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Abstract

The authors in a previous paper devised certain subcones of the copositive cone and showed that
one can detect whether a given matrix belongs to each of them by solving linear optimization prob-
lems (LPs) with O(n) variables and O(n?) constraints. They also devised LP-based algorithms for
testing copositivity using the subcones. In this paper, they investigate the properties of the subcones
in more detail and explore better subcones of the copositive cone having desirable properties.They
introduce a semidefinite basis (SD basis) that is a basis of the space of n X n symmetric matrices
consisting of n(n + 1)/2 symmetric semidefinite matrices. Using the SD basis, they devise two new
subcones for which detection can be done by solving LPs with O(n?) variables and O(n?) constraints.
The new subcones are larger than the ones in the previous paper and inherit their nice properties.
The authors also examine the efficiency of those subcones in numerical experiments. The results
show that the subcones are promising for testing copositivity.

Key words. Copositive cone, Doubly nonnegative cone, Matrix decomposition, Linear programming,
Semidefinite basis, Maximum clique problem

1 Introduction

Let S,, be the set of n X n symmetric matrices and define their inner product as

<A,B> =Tr (BTA) = i aijbij. (1)

ij=1

Bomze et al. [7] coined the term “copositive programming” in relation to the following problem in 2000,
on which many studies have been conducted since then:

Minimize (C, X)
subject to  (A4;, X) =b;, (i =1,2,...,m)
X eCoOP,.

*Graduate School of Systems and Information Engineering, University of Tsukuba, Tsukuba, Ibaraki 305-8573, Japan.
e-mail: tanaka.akihiro@sk.tsukuba.ac.jp

fCorresponding author. Faculty of Engineering, Information and Systems, University of Tsukuba, Tsukuba, Ibaraki
305-8573, Japan. e-mail: yoshise@sk.tsukuba.ac.jp Research supported in part by Grants-in-Aid for Scientific Research
((B)23310099) of the Ministry of Education, Culture, Sports, Science and Technology of Japan.




where COP,, is the set of n X n copositive matrices, i.e., matrices whose quadratic form takes nonnegative
values on the n-dimensional nonnegative orthant R} :

COP, ={X €S|d"Xd>0foraldeR}}.

We call the set COP,, the copositive cone. A number of studies have focused on the close relationship
between copositive programming and quadratic or combinatorial optimization (see, e.g., [7, 8, 15, 31, 32,
13, 14, 19]). Interested readers may refer to [20] and [9] for background on and the history of copositive
programming.

While copositive programming has the potential of being a useful optimization technique, it still faces
challenges. One of these challenges is to develop efficient algorithms for determining whether a given
matrix is copositive. It has been shown that the above problem is co-NP-complete [30, 18, 19] and many
algorithms have been proposed to solve it (see, e.g., [6, 12, 29, 28, 37, 34, 10, 16, 21, 35, 11])

Here, we are interested in algorithms that use tractable subcones M,, of the copositive cone COP,, for
detecting copositivity (see, e.g., [12, 34, 35]). As described in Section 5, these algorithms require one to
check whether A € M,, or A & M,, repeatedly over simplicial partitions. The desirable properties of
the subcones M,, C COP,, used by these algorithms can be summarized as follows:

P1 For any given n X n symmetric matrix A € S,,, we can easily check whether A € M,,, and

P2 M, is a subset of the copositive cone COP,, that is as large as possible.

The authors, in [35], devised certain subcones M,, and showed that one can detect whether a given matrix
belongs to one of them by solving linear optimization problems (LPs) with O(n) variables and O(n?)
constraints. They also created an LP-based algorithm that uses these subcones for testing copositivity.

The aims of this paper are twofold. First, we investigate the properties of the subcones in more detail,
especially in terms of their convex hulls. Second, we search for subcones of COP,, that have properties
P1 and P2. To address the second aim, we introduce a semidefinite basis (SD basis) that is a basis of
the space S, consisting of n(n 4+ 1)/2 symmetric semidefinite matrices. Using the SD basis, we devise
two new types of subcones for which detection can be done by solving LPs with O(n?) variables and
O(n?) constraints. As we will show in Corollary 3.6, these subcones are larger than the ones proposed
in [35] and inherit their nice properties. We also examine the efficiency of those subcones in numerical
experiments.

This paper is organized as follows: In Section 2, we show several tractable subcones of COP,, that are
receiving much attention in the field of copositive programming and investigate their properties, the
results of which are summarized in Figures 1 and 2. In Section 3, we propose new subcones of COP,,
having properties P1 and P2. We define SD bases using Definitions 3.1 and 3.3 and construct new
LPs for detecting whether a given matrix belongs to the subcones. Note that the subcones are also
subcones of the Minkowski sum S, + A, C COP,, of the n x n positive semidefinite cone S,, and n x n
nonnegative cone N,,. Section 4 describes numerical experiments in which the new subcones are used for
identifying the given matrices A € S;F +N,,, and Section 5 describes experiments for testing copositivity
of matrices arising from the maximum clique problems. The results of these experiments show that
the new subcones are quite promising not only for identification of A € S;F + A, but also for testing
copositivity. We give concluding remarks in Section 6.



2 Some tractable subcones of the copositive cone

The following cones are attracting a lot of attention in a context of the relationship between combinatorial
optimization and conic optimization (see, e.g., [20, 9]).

- The nonnegative cone NV,, :={X € S,, | 2;; > 0 for all ¢,j € {1,2,...,n}}.
- The semidefinite cone S;F :== {X € S,, | dTXd > 0 for all d € R"}.

- The copositive cone COP,, := {X €S8,|d"Xd>0 forallde Ri}

- The Minkowski sum S, + N, of §; and N,

- the union S;f UN,, of S and N,,.

- The doubly nonnegative cone S, NN, i.e., the set of positive semidefinite and componentwise non-
negative matrices.

- The completely positive cone CP,, := conv ({wa |z € Ri}), where conv (S) denotes the convex hull
of the set S.

Except the set ST UN,,, all of the above cones are proper (see Section 1.6 of [5], where a proper cone is
called a full cone), and we can easily see from the definitions that the following inclusions hold:

COP, 2SI+ N, 2STUN, DS D8I NN, DCP,,. (2)

It is known that the following proposition holds by defining the inner product as in (1).

Proposition 2.1 (Properties of the copositive cone). (i) The dual cone of the copositive cone COP,,
with respect to the inner product (1) is the completely positive cone CP,, and vice versa (see p.57
of [4] and Theorem 2.3 of [5]).

(ii) If n <4, then COP,, = S;F + N,, (see [17] and Proposition 1.23 of [5]).

(iii) The dual cone of the doubly nonnegative cone S;7 NN, with respect to the inner product (1) is the
Minkowski sum S," + Ny, of the positive semidefinite cone S;% and the nonnegative cone N, and
vice versa (see Remark 2.2).

