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On the total sum of number of nodes covering a given
number of leaves in an unordered binary tree

Nozomu Ochiumi
Tokyo University of Science

Let J be a subset of leaves in a finite rooted tree T with leaf-set U. If we delete all the paths
(and all the edges incident to them) that connect the root and the leaves in U \ J, then there
remains a forest comprising, say, ¢ subtrees of 7. We may say that, in the whole tree T, the
¢ nodes, the roots of these subtrees, cover or dominate J (and only J), and call ¢ the covering
number for J.

The “cover” concept for rooted trees seems to be originated in the works [1][6] on a certain
cryptographic key-management problem of a broadcast type with |U| users, and the covering
number can be considered a new combinatorial topic in the theory of rooted trees. We believe
that it is worthwhile to investigate covering numbers from the view point of combinatorics and
derive mathematical results such as the distribution and expected value of the covering number
for J with respect to a certain probability measure P(T'), T € T, where 7 is the set of all
binary trees (either ordered or unordered) with n (= |U|) leaves. The main purpose of this paper
is to find an explicit formula for the average covering number for J in the case where T is an
unordered binary tree with labeled leaves and P(T') is uniform, i.e., P(T) = |T|~! (see [2] for a
corresponding study on the completely balanced binary tree with 2* leaves).

As is described in [5], an unordered binary tree with n labeled leaves 1,2,...,n is a graphic
representation of a “binary total partition” of U = {1,2,...,n}; partition U (the root) into
two non-empty subsets (unordered two children of the root), similarly bipartition each of these
subsets, ..., continued until we have n singleton sets (n leaves). Denote by 7y the set of all such
binary trees having n leaves and put b, = |7y7|, then it is shown that b; = 1 and

=
b, 2Z(>bkbn ky 22,

which leads us to the formula b, = (2n — 3)!! (as was originally given in [3]), where n!! means the
double-factorial (define (—1)!! =1 and by = 0).

Let ep(J) be the covering number for a subset J C U of leaves in a finite rooted tree T' € Ty
and define cT((Z]) = 0. We are interested in finding the average covering number for J of size k,

U
anp= Y cr(J), 0<k<n=|U|, J€ (k)

TeTy
Note that the average covering number is independent of the choice of J, that is,
! ! U
Ser() =Y ex(J), JJ € ( >
k
TeTy TeTy

We derive a recurrence relation for a,, ;, and give an explicit expression for the average covering
number.

-11-



Let anr = 0 (k > n) for convenience sake. It is clear that a, ., = b, (n > 1) by the definition
of ap . We first show that a, ’s satisfy the following recursion.

Theorem 1. For1 <k<n-1,

jzk:< ><1_2>(2(n—1)—3)!!am

1n : <k> (n j k) (2 —i =) = 3)Maijs

Next we derive the formula for the general term a, ; by the generating function method.

n

l

Il
x- H

I
M?r

[

Theorem 2. Forn > 2,

(2n —2)!! (2n — 3)!!
n—k) =2 (2(n—k)—3)

an7k:(2(n—k)—l)!!<(2( ),1<k;<n—1.

We remark that a,, ,—1 = (2n—2)!! — (2n — 3)!!. This special case is mentioned in [4, A129890]
without its sources.
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0X0000D0D0O0000000X00000+0000000000++0000000 mO00000

*

e-mail:sa9d05@math. tohoku.ac. jp
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f(@) = f(21,23,..,2,) 00000

1 1
ey [ @) = 7 3 @)

000000000 0 S™ 000000000000

0000000000 X0000O0AX)={(z,9)|z,y€X, t#y}0000|AX)=s00000
00000 X0 s0000000000000000000000000000000000000000
000

Theorem 1 (Delsarte-Goethals—Seidel (1977)). X 00000 ¢t+000000 sO000D0D0DOOOO
aeA(X)=AX)U{1}00000R, ={(z,y) e X x X |(2,y) =a} 00000000 ¢t>2s—200
000 (X, {Ra}acax)) 0 QOO000000000

oboobooooooooooboboboooooboobogobDobDoboboboboooooDoDUoDo
o0o0o0oooo0o0U0oo0o0UooO00DU0o0OD UOOO0D0DODO0O0D0DOO0O0DDOOOoOoUoOoOOO

Theorem 2 (K.). X OO0 200000000P=(X,9)0 X0O0OODOODODOOODOODOODOOO
{F;}:_,0{¢;};_, 00000 POOOOCOOOOOOOOOOOOOOOOOOOOOOOOOOOODD

gooooooo
Rank(F) < gs(m)

00000000D000000000000 (X, {Rateecax)) 0 QLOOODOO0ODOOO0OODOODOO

002011 0000000000000000000000000000000O00O00D0O0O0 Larman—
Rogers—Seidel 000 0s=200000000 sO00000000000000OOO0OO

Theorem 3. s 0000 X C S™ ' 00000A(X) = {o;}3, 00000000 |X| > 2(("F72) +
(")) 0000000000ie{l,2,...,s})00000K,; =[], ~—- 000000000

s—2 JF#T i —ay

coooooobooooboooooooooobooooo0ooooooooo0ooooooooOoooonn
oo0oooooooooo000 LRSO K, O0OoOOoO0oQUoooooooooooooooo

Theorem 4 (K. -Nozaki (2012)). X = (X,R) 00{Q:1(j)};-o 0000000000 s00000000O
0oooo00ooo00Xx0 B 0000000000000 O0DOOOOO A(X):{ozj}j:l[lDDDDD
0000 LRSO0 K;O01<:<sO0000000O000OX0O EFL0000QO0O00C000O0O0OOO0OO00O0
Ki=-P()01<i<s00001€{1,2,...,s}00000000000000

gooo

(1] E. Bannai and T. Ito, Algebraic combinatorics. I, The Benjamin/Cummings Publishing Co. Inc. (1984).

