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Plan of My Talk

© Symmetric functions and
© Plane partitions and symmetries
@ Totally symmetric self-complementary plane partitions
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Symmetric Functions

@ |. G. Macdonald, “Symmetric Functions and Hall Polynomials,
2nd Edition”, Oxford University Press, (1995)

@ A. Lascoux, “Symmetric Functions and Combinatorial
Operators on Polynomials”, AMS CBMS 99.

@ R. Stanley, “Theory and Application of Plane Partitions: Part
1,27, Stud. Appl. Math. 1, 167 — 188, 259 — 279.
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Partition

A partition A of n is, by definition, a nonincreasing sequence of
positive integers

A 2224 >0

satisfying Y,; 4i = n. We say A hasr = /(1) parts. Similarly a
partition of n into distinct parts may be regarded as strictly
decreasing sequence of positive integers

A1 > Ao >---> A > 0.

Such a partition is called a strict partition of n. We denote
partitions in two ways:

Q 1= (11,41,,...) signifies that the parts of 1are 13 > 1, > - -+,

Q 1= (1"2"2 . ..) signifies that exactly r; parts of 1 are are equal
toi.
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The diagram of a partition A can be defined as the set of points
(i,j) € Z? such that 1 < j < ;. For example, A = (5441) is a
partition of 14 with 4 parts whose diagram is as follows:

Let &, denote the set of partitions of n. If 1 = (11, 42,...) isa
partition of n, Iet /i’ denote the partition whose ith part A/ is defined
as A = #{j : }. We call A’ the conjugate partition of A. For
example When /1 (235), then X/ = (12232).
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Generating functions

The generating function of all partitions is given by

n 1
D #(Z)d :ﬂl_qk.

n>0 k>1

Let &, denote the set of A € &2, whose parts are all odd, and let
2, denote the set of strict partitions of n. Then we have

D #ONA =Y #(n)a" =] |1 +dY).

n>0 n>0 k>1
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Dominance order

Given a vector v € N"| its cumulative sum V is the vector

V=(Vg,...,Vn) = (V1,V1 + V2,...,V1 + Vo + -+ + Vp).

Definition
Given two partitions A and u of the same integern, A < win
dominance order iff

An element u € N" is the cumulative sum of a partition iff

Ui—1 + Ujitq
Uy 22—,
2
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Lattice Structure

Let A and u be partitions of n. The infimum A A u of 2 and u is the
partition v such that v = inf(4, z). One defines the supremum A V u
by

AVu= A A .

If we take A = (5111) and u = (422), then 1 = (5678),

fi = (4688), inf(1,72) = (4678) = ¥, with v = (4211) = A A p.
Meanwile, one has 2" = (41111), ’ = (3311), A = (45678),
i = (36788) and inf (1, 1) = (35678) which implies

X Ay = (32111) and AV u = (521).
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If the binary operations A and Vv are defined in a set P and satisfy
the following axioms, then we call (P, A, V) a lattice.

@ x AX =X, x Vx =x. (Idempotent law)
Q@ XAy =y AX,XVX=yVX. (Commutative law)
Q xA(yAz)=(xAy)AZ,xV(yvz)=(xXVy)Vz.
(Associative law)
Q xA(xVy)=xV(xAy)=x. (Absorption law)
P is said to be modular if it satisfies

Ifx <z,thenxV(yAz)=(XVy)Az.

P is said to be distributive if it satisfies

XV(yAz)=XVy)A(xVz),
XA(yvz)=(XAy)V(XAz).
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Dominance order

The operations A V defines a lattice structure on &7, such that
AZp &= ANu=py &< AVu=A4a

(P, <) is a poset (partially ordered set) which is not graded
(ranked).

We say A covers u iff 1 > p and there is no v such that 4 > v > u.

Let A, u € Z,. If A covers mu then either
Q Ip.keN:A=v,pkt2 p&u=v,p+1,p5p-10¢
Q Jdp.geN:A=v,p+1,9-1,0&u=vp.q,¢
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Dominance order

If A, u € &, then

A>pu= A <.
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Lemma

Let A = (A1,...,4n) be a partition contained in m", and
A" = (A},..., ) its conjugate. Then {13 +n-1,...,4,} and
{n—=24%,...,n+m-1- A} are complementary sets in

{0,...,m+n-—1}.

For example, take m = 5, n = 4, 1 = (4,2,0,0), then one obtains
A =(2,2,1,1,0) which implies {4; + n —i} = {0, 1,4, 7} and
in—1+i —/li’} ={2,3,5,6,8}.
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Hook Length and Contents

Definition

Forx = (i,j) € 1 = (A1,...,4) € Py, one defines the hook length
h(i,j)=4-j+ A’ —i+ 1and the content c(i,j)=j—Ii.

1001971432 0111213415
91816 211 =110 1] 2 4
514]2 -2|-1]0
41311 -3|-2]|-1

211 —-41-3
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Symmetric Functions

A symmetric function of an alphabet A is a function of the letters
which is invariant under permutations of letters of A. We use the
notation A +B = A UB.

Definition

One defines the elementary symmetric functions A'(A), the
complete symmetric functions S'(A) and the power sums W;(A) by

A(A) =) 2N(4) =] [(1+za),

i>0 acA

o2(8) = ) Z's'(a) =[] 5 _1Za,
i>0 acA

v, (4)=> ZT'wi(A) =>> ZT'ai.
i>1 i>1 acA
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Addition of alphabets
We have

oz (A) =exp (W, (A)),  W:(A)=log (o2 (A)).