Remark 2.2. Proposition 2.1 (iii): The equality (S, NN,)* = cl(S;F +N,,) follows from a well-known
result that (K1 NKa)* = cl (K14 K2) holds for any closed convex cones K1 and Ko (see, e.g., p. 11 of [23]
or Corollary 2.2 of [4]). The closedness of the set S, + N, follows from a result presented in [33]. See
also Proposition 4.1 of [36], where the authors showed this property within a more general framework.

As mentioned in Section 1, the problem of testing copositivity, i.e., deciding whether a given symmetric
matrix A is in the cone COP,, or not, is co-NP-complete [30, 18, 19]. On the other hand, the problem of
testing whether or not A € S;7 +N,, can be solved by solving the following doubly nonnegative program
(which can be expressed as a semidefinite program)

Minimize (4, X)
subject to (I, X) =1, X € S NN,

where I, denotes then x n identity matrix. Thus, the set S;" +.\,, is a rather large and tractable convex
subcone of COP,,. However, solving the doubly nonnegative problem takes an awful lot of time [34, 36]



and does not make for a practical implementation. To overcome this drawback, more easily tractable
subcones of the copositive cone have been proposed.

For any given matrix A € S,,, we define

) Ay A >0andi# — A
N(A); = { 0 otherwise and S(A):=A—-N(A). (3)
In [34], the authors defined the following set:

Ho,={A€S,|S(A)eSH}. (4)

Note that A = S(A)+N(A) € ST+ N, if A € H,,. Also, for any A € N,,, S(A) is a nonnegative diagonal
matrix, and hence, N,, C H,. The determination of A € H,, is easy and can be done by checking the
positivity of A;;(i # j) and by performing a Cholesky factorization of S(A) (cf. Algorithm 4.2.4 in [25]).
Thus, from the inclusion relation (2), we see that the set H,, has the desirable P1 property. However,
S(A) is not necessarily positive semidefinite even if A € S;F + N, or A € S;7. The following theorem
summarizes the properties of the set H,,.

Theorem 2.3 ([24] and Theorem 4.2 of [34]). H,, is a convezx cone and N;, € H, C S+ N, If n > 3,
these inclusions are strict and S;7 € H,,. For n =2, we have H,, = S UN,, = S} + N,, = COP,,.

The construction of the subcone H,, is based on the idea of “nonnegativity-checking first and positive
semidefiniteness-checking second.” In [35], another subcone is provided that is based on the idea of
“positive semidefiniteness-checking first and nonnegativity-checking second.”

For a given symmetric matrix A € S,, let P = [p1,p2, -+ ,pn] be an orthonormal matrix and A =
Diag (A1, A2, ..., A,) be a diagonal matrix satisfying

n
A=PAP" => " N\ipip! (5)
i=1
By introducing another diagonal matrix 2 = Diag (w1, wa, . ..,wy,), we can make the following decompo-
sition:
A=PA-Q)PT + POPT (6)

IfA—-Q€N,, ie, if \; >w; (i =1,2,...,n), then the matrix P(A — Q)P7T is positive semidefinite.
Thus, if we can find a suitable diagonal matrix 2 satisfying

N >w (i=1,2,...,n), [PQPT];; >0(1<i<j<n) (7)

then (6) and (2) imply
A=PA-Q)PT + POPT € ST+ N, CCOP,,. (8)
We can determine whether such a matrix exists or not by solving the following linear optimization

problem with variables w; (i =1,2,...,n) and a:

Maximize «
subject to  w; < A (i=1,2,...,n)

[PQPT);; = [Zwkpkpﬂ >a (1<i<j<n)
k=1

ij

(LP)pa



The problem (LP)p , has a feasible solution at which w; = A; (i =1,2,...,n) and

n n
aznmll§:mmw4 [1<i<j<n =mm{§)%@w@dﬂ1§i§j§n}
k=1 ij k=1

For each : = 1,2,...,n, the constraints

[PQPT); = lz wkpkpf] = Zwkﬂpkﬁ > o
k=1 k=1

%

and w, < A, (k=1,2,...,n) imply the bound a < min {}}_; Ax[pr]? | 1 <i < n}. Thus, (LP)p 5 has
an optimal solution with optimal value a,(P,A). If a.(P,A) > 0, there exists a matrix Q for which
the decomposition (7) holds. The following set G2 of M,, is based on the above observations and was
proposed in [35].

Gy ={A €S, | a.(P,A) > 0 for some orthonormal matrix P satisfying (5) }. (10)

As stated above, if a,(P,A) > 0 for a given decomposition A = PAPT, we can determine A € G3.
In this case, we just need to compute a matrix decomposition and solve a linear optimization problem
with n + 1 variables and O(n?) constraints, which implies that it is rather practical to use the set G2
as an alternative to using M, Suppose that A € S, has n different eigenvalues. Then the possible
orthonormal matrices P = [p1,p2,- -, pn] are identifiable, except for the permutation and sign inversion
of {p1,p2, -+ ,pn}, and by representing (5) as

n
1=1

we can see that theproblem (LP), , is unique for any possible P. In this case, a.(P,A) < 0 with a
specific P implies A € G . However; if this is not the case (i.e., an eigenspace of A has at least dimension
2), a.(P,A) < 0 with a specific P does not necessarily guarantee that A ¢ G5. Thus, we cannot say
that the set G has the desirable P1 property. However, as we will see in Theorem 2.5 below, G2 may
possess the other desirable property, P2.

In [35], the authors described other sets G2 and gAg that are closely related to G;.

Ge = {Ae€S,|a.(P,A) >0 for any orthonormal matrix P satisfying (5) },
Gs = {AeS,|a.(P,A) >0 for some arbitrary matrix P satisfying (5) }.

(11)
Note that if (7) holds for any arbitrary (not necessarily orthonormal) matrix P, then (8) also holds,

which implies the following inclusions:

Gi C Gy C Gy TS+ N, (12)

Before describing the properties of the sets G;, G2 and é% , we will prove a preliminary lemma.

Lemma 2.4. Let K1 and Ko be two convex cones. Then conv (K1 UK2) = K1 + Ks.

Proof. Since K1 and ICy are convex cones, we can easily see that the inclusion K1 + Ko C conv (K1 UKs)
holds. The converse inclusion also follows from the fact that ; and Iy are convex cones. Since Ky and



Ko contain the origin, we see that the inclusion Ky U Ko C K7 + Ko holds. From this inclusion and the
convexity of the sets 1 and Ko, we can conclude that

conv (K1 UKs) C conv (K1 + K3) = Ky + Ko.
O

The following theorem shows some of the properties of GJ, G¢, and é% Here, we give a complete proof
of the theorem, although we have already proven (i), (ii), and (iii) in Theorem 3.2 of [35]and its proof.

Theorem 2.5. (i) The sets G5, G and Q\fl are subcones of S;F + Ny,
(i) SFUN, Cgs
(iii) G5 = com (S,;f + N,,), where the set com (S;F + N,,) is defined by
com (S +N,) ={S+N|SeS, NeN,, Sand N commute}.
(iv) conv (S;F UN,,) =S8 + N,,.
(v) 8 UN, € G C G =com(S] +N,)CGs CSF+N, CCOP,.
(vi) Ifn =2, then S§ UN,, = G% = G = com (S} + N,)) = G5 = S} + N,, = COP,,.

