Jooooogod
oboooooood

00000 /0o0000000/oooooo
oooooR*OO0O0O00000
ooooooo

oboooooooo
oboooooboooon
00/000000000000
oooooUooOooO0/s,000000000
nO0000000000

O NSO L=

1 00000/00000000/000000

ZY{CRYHYO dO0ODOODODOOOO000D0PeZiORIODOOOOOOORYOOO
gbooboobooboobuoobuoobuooboobooboobooboo
gbobooboobooboobobboobooboobobbobboobon
obooboobobbobogo

GUbOO»->0000000000000n0000000O00
00 1.1. 000000 R?000000000000000

6#An>50000000 0000000000 [Scherrer 1946]0 00000
000000000 >30000000R0D0O00O00O0O000O00O006000
goooo

00 1.2 (Schoenberg 1937). d >30000R 00000 nO00 n=3,4,60
goobooogobooo ]

01.1.4>30000RY0O0000000000000000000000000
gboobooogobooo ]

gbobbooboobooboobooboobobboo
00 1.3.0000000000000D00¢0000O0OY/xO00000O0ODOO
gobobooogoboobod

00 14.0<0<7/2000 cosf000000060=x/300000000 6/
00000000(2 11 [

00 1.5(000000 G.Pick1899). 0000000 DO0OODOOOOOODODOO
000000 /00000000000 BOODODODOOoooOoooo I1+B/2—-1
goboo



ocooooooo0ooooooboOo0oooo0ooboI+B=40000000000000O0DO
0000000000+ B=30000000000000 1/2000000000000000
gbooobooooboooobol oooob'oboobooboooboooobOooboOono
gboooooobooooobobooogoboo

2 0000O0R¥OOOOOOOO

00 2.1 (Lagrange0 400000). 0000000000000000000
000000000005, 12 O
00 2.2 (M1995). n=2000n=4k (k>1)000000000 Pezr00O
O0OR"00000 f:R*"—R"00000000000000000

f(O)=0, f(P)=(x0,...,0)

fzr) czr.

o0. (a,b) #(0,0)0 (z,y,2z,w) # (0,0,0,00 00000

€T -y z w

_(a =D _|1y z —w =z
[[a,b” = (b a ) 9 H‘/I;)y7z’wH - z —w —x -y
w z y —T

O00D0O00OO0O0OR,L,RY0O000O00000O0000000000 225 P = (a,b) — (*,0),
74 3 (z,y, z,w) — (x,0,0,0) 0000
n=80000P=1(...,z,y,2w)0 8x8 00 [l 9, 2 w]] 0

ooo (p,q,7,8,m,0,0,0
0 Hx,y,z,wu> (P g )

DDDDDDDDDDSXSDD<Hp’q’r’8]] —ml
ml  [[p.q,r,3]]

000000 RdOODOOOOOOOOOO
n=1200008x800 M (M-Mt=)X)0OPOO0OD0OO00OO00O0O0O0O (x,0...,000000
000000000000000A=a’>+0?+c2+d?2000 a,b,e,deZz0000000 12x 12

0o Ha’bbc’dﬂ 0> 00000000000000000PO (% %,%%,0,...,000 00000

)DIZID (x,0,...,00000000000

M
0000oooo0ooooO0d (x,0...,0)00000000000OOO0ODO fOOOODOOO O

021.2<n#0(mod4) 00000000 2200000000

00 23. 000X cz*cR* (k> 1)0OR*ODOD0ODOD0O0O0O0O0OXO
Z¥-lcR*1O00000000000O0

ob0. XOooOooooooooooooooooooooooooooooobooboo pOOOO
OO0 pPOQOOOOCO 2200000 fOXOOODOOOO O

021.RIODOO0OOO00O0OOOROO0O0OO0O0OOOOOOOO
O 22.n=4k-10000R"O0n00000000000000

022.R"O0n0000000000000000 [Schoenberg 1937100000
O00000000000n00000000n+10000000000n =1 (mod 4)
O00000n+1000000000000000rn=3(mod4)00000000O0O