[2] P. Delsarte, J. M. Goethals and J. J. Seidel, Spherical codes and designs, Geometriae Dedicata 6 (3) (1977) 363-388.

[3] H. Kurihara and H. Nozaki, A characterization of Q-polynomial association schemes, Journal of Combinatorial Theory,
Series A 119 (1) (2012) 57-62.

[4] D. G. Larman, C. A. Rogers and J. J. Seidel, On two-distance sets in Euclidean space, Bull. London Math. Soc. 9 (3)
(1977) 261-267.

[5] H. Nozaki, A generalization of Larman—Rogers—Seidel’s theorem, Discrete Math. 311 (2011) 792-799.
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Uniform spanning trees and loop-erased random walks on the
pre-Sierpinski gasket

0000000000 D0O0O0O0O0O0O0OOshinoda@Qcce.nara-wu.ac.jp

000000 spanning tree 0 0000 00O 0O 00O Kirchhoff’s matrix tree theorem 00000000 OOO0O
O00000000000D000 pre-Sierpinski gasket 00000000000 M Kirchhoff 000000000
000000 spanning tree J D 00000000 OODOOO0O0ONO spanning treeJ 10000000000
00000000000 000000D000d uniform spanning tree model O 0 loop-erased random walk O 0 0
godoooo0ooOooooOooDOoOdoooOOobooo0ooooDOooOooDooDOobOoooooooDooooGg
000000 spanning tree 00000000000 O0OOOOOOCOODOO

G=(V,E)0000000000000000OooO0 POOOODO E'0000000GOO0O00O G =
(V,EI)IZI spanningtreeDDDDDDG/DDDDDDDDD cycle00000D0ODDOODODOODOOODOOO
0000 {Gr = Vi, En)tn=0,1,2,.. 00000000 200 pre-Sierpinski gasket Goo = (Voo, Eoo) 00000
000000 H4)OOODOODMMOOOUOODOOOO0O0O0OO00O00OOO pre-Sierpinski gasket 00 O O uniform
spanning tree measure 0 0 0 0000000000 0O0O0OO

e pre-Sierpinski gasket G, 00000000 G, 0000 spanning tree0 0000 P, 0000
e G, G,0000000000 lim, ..., P,=P,0000000

000000000000000000000000 uniform spanning tree measure 1 D000 0000Z0
goooooooobbbbb0ob 000000000000 spanning tree 1 00O ODDOOOOOOO0O
0000000000000 000000000 configuration 0000000000 D0OODOODOOOOOOOO
70d>500000000000Pemantle[P91]I0 000000000 uniform spanning tree 0 0 0 uniform
spanning forest 10 0000000000000 Ouniform spanning tree (forest) 0000000000000
Benjamini-Lyons-Peres-Schramm[BLPS01] 0000000000

G, O spanning tree0 00000 T, 0000T,0000000000O0D0C0O0OOO0O

Theorem 1 (Teufl-Wagner[TWO06],Chang-Chen-Yang[CCY07])

|Tn\:3-(§)2(2%3%5i)3 B
5

T,000000P,00weT, 0000 P,({w})=|T,|"'000000000000OO0O0O0OT,,00
00wO R, ={0,1}’ 00000000000w € Th,e€ E, 0000 wle) =10resp.= 00000000
spanning tree w 00 e 000000 OOresp. OODOOOOOOOODOOODOOOO

0000000000000 spanning tree 000 0000000000000 O0O0ODOOWilson O0OO
OWilsonW96)|0 O OOODOUUOODOOOOOOUOOOO0O0OOO0UOOG, O spanning tree 000000000
0000000 treed 00 OO0 a, 00 self-avoiding pathOO0 O 0000 a, 00000000 loop-erased
simple random walk 000 0000000000000 pathODO0OO L,(w)0O0OO0OOn—00000000
0000000000000 f(n) ~g(n) 00 limy—o f(n)/g(n) =1000000000

br,
bo
by
A A
A
O ao 0O a 0] az 0] Gn,
Go G, Ga Goo

O 1: 200 pre-Sierpinski gasket
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Theorem 2
E,L, ~ K;a", Var, L, ~ Kya®".

20 + /2 2+ 52
000 E,, Var, 0 PHDDDDDDDDDDDDDDQ:O%ﬁ’:mw%m,Klzwzl.mswm,
164809 + 7667+/205
= =0.10588--- 0000
2 2593332 0-10588

Theorem 3 (0,00) 00000000000 fO00000O0<a<b<ooOOOO

b
lim P, (a < L’;i(:}) < b) :/a f(x)dz.