(vii) conv (ST UN,,) = conv (G2) = conv (G2) = conv (com (S} +N,,)) = conv (G3) = SF + N,.

Proof. Throughout the proof, we will assume that A € S, is diagonalized as in (5).

(i): Since we have already know that (12) holds, it is sufficient to show that the sets G, G¢ and G
are cones. Suppose that the associated linear optimization problem (LP) PA has an optimal solution
(W* ) == (wi,...,w’,as). Then for any B > 0, BA is diagonalized as in BA = P(BA)PT and
(Bw*, Ba,) is an optimal solution of the problem (LP)P”BA. This implies that A € G2 (as well as
BA € G and BA € é%) itAeG, (AeGland Ae é%) and hence G2, G and é\; are cones.

(ii): We show that N;, C Gp and S,F C Gy, Suppose that A € NV,,. Then for all P, problem (LP)p , has
a feasible solution, where (w, ) = (A1,...,\,,0), which implies that A € G%. Suppose that A € S,
ie, A\ >0 (i =1,2,...,n). Then for all P, problem (LP), , has a feasible solution, where (w,a) =
(0,...,0,0), which implies that A € G%. Thus, we have shown S;" UN,,, C G2.

(iii): The inclusion G5 C com(S," + N,,) follows from the construction of the set G as in (10) and (9).
The converse inclusion G5 2 com(S," + N,,) is also true, since, if A € com(S,” + A,,), then there exist
an orthonormal matrix P and diagonal matrices © = Diag (61,604, ...,0,) and Q = Diag (w1, ws,...,wy,)
such that

A= pPoPT + PoPT, PoPT ¢S, PaPT c N,
(see Theorem 1.3.12 of [27]) which implies that §; > 0 (i = 1,2,...,7n) and that the problem (LP)p ,
with A = © +  has a nonnegative objective value at a solution (w, «) where v = min;; {{PQPT];;} > 0.

iv): The assertion follows from the fact that S,f and N, are convex cones and from Lemma 2.4.

(
(v): The assertion follows from (ii) and (iii) above and the inclusion (12) .
(vi): The assertion follows from (v) above and Theorem 2.3.

(

vii) The assertion follows from (iv) and (v) above. O



A number of examples provided in [35] illustrate the differences between H,,, G5, and G%. Figure 1 draws
those examples and (ii) of Theorem 2.5. Moreover, Figure 2 follows from (vii) of Theorem 2.5 and the
convexity of the sets N,,, S, and H,, (see Theorem 2.3).

Figure 1: The inclusion relations among the subcones of COP 1

copP

conv(STUN)=conv(G)=ST+ N

Figure 2: The inclusion relations among the subcones of COP,, 11

Before closing this discussion, we should point out another interesting subset of COP,, proposed by
Bomze and Eichfelder [10]. Suppose that a given matrix A € S,, can be decomposed as (5), and define
the diagonal matrix Ay by [Ay];; = max{0,\;}. Let A, := PA, PT and A_ := A, — A. Then we can
easily see that A, and A_ are positive semidefinite. Using this decomposition A = A, — A_, Bomze



and Eichfelder derived the following LP-based sufficient condition for A € COP,, in [10].

Theorem 2.6 (Theorem 2.6 of [10]). Let x € R be such that A,z has only positive coordinates. If
(2T A 2)(A )i < [(Ara)i? i=1,2,....n)

then A € COP,,

Consider the following LP with O(n) variables and O(n) constraints,
inf{fTx | Az >e, v R} (13)
where f is an arbitrary vector and e denotes the vector of all ones. Define the set
L5 :={AecS,| (@TA 2)(A )y <[(Ay2))? (i=1,2,...,n) for some feasible solution x of (13)}.

Then Theorem 2.6 ensures that £ C COP,,. The following proposition gives a characterization of the
feasible set of the LP of (13).

Proposition 2.7 (Proposition 2.7 of [10]). The condition kerAy N{z € R} | eTz = 1} # 0 is equivalent
to{z RS | Az > e} = 0.

Consider the matrix,
_ L -1 +
A= { 11 ] €Sy,

Thus, Ay = A and the set kerA, N {z € R} | ez = 1} # (). Proposition 2.7 ensures that A ¢ £, and
hence, S, € L5 for n > 2, similarly to the set H,, for n > 3 (see Theorem 2.3).

3 Semidefinite bases

In this section, we improve the subcone G2 in terms of P2. For a given matrix A of (5), the linear
optimization problem (LP) , in (9) can be solved in order to find a nonnegative matrix that is a linear

combination
n
T
E wiPiP;
i=1

of n linearly independent positive semidefinite matrices p;p! € S} (i = 1,2,...,n). This is done by
decomposing A € S, into two parts:

A= Z (\i — wi)pip; +Zw1p1pz (14)
i=1 i=1

such that the first part
Z()\i — wi)pip;

is positive semidefinite. If we have a large number of linearly independent positive semidefinite matrices,
there is a higher chance of finding a nonnegative matrix by enlarging the feasible region of (LP) pa- In
fact, we will show that we can easily find a basis of S,, consisting of n(n + 1)/2 semidefinite matrices
from a given n orthonormal vectors p; € R (i = 1,2,...,n).



Definition 3.1 (Semidefinite basis type I). For a given set of n-dimensional orthonormal vectors p; €
R"(i=1,2,...,n), define the map I, : R" x R" — S by

1
Iy (pi,pj) = Z(pi +p)(pi +pj)". (15)
We call the set
By (p1:p2,---,0n) = {ly(pi,ps) [ 1 <@ < j <n} (16)

a semidefinite basis type I induced by p; € R™(i =1,2,...,n).

From (15) and the fact that p; are orthonormal, we obtain the following:

Pk if i = j =k
Wi (pi,pj)pe = 4(pi+p;) ifi#jand (i=korj=k) (17)
0 otherwise
The following theorem is the reason why we call the set B4 (p1,p2,...,pn) a semidefinite basis.
Theorem 3.2. Letp; € R"(i = 1,2,...,n) be n-dimensional orthonormal vectors. Then the semidefinite

basis By (p1,p2,...,pn) defined by Definition 3.1 is a basis of the set S,, of n X n symmetric matrices.

Proof. For k=1,2,...,n, we will show that the set

Bi(p1,p2,-- s px) = {1 (pi,pj) [ 1 <i < j < k.

is linearly independent using mathematical induction on k. It is clear that By (p1) = {pip] } is linearly
independent. Suppose that By (p1,p2, -+ ,pr—1) is linearly independent and that the following equation
holds for a;; € R (1 <4< j < k).
> aylly(pipy) =0.
1<i<j<k

By multiplying both sides of the equation with the vector py, we get

k
0= Z i Iy (pi, pj)pr = Zaiiﬂ+(piapi)pk + Z oI (pi, pj )Pk
1<i<j<k i=1 1<i<j<k
=1
ik
= apmprt Y — (Pi+pr) (by (17))
i=1
=1 el
ik ik
(ot 22 ) s % (15
Since p; (i =1,2,...,k) are orthonormal and linearly independent, the above equation implies
o, =0(=1,2,...,k—1) and hence ag; = 0. (19)

Therefore, we have

0= Z i1y (pi, pj) = Z a1y (pi, pj)

1<i<j<k 1<i<j<k-1

and the induction hypothesis ensures that
OéijZO (1§Z§j§k—1) (20)

It follows from (19) and (20) that Bi(p1,p2,--- k) == {II+(pi,p;) | 1 < i < j < k} is linearly
independent, which completes the proof. 0



A variant of the semidefinite basis type I is as follows.