3 0O00000oO

00 31.m>000008m+7=+ 000 a,bc,dcZ0000000

0O0. 0000000 a,b,6,d0000000a,b,e,d00000000000000000 «00
0000b00000000000000R0000n2=0,1,4(mod8)0000«¢0000000
@M+ =70+ +d>#7 (mod 8)0000«¢0000000 a?(8m+7) =0 (mod 4),
V+c2+d?>#0(mod4)0000000000000000 O

0 3.1.¢*8m+7)0000000000000000O00O0OOOOO0 [

00 3.1 (Legendre 0000000). 000 ,000000000000000
0000000000 48m+7) (,m>000000000000000 O

00 AB,Cez"0000000DOO0OO0LABCO Z"OO0O0OOOODO
©,={0]0=4£ABC, A,B,C € Z"}
ooooooogde,coe,,0000
00 3.2 (Beeson 1992). O

1.0 €Oy = 0=7/2or tanf € Q

2.0 €0, 0=m/2 or tan?0 = “HEE (b, ¢,d € 7)
3. 0 €05 < cos?eQ

4 0y CO =0, COs— 04— ...

O00. 1.02.00022000003.dc06, 0000000000 008296@. RN COS29€QDDD
tan20GQDDDDDDDDDDDDDDDDGE®5DDDD4. W/3€@3\@2,arctan\ﬁe®5\®4.
|:|2.1|:|[|[|@3:@4.0€@n§COSZGEQ:>6€®5. O

4 000000000

oobobooboboobooboobobborooooboobobooborog
0000000000000 00000000000000000000 1,V7,V7
gbbboogobbbuoooobbbodan

00 41. 00T700000000O000O0OOODOOODOOODOOTOODODOOO0
00000060000 6;00000ces?eQOUIOOOOOODO

Ooob0o0ob es00000000000ODODOOO0OOLOODbDODODObOO
gbobobooboobooboobobobobooboobobobobbobon
gooo



00 4.1. 00000 w,...,3,000000000a;=9;-5;000000000
0000 det(a;;) 0000w,...,3,00000000000000000000O
Ooo0do,...,.0,0 GramOOOOOOOOOOM [l

00 42. S=A4,...4,000000000 FO0S00000000000000
00000|AFPeQ(i=1...,k)0000FO00000000

_  — —_— _ —
00. A F =29A1 A5+ -+ 21 A A, 00000 414, 0 A F0000O000O

s — )
A1 Ay - At A+ -+ xpAAg - AlA = A F - AA (6=2,..0k) (1)

_— = _—
O000AF- A1 A = (A F)? + | A AP — [FA;1%)/2e Q0000 A4 - A A; eQOO00000
()0000000000000000000D0000000(1)000000000000000
0 zs,...,2, €EQUOFOOOODODODOO O

004100000000. 007000d000000004<1000000000000000
d<k00D0D00000O0D0d=k000000007T =Ap4;...A4,0000T CR"™ (n>k)
O0O0Ay,...,A,0R"x{(0,0,0,0)})0000000000000000000000000A4;? €
QG=1,2...,k00000000004008:=4,...4,000000000000000
00 FOOOh=|4,F|00007T000000 |T?P00000S80 (k—1)00000000 |S)?
0000007 =2S|-h000000R =4 F?cQO00000000000000000
000000+00000|AF?cQO00000420000F €Q"x {(0,0,0,0}00000
00070000000 F=(0,...,0)eQ"HO000000A0000000000000000

DOR2 = €442+ 00 [ g,b,¢,dec 2000000 A, = (0,...,0,2, dy e Qrt4oOon

b c d
OO0A)A,....A, 00000000 TO0OD000000000000000000 T0000
0000000000 0

00 4.2 (M 1995). 00 0000000000000 XOOOOoooooooO
goooo

1) XO00ooooooooooooo

(

A 1AB|)*
(2) 000 ,B,CeXDDDDD<m> cQ.
(

3) 000 A,B,CeX00000ZABC € 6.
00. (1)=(2)=((3)00000@1)=(1): X0000000 k00000k>200X0 k00

b0 robooboooooooboboTroobobooocoboobobob 41000 42000
go O

0 4.1. 00000000 XOOOOOOOOoOooooo()o (2boooooo

O00000(R2)D000X0o0oooo A,B,CDDDDD%GQDDDDDDDD
00 4.1. 000000000DOO0ODOOYDODOODODDOODDOODDLOODbOO
Ooboyoooooooooooo