00oo0o0T,00000000000000000 @, 00 pathODOOO0O "O000000000ONR —o0000
00 pathOO 0000 Hausdorff 00 0O (loga)/(log2) =1.19399--- 000000000000

P, 000000 Q. ={0,1}f~ 0000 P, 00000000000 00000w € Qo 0 P 000
O0000GUOOO000 Gw) = (Veo, B(w)) O Elw) ={e € Ex :w(e) =1} 0000000000000O0O
Pow-—aswl Gw)DOODOOUOOPy —aswd Gw)O cycle 0000000000000 0O00O000OP
0 200 pre-Sierpinski gasket [0 O uniform spanning tree measure 0 0 0000000000000 O0OOO
spanning tree 00 0P, —a.s.w D0 O 00000 infinite self-avoiding path 0 G(w) DO 0000000

Theorem 4 00000000 self-avoiding path 0 W(w) = (Wy(w) = O, W (w), Wa(w),... 00000000
Os>00000 nO0000000O0<Ks<Ky<ooOOOOO

KBnSV S Eoo|Wn|S S K4nsu,
v = (log2)/(loga) = 0.83752--- 000000

pre-Sierpinski gasket 0 O self-avoiding pathD 2000000000 v =0.798 - - - O O 00 Hattori-Kusuoka[HK92]O
0000000 O uniform spanning tree measure 0 0 0 0 0 O O 0O infinite self-avoiding path OO0 0 OO OO0
0000000000000 universality class 000 000000000000000O0Z20000 self-avoiding
walk 0000 % 000000000 Madras-Slade(MS93] O U 0O loop-erased random walk 0 0O O O % ooo
OKenyon[KOOJD OOOOOOODOOOO
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DBNS near-factors and 1-overlapped factors

0000 (000000ooooo)

A pair (A, B) of subsets of a finite group G is near-factor if AB = G\{g} for
some g € G and |A|,|B| > 2. Near-factors play important roles in the perfect
graph theory and the set packing problems. On the other hand, A pair (A4, B)
of subsets of a finite group G is 1-overlapped factor if AB = G U {g} for some
g € G and |A|,|B| > 2. l-overlapped factors play an important role in the set
covering problems. In this talk, we introduce some results on near-factors and
1-overlapped factors.

For integers | and m, let [I,m] denote the set of integers from [ by m. Let
©k be an isomorphism from Z to Zj such that o (7) is the residue of i divided
by k and ¢y, be the inverse map of ¢i. Let p(> 1) and mqy,ma,...,may(>
2), r,s(> 2) be integers such that r = []_; mo;—1, s = [[/_, mo; and n =
122, mi. Let pj = [[’Z{ my for 2 < j < 2p and uy = 1. Define a subset M;
of N by [0777%‘ - 1]/141‘7 A =M+ Mg+ -+ M2p71 and B’ := My + My +
o+ 4 My,. It is clear that (A, B) := (pn—1(A"), pn—1(B’)) is a 1-overlapped
factorization of Z,_1, (pn+1(A4"), on+1(B’)) is a near-factorization of Z, 1 and
(¢pn(A), on(B)) is a factorization of Z,,. We say that this (A, B) is a basic DBNS
1-overlapped factorization (resp. to a basic DBNS near-factorization, a basic
DBNS factorization) of Z,. For this l-overlapped factor (resp. to near-factor
and factorization), the following three operations construct other 1-overlapped
factors (resp. to near-factors and factorizations).

o Shifting: Consider (A + a, B+ b) for some a,b € Z,.
o Scaling: Consider (AA, AB) for some A € Z).
e Swapping: Consider (—A, B).

We say a 1-overlapped factor (resp. to a near-factorization and a factorization)
constructed by this method is a DBNS 1-overlapped factor (resp. to a DBNS
near-factorization, a factorization) of Z,, and the associated Lehman matrix is
a DBNS Lehman matriz (resp. to a DBNS partitionable graph).

Theorem 1 (D. de Caen, D. A. Gregory, I. G. Hughes and D. L. Kreher 1990).
If (A, B) is a near-factor of G, then

(4) = (B) = G.
Theorem 2. If (A, B) is a 1-overlapped factor of G, then
(4) =(B) =G.
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Theorem 3 (D. de Caen, D. A. Gregory, I. G. Hughes and D. L. Kreher
1990). For a near-factor (A, B) of a finite abelian group G, there exist elements
a,b € G such that (A + a,B + b) is a symmetric near-factor of G, and the
uncovered element of (A+ a, B+ b) is the identity.

Theorem 4. For a 1-overlapped factor (A, B) of a finite abelian group G, there
exist elements a,b € G such that (A + a,B + b) is a symmetric 1-overlapped
factor of G, and the doubly covered element of (A+ a, B + b) is the identity.

Theorem 5 (K. Kashiwabara and T. Sakuma 2006). A near-factor (A, B) of
Zy, is a DBNS near-factor if min(|A|, |B|) < 8.

Theorem 6. A 1-overlapped factor (A, B) of Zy, is a DBNS 1-overlapped factor
if min(| A, [B]) < 8.

A near-factor (1-overlapped factor) is Krasner if 0 < ¢, (a) + 1, (b) < n for
each a,b € Z,.

Theorem 7. Krasner near-factors and 1-overlapped factors of cyclic groups are
DBNS.