Definition 3.3 (Semidefinite basis type II). For a given set of n-dimensional orthonormal vectors
pi € R"(i =1,2,...,n), define the map I, : R™ x R" — ST by

1

~(pi — pj)(pi — ;)" (21)

_(pi,pj) = 1

We call the set
B_(p1,p2, - ,pn) == {14 (pi,pi) | 1 < i <mfU{IL (pi,pj) |1 << j<n} (22)

a semidefinite basis type II induced by p; € R™(i =1,2,...,n).

Similarly to the map II; (p;, p;), it follows from (21) and the orthonormality of p; that

l( ) ifi#£ijand (i =k i =k

. _ 2 \Di p]) if i # j an (Z or j )

T (pi> pj ) = { 0 otherwise (23)
Using the above relations, we obtain the following theorem as a variant of Theorem 3.2.

Theorem 3.4. Letp; € R"(i = 1,2,...,n) be n-dimensional orthonormal vectors. Then the semidefinite

basis B_(p1,p2, -+ ,pn) defined by Definition 3.3 is a basis of the set S, of n X n symmetric matrices.

Proof. The proof is almost the same as that of Theorem 3.2. The only difference is that equation (18)
turns out to be

0 = Zaun-i- pzapz Pr + Z az] pzapj)p
1<i<j<k
k—1 o
ik
= gkpk + Zl 1 (Pi = Dr) (by (23))
k—1 o
. ik
= (akk £ 4 ) k + Z 4

O

Remark 3.5 (Difference between the SDP bases and the Peirce decomposition in Jordan algebra). It
should be noted that both of the semidefinite bases By (p1,p2, - ,pn) and B_(p1,pa2, - ,bn) are diﬁerent
from the bases obtained by the Peirce decomposition associated with the idempotent C = 7" 1p1pl
Jordan algebra (cf. Example 11.15 of [2] and Chapter IV of [22]). To see this, consider the followmg
simple example with n = 2. Let
|1 10
a-[2] - [2]

Then the semidefinite bases defined by Definitions 3.1 and 3.3 are
_ 1 0 0 0 1/4 1/4 n
_ 10 0 0 1/4  -1/4 4
B+(p17p2) - {|:O O:| ) |:O 1:| ) |:_1/4 1/4:|} gsn

10



respectively. On the other hand, the Peirce space associated with the idempotent C = pipl + papd is
given by

E,(C) :{—8‘ aER}

aER}

E12(C) :{ aeR}

B9 L9E Des

Using the map II; in (15), the linear optimization problem (LP)p , in (9) can be equivalently written
as

o Q..Q ===

and this leads to the basis,

Maximize «

subject to w“ <\ (i=12,...,n)
(LP)p A o
Zwkkn+(pk7pk) >a (1<i<j<n).
k=1 ij

The problem (LP)p , is based on the decomposition (14). Starting with (14), the matrix A can be
decomposed using H+(pl,pj) in (15) and IT_(p;, p;) in (21) as

A = Z(Ai — Wi )Ly (pi, pi) + ZWZH+(Pi,Pi)

=1 1=1
n
= Z(/\z )H-l-(pzapz + Zw Iy pupz)
=1 =1
+ Y (o) (pip) + Y Wi (pi,p)) (24)
1<i<j<n 1<i<j<n
n
= Z(/\Z )H+(pzapz + Zw 1Lt (ps, pi)
= 1=1
+ Z W)Ly (pi, p;) Z wiiIL4 (pi, py)
1<i<j<n 1<i<j<n
+ Z pZapj Z W 1_[+ pZap]) (25)
1<i<j<n 1<i<j<n

On the basis of the decomposition (24) and (25), we devise the following two linear optimization problems

11



as extensions of (LP)p ,

Maximize o
subject to  wit < \; (i=1,2,...,n)
+ . .
w; <0 (1<i<j<n)
(LP)p 4 ’ (26)
Yo whllipep)| >a (1<i<j<n)
1<k<I<n .
Maximize «
subject to  wi < \; (i=1,2,...,n)
+ — . .
(LP)IiJA w3 <0, w; <0 (1<i<j<n)
S o wiiep) + Y. wpll-(pep)| >a (1<i<j<n)
1<k<I<n 1<k<i<n i
(27)

Problem (LP)JIS,A has n(n+1)/2+1 variables and n(n+1) constraints, and problem (LP);A has n2+1 vari-
ables and n(3n+1)/2 constraints (see Table 1). Since [PQPT];; in (9) is given by > wirkIlt (P i)l
we can prove that both linear optimization problems (LP) pa and (LP) p.a are feasible and bounded by

making arguments similar to the one for (LP)p , on page 5. Thus, (LP)RA and (LP)RA have optimal
solutions with corresponding optimal values a*(P A) and aF (P, A).

If the optimal value o (P, A) of (LP)}, p.a is nonnegative, then, by rearranging (24), the optimal solution
wij (1 <i<j<n)can be made to give the following decomposition:

n

A=Y =i pop) + Y, (o Meup) | + | Y. @i T(pi,py) | €8+ Ny
i=1 1<i<j<n 1<i<j<n
In the same way, if the optimal value af(P,A) of (LP)IjED Als nonnegative, then, by rearranging (25),
the optimal solution w "T(1<i<j<n)w; (1 <i<j<n)can be made to give the following
decomposition:

n

A = D — o pnp) + D (Wi i)+ Y (—wi ) (pi,py)

i=1 1<i<j<n 1<i<j<n

+ Z w HJF p“pJ Z w pzapj) ES:: +Nn

1<i<j<n 1<i<j<n

On the basis of the above observations, we can define new subcones of 87 + A, in a similar manner as
(10) and (11):

Ffs = {A€S,|af(P,A) >0 for some orthonormal matrix P satisfying (5) },

Ffe = {AeS8,|af(P,A) >0 for any orthonormal matrix P satisfying (5) },

/f{\s = {A €S8, |af(P,A) >0 for some arbitrary matrix P satisfying (5) }, (28)
Frs = {Ae€S,|af(P,A) >0 for some orthonormal matrix P satisfying (5) },

Fre = {A€S,|af(P,A) >0 for any orthonormal matrix P satisfying (5) },

/f} = {A€S,|af(P,A) >0 for some arbitrary matrix P satisfying (5) }
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where af (P,A) and af(P,A) are optimal values of (LP)JIS’A and (LP)Ii;.’A, respectively. From the con-
struction of problems (LP)p 4, (LP);A and (LP);A, we can easily see that

Gy CFfPCFE, GUCFMCFR G CRPCF
hold. The following corollary follows from (v)-(vii) of Theorem 2.5 and the above inclusions.