000000R'O0DO00000000000O00O0O000004100000
gbobobooboooboobooboobobboobon

00 43. 000 ABCOOO0OO0O0DOG,0000ZA=a# 5000000000



(1) ABCO R 00000000000000
(2) a€e©;,00 ABCOROOO0O0O0OOOODOOO0O
3) a€©, 00 ABCOR?000000000D0O000O

04.1.0fk=2300000000000000000#500 6, 0000000
ooooboboobde,0bOoon

5 000000000000

007T000000000000022¢00000000702z¢0000000
nooooo
@OOO0D.0000000000000000-00000000000000
Z'000d00006n) 000000

00420000000006n) <n+30000

00 5.1 (0000 1998). n0000 7T0000000000000000TO
00000 Q"3 (cR*®¥) 00000000 000MO00000n+3000
00000000000m O

0000000041 00000Lagrange 00 0000000000000 O0O0OOOOOOO
000000000000000000000 a,b,¢,d,e0000 az? =by? +cz?+du?+ev? 00
0000000 (z,y,2,4v) 000000000000000000O0MO0000 [Meyer 1884]
00000000 rank>5000000 ROODODO000000000000QOO0O0OOOOOO
0000000000000000000Mm™

gbobuooboboboboboboboboboobobobooboboadn

—

007 =AyA1Ay... A, 000000000 @ := Ag4; (i = 1,2,...,n) 0 Schmids
0000000000000000000

5 S S V2 UL, 5 Vg - U1 U3 - Uy
Uy = V1, U2 =V2 — —=5 U, U3 =V3 — =S U — 53— Uy,
Uy - Uy Uy - U Ug - U2

OO00o00obOooOoooobobonD Ayb0boboooooboboobooooo
obob420000000000000000

00 5.1.007T0Z00000000000000000O0OO0O0OTOO0O0O0
0000000000000000Z40000000000000000 U

OO0 5.2. 00000000000 0oODOobOO0oboboboe,000b00obOobObOO



0O0. 0000000000 ¢n¢0000(En?00000000000000000(¢/n)? =
(¢n)?/n*000¢mO00000000D0000ODOO0 ©,00000(&n)?%,(n)?0000000D0
00D000000000000000 4@®k+7 00000007 =1(mod8)000(&n*%)200
00000000 00000000 (6/¢)?0 (b +c®+d*)/a® (a,be,dez) 000000000
£,¢00000000000000D0 ©,00000 O

O 51. 000000 6,0000000000O0000DODOOOOO0OODOOOODO20000
00000000 80000000 e, 00000000000

00 5.2(M1998). 0000000 0D0O0DODOODOODODDOOOODOOOOOOZ?
gbobobooodgobobod [l

00. 00000000000000000 0OABCOOOOO 0OA,0B,0oCOO0O0O0O0O0OOOO
05200000AB,0BC,0CAO0D0O0D Z*000000000000OO00O0,A,BeZ* O=
(0,0,0,00000000/0C|=n0000000000000092 =22+y?+224w?00 z,y,2,w € Z
00000000 [[z,y,2,w]]0000 OABO 0000000 OA'B'O0000O0,A,B' €Z*0
Z*x {0y cz>0000oooc¢’ =(0,0,0,0,7) 00000000 OA'B'C'0000 OABCOO
00 z°0000000000 O

000O06(1)=1, 62 =63)=50000
00 5.1.n>3006(n)<n+200

00 5.2.2'000000Z300000000000000000000000O0
00000000 6e;00000000000Z'00000000a

5} DD/DDDDDDDDDDDD
00 f:S—S0 fof=id0000000f0 SO0 (involution) D 000

00 6.1. 0000 SO000000 f:$—S000000000000
[f0000000]=|S| mod 2. O

ud 0000000

00 »00000000
000 {n000000 }3a— nfeec{n000000 }0000

O 6.1.neNOODOODnOODOOODO :{

00 6.1 (000000000000). 00p=4k+1000000000000
p=a>+b (a,beN)00DO0O000OOO

O00. OD. ZagierD5=4-1+1=224+12004-24+1=90000000000k>200000
goo

€ N? | 2% + 4yz = p}

S {(z,y,2)