A hypergraph is a clutter if no two hyperedges have inclusion relations. A
clutter .77 is called an ideal clutter if its set covering polytope {Z € R™; M (€)% >
1,0 < & < T} is an integral polytope. If 7 is an ideal clutter, we say that
M () is an ideal matriz. D. R. Fulkerson defined the following two operations,
deletion and contraction of column j.

e deletion: Delete j-th column, and delete i-th row if (¢, j)-th entry is 1.

e contraction: Delete j-th column. If there exist dominating rows in result-
ing matrix, delete them too.

minor of a matrix M if we can obtain M’ from M by repeatedly using deletions
and contractions. P. Seymour [?] proved that each minor of an ideal matrix is
also an ideal matrix. A matrix is called a minimally non-ideal matriz if it is
not an ideal matrix, but its each minor is an ideal matrix. On the other hand,
a clutter is perfect if its set packing polytope {& € R™; M ()% < 1, 0<z< T}
is an integral polytope. Padberg proved the following operation preserves of
perfectness of a clutter.

e Delete j-th column. If there exist dominating rows in resulting matrix,
delete dominated rows.

A matrix is minimally imperfect if it is not perfect, but its each minor is perfect.

Theorem 8 (Grinstead 1982). A clutter defined by a DBNS near-factor is
minimally tmperfect if and only if it is a clique clutter of an odd hole or an odd
antihole.

Theorem 9. A clutter defined by a DBNS 1-overlapped factor is minimally
non-ideal if and only if it is an edge clutter of an odd cycle or one of exceptional
10 clutters.
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Joooooooooootdnt

gbobobooooobbooooobon

1 0O

1977 O, Delsarte, Goethals, Seidel 0000000000000 COCOOO0O0OOOODOOOO
0o0o0oQO [l 0000000000000 0O0o0o0UoO0oUL, 0000000 OOoOooOOd
OO0QOCOOOOoOOOOOOO0O. 0000 WaterlooOOO Aidan RoyOOOOOOOOOO.

2 Complex spherical design and code

(d)00D0D000000 C'0000000, X0 Qd)0000000000. (k) eN OO
00, Hom(k,l) DOOOO Clz1,...,2d, 415524 O {z1,...,24; 0000 kO, {z1,...,254 00O
00!/000000,0000 Qd)O0000000000O00000. 000000000000
N?0000 <0000000000: (k1) <(mn) 00 k<m0OD I<p000000.000
gd (NQ,j)D lower set00 N20000000 700000000000000: 700000
(k,)0000, (mn) < (k,)000 (m,n)0 TO0000. lowerset 000000000000
goooooooog:

Definition 2.1. 70 N2 O lower set 000. 0000 X 0 7-000000000,7 0000
0 (k,)0000000 feHom(k,!)D000000000000O0:

1
PN / LS

X O inner product set0000000: AX) ={a*b:a,be X,a #b}. Flzx) € Rlz,7] 0 X
O annihilator polynomicl 000D 0000 ac A(X)u{1} 0000 F(a)=0,, 0000000
go.

Definition 2.2. X O complex spherical code of degree s0 0000 |AX) =s000000.
Lower set SO0 00, X O S-code000 00 X 000 annihilator polynomial F(z) € Span{z*z! |
(k,))€S}000000O0OO0.

3 Bounds on designs and codes

N200000Y0000,4000000 convolution 0000000: UsxUd = {(k+1, K +1):
(k,0), (K, I') e U}.

Theorem 3.1. (i) X0 7-0000000.U«UCTOO0O0O lowersetd CTOOOO0D00
ooo:
X[ > Y dim(Harm(k, ).
(k,l)eu
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(i) X0 S-00000000,00000:

1X| < ) dim(Harm(k, 1)).
(k,))eS

X O tight design with respect to U 0000, X O U«U-0000000 Theorem 3.1(i) O O
000000000000 00.000,8-000 XO tightDOOO0O, Theorem 3.1(i1) 0000
0000000000 00. 0000 tightnessOOOOO0OODOOODOODOODOOOO:

Theorem 3.2. X0 Qd)00000000O0O, SO lower set000. 0000000 DO0OODO:
(i) X0 S-O00000 §«S§-0000000.
(i) X O tight S-OO00O0OODO.

(i) X O tight design with respect to ST OO .

4 Association schemes

X000D00000000,0<i<s0000 RO0D000 X0O00000000. RO000
00 A4,000,0000 X00000000000000 (z,y) €R0O00 (A)ey=1,0000
000 (A),=000000000.0000,000000000000000 (X,{R:}._,) 00
00000000000000000000000000000:

(i) Ao ODOOO.

(i) > ,A4,=J,00J000000001000000.

(iii) 000000000+ 00000 AT = A,

(ivy 000 ¢,j€40,1,...,s} 0000 A;A; € Span(Ag, A1,...,As).

(v)y DOD 450000 AA; = AjA,.
goooooooooooooOoOOOOOOOOOOOOODODODODOODOOOOOOOO.
Theorem 4.1. U 0 lowe set0 0, X O degree sO UxU-O0O0DOO0DO0O00. OOODODOODODOO:
(1) Ul <s+1.

(2) 00s<|4|0000,X0 A(x)0D0DO0O0DDOOOOODOOOOOOUOOOODOOOO.