Corollary 3.6. (i)

—

STUN, C G* C G =com(SF+N,) C G5 C SFT+N,
IN IN n

SFTUN, C Fre C Fits C Fit C SH4N,
IN IN n

STUN, C Fie C Fits C Fit C SEHN,

—

(ii) Ifn =2, then each of the sets Fii®, Ffs, Fif®, Fre, FEs and Fi® coincides with S; 4+ N,,.

(iii) The convex hull of each of the sets Fir¢, Fis, Fi®, FEo, FEs and Fis is ST+ N,,.

The following table summarizes the sizes of LPs (9), (26), and (27) that we have to solve in order to
identify, respectively, A € G5 (or A€ Gs), A€ Ff* (or A€ Fs) and A € Ff* (or A € F2).

Table 1: Sizes of LPs for identification

Identification AcGs(or AcGs) | Ac Fts(or Ae }/}JFS) Ac Ffs (or Ae ]?le)
# of variables n+1 nin+1)/2+1 n?+1
# of constraints n(n+3)/2 n(n+1) n(3n+1)/2

4 Identification of A € S + N,

—

In this section, we investigate the effect of using the sets F;*, Fi*, F=* and Fif* for identification of
the fact A € S + N,,.

We generated random instances of A € S;F +N,, based on the method described in Section 2 of [10]. For
an n X n matrix B with entries independently drawn from a standard normal distribution, we obtained a
random positive semidefinite matrix S = BBT. An n xn random nonnegative matrix N was constructed
using N = C — cminl, with C = F + FT for a random matrix F with entries uniformly distributed in
[0,1] and cpin being the minimal diagonal entry of C. We set A =S+ N € S +A,,. The construction
was designed so as to maintain nonnegativity of N while increasing the chance that S + N would be
indefinite and thereby avoid instances that are too easy.

For each instance A € S;7 4+ N,,, we checked whether A € G5 (A € F,'* and A € FF*) by solving
(LP)p,a in (9) ( (LP);A in (26) and (LP)Ii_-,’A in (27)), where P and A were obtained using the MATLAB
command “[P, A] = eig(A).”
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Table 2 shows the number of matrices that were identified as A € G5, or A € Ff*, or A € F£*, where
1000 matrices were generated for each n. The table yields the following observations:

o All of the matrices were identified as A € S;7 + A, by checking A € F.£*. The result is comparable
to the one in Section 2 of [10].

e For any n, the number of identified matrices increases in the order of the set inclusion relation:
Gy C Fi* C Fi.

e For the sets G5 and F,*, the number of identified matrices decreases as the size of n increases.

Table 2: Results of identification of A € S;F + AN,,: 1000 matrices were generated for each n

n || Gs | Ff | FE
10 [[ 247 [ 856 [ 1000

20 20 | 719 | 1000
50 0 | 440 | 1000

5 LP-based algorithms for testing A € COP,,

In this section, we investigate the effect of using the sets F;r*, 7,5, F£* and Fit® for testing whether a
given matrix A is copositive by using Sponsel, Bundfuss and Diir’s algorithm [34].

5.1 Outline of the algorithms

By defining the standard simplex A by A% = {z € R7? | e’z = 1}, we can see that a given n x n
symmetric matrix A is copositive if and only if

2T Az >0 for all z € AS

(see Lemma 1 of [12]). A family of simplices P = {Al, ..., A™} is called a simplicial partition of A if it
satisfies

A= U A" and int(AY) Nint(A?) # ) for all 5 # j.

i=1

Such a partition can be generated by successively bisecting simplices in the partition. For a given simplex
A = conv{vy,...,v,}, consider the midpoint v,11 = 3(v; +v;) of the edge [v;,v;]. Then the subdivision
A = {v1, . 01, Vg1, Vig s -5 U b and A% = {1, 0521, U1, U, - - -, U} of A satisfies the
above conditions for simplicial partitions. See [26] for a detailed description of simplicial partitions.

Denote the set of vertices of partition P by

V(P) = {v | v is a vertex of some A € P}.
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Each simplex A is determined by its vertices and can be represented by a matrix VA whose columns are
these vertices. Note that VA is nonsingular and unique up to a permutation of its columns, which does
not affect the argument [34]. Define the set of all matrices corresponding to simplices in partition P as

M(P)={Va:A e P}.
The “fineness” of a partition P is quantified by the maximum diameter of a simplex in P, denoted by

3(P) =glg7>,¢urggllu—v\l~ (29)

The above notation was used to show the following necessary and sufficient conditions for copositivity
in [34]. The first theorem gives a sufficient condition for copositivity.

Theorem 5.1 (Theorem 2.1 of [34]). If A € S,, satisfies
VTAV € COP,, for all V € M(P)
then A is copositive. Hence, for any M,, CCOP,, if A € 8™ satisfies
VTAV € M,, for all V € M(P),
then A is also copositive.
The above theorem implies that by choosing M,, = N, (see (2)), A is copositive if VAT AVA € N, holds
for any A € P.

Theorem 5.2 (Theorem 2.2 of [34]). Let A € S,, be strictly copositive, i.e., A € int (COP,,). Then
there exists € > 0 such that for all partitions P of AS with §(P) < e, we have

VTAV € N,, for all V € M(P).

The above theorem ensures that if A is strictly copositive (i.e., A € int (COP,,)) then the copositivity of
A (i.e., A€ COP,) can be detected in finitely many iterations of an algorithm employing a subdivision
rule with §(P) — 0. A similar result can be obtained for the case A ¢ COP,,, as follows.

Lemma 5.3 (Lemma 2.3 of [34]). The following two statements are equivalent.

1. A¢cCop,

2. There is an € > 0 such that for any partition P with 6(P) < e, there exists a vertex v € V(P) such
that vT Av < 0.

The following algorithm, in [34], is based on the above three results.

As we have already observed, Theorem 5.2 and Lemma 5.3 imply the following corollary.

Corollary 5.4. 1. If A is strictly copositive, i.e., A € int (COP,,), then Algorithm 1 terminates
finitely, returning “A is copositive.”

2. If A is not copositive, i.e., A & COP,, then Algorithm 1 terminates finitely, returning “A is not
copositive.”
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Algorithm 1 Sponsel, Bundfuss and Diir’s algorithm to test copositivity
Input: Ae S,, M, CCOP,
Output: “A is copositive” or “A is not copositive”
1. P+ {AS};
2: while P # () do
. Choose A € P;

3

4:  if vT Av < 0 for some v € V({A}): then
5 return “A is not copositive”;

6: end if

7 if VI AVA € M,, then

8

9

P+ P\{A}
. else
10: Partition A into A = Al U AZ;
11: P« P\{A}U{A! A2};
12:  end if

13: end while
14: Return “A is copositive”;

At Line 8, Algorithm 1 removes the simplex that was determined at Line 7 to be in no further need of
exploration by Theorem 5.1. The accuracy and speed of the determination influence the total computa-
tional time and depend on the choice of the set M,, C COP,,.

