𝐺 , 𝐸 𝐺𝑚[𝑈] − 𝑝
𝑈
2

≤ 𝛼|𝑈|. (Thomason, 1987)

・(Thomason, 1987) Let 𝐺(𝑚, 𝑝) be E.R. random graph.

Then, if 𝑚𝑝 → ∞ and 𝑚 1 − 𝑝 → ∞, 𝑮 𝒎, 𝒑 𝐢𝐬 𝐚. 𝐚. 𝐬. 𝒑, 𝑶 𝒎𝒑 -jumbled. 
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Pseudo-randomness of random graphs

・Let 0 < 𝑝 = 𝑝 𝑚 < 1 ≤ 𝛼. 𝐺𝑚 with 𝑚 vertices is called (𝒑, 𝜶)-jumbled if 

∀𝑈 ⊂ 𝑉 𝐺 , 𝐸 𝐺𝑚[𝑈] − 𝑝
𝑈
2

≤ 𝛼|𝑈|. (Thomason, 1987)

・(Thomason, 1987) Let 𝐺(𝑚, 𝑝) be E.R. random graph.

Then, if 𝑚𝑝 → ∞ and 𝑚 1 − 𝑝 → ∞, 𝑮 𝒎, 𝒑 𝐢𝐬 𝐚. 𝐚. 𝐬. 𝒑, 𝑶 𝒎𝒑 -jumbled.

・𝐺𝑚 is called pseudo-random if 𝐺𝑚 is 𝑝, 𝑂( 𝑚𝑝) -jumbled.
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Pseudo-randomness of random graphs

・Let 0 < 𝑝 = 𝑝 𝑚 < 1 ≤ 𝛼. 𝐺𝑚 with 𝑚 vertices is called (𝒑, 𝜶)-jumbled if 

∀𝑈 ⊂ 𝑉 𝐺 , 𝐸 𝐺𝑚[𝑈] − 𝑝
𝑈
2

≤ 𝛼|𝑈|. (Thomason, 1987)

・(Thomason, 1987) Let 𝐺(𝑚, 𝑝) be E.R. random graph.

Then, if 𝑚𝑝 → ∞ and 𝑚 1 − 𝑝 → ∞, 𝑮 𝒎, 𝒑 𝐢𝐬 𝐚. 𝐚. 𝐬. 𝒑, 𝑶 𝒎𝒑 -jumbled.

・𝐺𝑚 is called pseudo-random if 𝐺𝑚 is 𝑝, 𝑂( 𝑚𝑝) -jumbled.

・If 𝐺𝑚 is non-bipartite and  𝑘(𝑚)-regular, 

𝑮𝒎 is pseudo-random ⟺ 𝝀 𝑮𝒎 = 𝑶 𝒌(𝒎)

where 

𝜆 𝐺𝑚 = max{ 𝜃 ∣ 𝜃: eigenvalue of adjacency matrix of 𝐺𝑚 s. t. 𝜃 ≠ 𝑘(𝑚)}.
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𝑛-e.c. ⊄ pseudo-random

・Cameron-Stark (2002) remarked that pseudo-random ⊄ 𝑛-e.c. (∀𝑛 ≥ 4) 
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𝑛-e.c. ⊄ pseudo-random

Recall thet the graph 𝐺𝑝𝑒 with vertex set ℤ𝑝𝑒 is defined as follows:

𝑥, 𝑦 ∈ 𝐸 𝐺𝑝𝑒 ⟺ 𝑥 − 𝑦 = QR mod 𝑝𝑒 , 𝑥 − 𝑦, 𝑝 = 1.

・Cameron-Stark (2002) remarked that pseudo-random ⊄ 𝑛-e.c. (∀𝑛 ≥ 4) 
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𝑛-e.c. ⊄ pseudo-random

Recall thet the graph 𝐺𝑝𝑒 with vertex set ℤ𝑝𝑒 is defined as follows:

𝑥, 𝑦 ∈ 𝐸 𝐺𝑝𝑒 ⟺ 𝑥 − 𝑦 = QR mod 𝑝𝑒 , 𝑥 − 𝑦, 𝑝 = 1.