(3) U|=s4+1000, X O tight design with respect tod D00 .

goon

[1] P. Delsarte, J. M. Goethals, J. J. Seidel, Spherical codes and designs, Geom. Dedicata 6
(1977), 363-388.

[2] A. Roy and S. Suda, Complex spherical designs and codes, preprint, arXiv:1104.4692.
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Lehmer codeU O OO0 OO OOOOOOMO
O00oodn

oot oobd

tomie@morioka-u.ac.jp

00 7e8,0me S pattern avoiding 000000000 000
O 7(i)r(ia) - 7(i)(1 < iy <ip < -~ < i, <n)000000000DO
OO0 000000000 pattern avoiding 000000000 OOO
0000000000000 00000 POO0QOODOO PO Q-free
OoobooopPOQULODOODODO0ODODOODOODODODOOOD
goooooubbobbbouooooouoobobbbooooooooo
goodooooobbbbooooooooobooboobon

000 S,00 wOO0OO Lehmer code c(w) = (¢1(w), ca(w), ..., cp(w))
0000 ¢(w) = #{j | w() > w(j), i <j}0000000000000
Bruhat 000000 wO0O0OD0O0D0OO A,00000 Lehmer code
O00c(A,)ON"OD0D0O0O00O000OOCO0ODODOO0O0OO0O0OOOOO
O0000c(A,)000000 join irreducible 0000000000 P(w)
O00O0ideal 0ODOODO0OOOOOODODODOOODOODODODOODODOO
P(w) O base poset 0 0 O O [1] Denoncourt 0 Lehmer code 0 000 OO
00 e(A,) D0000 base posetP(w) 0000 [21000000000
000000 wO0O0O0P(w)DOOOODOUODODOOOODODODOOODOO
gooooo

OO0 1. wl 3412 pattern avoiding O O O O 3421 pattern avoiding O 0
0000 Pw)O By free0000000DOOOOOOOO B,OODOO
020 BooleOODOODODO

Ooon

[1] G. Birkhoff, Lattice Theory, Amer. Math. Soc. Colloq. Publ. No. 25,
Americam Mathematical Society, Providence, RI, 1967.

[2] H. Denoncourt, A refinement of weak order intervals into distributive
lattices, arXiv:1102.2689.
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naka_ n@math.sci.hokudai.ac.jp

KOODOooOOoOoDOoooooSOD KoOnnOoOoDOOooODOODOK™
O00000D00000000 A0 KOO central arrangement [0 [
00Q:=QA) =]y, 0000000 A0O0DOOOOODOODO
O00py 0 He ADDODOODOODODOOODOOOO

Definition 1 (00 m0 A-00000000). 000 mOO0O0O0O0O
0000000 DM(S) = P uenS0* 000000 mO A-0000
D000000D00000

D™ (A) == {0 € D"™(S) | 0(Q(A)S) C Q(A)S}.

0000a0 multi-index0 0 O0|a| = oy +- - -+, 00 0% = 07 - - - 997
00000 DM™(A) DO S-00D0000

DYW(A)D A 000000000000 0000000000000
D0000O0DWA) D00 S-00000000A0000000000
0 Coxeter 10000000000 Coxeter 0000000000000
D00000000000000000 Coxeter 10000000000
D00000000000000000000000000000000

000000000000 DA 000000000000 000
D0000000000m=10000Saito0 00000000000

n+m-—1 y n+m—2
Sm = y m =
m m— 1

{a® . ot}

goobg
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OmO0000000000000000006,,...,6,, € D™(A)O
000 sy X s, 000
a®) ey
(o) O (o)
xol(sm) ' $;1(Sm)
91 (W) e Qsm (a(sm)!)

0000000000a@=(aq,...,0,) 0000 @l = (ay)) - (a,!) O 0
0ooo

Mm(el, e ,Qsm) =

Proposion 2. 6,,...,0, € D™ (A)00000002000000000

(1) det M,,(6y,...,05,) = Q'3 for some c € K*,

(2) 01,...,0,, 0 D™(A)O SOO0O0O0O0O00OO
00000000000000000

Definition 3 (DOODOO).

1<i<j<n

O0D0000DO000O0D0O0D0O0b0O0DO0bOOgAD Coxeter0 OO
gooo

000000000000000A000000000000 D®(A)
000000000000000000000

Theorem 4 (J00). ADODOO0O0D000000000 DP(A)000
S-000000
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multiply-lacedl d-complete posél 0 00000000

multiply-laced O d-complete poset ] DO OO0 00000

KENTO NAKADA

1. 0000

C.Greene, A.Nijenhuis, H.S.Wilfl, 19790 0 0O O [2] O, Young diagrani] linear
extensiold] 00 000000000000 (GNW-algorithm)yD OO O O.O0000O0O
0000 linearextensiol 00000000000, linear extensioml OO 0000
hookformulaD D OO OOOODO.

000000000,00 [3][4 C0O00,d-complete posell 0 00O Young dia-
gramI 00000000000 O0OOOO0OOOOODOOOOOOO, OO, d-complete
poset] linear extensiol 0 0 0 0O OO hooklength formula 00O 0.0 00O D. Pe-
tersond hook formula [1]0 simply-lacedd O OO0 O0OO0OO0Od0O.

O00000,000000000 multiply-laced00 000000000 OOOO
oo.