In this section, we investigate the effect of using the sets H,, in (4), G in (11), and F,/* and F=* in
(28) as the set M,, in the above algorithm.

Note that if we choose M,, = G (respectively, M,, = F,F*, M,, = F£*), we can improve Algorithm 1
by incorporating the set M, = é% (respctively, M, = Fis, M, = FE*), as proposed in [35].

The details of the added steps are as follows. Suppose that we have a diagonalization of the form (5).

At Line 7, we need to solve an additional LP but do not need to diagonalize VI AVA. Let P and A be
matrices satisfying (5). Then the matrix VI P can be used to diagonalize VI AVa, i.e.,,

VEAVA = VI(PAPTYVA = (VIP)A(VEP)T

while VI P is not necessarily orthonormal. Thus, we can test VI AVa € JT/l\n by solving the corresponding
. . o n . s + . s
LP, ie., (LP)yrp, if My =G5, (LP)VATP,A if M,, = FF% and (LP)VATP,A if M,, = Fits.

If VIAVA € M,, is not detected at Line 7, we can check whether VI AVA € M,, at Line 10. Similarly
to Algorithm 1.2 (where the set M,, is used at Line 7 of Algorithm 1), we can diagonalize VI AV, as
VAT AVA = PAPT with an orthonormal matrix P and a diagonal matrix A and solve the LP.

At Line 15, we don "t need to diagonalize Vi, AVa» or to solve any more LPs. Let w* € R™ be an optimal
solution of the corresponding LP obtained at Line 7 and let * := Diag (w*). Then the feasibility of w*
implies the positive semidefiniteness of the matrix VI, P(A — Q*)PTVa,. Thus, if VI, PQ* PTVar € N,
we see that

Vi, AVar = VI, P(A — Q)P Var + V3, PO PTVA» € ST+ N,

and that VI, AVa» € /T/l;
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Algorithm 2 Improved version of Algorithm 1

Input: 4 € S,, M, C M,, CCOP,,
Output: “A is copositive” or “A is not copositive”

1. P+ {AS};
2: while P # 0 do
3:  Choose A € P;
4. if vT Av < 0 for some v € V({A}): then
5: Return “A is not copositive”;
6: end if -
7: if VATAVA € M,, then
8: P+ P\{A};
9: else
10: if VATAVA € M,, then
11: P+ P\{A}
12: else R
13: Partition A into A = A UA? and set A + {Al, A%};
14: forp=1,2do
15: if VI, AVa» € M,, then
16: A« A\ {Ar);
17: end if
18: end for R
19: P+ P\{A}UA;
20: end if
21:  end if

22: end while
23: return “A is copositive”;
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5.2 Numerical results

We implemented Algorithms 1 and 2 in MATLAB R2015a on a 3.07GHz Core i7 machine with 12 GB
of RAM, using Gurobi 6.5 for solving LPs.

As test instances, we used the following matrix,
B, =~(E—-A¢)—-E (30)

where F € §,, is the matrix whose elements are all ones and the matrix Ag € S, is the adjacency matrix
of a given undirected graph G with n nodes. The matrix B, comes from the maximum clique problem.
The maximum clique problem is to find a clique (complete subgraph) of maximum cardinality in G. It
has been shown (in [15]) that the maximum cardinality, the so-called clique number w(G), is equal to
the optimal value of

w(G@) =min{y e N| B, € COP,}.

Thus, the clique number can be found by checking the copositivity of B, for at most y =n,n—1,...,1.

Figure 3 on page 22 shows the instances of G that were used in [34]. We know the clique numbers of Gg
and Gy are w(Gg) = 3 and w(G12) = 4, respectively.

The aim of the implementation is to explore the differences in behavior when using H,,, G5, F.r*, Fi*,

]:ffs or Fi® as the set M,, rather than to compute the clique number efficiently. Hence, the experiment
examined B, for various values of v at intervals of 0.1 around the value w(G) (see Tables 3 and 4 on
page 23).

As already mentioned, a.(P,A) < 0 (af (P,A) < 0 and of(P,A) < 0) with a specific P does not

necessarily guarantee that A & G5 or A ¢ é% (AgFrHsor Ag Fis, AdFroor A ¢ f,jfs). Thus, it
not strictly accurate to say that we can use those sets for M,,, and the algorithms may miss some of the
A’s that could otherwise have been removed. However, although this may have some effect on speed, it
does not affect the termination of the algorithm, as it is guaranteed by the subdivision rule satisfying
d(P) — 0, where 6(P) is defined by (29).

Tables 3 and 4 show the numerical results for Gg and G129, respectively. Both tables compare the results
of the following five algorithms:

Algorithm 1.1: Algorithm 1 with M,, = H,,.

Algorithm 2.1: Algorithm 2 with M,, = G5 and M,, = Gs.
Algorithm 1.2: Algorithm 1 with M,, = F,/*.
Algorithm 2.2: Algorithm 2 with M,, = F* and M,, = F;*.

—

Algorithm 2.3: Algorithm 2 with M,, = F=* and M,, = Fir*.

The symbol “—” means that the algorithm did not terminate within 6 hours. The reason for the long
computation time may come from the fact that for each graph G, the matrix B, lies on the boundary
of the copositive cone COP,, when v = w(G) (w(Gg) = 3 and w(G12) = 4).

We can make the following observations on the implications of the results in Table 4 on page 24 for the
larger graph G152 while similar observations can be made on the ones in Tables 3:
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e At anyy > 5.2, Algorithms 2.1, 1,2, 2.2, and 2.3 terminate in one iteration, and their execution
times are shorter than that of Algorithm 1.1.

e The lower bound of v for which the algorithm terminates in one iteration and the one for which
the algorithm terminates in 6 hours decrease in going from Algorithm 1.2 to Algorithm 2.3.
The reason may be that, as shown in Corollary 3.6, the set inclusion relation G, C Ff* C F*s
holds.

e Table 1 on page 13 summarizes the sizes of the LPs for identification. The results here imply
that the computational times for solving an LP have the following magnitude relationship for any
n > 3:
Algorithm 2.1 < Algorithm 1.2 < Algorithm 2.2 < Algorithm 2.3.

On the other hand, the set inclusion relation G,, C F;* C F* and the construction of Algorithms
1 and 2 imply that the detection abilities of the algorithms also follow the relationship described
above and that the number of iterations has the reverse relationship for any ~s in Table 4:

Algorithm 2.1 > Algorithm 1.2 > Algorithm 2.2 > Algorithm 2.3.

It seems that the order of the number of iterations has a stronger influence on the total computa-
tional time (the column “ CPU time (s)” in Table 4) than the order of the computational time for
solving an LP.

e At each v < 4, the algorithms show no significant differences in terms of the number of iterations.
The reason may be that they all work to find a v € V({A}) such that T (y(E — Ag) — E)v < 0,
while their computational time depends on the choice of simplex refinement strategy but not on
the choice of M,,.