Theorem  (S. 2018, Rewrite) 

𝐺𝑝𝑒 is 𝑛-e.c. if 𝑝𝑒 − 𝑛 − 2 2𝑛−1 + 1 𝑝𝑒−
1

2 − 𝑛2 + 𝑛 𝑝𝑒−1 −
𝑛 𝑛+1

2
> 0.

・Cameron-Stark (2002) remarked that pseudo-random ⊄ 𝑛-e.c. (∀𝑛 ≥ 4) 
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𝑛-e.c. ⊄ pseudo-random

Recall thet the graph 𝐺𝑝𝑒 with vertex set ℤ𝑝𝑒 is defined as follows:

𝑥, 𝑦 ∈ 𝐸 𝐺𝑝𝑒 ⟺ 𝑥 − 𝑦 = QR mod 𝑝𝑒 , 𝑥 − 𝑦, 𝑝 = 1.

Theorem  (S. 2018, Rewrite) 

𝐺𝑝𝑒 is 𝑛-e.c. if 𝑝𝑒 − 𝑛 − 2 2𝑛−1 + 1 𝑝𝑒−
1

2 − 𝑛2 + 𝑛 𝑝𝑒−1 −
𝑛 𝑛+1

2
> 0.

・Cameron-Stark (2002) remarked that pseudo-random ⊄ 𝑛-e.c. (∀𝑛 ≥ 4) 

𝐺𝑝𝑒 is 
𝑝𝑒−𝑝𝑒−1

2
-regular and 𝜆 𝐺𝑝𝑒 =

𝑝𝑒−1−𝑝
𝑒
2

2
≫

𝑝𝑒−𝑝𝑒−1

2
(when 𝑒 ≥ 3).
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𝑛-e.c. ⊄ pseudo-random

Recall thet the graph 𝐺𝑝𝑒 with vertex set ℤ𝑝𝑒 is defined as follows:

𝑥, 𝑦 ∈ 𝐸 𝐺𝑝𝑒 ⟺ 𝑥 − 𝑦 = QR mod 𝑝𝑒 , 𝑥 − 𝑦, 𝑝 = 1.

Theorem  (S. 2018, Rewrite) 

𝐺𝑝𝑒 is 𝑛-e.c. if 𝑝𝑒 − 𝑛 − 2 2𝑛−1 + 1 𝑝𝑒−
1

2 − 𝑛2 + 𝑛 𝑝𝑒−1 −
𝑛 𝑛+1

2
> 0.

・Cameron-Stark (2002) remarked that pseudo-random ⊄ 𝑛-e.c. (∀𝑛 ≥ 4) 

Corollary  (S. 2018) 
𝑛-e.c. ⊄ pseudo-random (∀𝑛 ≥ 1).

𝐺𝑝𝑒 is 
𝑝𝑒−𝑝𝑒−1

2
-regular and 𝜆 𝐺𝑝𝑒 =

𝑝𝑒−1−𝑝
𝑒
2

2
≫

𝑝𝑒−𝑝𝑒−1

2
(when 𝑒 ≥ 3).



There are many known 
pseudo-random graphs 
which is not 𝑛-e.c. 

Known 
𝑛-e.c. 
graphs

𝑛-e.c. graphs (𝑛 ≥ 1)Pseudo-random graphs
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𝑛-e.c. ⊄ pseudo-random
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Our new 𝑛-e.c. graphs

𝑛-e.c. ⊄ pseudo-random

Adjacency properties of graphs and related results (Shohei Satake, Kobe Univ., Japan)



There are many known 
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which is not 𝑛-e.c. 
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graphs
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Our new 𝑛-e.c. graphs

𝑛-e.c. ⊄ pseudo-random

Thank you for your attentions!!
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