2. 00000000 GNW-ALGORITHM

O0Do0ooooooDr=(;A000D00oooooo.vevVhDOOoOOo,
¢(v) :={aeAla0 vOO OO arrow | 00 0. GNW-algorithm [ 0 0 O procedure
godo.oo,0b0oouoboooon:

- Procedure CHWI')
. . 1
10: Chose an elemermte V(I') with a probability——

#V(I)
20: if #¢(v) = 0then GOTO 60
1
30: Chose an elemeate ¢(v) with a probability——
$(v) P Y )

40: PUTv:= (alO sink)
50: GOTO 20
60: OUTPUTv; STOP

gbogbogoboobgood:

- Procedure GNWT')
10: if #V(I') = O then STOP
20: RUN Procedure CHWI ) (CHW(T )OO OO OO OUTPUTO vO OO )
30: Putr:=Tr-v (ro00oovD-{vyO0OOOOODODODOO)
40: GOTO 10

00000000000000TrO0000 8=(v,---,v) 000000000,
00000 Pro(8)000.000,000 d=#V(I).

Definition1l. TOO OO B=(vy,---,Vg) O I' O linear extension] 0 0 0O
if vp = vg, thenwe havep>q, (p,qef{l,---,d)0000000O00O.
'O linear extensiom OO0 LT OOO.

1
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multiply-lacedO d-complete poséf 0 00000000 KENTO NAKADA

3. 000
Theorem 3.1. T O0OODO BOOO Fy(m > 2)0 graphfiter0O00. ODO0OO,

GNWe-algorithm linear extensiorfvy,--- ,Vg) e L) OO0 OO0DO0O0O0OOO:

_ vevny (L + #6(V))
B d! '
Corollary 3.2. Pror() 0 £L(OODOOOOOOO.

Proof. (3.1)0 000 linearextensioml O OO0 000000, O

(3.1) Proky(vy, - -+, va)

Corollary 3.3.
d!

[Tveviny(1 + #6(v))'
Proof. Corollary3.2000 0. O

#L() =

31.000 B. OO0 BOOODDOO: 3.2.000 Fy. 200000 mODOO,
OO0 FpnODOOOO:

“i=0andj>-nT, }

BOODDOOODOOODODOO: Fmni=3(,))eNxZ| “i=1andj>0"
or “2<i<mandj=0"

B:={(ij) e NxN|ix<j}.

p—-@j)y if“i=jandi’=ij > 7j,

“i<jandi’ =i, j >, FhnOODOOOOOoOOoOoooo:
‘i <jandi’>i, j =", i,j)—-(@,j) if“i=0,j<-1andi’"#-j,j > ],
or“i<jandi’=j,j>1, “i=0,j=0, and j > 0",
G,)=s@,j) ifYi<jandi"=j=]", “i=1,j andi’=1,j > 0",

,andi’ >1i, ] =0,
andi’ =i, > j",
andi’ >i, | = J,
,j=0, and 0<V,j =0,

[
oooo

s

P RN

—
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Iu = Jyy.
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Gy O Jyr O wniversal Grébner00 . 000 RO 0O0D0 @QUODODODOODODOODODO).

*0000000000000/JST CREST

-31-



-32-



googog

oo0oOd
000000o0o0oDbO0obOooo
000000000000 PD
nozaki@ims.is.tohoku.ac.jp

00000000000000 XO0O0O0ooOO0ooO XO0o200000
DDDDDDDDDDDDDDsDDDDXDsDDDDDDDDD.DD
O0AX)={V> (s —w)?|z,ye X,o#y} 000000 |AX)| =50
DDDDDDDDDDDDDDDDDDDDDDDDQDDDDDDDDDD
00200000000000000000000s-0000000000O0
000000 sO00000000000000000000 000000
0000000000000 000000000000000000000
0000000000000 00000000000000oooooonng
00000000000000000000000000000000000

S-lgRIQOODODOOOOOO

Theorem 1 (Delsarte-Goethals—Seidel (1977), Bannai-Bannai—-Stanton (1983),
Bannai-Kawasaki-Nitamizu-Sato (2003)). X 0 s-00000000

(1) X cRIOODO|X| < (*9).

2) X cStoooo|x|< (Y + (*).

)

3) XCS'oD X =-X0000[X| <2(“7?).

4 XCRIDpODOOOOOOODOOOO|X] <2, (Prezih).
)

S—1

(
(
(
() X cR'0p00000000DO00X =-X0000X| <

22 (d-‘rs 2i— 2).

Theorem 2 (Nozaki (2011)). X c R0 s-000000 (s> 2)0 A(X) =
{a1,...,0,}0000N = (P57 (T, 00000000 |X] > 2N 0
00000000000 =1,...,s00000][[;a2/(e?-a?)000 K;
O00. 000 |K;| <[1/2++/N?/2N -2)+1/4/000000
(,()0D0D00000000000000000000B(X) = {(z,v)
z,y € X,z #y} = {61,...,4,0000d0000000000000

(ﬂ%) G,()000D0000000

tGE(t) = Mep1Grp1 () + (1 = Ae—1)Gr—1(2)
ooo )\k:k/(d—|-2k—2), Go(t)ElD Gl(t) =d-t.
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Theorem 3 (Delsart-Goethals-Seidel(1977)). X 0 S100 s-00000
000DO0O [-1,1)000000000000 F(x) =Y, fiGi(t)(f;00
0)000o0o0ooood

e F(B) <0 for any g € D.
o fo>0, fr >0 for any k > 0.
0000 B(X)cDOOOO|X| < F(1)/f.
hi= ("7 = (*1%5), h=d, ho =10000

Theorem 4 (Nozaki-Shinohara (2010)). X 0 S'00 s-000000
00 [Ipepw(t —B8) = Y6, /:G:() 0000000000000 |X| <

i:fi>0 hi.