A = {(zy,2)eS|z<y—z}

B = {(z,y,2)€S|y—z<x<2y}
C {(z,y,2) € S| 2y <z}



O00@M<O0=00000000000(1,k1)€A,(1,1,k)€B,(3,1,k—2)eC 000000
AB,CO0DDDDDDDOOOS =AU BUC(disjoint union) 000000 0A 3 (2,y,2) —
(r+2z,2,y—2—2) € CO0D00000000|A|=|C|0000000B 3 (2,y,2) — (2y —
r,y,r—y+2) € B0 BOOODODOODOODOO (1,1,k)00000 |B|jOODDOODOOOO |S]
000000O0ooo sSO000 83 (x,y,2)— (r,2,y)€S0000000000 (z,y,y) 0000
O000p=a?+4y> =22+ (2920000 2,y e NOOODO O

7 00000000000 /n000000000

@QUOO000000 19%57)000~r>00000000000n0000000
gbbboooobbboooobbbad

00 7.1 (Sierpinski). 00 (v2,1) eR*000000000000000000
0D000000000000000000-000000000000000000

@MO0O0O0neNOODOOOOOOO-O0000000000000000000
00 7.2.00p=1(mod4)00000ww =p" 0000000 weZ[O00
04(k+1)00000

O0. 000D00000D00000000p=a*>4+b*0000000p=(a+bi)(a—b)0000
ww=p* = (a+bi)(a-bi)* 000MO00a+bi,a—bi0 Z{ 000D MOO0D0wO

u(a+bi)(a—bi)* = (s=0,1,2,... k,u==£1,+i)

000000000ww=p*0000000 weZFOODDO 4k+1)0D000O0O U

00 7.1 (M+000 1998). 00 pO p = 1(mod 4), p* =1(mod 8) 00000
000 (4o —1)2+ (4y)?=p" 000000000 k+1000000000

0O0.00720000X%2+Y?2=p"00000000000 (X,Y)O00OOO04(k+1)0000O
(00)2=0,1,4 (mod 8) 0000 X24+Y?2=1(mod8)000X?=1,Y2=0 (mod 8) 000
X2=0,Y2=1(mod8)00000000X2+Y2=p"00 X=41; Y =0 (mod4) 000
X=0Y=41(mod4) 00000000 (4r—1)2+ (4y)?=p*0000000 (z,y) 0000
X2 4+Y?=9pF X = —1(mod 4) (2)

0000 (X,Y)0DO00O0000X24Y2=p"00000000 (+A4,B),(B,£A) (B=0 mod 4)
0000010000 (2)0000000000 (4o — 1)% + (4y)% = pt
Ak+1)/4=k+10000 O

O 71.000000n000000000p000000000DO0ODLDDOOO
oogd ]

00 7.2.00p=1(mod4) 000000 (22—1)2+(2y)?=p*00000 2k +2
0oooo0o0o0o00 O

ob 71.n=3,45,..., 10000000000 »00000000000000
oboboomuoobgooboboo ryr2000b0oo0bobobooboooboon
obooooboobm



8 nO00000O0D0OCOO
08.1.RROIDONDNONNDNONNDNONONDNONONDNONONDNONONDNONONDOONDOO
(4 — 1)% + (49)° + (42 — V22 = 17" + 2

Ooodb0 ck+1000000D0OD0ODODODODODODODODODOD
U=00000000000000000O0DLO0O0O0ODODODO

OUOO,>400000R 000000000 (x)00000000000OO0
(){DDDDDDDDD n 00000000
*

gobbobuoooobbbuoooobobon

00 8.1 (M2006). 000 n>d>2000000000 n00000000 RY
Ooboobobooooogbodnb00ooobOJd0boooooooonDn