In view of the above observations, we conclude that Algorithm 2.3 with the choices M,, = F¥* and

./T/l\n = Fif* might be a way to check the copositivity of a given matrix A when A is strictly copositive.

It should be noted that Table 3 shows an interesting result concerning the non-convexity of the set G;,
while we know that conv (G3) = S, + N,, (see Theorem 2.5). Let us look at the result at v = 4.0 of
Algorithm 2.1. The multiple iterations at v = 4.0 imply that we could not find By € G;, at the first
iteration for a certain orthonormal matrix P satisfying (5). Recall that the matrix B, is given by (30).
It follows from E — Ag € N,, € G5 and from the result at v = 3.5 in Table 3 that

05(E — Ag) € Qfl and B375 = 35(E — AG) —Fe Qi
Thus, the fact that we could not determine whether the matrix
Byog=40(F—Ag) — E=05(F —Ag) + Bss

lies in the set G5 might suggest that the set G5 = com(S,, + N, ) is not convex.

6 Concluding remarks

In this paper, we investigated the properties of several tractable subcones of COP,, and summarized the
results (as Figures 1 and 2). We also devised new subcones of COP,, by introducing the semidefinite
basis (SD basis) defined as in Definitions 3.1 and 3.3. We conducted numerical experiments using those
subcones for identification of given matrices A € S + N, and for testing the copositivity of matrices
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arising from the maximum clique problems. We have to solve LPs with O(n?) variables and O(n?)
constraints in order to detect whether a given matrix belongs to those cones, and the computational cost
is substantial. However, the numerical results shown in Tables 2, 3, and 4 show that the new subcones
are quite promising not only for identification of A € S, + N, but also for testing copositivity.

Recently, Ahmadi, Dash and Hall [1] developed algorithms for inner approximating the cone of positive
semidefinite matrices, wherein they focused on the set D,, C S, of n x n diagonal dominant matrices.
Let U, 1 be the set of vectors in R™ that have at most k nonzero components, each equal to 1, and
define

Un i = {un |u e Un.k}-

Then, as the authors indicate, the following theorem has already been proven.

Theorem 6.1 (Theorem 3.1 of [1], Barker and Carlson [3]).

[Un, k|
D,, = cone(Uy ) = Z a Ui |Ui €Up gy, ;>0 (G=1,..., Uil

i=1

From the above theorem, we can see that for the SDP bases By (p1,p2, - ,pn) in (16), B_(p1,p2,* ,Pn)
in (22) and n-dimensional unit vectors eq, ea, - , e,, the following set inclusion relation holds:

Bi(er, ez, - ,en)UB_(e1,e2, -+ ,en) C D, = cone(Un, ).

These sets should be investigated in the future.

References

[1] A.A. Ahmadi, S. Dash and G. Hall, Optimization over structured subsets of positive semidefinite
matrices via column generation, arXiv:1512.05402 [math.OC], 2015.

[2] F. Alizadeh, An Introduction to formally real Jordan algebras and their applications in optimization,
Handbook on Semidefinite, Conic and Polynomial Optimization, Springer-Verlag, pp. 297-337, 2012.

[3] G. P. Barker and D. Carlson, Cones of diagonally dominant matrices, Pacific Journal of Mathe-
matics 57(1975) 15-32.

[4] A. Berman, Cones, Matrices and Mathematical Programming, Lecture Notes in Economics and
Mathematical Systems 79, Springer Verlag 1973.

[5] A. Berman and N. S. Monderer, Completely Positive Matrices, World Scientific Publishing, 2003.

[6] I. M. Bomze, Block pivoting and shortcut strategies for detecting copositivity, Linear Algebra and
its Applications 248(1996) 161—184.

[7] 1. M. Bomze, M. Diir, E. De Klerk, C. Roos, A. J. Quist and T. Terlaky, On copositive programming
and standard quadratic optimization problems, Journal of Global Optimization 18(2000) 301-320.

[8] I. M. Bomze and E. De Klerk, Solving standard quadratic optimization problems via linear, semidef-
inite and copositive programming, Journal of Global Optimization 24(2002) 163-185.

[9] 1. M. Bomze, Copositive optimization - recent developments and applications, Furopean Journal of
Operational Research 216(2012) 509-520.

20



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

I. M. Bomze and G. Eichfelder, Copositivity detection by difference-of-convex decomposition and
w-subdivision, Mathematical Programming, Series A 138(2013) 365-400.

C. Bras, G. Eichfelder and J. Judice, Copositivity tests based on the linear complementarity
problem, Computational Optimization and Applications (2015) 1-33.

S. Bundfuss and M. Diir, Algorithmic copositivity detection by simplicial partition, Linear Algebra
and its Applications 428(2008) 1511-1523.

S. Bundfuss, Copositive matrices, copositive programming, and applications, Ph.D. Dissertation,
TU Darmstadt, 2009.
Online at http://www3.mathematik.tu-darmstadt.de/index.php?id=483

S. Burer, On the copositive representation of binary and continuous nonconvex quadratic programs,
Mathematical Programming 120(2009) 479-495.

E. De Klerk, D. V. Pasechnik, Approximation of the stability number of a graph via copositive
programming, SIAM Journal on Optimization 12(2002) 875-892.

Z. Deng, S.-C. Fang, Q. Jin and W. Xing, Detecting copositivity of a symmetric matrix by an
adaptive ellipsoid-based approximation scheme, European Journal of Operations research 229(2013)
21-28.

P. H. Diananda, On non-negative forms in real variables some or all of which are non-negative,
Mathematical Proceedings of the Cambridge Philosophical Society 58(1962) 17-25.

P. J. C. Dickinson, On the exhaustivity of simplicial partitioning, Journal of Global Optimization
58(2014) 189-203.

P. J. C. Dickinson and L. Gijben, On the computational complexity of membership problems for
the completely positive cone and its dual, Computational Optimization and Applications 57(2014)
403-415.

M. Diir, Copositive programming - a survey, Recent Advances in Optimization and Its Applications
in Engineering, Springer-Verlag, pp.3-20, 2010.

M. Diir and J.-B. Hiriart-Urruty, Testing copositivity with the help of difference-of-convex opti-
mization, Mathematical Programming 140(2013) 31-43.

J. Faraut and A. Kordnyi, Analysis on Symmetric Cones, Oxford University Press, 1994,

W. Fenchel, Convex cones, sets and functions, mimeographed notes by D. W. Blackett, Princeton
Univ. Press, Princeton, N. J., 1953.

M. Fiedler and V. Ptak, On matrices with non-positive off-diagonal elements and positive principal
minors, Czechoslovak Mathematical Journal 12(1962) 382-400.

G. H. Golub and C. F. Van Loan. Matriz Computations, Johns Hopkins University Press; Third
edition, 1996.

R. Horst, On generalized bisection of n-simplices, Mathematics of Computation 66(1997) 691-698.
R. A. Horn and C. R. Johnson, Matriz Analysis, Cambridge University Press, 1985.