Theorem 5 (Nozaki-Suda (2011)). X0 S-100 s-00000000 (25—
1)-00000000000 2<i<s4+1.00000

S
|X| < th — Ns—it1-
k=0

uboooobooboobbooobooo

s |2 345
size‘5 79 12

Maximum s-distance set in R2

n |23 4 5 6 7 8
size |5 6 10 16 27 29 45

Maximum 2-distance set in R"

n (2 3
size | 7 12

Maximum 3-distance set in R™

n |23 4 5 6 7---21 22 24---39

size |5 6 10 16 27 " 975 n(eil)

Maximum 2-distance set in S7~1

n |2 3 8 22
size | 7 12 120 2025

Maximum 3-disntace set in ™1
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Obstruction to shellability & pure-skeleton

JRRIER  FERPRFBE Y AT MG L RZR
T 305-8573 ZKIRE D S EHKEA 1-1-1
E-mail: hachi@sk.tsukuba.ac.jp

BAREERA DT 72y N (=BKAHDI &) % 01, 00,...,0, DIEIZIEA,
%> 20 UT (01U Uojq)No; A (dimo; — 1) IRTEOM R BARRJER T H
HEDICHKRD L F, Aldshellable THD LD, /2, ZDiRNT % shelling
EWVWD, (HE:ZITI DeAZ 1Dl UTHE->TWD, /o, MAH
RIEIREIX, 778 Y NORITEHRTRTEL VEAERERDOZ L TH D, )

HURBERAY, T AVE &1 nonshellable T 24, THAEA DR DO ERS
EEANDHIRIX shellable Td % & ¥, obstruction to shellability Th 2 &\
S, ZIT, BERNEROHMESGDMAEEANDHIR L I, TOHWAES LD
HDAINE B BDIWHEERDZETHD, ZAd, Wachs 2] IZE>TEAI N
BWERTH Y. BIfE, 27RITEL R D obstruction to shellability 2YRFE X 71T [4],
7z, Flag complex (ZE9 % obstruction to shellability & 5i&E X T3 [5],

(la)H (1b) % (Ic) M @ m

1 {XJ6D obstruction to shellability &9 TIZ Wachs [2] T/RINT W SEY
21D FAEL, ZHIEATHED S KD 230 % FEHEKE TR D ff 22 BRI K
THhHd, 2{RITD obstruction to shellability I EDKIZY) A N XN TV 2KIT
DORMEERE, TNODOHAMICHZMA S ZETHLNDEDETH D [4],
LIRGTDGE L EZ Y, LIRS RN,

TR W BARINEARD shellability X BE T 2 HE 2 /25 ET, RO
BLODZENLUIELIED D,

EE. BANEKAICBELT, ADiRTOES & T DME 5 % S I kK
pure;(A) % pure i-skeleton &5,
Shellability (2B U Tldk, IXOEHMNHEAKZMED 1 2L LTLLHLENS,

EIE 1. (Bjorner and Wachs [1]) Shellable & B AKBIER A DL D pure i-
skeleton (& shellable TdH %,

ZDHIZDONTIE, IROEDIZE>TWD,

& 2. ([4])

i) dimA <2054, AMdshellable THDZ L&, KilZDWT pure,(A) A°
shellable TH 2 Z LIFFHTH %,

(ii) dim A > 3 DHE. %0 12DV T pure;(A) A¥shellable TH->TE, AN
shellable Tdh 3 & IX[R 5 2\,

-35-



1: firH 2(i1) OHANK Y L7 B

2 {XILD obstruction to shellability D3 TIE, D (i) DWEENEELZFH
M) RO T Wz, #Z, (i) OMEED 3 IRILEL LD obstruction to shellability
ZHFANRD ETORED1DLBR>TWDEDEEADOND, (i) DFDEY L7274
WhlE UTid, BlzZE K1o4Ixd 5, Jd. {a,b,c, d} & 3IRTTHRIKT, F
oo WUZRVDOWETHRRAE —-HIND, K1 OHRMDESIZ, 13 DK
D 2 PRI D BRI 3IRTTD BRI 1 DA SN EERTH B,

i 2 (i) OffRERFRE LT, 2IRILOD obstruction to shellability @ pure 0-
skeleton $ & U pure 1-skeleton & shellable T, pure 2-skeleton (& nonshellable T
HBDEND T EMRND, (BB, EELD 21XIED obstruction to shellability D43
HINOEMATED, ) TOMEDN 3T EIZDWTE Y DN E D M,
3IRITTLA_ED obstruction to shellability D2 FEIZ[IT T, 1 DDOFERNDIZRD
AR DD, TNERTONSEDRERE RLROEHTH D,

EE 3. A D3 IRILD obstruction to shellability D & F, purey(A), pure,(A),
purey(A) I shellable T, pure;(A) 1% nonshellable TdH %,

4 RTCEA_ED obstruction to shellability (2B U TREEE 3 & FIRRDME AN D 37
DINEDDIEES DA TH M, 3R DLE DFEHNZ AW 2 ZHHDO—E8 ([3])
MERIC TSI H % 7280, FUGEHETIEHEL WS RIIZH D,
Question. —f%(Z, obstruction to shellability A (ZXf U T, pure,(A) iF k <

dim A — 1 DEEIZ shellable, & = dim A D354 121E nonshellable, 3% Y 37
DM ?
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Theorem 1. (KasteleynO FisherD Temperley).

