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Adjacency properties
(Erd6s-Rényi 1963, Blass-Harary 1979)

G satisfies P(IL,m) < 4B C v(G) (|A_| =1, Bl =m,A nNg = D),
def 3z, 5 € A U B satisfying the following property (*) 4 p:

(*)ap ZA,B

: CEXPL

If G satisfies P(l,m) forall ({,m) s.t.l + m = n, G is called n-e.c.
(n-existentially closed).
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P(1,1) (moreover, 2-e.c.)
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Let e be odd and p = 1 mod 4.

We define the graph G e with vertex set Ze as follows:

(x,y) EE(Gpe) & x—y=QRmodp®,(x —y,p) =1.

Theorem (S.2018)

* Foreach[,ms.t. |+ m <n, Gpe satisfies P(l, m) if
n(n+ 1)

1
p —{(n—2)2"1+1}p° 72 — (n®* + n)pe! - 5

Moreover, Ge is also n-e.c.




Random graphs a.a.s. satisfy n-e.c.
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Let G(m, p) be Erd6s—Rényi random graph with edge probability p (constant).

Then, for each n, G (m, p) is asymptotically almost surely (a.a.s.) n-e.c., that s,
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Proof

Letp = %for simplicity. Then, _
S\ M=
m\ n . (1
<(7)z (1 <2> ) 50

#{(A,B)|ANnB =@,|AUB| =n} O

1
Prob [G (m, E) isnotn-e.c.

asm — o,

Prob[‘v’z € AU B,z doesn't satisfy ()4 ]



Pseudo-randomness of random graphs

‘- Let0 <p=p(m) <1 < a. G, with m vertices is called (p, @) jumbled if

< a|U|. (Thomason, 1987)

VU € V(&), [IEGuUDI - p (1Y)

The induced subgraph of G,,, induced by U
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‘- Let0 <p=p(m) <1 < a. G, with m vertices is called (p, @) jumbled if

5 < a|U|. (Thomason, 1987)

VU € V(G) ‘|E(Gm[UD| (')

(3,2)-jumbled

|4—§(‘2L)| ~—133..<8=2-4
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Pseudo-randomness of random graphs

‘- Let0 <p=p(m) <1 < a. G, with m vertices is called (p, @) jumbled if

5 < a|U|. (Thomason, 1987)

VU € V(G) ‘|E<Gm[U]>| (')

* (Thomason, 1987) Let G (m, p) be E.R. random graph.
Then, if mp - cocand m(1 —p) » o, G(m,p) isa.a.s. (p, 0(\/mp))-jumbled.

+ G, is called pseudo-random if G, is(p, O(y/mp))-jumbled.

- If G,;, is non-bipartite and k(m)-regular,

G, is pseudo-random < A(G,,) = 0(\/k(m))
where

A(G,,) = max{|6@]| | 8: eigenvalue of adjacency matrix of G, s.t. || # k(m)}.



n-e.c. ¢ pseudo-random

- Cameron-Stark (2002) remarked that pseudo-random & n-e.c. (Vn = 4)
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Recall thet the graph G e with vertex set Zye is defined as follows:

(x,y) € E(Gpe) © x—y =QRmodp®,(x —y,p) =1.

Theorem (S. 2018, Rewrite)
n(n+1)

1
Gpe isn-e.c.if p€ — {(n — 2)2"1 + 1}p°“ 72 — (n? + n)p®~* — — > 0.

e—1

e
e—1_.> e_pe—1
e - P B 5 (when e = 3).

PP -regular and A(Gpe ) =

Gpe 1S




n-e.c. ¢ pseudo-random

 Cameron-Stark (2002) remarked that pseudo-random & n-e.c. (Vn = 4)

Recall thet the graph G e with vertex set Zye is defined as follows:

(x,y) € E(Gpe) © x—y =QRmodp®,(x —y,p) =1.

Theorem (S. 2018, Rewrite)

1
Gpe isn-e.c.if p® — {(n—2)2"1 + 1}p°7z — (n? + n)p®~ ! — n(nz+1)

> 0.

e
. pe-pt _p*1-p? pe-pe?
Gpe is a -regular and A(Gpe) == > -

(when e = 3).

Corollary (S.2018)
n-e.c. ¢ pseudo-random (Vn = 1).




n-e.c. ¢ pseudo-random

Pseudo-random graphs n-e.c. graphs (n = 1)

There are many known

Known
pseudo-random graphs n-e.c.
which is not n-e.c. graphs
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Pseudo-random graphs n-e.c. graphs (n = 1)

There are many known

Known 0 h
pseudo-random graphs n-e.c. ur new n-e.c. grapns
which is not n-e.c. graphs

Thank you for your attentions!!
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