F. Jarre and K. Schmallowsky, On the computation of C* certificates, Journal of Global Optimization
45(2009) 281-296.

21



[29]

[30]

[31]

32]

[33]
[34]

[35]

[36]

[37]

C. R. Johnson, R. Reams, Constructing copositive matrices from interior matrices, The Electronic
Journal of Linear Algebra 17(2008) 9-20.

K. G. Murty, S. N. Kabadi, Some NP-complete problems in quadratic and nonlinear programming,
Mathematical Programming 39(1987) 117-129.

J. Povh and F. Rendl, A copositive programming approach to graph partitioning, SIAM Journal
on Optimization 18(2007) 223-241.

J. Povh and F. Rendl, Copositive and semidefinite relaxations of the quadratic assignment problem,
Discrete Optimization 16(2009) 231-241. .

R.T. Rockafellar and R.J-B. Wets. Variational Analysis. Springer, 1998.

J. Sponsel, S. Bundfuss and M. Diir, An improved algorithm to test copositivity, Journal of Global
Optimization 52(2012) 537-551.

A. Tanaka and A. Yoshise. An LP-based algorithm to test copositivity. Pacific Journal of Opti-
mization 11(2015) 101-120.

Y. Yoshise and Y. Matsukawa, On optimization over the doubly nonnegative cone, Proceedings of
2010 IEEE Multi-conference on Systems and Control (2010) 13-19.

J. Zilinskas and M. Diir, Depth-first simplicial partition for copositivity detection, with an appli-
cation to MaxClique, Optimization Method and Software 26(2011) 499-510.

Figure 3: The graphs Gs with w(Gg) = 3 (left) and G13 with w(G12) = 4 (right).

22



900°0 T €00°0 T €00°0 T G00°0 T 100°0 L ay
G00°0 T €00°0 T €00°0 T G00°0 T 100°0 L vy
G000 T €00°0 T €00°0 T G00°0 T ¢00°0 LT eV
G000 1 €00°0 1 €00°0 ! G00°0 ! ¢00°0 LT (Y
G000 1 €00°0 1 €00°0 1 €00°0 1 ¢00°0 e I8%
G00°0 T €00°0 T €00°0 ! €690 ae 7000 Ly 0¥
G000 T €00°0 T €00°0 T ¢00°0 T G00°0 €9 6'€
700°0 T 700°0 T €00°0 T ¢00°0 T 2000 6L 8'€
700°0 T 700°0 T €00°0 T ¢00°0 T 600°0 STt L€
700°0 1 700°0 1 €00°0 1 ¢00°0 1 L10°0 602 9'€
7000 T 700°0 T €00°0 T €00°0 T 1€0°0 69€ g€
74920 €4 099°0 291 6z9'0 162 [4IN7 €091 7€0°0 G6€ Ve
8€4°0 11T 816°0 67C 896°0 Ly 6v4'¢ 6¢¢C 0¥0°0 697 €'e
9L6°0 102 Lye'l LLE 086°T 116 0€8°L 6¢1€ GET'0 608T e
76¢£°¢C €04 6.8V LGET 798°¢ L281 €091 G889 6L¢°0 €00¢€ 1€
- - - - - - - - - - 0€
1989 60€T 84¥°G €6ET 697°€¢ €67 0L2°9 6€1C 161°0 9091 6°C
T€L°8 Ge9T1 gge’sL TT8T vesy TG6T L6T°L €97¢ 10€°0 97¢c 8'C
(s) ewmy NgD | suoneron | (s) ety NJD | suonyerst | (s) owrty gD | suolperor | (s) ewry NJD | suoneio | (s) oty NJD | suorperat || A
(oL PU® o11) €T "SIV | ('L Pue o{'f) 2T "SIV (si4) TT "SIV (356 pue 55) 12 "SIV (“%) T'T "SIV

85) :A11AT31S0d0D 3UI)S9) JO SHMSOY ¢ d[qR],

23



¢10°0 T 800°0 T 20070 T 900°0 T 75990 L1Ly 09
110°0 T 20070 T 20070 T €00°0 T o't 1169 6°G
¢10°0 T 20070 T 20070 T €00°0 T G0L'T 6€C0T 8'G
¢10'0 1 800°0 1 800°0 ! 700°0 ! GLL'C Gy0ST LS
¢10°0 T L0070 T L0070 T 700°0 T 016°9 TL19C 9'¢
110°0 T 20070 T 20070 T €00°0 ! il TELVY gq
¢10°0 T 800°0 T 800°0 T €00°0 T 189°L9 11806 [
¢10°0 T 20070 T 800°0 T €00°0 T GLV' 10T T790TT €¢
¢10°0 1 800°0 1 800°0 ! 700°0 ! T7G oLl E8ETVT s
€100 T 000°¢ 61¢ arLv9 g9T1eI T€9°ETT Tvove 060°GT¥ 676902 '
71070 T 10401 €1eT 9.C°CT1 €8¢1¢ 7297698 G8T06T 6C8°7.L6 12940¢ 0°g
688°T 60T 9TL91 696T 0¥¥°L0¢ 1606€ 160°T€CT G6¢ceT CI6°7E8T 10¢L07 67
Ly€01 a9 6LC°9L1 16602 6,¢°98¢ 18869 TLTETVE LETELY 19€°66.L€ 199695 8V
06¥°0€ 1961 ¢L0'08T 611¢C 7¢¢'89. LvLGcl 0TV LET8 6ELEGL 067" 61EY 1L00T9 Ly
€09°69 €09¥ L92°90¢ 6L99¢ G9¥'9051T G8VETT LY0 16671 E8VLOTT | 992°089¢ 1€629L 97V
9LE°€1¢C €EaTT L86°69¢ 61899 7I1°990¢ €8079¢ - - 116°0286 Ge09eTT a7
T08°G7S L£69€ VLLT9ET €9ELVT 868°,999 6£5C6S - - P88 TV.LI1T TG8L97T vy
7490°69ST 112201 61¢°L009 499697 0TE G865 €677¢01 - - - - €y
19G°€604 L€996¢ Geaeeevl 129668 - - - - - - (Y
€LC 75081 LTLLC8 - - - - - - - - v
- - - - - - - - - - 0¥
8¢0¥8 160¥ 61¢'Ly 6,0¥ 61L7C 180% PrTLT 680% L8T'T 080% 6°€
06€£°98 SL0¥ 760°8¥ 480¥ TE8TC L80% 8CT'L1T 680¥ 40! 780¥ 8'€
(s) ewmy NgD | suoneron | (s) ety NJD | suonyerst | (s) owrty gD | suolperor | (s) ewry NJD | suoneio | (s) oty NJD | suorperat || A
(oL PU® o11) €T "SIV | ('L Pue o{'f) 2T "SIV (si4) TT "SIV (356 pue 55) 12 "SIV (“%) T'T "SIV

¢lry :Ayarysodoo Sur)say Jo s3NsoY :f O[qRL

24