)4

F = 4 cos® 4
(n,m) Ekl;[l( cos (m+17r)+ cos (n—i—l

oobooboooboooobooobooooboooobooobooobooboooboo
O0OOTheorem1 OO0O0O0O000O0D0OOOO0O00O0O0O0O0O0ODOODOOOOO
my x---xm, 0000000000000 O000000000 GOOOOODODOO
parity s : G — {1,-1} 0000000000000 0OOOOOOOOOO

(S s0n]= [ (X eo? STy

MeG 1<k;<m; i=1

s(M)O FlipOOOOOOOUDOUOOODOOOOODOOOODOOOOOUOOOOOO
000U FlipO0OOO0OOUOOOOOOO0OODOOUOOOOUOOOs(M)O MOOOO
0000000000000 0»,=2000000000 Theorem1OODOOOOO
ooo
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DeM
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Part 3. O
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F-threshold &€ 72 7D)N3I )V &
PAFH 8 (Fak % T

DIF, G ##fERMZ 77 (Thbb, VW=7 E@EUER L0 XD il
757)E L, G OEEESE V(G) = [n], AEa%E BEG) LT3,
AT FF5D1%, ROMETH 5.

Question 1. G BINI NV T 577 THH12DDOBEVZFMN %252 K.

COREIZMKARE UTRIBIRTH 208, I TICERZ b8 & 7213+ &tt
MEZ 5T 5, ZOHTHEE DBIR 2 Kf > 72 D3, (FREEEG & SnRTE R
(HEHERE)ICEDRDFERTH 5.

Proposition 2. ([SaSu, Theorem 1)) fEEDZFEH p & n > 0 ITKH L, generalized
quadrangle L(p") E3NINV VT 577 TH 5.

iR, AREmEEHCTRINEZbDTHY, 77 7 HENOEE%
F\T Question 1 1IZBHT 285 Z R L 72 & v 9 sUCIER I BIBRZE D,
AFHHICE I 2 e A2 R LB, SEE O T H 2 IR W
Z T, [ L & 912 Question 1 ’%?%F%%Hﬂﬁﬁb)#&%xkp ETH A,
FEMEZBRZ 7012, EEEZ 20T 25, 91 DI, EEHOHHEER
DA TP NOMITH L CEFKEZ LS, F-threshold L WHILRELETH 5.

Definition 3. ((HUMTW]) R 214 p > 0 DAL XL AT E Noether BRE L,
m=R, ZZDHERMKA TT7TNETS, TDLE,

() o= tim (T EN " )

e—00 pe

% R O diagonal F-threshold £\>9., 22T, mPl= (2 |z em) TH 5.

2 OHDEE X, Herzog-HHi-Hreindéttir-Kahle-Rauh & KR (FHIGKY) I
& o TN IZEFE I 172 binomial edge ideal ThH 5,

Definition 4. ([HeHiHrKR], [O]) G Z#fEHfi7 7745, DL E,
Jo = (X;Y; = X;Y; | {i,j} € B(G))

% G D binomial edge ideal £\, TIUIBE S =k[Xy,..., X, Y1,...,Y,] DA
TTINVTH S,

2010 Mathematics Subject Classification: 05C25, 05E40, 05C45, 13A35.
¥—7—F NIV 757, binomial edge ideal, diagonal F-threshold

T 4648602 4 IR TRIXRENT 2k AT FBS e SR F IR
e-mail: d09003p@math.nagoya-u.ac.jp
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FRZBXZHNIC, MES LV T Z2EERT S, T CV(G) WHIEGTH S
L, EEOMELRZ i,jeT ITNL, {i,j} ¢ EG) th2LkIBdbDERVT,
7, a(Q) =max{#T | T C V(G) IFMEA} £ EL.

DITSARGHICEB ) 2 ZEMTH 5.

Theorem 5. G Z#FEHA 7 Z7 7 £ L, Js % G @ binomial edge ideal & 7§ %,
R=S/Jg &L, m=R, ZZDHERXMRA TT7NVETS, ZDLE,

m) = 2-a(G) ofG) > H]oLs
n @) < 2oL &

E% 5, KRz n < c™(m) < dim R 23K D D,
FIEMD S LT DRBEINS,
Corollary 6. G D3NSV 7775 51E c™(m)=n &% 5,

SE

[HeHiHrKR]| J. Herzog, T. Hibi, F. Hreindéttir, T. Kahle and J. Rauh, Binomial edge
ideals and conditional independence statements, Adv. Appl. Math., 45 (2010),
317-333.
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461-480.
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