One extends by

ZZA A B) HaeA(l+za)

=0 bes(1 +2b)
o.(A-B)=>'7'S(A-B) = gbeii _Za;
i>0 ae

Thus we have

S¥(-B) = (-1)*A“(B),  N(-B) = (-1)"S*(B).
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The Ring of Symmetric Functions

Given a finite alphabet A, let . (A) be the ring of symmetric
polynomials overe the rational numbers.

Definition
As vector space, it has bases

AY(A) = A (A)A2 (A)- -
St(A) =St (A)S2(A)---
VA (A) = W (A) Wz (A)- -

where k runs over all integers in N, and A runs over all partitions
A= (/11, ... ,/lk) such that A; < # (A)

Theorem (Newton)

If A is an alphabet of cardinality n, then . (A) is a polynomial ring
with generators Al (A),..., A" (A).
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The Ring of Symmetric Functions

St(A),...,S"(A)and Wi (A),..., W"(A) are also algebraic bases
of .7 (A).

From o (A)A_;(A) = 1, one obtains

n

D U(-1)A(A)S"T(A) =0

r=0
forn > 1.
From W, (A) = log (0, (A)) and o, (A) = #(AW one obtains
n
A"(A) = D (=1) MW7 (A)A"(A)
r=1
forn > 1.
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Matrix Generating Functions

Definition
We define Toelitz matrices S (A) and L (A) by

S =[s7 W] L@ =[N W],

Addition or subtraction of alphabets correspond to product of
matrix:

S(A+B)=S(A)S(B)*', L(A+B)=L(A)L(B)*.

Definition

For a partition A such that £(1) < n, let

Ih(A) ={l1+n-2,2+n-2,...,A,}. Given partitions A and g,
one defines the skew Schur functions S,/,(A) to be the minor of
S (A) taken on rows J,(4) and columns Jn(¢). When u = 0, the
minor is called a Schur function and one writes S, (A).
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Schur functions

Definition
In other words,

Sy (A) = det[sh7H ()]

1<ij<n’

It is convenient to also use determinants in elementary symmetric
functions

N () = det [N~ ()]

1<ij<n’

Definition

We shall denote, by S,/ (A) (resp. Laj. (A)), the submatrix of
S(A) (resp. L (A)) taken on rows J, (1) and columns J,(u).
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Binet-Cauchy theorem

Let m, n, r and s be nonnegative integers. Given am m X n matrix

X = (Xjj)1<i<m,1<j<n, @ row index set | = (iz,--- ,iy) and a colu,mn
index setJ = (ji,--- ,js), Let X(I; J) denote the r x s submatrix
obtained by choosing the rows iy,: - -, iy and the columns jg,- - -, js
from X:

SPEL LSS

Let ([rr‘]) denote the set of all r-element subsets of [n].

Theorem (Binet-Cauchy)

Let m and M be positive integers such that m < M. Let B be a
square matrix of size M, and R and S be m x M rectangular
matrices. Then we have

> detB(1;3) detR([m]; 1) detS([m]; J) = det (RB'S).
1,3e(M
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Triangular shifted plane partitions

Theorem

The Binet-Cauchy theorem for minors of the product of two
matrices implies the following expansion of skew-Schur functions

Siu(A+B) =) Sy (A)Sy,(B),

where the sum runs over all partitions (only thosenu: A2 v 2 u
give nonzero contribution).
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Jacobi’s Theorem
Theorem (Jacobi)

Let A be an n by n matrix and A be its cofactor matrix. Letr < n
and I,J € [n], #1 = #J =r. Then

detA} = (-1)*M (detA) " detAY,

where 1°,J¢ C [n] stand for the complements of I, J, respectively, in
C [n]. Here we denote |I| = Y i

Jacobi’s theorem for minors of the product of two matrices implies

/\/l/u (A) = Sy (A) = (_1)/1/#3/1//4 (—A),

where the sum runs over all partitions (only thosenu: A2 v 2 pu
give nonzero contribution).
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Since A'(A) = (-1)'S' (=A) for i € Z, one immediately obtains
Nyu (A) = (_1)/1/”8/1/;1 (-A).

Meanwhile, since S (-A) = S (A) ™ = WA) Jacobi's theorem
implies

det S (=A) (In(4); In(u)) = (=1)"/* det S (A4) (In(1)%: In(2)°).

Use the above lemma.
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Multi-Schur functions

Given n, two sets of alphabets {A4, ..., Ay}, {B1,...,Bn}, and
A, u € N", we define the multi-Schur functions

Siu (A1 —Bi,..., Ay —Bp) = det(SH#7H (4 - Bi))m’jsn.
In the case where the alphabets are repeated, we indicate by a
semicolon the corresponding block separation: given A € ZP,

u €79 then Sy, (A — B; C — D) stands for the multi-Schur function

with index the concatenation of A and u, and A; = --- = A, = A,
B]_:"':Bp:B,Ap+1:"‘:Ap+q:C,
Bp+1 = c°° :Bp_l’_q :D.

S*(A) s°(a) s°(A)
Ss21 (A;B) = det| S(B) S2(B) S*(B)
st(B) s°B) s'(B)
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