00 8.1. My, M,,...,M,0000000000ay,ay,...,a; € Z000000000

S

%ez — L—"iez,izl,z,...,s

i=1
go. boooooo O

0081000. 0d=50000k +k+h+k+4=nk >20000000k EJIZI[ID

000000 po,p1,p2,p3, My, Mo, M3 0 pg = p1 = pa = p3 = 1 (mod 8) O pi* + ph? erg

P < My < My < M DDDDDDDDEDDDDDDirichletDDDDDDDDDDDDDD
ki _ ko

Ti:2Mi+p18Mp0 (i=1,2,3) D000R 0000 (2,y,21,2,2) 000000000000

0o0o0 xoooo

4z —1)° 4+ (dy)°> + (421 — 1)> + (422 — 12)* + (A3 — ) = p{° + 0 + 75 + 75
000000000 ,0000000000000000 (2,y,71,72,43)0 X0000000000

3

3
(4 —1)2 + (4y)* = ppo+ ZT = i —m)? =p° = Y (1657 — 8jimi)
=1

i=1
3 . k; ko
. . Ji\D;" — P
= - 162(]3 — JiM;) + Z %
i=1 i=1 v

000000000000 j; =M, (s, €Z)00000000000000 (4 —1)2 + (4y)? =
ph— 1630 M2(s? — )+ Y0 si(pf —pk) 000000000000 000s; =0,100

(4 —1)% + (49)? = °+Z P~ plo) —i—Zssz (51 + 59 + 83)pho

< 2p0 - (31 + 59 + 53)p§

0000000 s;+s3+s3<10000 (s1,82,53) 000000 (0,0,0),(1,0,0), (0,1,0), (0,0,1)
000000000000000000000 (de—1)2+@y)2=p" (i=0,1,2,3) 000000
00000 k+100000000000DO0O0XY 00000 nOOD0OOODOOODODOOO nOO
0000 (%%,0,0,0),(x,%,0,0,0), (x,%,0,0,0), (x, %, Mq,0,0), (*, %,0, Ms,0), (*,%,0,0, M3) OO O
goooobooosbbobboooogoooo O



081.000.2,>400000R 0000000 (x)00000000O00OOO

00 8.1.000n>400000R 000000000 n0000000000
gbobboo000000000000DOO0O00O00OOOO0O00OObOn

Ooon

[1]

M. J. Beeson, Triangles with vertices on lattice points, Amer. Math. Monthly 99(1992)
243-252.

P.FranklD OO O M OOOOOOODOODOO 1991.

W. W. Funkenbusch, From Euler’s formula to Pick’s formula using an edge theorem,
Amer. Math. Monthly, 81(1974) 647-648.

H. Hadwiger and H. Debrunner (Translated by Victor Klee), Combinatorial Geometry
in the Plane, Holt, Rinehart and Winston, New York 1964.

A Y. Khinchin 00000 OO0O00ODOOO0OCOOOO0O0O0ODOO 2000.

T. Kumada, Isometric embedding of metric Q-vector space into QV, Europ. J. Com-
bin. 19(1998) 701-709.

H. Maehara, Embedding a polytope in a lattice, Discrete Comput Geom 13(1995)
585-592.

H. Maehara, Embedding a set of rational points in lower dimensions, Discrete Math.
192(1998) 273-279.

H. Maehara and M. Matsumoto, Is there a circle that passes through a given number
of lattice points?, European J. Combin. 19(1998) 591-592.

H. Maehara, On a sphere that passes through n lattice points, to appear.
I. Niven, Numbers: Rational and Irrational, MAA, 1961.

I. Niven and H. S. Zuckerman, An Introduction to the Theory of Numbers, Wiley,
New York 1972.

W. Scherrer, Die Einlangerung eines regularen Vielecks in ein Gitter, Flemente der
Math. 1(1946) 97-98.

I. J. Schoenberg, Regular simplices and quadratic forms, J. London Math. Soc.
12(1937) 48-55.

1.J.OOODODOOUOOOOO bmoboboboooon 1989.

gobboopbooooboooooboooommoobooobboooboboonoboog
ooogo 2007.

H. Steinhaus, One Hundred Problems in Elementary Mathematics, Dover Publica-
tions, Inc. New York 1964.

ooobobOobobobobobUobOobo 1994,

D. Zagier, A one sentence proof that every prime p = 1(mod4) is a sum of two
squares, Amer. Math. Monthly 97(1990), 144.



